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Abstract

Starting from the canonical boundary reduction, this paper studies an approximate differential
boundary condition and an approximate integral boundary condition on an artificial boundary for the
exterior problem of a harmonic equation, and gives an error estimate for the latter. This agtimate
reveals the relationship between the exror and the approximate grade of boundary conditions as well as
the radius of the artificial boundary.

A

§ 1. Approximation of the Integral Boundary Condition

The treatment of an elliptic boundary value problem over an unbounded
domain by the classical finite element method is often a difficulty, because a simple
replacement of the infinite domain by a bounded domain can hardly produce the
demanded accuracy. The canonical boundary reduction suggesied by Feng Kang':®
and the coupling of the canonical boundary element method with the finite element
method™ have provided an approach to this problem.

Congsider the boundary value problem of a harmonic equation over an exterior
domain Q with smooth boundary I,

—Au=0, in Q,
-g—q—lz:-_—'f, o1 Fh (1)

% is bounded at infinity,

where f€ H™ (I',) satisfies the compaibility condi-
tion. We draw a circle I'y with radius R enclosing
I, Qis divided into @, and £, (Fig.1). Then fhe
canonical integral equation on I'g, obtained from the
harmonic boundary value problem over the exierior
domain Q, by canonical boundary reduction, is jusk
the exact boundary condition on. the artificial bound-~
ary I'yz of the original boundary value problem,
 i.e. the problem (1) is equivalent to | Fig. 1
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where £ is the bounded domain between I'; and I'z, and * denotes the convolution,
which can be defined by the Fourier expansion. Because'™

1 i .2 L =
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the integral boundary condition of (2) can be written
oo 2%
%:-'(R, §) = ;R > nL (R, ) cosn(9—8") df’". (3)

Obviously (8) is a non-local boundary condition, and its kernel is highly singular.
We attempt to simplify this boundary condition for the sake of easier application.
Using the asymptotic expansion method, [3] has obtained a series of asymptotic
radiation cnnditiong for reduced wave equations, These approximate boundary
conditions are differential (i.e. local) boundary conditions. But this method is not
applicable to the harmonic equation, so we naturally think of replacing (8) with an
approximate integral boundary condition

2
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" w(R, §)oosn(—6")dd", (4)

0

where N is a positive integer. The integral kernel of (4) is nonsingular of course.
In particular when the Fourier series of (R, §) only contains the drst N terms,
this boundary condition can be reduced into a local boundary condition

T I S I
W(Rs ) J7; 2 ﬂk—ag"—g;— u(R, 9): (5)

F L
where o, (k=1, ---, N) are the solution of

W
i:=21 (_ﬁﬂ)kﬂk= — N, ﬂ'=1.l 21 "t N,

We call (4) and (5) an approximate integral boundary condition and an approximate
differential boundary condition of grade N of (8) respectively. The first four
approximate differential houndary conditions are as follows: |
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Let Di(u, ») = L Vu.Voda,



