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'DIFFERENCE SCHEMES FOR HAMILTONIAN
FORMALISM AND SYMPLECTIC GEOMETRY“’-

'Fexg KaNG (J_% )
(Gomwﬁng Cfentar, Academia Smsm, Beis ,ﬁﬂg’, Ghim)

§1. Illlftrodui:i_i:dﬂj

The present program [1] that the author and his group have gtarted is a
‘gystematic stndy of the numerical methods for the solution of differential equations
of mathematical physics expressed in Hamﬂwhformahsm. M is well known,
Hamiltonian canonical Bys’oams serve ad ﬂ:ua ,c mathematlcal formahéﬁl, “for
diverse areas of phymes, mechaﬁ:.cﬂ, engin - a8 ‘well as pure and applied
mathematics, e.g., geomeirical optics, - andly'twal %dyw -non-linear: PDE’s: . of
first -order; ‘group wrepresentations, - WEKB - asymptotics, pseudo-differential and
Foumsr ‘integral ‘operators, electrodynamics, plasma physics, elasticity, hydrody-
namics, relativity, control theory, etc. It ig generally accepted that all real physical
processes with negligible dissipation could be expressed, in some way or other, in
‘guitable Hamiltonian forms. So the general méthods developed for the numerlcal
solution of Hamiltonian equations, if good, would have wide applications. =~

Since symplectic geometry is the mathematical foundation of Hamiltonian
ferma.llsm a wealth of theoretical results is a.lread}r accumulated which should be
and could be explored for numerical purposes. So the proper mode of research in this
area should bo geometrical. We try to conceive, design, analyse and evaluate
 difference schemes and algorithms specifically within the framework of symplectic
geometry. The a.pprmch proves o be quite successful as one might expect,: and we
actua]ly dérive in this way numerous “unconventional” difference schomes.

. Due:to: hlsﬁoneal reasons, classical symplectic geometry, however, -lacks the

mmputatm ” component in the modern gemse. Our present study. might be
mnsldared as:an attempt to fill the blank. We got'a number of results .(e.g. Th. 1,
.§ 2) which are crucial for the construction of gymplectic. difference schemes on the
one hand and wl:uch ha.va mdependent theoretwal interest in themselvas on the
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q” esey q“ ,,H'M(H’u o H'.l-) .F. (1:1) can be Wri'li‘tiﬁﬂ. as . ;
b o @ dz - - o L7 .
e raygnen 5 npm A o el - .3

deﬁned mﬁ)hasﬁ gpace RB* w1th a‘standard aymplectlc giructure given by the non-—
ﬁnlar antl—ﬂymmetrm closed differential 2-form
o= dz \dznri=Zdp Adgu.

Tha Fundamenta.l Theorem on Hamiltonian Formalism says that the ﬂolutmn of the

cqnnmca.l system (1. 2) can be generated by a nna-para.meter group G of canonical |

transiormatlﬁnﬂ of R™ (locally 111 t and z) such that -

igms{Tima) 'ﬂ“f‘g"f . ?
_ '_ thh B Gh-l—h.l
_ *A fbrahsformﬁtiun a-—a»z z.0f R’“ 13 called canomaq.l 1f 113 is & 1oca1 d:lﬂ'e«omorphlsm whose
,'_L ol ﬁiiaﬁfi_ M 13 everjrwhara eymplechc:u a it i |
ped 47 2 3 :
Bty e eoerselives MIM=J,  ie, M & Sp(2a):

iinear aanomcal transforma.hunﬂ ar&fmﬂaply symplectm transform a.hons.
a5 The canonicity of Gy implies the: preservation. of 2-form w, 4-form wAw, -,
ﬂn—-form o Aw A+ Aw. They constitute the class of congervation laws of phase ares

iof oven dimensions forrthe Hamiltonian system’ (1. 2).
ot +Moreover, the Hamiltonien system possesses another class of conservation laws
related to the energy H (z).. A function: qb(z) is-gaid to be an mva.na.nt integral of

(1.2) if 1taﬂmvar1ant nnde.r (1 ) s lmgry

P _ ﬁb(ﬂ(t))qu’(z(U))
whmh 19 equwa.len’ﬁ to e
e e {';61 H}"'O
where the Pcusson bra.cket for two functwna qS (z) , Yr(2) are daﬁned as
B X o |

ﬁ.H 1téelf is a.lways an mvarlant mtegral goe;e.g., [2].

| :For the numerical study, we are less interested in (1. 2) ag a general system of
-‘GDE ‘por 86," but rather s & ‘specific: system ‘with Hamiltonian struchure. lt is
piatiiial 10 look for those diseretization systems which preserve as many. as possible
the': dharacteristic properties:and’ inner symmemes of the original confinuous
‘gystems. 'We- hope that this mlght lea.d to more mhsfactory thanrehca.l foundation
a.nd practicdl performance. - *

" The above digressions on. Hamﬂtoma,n systema suggast tha fo]luwmg guideline

for dlﬁ'erem schemas to be constructed. The 'ln-anmtnon from the k~th time step 2* to
v sanonical for all k and, moreover, the
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integra]ﬂ of the ongmal sya‘l:em; sl:mﬁl}l rem mvaria.nt under these
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