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ON THE EXISTENCE OF FUNCTIONS
WITH PRESCRIBED BEST L. APPROXIMATIONS®

SHI Ying-cuaNe (5 %)%
(Computing Center, Academia Sinica, Beijing, Ching)

Abstract

This paper gives a partial answer to a problem of Rivlin!i?in Z; approximation,

1. Introduction

In this paper we prove the following (X =[—1, 1])

Theorem. LetViand Vy be Chebyshev subspaces of O(X) with dimensions m
and n{m<n), respectively. Let V.V 4 and v,CV,(j=1, 2).

(a) If the function v=vg— v changes sign at least m times in X, then there ewists
an f € C(X) such that v; is a best Ly approwimation to f from V,;(j=1, 2):

(b) If there exists an f € O(X) such that v, is @ best Ly approximation to f from
Vi (7=1, 2), then v has at least m zeros in (—1, 1),

This theorem provides a partial answer o a problem of Rivlin™ in I,
approximation. However, in the cagse m=n—1if v%0 has at least m zeros in (—1,
1),thenr: none of them can be a double zero and =, in fact, changes sign at least m
times. Thus, we can give the complete answer in this particular case, which is a
generalization of the result # by the author, and we have

Corollary. Let ¥y and ¥V, be Chebyshev subspaces of O(X)with dimensions
n—1 and n(n>1), respectively. Let V1V g and »,EV;( j=1, 2). Then there exists
an f € U(X ) such that v, is a best L, approximation to f from ¥V, ( j=1, 2) if and
only if the function »=wvs— v, changes sign at least n—1 times in X or is identically
Zero.

Before proving the theorem we introduce some notation:

Z(9)={w€ X:g(z)>0},
) Z_(g)={s€ X :g(x)<0},
Z(g)={z€X:9(x) =0},

M (&) =the Lebeggue measure of the set Z,

2. Proof of Part (a) of the Theorem
Let o change sign at points 2%, £=1, 2, ..., 1 (I=m),
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—1 =g < gt <L < <L =1,
By Lemma 2 in [3] there exist points
2= gl gE L e LA L g =¥ §=0, 1, +ee, 1,
such that

L | TFi1 |
3 (~0f [udn=0, Vu€Vs, =0, 1, - 1, .
= x

Write n;= [-é—(n-l—l—j)](tha iﬁtegral part of%-(n—l—l—j)l, 7=1, 2 and denote

ny 5
?.:E;.Jg[mgﬂ'f"l: mgi-l'i:l: }‘7=0: 1.1' e ZJ .?=1: 2:

[1/2] .
GJ= U Gﬂ:: j =l: 2;
. k=0

[10-0]

G;$ U G?H—l: .?211' 2:
k=0 :
Hf’=(ﬂ?f—h, Wf"i‘h) ﬂ(GsUG;); '?:'=1: 2: *et, N, k=0; 1: e Z;
! v
H= ;,;LJ;,L*:JH?HGE-'

H*~ \JUHING,

F
=1

where 0<k-rii min (2%, —«F) will be defined later. With this notation (1) becomes

2 1<ic<n
O i

fmﬂm=j wds, VuCVs, FI=0,1, =, 1,
el G5

Whenoe

( wto=| uds, | wudo- [ uds, vuevs, (2)
G Gh a1 @3

Now put | |

| [ Wﬂ(ﬂ’), $691UG;,

vi(w), 2 € (GaUG\(HUH"),

) = 4
f@)=1, continuous function on HY lying strictly between v, and v,

almost everywhere on HY, é=1, 2, ---, n, k=0, 1, +-, L.

It is eagy to see that fEO0(X). Now take #*<#* such that v(a*)#0 and leb
s=sgn v(x"). Thus o
s, «€GiUH,
sgn(f(2) —vi(@))={—s, @CGUL,
| L0, =€(GaUGH\(HUH")

and

=By mEGg’

sgn( f(@) —va(2)) =4 s @€6
01 mEGIUG;

are valid almost everywheré.



