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DIFFERENCE SCHEMES OF DEGENERATE
PARABOLIC EQUATIONS*

Li De~YUAN( & tk %.)

- §1
Consider the partial differential equation of second order

alu 3 at".1 au’ | B g
ot om C ox b@m. ‘ du+f, | (&, HEIX(0, 7], (1)

where the unknown funotion « and coefficients o, 5 , d, S are functions of & and ¢.
‘Denote the interval 0< o<l by I. Let Z<T % (0, 7]be the point et, on which og=0
If o (%, £)>0 on the domain I X (0, '], and Z is not an empty set, then equation (1)
is known as a degenerate parabolic equation. In order for the initial and boundary-
value problem of the equation (1)t0 be properly posed, the initial and boundary enndi-
tions must be appropriate. The boundary. conditions to be posed depend on the
behaviour of coefficients ¢ (2, #)and b(z, t)on =0 and w=1I. If a(0,8) =0, 5(0,%) <0
simultaneously, or ¢ (0, ) >>0, then on 2=0, a boundary condition should be given:
otherwise (i. e. if o(0, #) =0 and 4(0, ) >0 simultaneously), no boundary condition
on =0 is needed. On z=1, when o (I, ) =0, 5, ) >0 simultaneously, or o (I, ¢) >0,
4 boundary condition should be given; otherwise, it is not mneeded. Moreover, for
equation (1), the initial condition

1 (@, 0 =go(2), 2€I _ (2)
is always needed™, "
In this section we suppose | | - - |
o(0, H=c(, £) =0, 5(0, £)>0, b, £) <0, t€ (0, T]. (3)

In addition, we assume that the coefficients of the equation (1) are sufficiently smooth
and that there exists a nnique sﬁjﬁﬁieuﬂy smooth solution of the equation (1) with
initial condition (2) |

We solve the problem (1), (2)by a difference method. Divide the interval [0, 7]
and [0, T']into J and N parts respectively. The space step is A=1/J and the time step
is 7=T/N. Letwy={zy=3jh|j=0, 1, +, J}and w,= {f*=nr|n=0, 1, »--, N}, The set
of all net points on the domain 7 x [0, T'] is denoted by wy X ey,

Let y(z, $)and z(w, #)be funoclions, defined on the set w,Xw, Introduce the
following notations . |

- Yi=y(jh, nz)
S T
!Il:“'z(ﬂiﬁl'—ﬂ?): Y&, 3= 'ﬁ-(?h"’y?—l).
Define the inner products | |
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JF=1 J—1

", #) = 2 egizih, 19, ) = 2, aizih,
J J

(?fn;s' 7] o gl W?z?h': W: 2] =§u ajﬂ:ﬁ:h:

whereag=a;= %-, 0 =0ig=+++=05y_1 =1, and conﬂequently, the norms

ol = G, 9%, L] = 1o 9, .
Iy =(o", 1%,  |[v"]]=[e", 412,

Because the boundary condition is given neither on #=0 nor on z=I, the
difference scheme should be constructed on each point of the set w, X (w,\2°), On =0
and z=1, the equa.inon (1) can be reduced to the followmg form

g’: = (o’ +8) - +dou+f

where ¢’ denotes do/8z, Since the funﬂtwn c.r(m t) is non—nega.twa on the whule

domam I%(0, T], it i olear that | | | i |

¢’ (0, ) =0, ’(z £) =<0 o  (B)
Let 4 (z, ¢)be a function dofined on the sob wy X w,, The Crank—Nicholson scheme

approximating the differential equation (1) is 3

*1 n % e . | ' 3
- - — B (o *’-’) (v +50) +do 2 x(yﬂff1+y3)+f3+f. (6)
": T—y" (a "“’%@;*Hw&)) +f’"+f—(y"”+yw+y$‘}‘+y",:)
| & 4
1 h § :
+aT () T, =1, 2, e, T=1, (7)
n+1_ ..n . — | n n
A - Y = (&)""2 4 b} "‘f) (25 g ) +-d) "'E_____(y:;+1+ J)—I- "j’ (8)
n 1 1
where ¢, "2 = ¢ ;?;', and for any function qs(m t) we hava qb’* ¢ (ah, Bfr) The

initial mndltwn (2) is approxlma,ted by | S
yi=g9(jh), §=0,1,+ J, (9)
Equations (6)—(8) a,re the system of linear equations with u:nknowns yot, ottt

y7t, Let Cy= sup (d—l— |d|). When C;#0, the cueﬁment matrix of equatmn (6)__
Tx rﬂ m 2

(8) is diagonally dominant for v<2/ g, and when Cj= G for a,rbltrary T, Then the
system of difference equations (6)—(8) is solvable,

Let 2(x, £)be the difference between the solution of difference equa.twns (6)——(9)
and that of the differential equation (1) with initial condition (2) i. e.

Z(.’,U: t) =y(ﬂ'{, t) '—_‘M(QF, f’): (ﬂ}, t) Emﬁxm‘h (10)
Putting y=2+u in the difference equations (6)—(9), we obtain

ﬂ-+1_zﬂ n 1 ” 1 R

zﬂw : (a:ﬁf+ba*1‘)l(z:*a1+z:u)~ +'2’1(z3+1+zs) =T, A
Z’H—I—ﬁﬂ +1 1 ﬂ n+L 1 .
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