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" Abstract

It is proved that Zienkiewicz’s triangles for plate bending problems pass Stommel’s gensralized
patch test——a necessary and sufficient condition for convergence of nonconforming finite elements——
for mesh () generated by three sets of parallel lines, but do not pass it when ‘“union jack™ mesh (b)
or when another mesh (¢) is used. In the latter two cascs the approximations are divergent.

1. Introduction

Tt is well known that Zienkiewicz's triangles™ for plate bending problems are
nonconforming,  £ince the gradients of the shape functions are discontinuous at
interelomentt boundaries. Concerning the convergence of this element, numerical
experiments in [1, 2] bave shown that mesh (&) of Figure 1, generated by three sets
of parallel lines (called for brevity ihe condifion of parallel lines), guarantees
convergence, whereas mesh (b) of Figure 9 composed of “union jack” figures does
not give convergence. In order to explain why Zienkiowioz’s friangles were
convergent in one configuration but not in others, Irons-Razzaque oreated the
patoh test™® and showed that Zienkiewicz’s triangles pass the test under the condition
of parallel lines, bui do not pass it for the union jack configuration.

Later on, Lascaux and Lesaint™’ gave & mathematical proof of the convergence
of Zienkiewicz’s iriangles under the condition of parallel lines and derived
corresponding error estimates for the plate problem. More recenily, Stummel ¥
pointed out that the patoch test of Irons is neither necessary nor sufficient for
convergencs of nonconforming cloments, and proposed a generalized patoh test
instead, which does indeed give both mnecessary and sufficient conditions for
convergenoce. Stummel proved in [6] that various nonconforming elements pass this
generalized patch test; however, Zienkiewicz's iriangles were not analysed in that
paper. - § - g B s - .
- Binoo passing the patoh test i8 1o longer necessary for convergence, it is not
proved yeéil “whether mesh (b) and mesh (o) of Figure 8, that do not pass Irons patch
test, diverge or not. Concerning mesh (o), the authors in [1] state: “the CONVErgenice
s most unlikely, and this case has not been investigated numerically”.

We shall prove in his paper that: R -
(1) Zienkiewicz’s iriangles pass the generalized patoh test under the condition6f” -
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parallel lines; '
(ii) mesh (b) and mesh (ﬁ) do not pass the generalized patch test and, thuﬂ do

not converge.

According 10 Stummel’s theory®?, the Va.lldﬂy of tha generalized pa.tch test,
together with the approximability condition and strong- continuity oondition at
interelement boundaries (the lafter two condltmns are gsatisfied by Zienkiewioz's
triangles for arbitrary decompositions) , provide the preaonditmns for the validity of
a generalized Rellich compaciness theorem. As a consequenoce thereof, very general
stability and convergence theorems are valid about approximations of general
coercive elliptic variational equations and eigenvalue problems with variable, not
necemmly smooth coefficients. '

2. Zlenk:lewmz 8 Trlangles under the Conditlon of Parallel Lines

We conmder a trmngulatlon Ay of a given po]yhedral domain GCR? with finite
elements K. ILet A(K)=diameter of K, h—ma.x{ h(K)}, p(K) = the greatest

HEe9y

diameter of the oircles inscribed in K. We sssume thet the triangulation 3 is
:me:gizlla:r“:I that is, there exists a constant o mdependent of h S'ﬂﬁh that

M) <op(K), K€, ' @

when the greatest diameger A approaches zero. = -
Given a friangle K with vertices pi= (%, %), 1-5@%3 Wwe 1et M denote the area
coordinates relative to the vertices p;, A\ the area of K, and. . - - .

g:l."_'mﬂﬂ =g — ¥g, gﬂ"ﬁai‘*%_ﬁl, Ea=+=fﬂig=ﬁ‘f1—:’vg, s . &2)
T yﬁa —=Ya—Ys, N2a=Ys1—Ys— Y1, M= Y= Y1— Ya,

Zienkiewioz's trmnglea are thus defined as follows (ﬂee [9, p. 1871):

(i) Nodal parameters are the function values and the values of the gradients at

the vertices of KX (In case of Dirichlet bounda.ry oondltwnﬂ noda.l parameters are

zero at the vertices on the boundary.);
- (i) The space Z(K) of the shape funerbmns wis a spaoe of polynortua.ls of third

degree having the fo]lawmg form:
- w(p) =ad+GhatasAst-a ?F?ua-i--—- 2.13.92.3 +aﬁ (3.23.1-1-— 3.1&9;\.3)

+as(xm+—- mgx@)w-.r(z.ﬂﬁ mm)

+aa(?«*11+ Mahaha )+ ( MAat 3 zima) . ®

 The un:ique polynomal in Z(K), deternnned by itg nodal par&meterﬂ deﬂorlbed
a.bove is - ST B e .

w@)'=2t¢ao(pa +¢w(p)+pﬁvfﬁ)] SRR
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