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[ ACUNARY SPLINE INTERPOLATION"

Xu Yuan (& #R)
{ Beijing Institule of Aeronautics and Asmuﬁcs. Beijing, China)

Abstraet

' In this paper, some general kinds of lacunary spline interpolations are discussed. Existenos and
Thiguensess are proved. Oxder of convergence and saturation of appm::im&tion are also ubtginqd. The
yesulis generalize pome individual results in Teferences. PR

1. Introdu ction and’ Nntation

A kind of gquintic Jacunary. splines wag gtudied in [1], and some further informa-~
tion was given by [2], [8]. Bince then, waricus lacunary splines with different
degrees bave appeared in this background (e. f. [4], (8], [6]). Among them, a kind
of higher degree lacunary splines discussed in [6] can be considered as an extension
of Meir and_Sharma’s quintic gpline in [1]. By a general method, the existence,
gniqueness and convergence of apother kind of lacunary splines were obtained in
£77. In this paper, we continue the work in this respect and discuss a more general
kind of lacunary splines. The resulis here, In gpecial cases, may reduce 0 the results
~ Through - this paper, we consider interval [0, 1] 'with a partifion of the
form dy: O=me<m< - <a,=1. Let 4, B, C denote the sets of nonnegative
integers and | 4| be the cardinality of A. P, denotes the set of algebraio polynomials
of degree less than or equal 10 n. S,(n, m, 4y)= {s(x) |s(2) € 0™1{0, 1] and s(z) € P,
in the mesh interval [a, @] of Ayt. The norm |- | is due to Tehebycheff. If g 18 a
finotion whose jth derivative exists ab all points of [0, 1] except finite number of
points gy, ga, *» Um o Tegard [¢*] a5 lgl=_sup |'|um- Here and afterwards

1<icm—

we always use g¢'(#) instead of g"’ (z). By saying there exists a relation J1<J 3
botween two sots of nonnegative integers Jy={ 7, e, fnr and Jo={ i, J5s s ks
we mean that ji<47 for all ¢, | | | o

{ ¢

cp B E ) 2. Existence and Uniquen'ess_ |
First we introduce a result on polynomial Hermite-Birkhoff 'intél'Pol.aﬁon ( o.f.
(Y, vk 4 ¢ B e B &
Definition 1. A 2xm matric E=(ey)do "1=5 consisting of zeros and onés s G o~
point poised H—-B mairie, if the only polynemial P of degree m— 1 satisfying R’(ﬁ) =)

 for all_(3, §) such that ey=14s P=0,

Lemmal (o. £. [8]). 42xm matrie B=(ey)te=s consisting of zeros gnd s

' és @ two-point, poised H-B matric if and only if the Plya conditions. _ . ;.. ;.
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§=0

§231,=Mg?p+1 o<<p<m-—1 : LM

are satisfied. . 5 |
For the convenienoce of the dlsnusﬂmn below, weo give:

Dofinition 2. A set of nonnegative integers T ={do, 41, ***, -1}, Jo<jr<<
im_1, 98 said to De @ symametric st af order m, mf J mrresponds to a two—point H-B
matrin B=(6y)to ¥%0", with '

{1, jed, 0&@@%1,
8= . ;
"“10, © otherwise,
When the corresponding H-B matris of J is poised, J tsalso ctzﬂr&dpo%sed -
In {7}, the poised symmetric sef i called symmetric Polyz set.
We notice that by this definition, '

E{O: 2 4: ™ 2%—2} (2)

corresponds to & H-B matrlx

E 10101o~
i 101010

Obvmusly it satisfies the Pﬂlj'& oonditions (1), and none of the columns consisting
of ones in E* can movesfrom left to right to maintain Pélya conditions. So we geb
Lemma 2 by .emma 1 at once:
. Temma 2. The symmetric set J={jo, J1, ", j,,._.i} of order m 48 G sgmmotm
Pdlyasemfmdmly@f ~ | y T s

J -(J" - : .t "-_ (3)*
When J is a symmetric Pélya set of order n-+1, there exists a unique pE Pﬂ.ﬂ‘

such that p(§) =ay, jE€J, §=0, 1, for given arbitrary real data {&y: j€J,4=0, 1}, 3
Obviously it follows that DEJ by Lemma 2 and there are umque polynomla.ls-

4 Py € Pany1 satisfying |
_ (0) =K (1) =B SO =0, & ied, @
with J a symmetrio Polya set, and any p€ Pas,y has the unique expansmn

p(@) =AY (O)QJ(E) +p' (1) Ay ()}

jeJ

In general for a,ny mtawal [@:, %is1], With h4+1=m;+1—m;>0 we have |

7 () = Z i P @i (5 "’*)+p'<m¢+1>h,(‘” o)) ®

jed

The expressions of g;() and A,(2) can be ﬂbta.lned from (4) for some sl)eclal cagos,
this hag been done (0. f.: [9] for J=J%, ~
Now, let Ay be a gwan p&l“lil'lil{}n of [a b], a.nd A B 0’ aTe tha aets of
nonnegatiye integers satisfying conditions: o 5 i g, i Gen  f 0 B
(i) 4, Band@mdmpmtfromwchother |

‘Al-'ru-l'? lBIﬂﬁ To 101“21-3[:

(i) AUB is'a symﬁ:leiﬂﬂ I’él_ya ga of order n-l—] | |
(i) AUO={0,"T, YN Bgn pe—1}, BC {2n—1o, 20 .,~,,11 s, O},
We consider the m'herpolatmg lacunary spline s=S(f, 4, B, 0, Ay) satisfyings




