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Abstract

This paper is concerned with the finite element method for the stochastic wave equation

and the stochastic elastic equation driven by space-time white noise. For simplicity, we

rewrite the two types of stochastic hyperbolic equations into a unified form. We convert the

stochastic hyperbolic equation into a regularized equation by discretizing the white noise

and then consider the full-discrete finite element method for the regularized equation. We

derive the modeling error by using ”Green’s method” and the finite element approximation

error by using the error estimates of the deterministic equation. Some numerical examples

are presented to verify the theoretical results.
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1. Introduction

Nowadays, stochastic partial differential equations (SPDEs) are accepted as being a very

suitable framework to understand complex phenomenon. Hence, various numerical methods

and approximation schemes for SPDEs have been developed, analyzed, and tested, see, e.g.,

[1,11,16,21,24,27–33]. From a computational view-point, SPDEs are usually handled by using

finite difference methods [1, 14] and finite element methods [5, 6, 16]. However, finite element

methods for SPDEs may provide a more flexible framework than finite difference methods and

allow for space (or space-time) adaptively.

Finite element methods for stochastic parabolic equations (SPEs) developed in [1] have been

the starting point of several investigations. In [27], the semigroup framework is firstly applied

to linear stochastic parabolic equation driven by white noise and then strong convergence is

obtained by using the error estimates of the corresponding deterministic equation. Similar es-

timates for some nonlinear stochastic parabolic equation are considered in [3,22,28]. However,
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both for spatial and temporal approximation, the obtained order of convergence is of the subop-

timal form. Based on optimal spatial and temporal results in [15,19], optimal error estimates for

spatially semidiscrete and for full-discrete approximation scheme are obtained in [20] . In [21],

a new full-discrete approximation of SPDEs is presented based on using a standard finite el-

ement method for the spatial discetization and a stochastic exponential integrator scheme for

the temporal discretization. Compared with the above schemes, the results are more general

since the linear operator doesn’t need to be self-adjoint. The semigroup framework is also used

in the stochastic hyperbolic equation (see [16]). In order to study the finite element method,

in [16], the authors write the stochastic wave problem as an abstract equation. In fact, to our

best knowledge, there are very few results about finite element method for stochastic partial

differential equation driven by space-time Brownian sheet noise [13], especially for stochastic

hyperbolic equation. For more contributions about finite element methods for SPDEs, we refer

to [12,13,17,22].

Here we consider the following equation

∂X(t)

∂t
+AX(t) = BẆ (t, x), t ∈ [0, T ], X(0) = X0, (1.1)

where X0 is a function defined on D = [0, L], A is a linear operator and W is space-time white

noise defined on a probability space (Ω,F ,P).

In section 2, we give a precise information about A and B. Let S(t) be the semigroup

generated by the operator A and G(t;x, y) be the Green’s function of S(t). Then the mild

solution of the problem in the Green’s function framework is given by

X(t, x) =

∫
D

G(t;x, y)X0(y)dy +

∫ t

0

∫
D
G(t− s;x, y)W (ds, dy). (1.2)

In [13], strong error estimates for stochastic linear fourth-order parabolic equation driven

by space-time Brownian sheet noise are proved in the Green’s function framework. In this

paper, we will follow the idea of [13] to study finite element method for two types of stochas-

tic hyperbolic equation including stochastic wave equation and stochastic elastic equation. In

order to approximate the problem, we introduce a regularized equation by discretizing the

space-time white noise. Then a modeling error is obtained based on representation of the exact

and regularized equation’s solutions by Green’s functions. Next the full-discrete finite element

approximations to the solution of the regularized problem are obtained by using, for discretiza-

tion in space, a standard Galerkin finite element method and, for time-stepping, the Backward

Euler method. In order to obtain error estimates of the finite element approximation, we give

the discrete Green’s function of discrete operator and the error estimates for the corresponding

deterministic equation.

The paper is organized as follows. In Section 2, we give some basis notations and then

present two types of stochastic hyperbolic equation. In Section 3, we introduce a regularized

stochastic equation by discretizing the space-time white noise and study the modeling error. In

Section 4 and 5, we study stochastic exponential integrator scheme and the full-discrete finite

element method for the regularized equation. Finally, some numerical experiments are given in

Section 6 to verify our theoretical results.


