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Abstract

Optimization problem of cardinality constrained mean-variance (CCMV) model for
sparse portfolio selection is considered. To overcome the difficulties caused by cardinality
constraint, an exact penalty approach is employed, then CCMV problem is transferred
into a difference-of-convex-functions (DC) problem. By exploiting the DC structure of the
gained problem and the superlinear convergence of semismooth Newton (ssN) method, an
inexact proximal DC algorithm with sieving strategy based on a majorized ssN method
(siPDCA-mssN) is proposed. For solving the inner problems of siPDCA-mssN from du-
al, the second-order information is wisely incorporated and an efficient mssN method is
employed. The global convergence of the sequence generated by siPDCA-mssN is proved.
To solve large-scale CCMV problem, a decomposed siPDCA-mssN (DsiPDCA-mssN) is
introduced. To demonstrate the efficiency of proposed algorithms, siPDCA-mssN and
DsiPDCA-mssN are compared with the penalty proximal alternating linearized minimiza-
tion method and the CPLEX (12.9) solver by performing numerical experiments on real-
word market data and large-scale simulated data. The numerical results demonstrate that
siPDCA-mssN and DsiPDCA-mssN outperform the other methods from computation time
and optimal value. The out-of-sample experiments results display that the solutions of
CCMYV model are better than those of other portfolio selection models in terms of Sharp
ratio and sparsity.

Mathematics subject classification: 65K05, 90C06, 90C26, 91G80.

Key words: Sparse portfolio selection, Cardinality constrained mean-variance model, In-
exact proximal difference-of-convex-functions algorithm, Sieving strategy, Decomposed
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1. Introduction

The classical Markowitz model [1], also called mean-variance (MV) model, was proposed
to find the optimal portfolio selection between different assets in a frictionless market. Based
on the MV model, researchers have conducted a large number of studies on the out-of-sample
performance and sparsity of the portfolios. On one hand, some researches [2-6] have been
carried out to improve the out-of-sample performance of allocation. On the other hand, many
researches [7-12] focused on constructing new MV models to find sparse portfolios, which can
greatly reduce the administrative and transaction costs. One common class of the approaches for
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obtaining sparse solutions is introducing sparse regularization strategies in the MV model [7-9].
Another popular class of the methods for getting sparse portfolios is introducing cardinality
constraint into the MV model [10-12]. The cardinality constrained MV (CCMV) model can be
expressed as
1
in I _ 1.7
sl e) =50 Qe

st.elz—1= 0,

r— Rz <0, (1.1)

0<x<b,

z]lo < K,

where ||z|lo denotes the number of the non-zero entries of € R™ and K is the upper bound
of the number of investments. Q is the covariance matrix of the n assets, which is symmetric
positive semidefinite. e € R" is the vector with all components one. R € R" is the vector of
the expected return of the n assets. r € R is the minimum profit target. The box constraint
0 < x < b means that the short-selling is prohibited and the investment proportion of i-th
asset has an upper bound b;.

The CCMV model in (1.1) belongs to the class of the cardinality constrained quadratic
optimization problems, which have been widely studied, see [13-18]. Due to the combinatorial
nature of cardinality function, the cardinality constrained optimization problems are NP-hard
in most cases [13]. The common optimization methods for the cardinality constrained problem
mainly fall into two main categories: integer programming methods [10, 13, 17,19, 20] and
heuristic methods [5,12,15,21]. In the class of integer programming methods, the cardinality
constrained problem was reformulated into a mixed integer programming, then the branch-
and-bound framework was used to solve it. The heuristic algorithms for solving cardinality
constrained problem mainly include genetic algorithm, simulated annealing algorithm and tabu
search algorithm. However, both these two kinds of methods are computationally expansive
and time consuming, especially when the scale of problem is large.

Recently, by using the alternating iteration method and sparse projection approach, some
novel and competitive methods were proposed to solve the cardinality constrained optimization
problems. In 2010, Lu et al. [22,23] proposed a penalty decomposed (PD) method for solving
the cardinality constrained problem, in which, the quadratic penalty subproblems were solved
by a block coordinate descent method. By making full use of the advantages of PD method and
a proximal alternating linearized minimization (PALM) method [24], Teng et al. [25] proposed
a penalty proximal alternating linearized minimization (PPALM) method for large-scale sparse
portfolio problems. As shown in [25], PPALM method can efficiently find the support set
of the local optimal solution of CCMV problem, and PPALM outperforms PD method from
computational time and the performance of solutions. However, the parameter associated with
the proximal term of PPALM method need to be larger than the Lipschitz constant of penalty
subproblem to guarantee its convergence, which would limit its convergence rate severely. In
addition, the penalty parameter is difficult to set because the large penalty parameter usually
leads to ill-conditioned penalty subproblem.

In addition to the above methods those directly dealing with the cardinality constraint,
another common method is to transfer the cardinality constraint problems into the ly-norm
regularization problems. For the [p-norm regularization optimization problem, many con-
vex/nonconvex relaxation approaches are usually used to approximate the lp-norm. On one
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hand, the convex relaxation of the [p-norm is one of the most commonly used methods in sparse
optimization problems, which gives rise to a convex optimization problem. One of the most suc-
cessful examples is the compressed sensing, in which, the lp-norm usually is replaced by the [;-
norm. However, this may reduce the sparsity of the solution and lead to poor performance [7,26].
On the other hand, some nonconvex relaxations of the [p-norm have been proposed, including
the exponential concave function approximation [27], the Capped-l; approximation [28], the
piecewise linear approximation [29, 30], the smoothly clipped absolute deviation (SCAD) ap-
proximation [31] and the logarithm approximation [32]. However, these convex/nonconvex
relaxation methods only approximate the cardinality constraint, which cannot be completely
equivalent to the original cardinality constrained problems. In order to more precisely deal with
the cardinality constraint, a popular nonconvex approach [33] is used to equivalently transfer
the cardinality constraint ||| < K into a DC constraint ||| — ||z|/(x) = 0. Hence, the
CCMYV problem in (1.1) can be equivalently reformulated as

min F(x) = leQw

zeR™ 2

st. el —1= 0,
r— Rz <0, (1.2)
0<x<b,

[ =[] (x) = 0.

It should be pointed out that such an equivalent transformation does not eliminate the diffi-
culties caused by the cardinality constraint. Fortunately, based on the DC structure of this
constraint, we can employ a penalty approach to penalize the DC constraint into the objective
function of (1.2). Therefore, a quadratic DC problem can be obtained, which is formulated as

. I +
mrrenRr}l F.(x) = §$ Qx + c(||z], - Hw”(K))
S.t. eTm - 1 - 07 (13)
r—R'x <0,

0<x<b.

Theoretically, we can prove that such a penalty approach is an exact penalty method, which
guarantees the equivalence of solving (1.3) with solving (1.2) or (1.1). Consequently, (1.3) can
be solved under the framework of DC programming approach. For a sparse portfolio selection
problem with a feasible set {x € R" : e’z — 1 = 0,z > 0,||z|[o0 < K}, Gotoh et al. [33]
provided an exact penalty result and gave a proximal DC algorithm to solve the gained penalized
problem. In their algorithm framework, the inner problems of the proximal DC algorithm need
to be solved exactly.

For large-scale DC programming ming f1(x) — f2(x), it may be impossible or unnecessary
to solve the convex inner problems of a DC algorithm (DCA) exactly. In general, it takes a
lot of computation to solve an optimization problem to a high precision by using an iterative
algorithm. Hence, it is computationally expensive to solve all the inner problems of DCA to a
high precision. In particular, it is unnecessary to solve the inner problems to a high precision
at the initial iteration of DCA. To deal with this issue, a popular approach is to consider the
inexactness of solution when solving the inner problem of DCA. The inner problem of proximal
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DCA in step k can be expressed as

min G(z) = fi(@) - (w¥,@) + Sllo - 2¥?,
where w* € 9fa(x¥). Let £+ be an inexact solution of mingeg» G(x), then there exists an
inexact term A**! such that A**! € 9G(z**1). To ensure the convergence of the general
inexact proximal DCA, the inexact solution **! and the corresponding inexact term AF*!
were required to satisfy the termination condition similar to ||AF| < ||z *?
given constant a > 1, > 0, see [36]. Since A¥T! is related to **! implicitly, the algorithm for
solving the inner problem may be unable to terminate even if the inner problem is solved to the

— x| with a

higher precision. Hence, this inexact strategy is difficult to implement in practical application,
especially when the problem is nonsmooth. Therefore, it remains a challenging work to design an
inexact proximal DCA that can guarantee the theoretical convergence and has good numerical
performance for solving the large-scale DC programming.

For solving (1.3), we propose an efficient inexact proximal DC algorithm with sieving strat-
egy (siPDCA) as the outer iterative algorithm of the whole algorithm framework. To ensure
that the whole inexact algorithm is convergent and the method for solving inner problems can
be terminated, we first use a simple and numerically implementable inexact condition for solv-
ing the inner problems and then employ a “sieve” to perform a post-process on the inexact
solution. It is essential to efficiently solve the inner problems of siPDCA for the efficiency
of whole algorithm framework. By making full use of the semismooth properties in the dual
inner problems and the superlinear convergence of the semismooth Newton (ssN) method, it is
natural to adopt a majorized ssN (mssN) method to solve the inner problems from the dual.
As a result, we introduce an efficient algorithm framework, called siPDCA based on a mssN
method (siPDCA-mssN), to solve (1.3). Intuitively, it is computationally expensive to solve the
Newton equations. However, we make full use of the second-order sparsity of problem and the
sparsity of solutions during deigning mssN method, which makes the computational cost of the
whole mssN method comparable to that of a first-order algorithm, or even lower. Moreover, in
mssN method, a numerically efficient algorithm is used to compute the Euclidean projection on
a set composed of an inequality constraint and n box constraints. We prove that the sequence
generated by siPDCA-mssN globally converges to a stationary point of (1.3) and the stationary
point is also the local minimizer of the CCMV problem if it satisfies the cardinality constraint.

Based on the violation of first-order optimality conditions, Wang et al. [50] proposed a
decomposed strategy to reduce the large-scale sparse optimization problem into a much s-
mall problem. Inspired by Wang et al.’s work, we employ an efficient decomposed strategy
into siPDCA-mssN for solving the large-scale CCMV problem, and the resulting algorithm
is called decomposed siPDCA-mssN (DsiPDCA-mssN). At each iteration of DsiPDCA-mssN,
only a small-scale CCMV problem is solved by siPDCA-mssN, which is efficient in terms of
computation and storage. We prove that the solution sequence generated by DsiPDCA-mssN
subsequentially converges to a local minimizer of the original CCMV problem under some mild
assumptions.

The rest of this paper is organized as the follows. In Section 2, the exact penalty property
of (1.3) is analyzed. In Section 3, the siPDCA-mssN is proposed for solving (1.3), whose inner
problems are solved by the mssN method from the dual. In Section 4, the global convergence
of the sequence generated by siPDCA-mssN is proved. In Section 5, the DsiPDCA-mssN is
proposed to solve the large-scale CCMV problem. In Section 6, the numerical experiments are
performed on some real-word market data sets and large-scale stimulated data sets to display
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the numerical effectiveness of siPDCA-mssN and DsiPDCA-mssN for solving (1.1).

Below are some common notations to be used in this paper. We use () to denote the empty
set. || - || is used to represent the lo-norm of vectors and matrices. Let |[z[|(x) be the Ky Fan
K-norm of x, which is given as ||z||x) = Zf; | ()| with [y > -+ > |@(n)[. We use He(x)
to denote an orthogonal projection of « on set C. The Prox,(x) is used to denote the proximal
projection of function p at @. Let dc(a) be the indicate function of the set C at . We use
A1(Q) to denote the largest eigenvalue of positive semidefinite matrix Q. For a given positive
integer ¢, I; is used to denotes the identity matrix of size t.

2. Exact Penalty Approach for the Cardinality Constraint
Mean-variance Problem

Let Q={zceR":e'z—1=0,r— R"2 <0,0 <z <b}. In order to ensure that (1.1) is
feasible and that all the portfolios of size K have a chance to be selected, we give the following
assumption about the set 2.

Assumption 2.1. Suppose that mini<;<, b; > % and Q # .

Let p(x) := ||z|1 —|l=|| (k) and F := {x € Q : p(x) = 0}. It should be noted that € is a bounded
set and under Assumption 2.1, both £ and F are nonempty compact sets. Since p(x) > 0, when
the value of ¢ is large enough, the penalty term will give a heavy cost for constraint violation
p(x) > 0. Consequently, the solution of (1.1) can be obtained by iteratively solving (1.3) with
increasing penalty parameter c.

Some recent works [33-35] tried to find the exact penalty parameter values for various
cardinality constrained problems under some assumptions. Based on the feasible set 7' = {x €
R*:e'xz—~1=0,z > 0,]zlp < K} and the Lipschitz smoothness of objective function,
an exact penalty result for the sparse portfolio selection problem was given in [33]. For the
additional constraints in feasible set F, the constraint R"x > 7 ensures that the optimal
portfolio satisfies a minimum profit target and the constraints & < b require that the investment
proportion of each asset is bounded above. Thus these constraints are meaningful for portfolio
selection. However, these additional constraints make the theoretical analysis of the exact
penalty of our model more difficult than that in [33].

Following from [34, Theorem 2 and Proposition 1], we give the following two properties about
the error bound of dist(x, F) for any « € £ by using the compactness of F and Assumption
2.1.

Proposition 2.1. For any ¢ > 0 and z € F, there exists a constant p(z,¢) > 0 such that
dist(z, F) < p(z,€)p(x), Vo € B(z,¢e) N Q. (2.1)

Proof. Let T be any point in B(z,e) N Q. If T € F, then dist(zZ, F) = 0 and p(x) = 0,
which implies that (2.1) holds. Next, we prove that there exists a constant p(z,€) such that
dist(Z&, F) < p(z,€)p(E), VT € [B(z,¢) N Q] \ F.

Since T € [B(z,€) N Q] \ F, then p(Z) > 0 and dist(&, F) > 0. For any 7 > 1, consider the
following function:

|le—Z|, xec.
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Notice that h(zx) is lower semicontinuous on €2, lower bounded and coercive (lim g 400 A(T) =
+00). Hence, we can suppose that an optimal solution of mingecq h(x) is obtained at y € Q,

ie.,
p(T) —
fr— — <
h(y) p@n-%Tdmt@Z]UHy z| < h(z)
B p(T) o
=p(x) + lest(i, 7 le—Z|, Yae. (2.2)
This implies that
p(T)
< S <A Sl AN P4 S . .
p@)_p@)+T&ﬁ@%ﬂHw yll, Ve (2.3)

Since p(y) > 0, by setting @ = T in (2.2), it holds that
p(@) _ _

- 7 — < .

"l 7l < o)

This, together with 7 > 1, implies that ||y — Z|| < dist(Z, F) < e and y € [B(z,2¢) N Q] \ F.
Consequently, it holds that p(y) = |lyll1 — |lyl(x) > 0. Let 7 and j be the indices of the K-th
and K + 1-st largest elements of y, respectively. From p(y) > 0 and Assumption 2.1, we have

1
0 <y; < y; < = < min(b;, by), 24)

where the third inequality is due to e’y = 1, > 0 and y; > 0. Let e; and e; be the unit
vectors in the corresponding coordinate directions. We shall distinguish the following two cases.
(1) When R; > R;, let y = y — t(e; — e;), where ¢ is a sufficiently small positive number such
that 0 < ¢ <y; and y; +t < b;, then we have y €  and
19 = yll = V2t p(y) = (@) = IFllx) = lyllx) = ¢ >0

Since 7 > 1 is arbitrary, by setting & = ¢ in (2.3), it holds that dist(Z, F) < v2p(Z).

(2) When R; < R;, let y = y — (y; — t)(e; — e;), where t is a positive number such that
0 <t <wyjand y; +y; —t < b;, then we have y € Q and

19— yll = V2(y: — 1), p(y) = p(@) = 1G]l (x0) — lyllx) =y — t > 0.
Thus, by setting = ¥ in (2.3), from the arbitrariness of 7 > 1, it holds that dist(Z, F) <

\/Qz:ip(i) Therefore, by setting p(z,€) = max(\/i\/?;’f:i), we obtain that (2.1) holds.

This]completes the proof. O

Proposition 2.2. There exists a constant p > 0 such that for any x € €,

dist(z, F) < pp(x). (2.5)
Proof. By the compactness of F, there exist finite points z1,--- ,zy in F and €(z;) > 0,7 =
1,--+, N such that
N

F c |JB(zi,elz:)/2).

=1
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From Proposition 2.1, it holds that for each i € {1,--- , N}, there exists a constant p(z;, €(z;))
such that

dist(x, F) < p(zi,€(zi))p(x), Ve B(zi,e(z))NQ. (2.6)
Let € = minj<;<n €(z;) and p = maxi<;<n p(2i,€(2;)). For any x € Q satisfying dist(x, F) <
€/2, there exists a z € F such that ||z — z|| < ¢/2. Then there is an index i € {1,--- , N} such
that z € B(z;,€(zi)/2). Consequently, it holds that

lz — 2|l < ||z — 2| + ||z — 2] < § + 52 < (=)

This, together with (2.6), implies that dist(x, F) < p(z;,€(2;))p(x) < pp(x) for all x € Q
satisfying dist(z, F) < €/2. Next, let € Q with dist(x, F) > €¢/2. We say that there is a
constant 8 > 0 such that

p(@) > f, Ve Qdist@, F) > <. (2.7)

If this is not the case, suppose for contradiction that there is a sequence {xy} such that for
each k, p(xy) < Br with 8r > 0 and limg_,~ Br = 0. By the compactness of €2, without loss
of generality, assume that x; converges to a T € . From the lower semicontinuity of p(x), it
holds that p(Z) = 0, i.e., ® € F, which yields a contradiction that dist(z, F) < |lxr — Z| — 0.
Since  is bounded, then dist(-, F) is bounded above on , i.e., there is a constant s > 0 such
that dist(x, F) < s,Va € Q. Hence, we have

dist(z, F) < s < =p(x), Ve Q,dst(x,F) > (2.8)

€
2

| ®

By setting p = max(p, %), it holds that for any @ € Q, dist(x, F) < pp(x). This completes the
proof. O

It should be noted that F(x) = %wTQw is Lipschitz continuous on (2, based on which, we can
give the following global exact penalty property of (1.3) with respect to (1.1).

Theorem 2.1. Let L be the Lipschitz constant of F(x) on Q. Then for any ¢ > pL with p same
as the one in Proposition 2.2, x. € Q is a global minimizer of (1.3) with penalty parameter
¢ > pL if and only if x. is also a global minimizer of (1.1).

Proof. For sufficiency, if . is a global minimizer of (1.1), then p(x.) = 0 and x. is a feasible
solution of (1.3). From Proposition 2.2, it holds that V& € €,

Fo(x ) z) + cp(x)
x) + pLp(x)
z) + Lz — r(z)|

H]:(CII)) > F(wc) = Fc(wc)7

B
F(
» (2.9)
F(

where the first inequality holds from ¢ > pL and p(x) > 0, the second inequality holds from
Proposition 2.2 and dist(x, F) = ||l@ — I[Ix(x)||, the third inequality is due to the Lipschitz
continuity of F(x) on , the last inequality follows from the optimality of . to (1.1). These
inequalities implies that @ is also a global minimizer of (1.3).

For necessary, if . € 0 is a global minimizer of (1.3) with ¢ > pL. Notice that if || .|| < K,
then we have z. € F, p(z.) =0 and V& € F,

F(z) = Fo(x) = Fo(wc) = F(x.),
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where the first equality follows from p(x) = 0, the inequality is due to the optimality of x. to
(1.3). This implies that x.. is also a global minimizer of (1.1) if ||x.|lo < K. Thus, it is sufficient
to prove that ||z.|lo < K. Suppose that ||@.|o > K, then we have p(x.) > 0. Consequently, it
holds that

F.(x.) = F(x.) + cp(x.)

(

(zc) + pLp(z.)

() + Llj@e — I1x ()|

(Ix(x)) = Fe(Ilx(z)),

where the first inequality holds from ¢ > pL and p(x.) > 0, the third inequality is due to the
Lipschitz continuity of F'(x) on 2, the last equality is due to p(Ilz(x.)) = 0. These inequalities
implies that F,(x.) > F.(I1x(x.)) with Iz (x.) € F C £, which is contradict to the optimality
of . to (1.3). Hence, ||x.||o < K and x. is also a global minimizer of (1.1). This completes
the proof. O

> F
> F
>F

By using Proposition 2.2 and Lipschitz continuity of F(x) on Q, we display in the next
proposition the local exact penalty property of (1.3) with respect to (1.1).

Theorem 2.2. Let L be the Lipschitz constant of F(x) on Q. For any ¢ > pL with p same as
the one in Proposition 2.2, then any local minimizer T € F of (1.1) is also a local minimizer
of (1.3) with penalty parameter ¢ > pL. Conversely, if T € Q is a local minimizer of (1.3) with
penalty parameter ¢ > 0 and |Z|lo < K, then T is also a local minimizer of (1.1).

Proof. For the first part, if T € F is a local minimizer of (1.1), then p(Z) = 0 and
F(®) < F(x), VYxeB@e)NF,e>0. (2.10)

It should be noted that p(x) = ||z|1 — [[«||(k) is continuous, then there must exist & > 0
such that p(x) < 3, for all & € B(Z,£). By setting 0 < £ < min(5,£), it holds that for any
x € B(T,e)NQ, IIx(x) € F and

dist(e, F) = ||z - Iy ()] < ppl) < (2.11)

| ™

where the first inequality follows from Proposition 2.2. This implies that for any « € B(&, £)N¢,
— _ £ ~
[z — Tz ()] < [l —Mr(@)] + [z -Z| < 5 +€<¢,

e, IIr(x) € B(T,e) N F. This, together with Proposition 2.2 and (2.10), yields that for any
x € B(x,e) NQ,

F.(z) = F(z) < F(Ilx(x))
< F(z)+ L|lz - Ix ()|
< F(z) + pLp(x)
< F(z) + cp(x) = Fe(x),

where the second inequality follows from the Lipschitz continuity of F'(x) on 2, the last in-
equality is due to ¢ > pL. This implies that Z is also a local minimizer of (1.3) with ¢ > pL.

For the second part, if T €  is a local minimizer of (1.3) and ||Z|jo < K, then p(T) = 0
and T € F. Consequently, it holds that V& € B(%,c) N F,

F(@) = Fe(z) < Fe(z) = F(),
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where the inequality follows from the local optimality of T for (1.3) with penalty parameter
¢ > 0, the last equality is due to p(x) = 0. This implies that T is also a local minimizer of
(1.1). This completes the proof. O

Remark 2.1. Notice that the constant p(z,€) > 0 in Proposition 2.1, the upper bound s of
dist(z, F) with € Q and the constant 3 in Proposition 2.2 are difficult to estimate, thus it
is impractical to directly compute the constant p in practical numerical experiment. Based on
Theorem 2.1, we employ a strategy of gradually increasing the penalty parameter c. When c is
large enough, i.e., ¢ > pL, the global optimal solution of (1.3) with penalty parameter ¢ is also
a global optimal solution of (1.1).

3. An Inexact Proximal DC Algorithm with Sieving Strategy Based
on a Majorized Semismooth Newton Method

Since the variable x is required to satisfy 0 < x < b, then ||z||; = e . Consequently, the
DC problem in (1.3) can be equivalently reformulated as follows:

. 1
min J.(x) = ECCTQQJ + C(eTw —llzllx))

xcR”

st. ele—1= 0, (3.1)
r—R'x <0,
0<x<hb.

Remark 3.1. Since e 'z = 1, then it holds that (1.3) and (3.1) have the same optimal solution
as the following problem:

1
in sz Qz —dlzx)

st. el —1= 0, (3.2)
r—R'x <0,
0<x<hb.

Hence, from the perspective of numerical experiments, there is no essential difference between
(3.1) and (3.2). However, from the perspective of the theoretical analysis, for the consistency

of later convergence analysis, we retain the term e’ in objective function of (3.1).

It should be noted that (3.1) can be easily rewritten as a standard unconstrained DC pro-
gramming by adding the indicator function of the feasible set ) into its objective function.
However, the computational cost of the Euclidean projection Ilg(x) is expensive. To address
this issue, we divided the feasible set 2 into two parts: D = {:13 ER":e'x—1= 0} and
C= {cc ER":r—R'2<0,0<x< b}. As a result, the Euclidean projection on either the C
or the D can be efficiently computed. Evidently, the DC problem in (3.1) can be reformulated
into a standard DC programming:

min f1(z) — ge(z), (3.3)

where
fi(z) = %mTQw +ce'x+ de(x) +op(x), ge(x) = cllz|| (k)
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Let
fo(@) = 32" Qz + ce' z.

The DC programming (3.3) can be efficiently solved by a proximal DC algorithm (PDCA), the
details are shown in Algorithm 3.1.

Algorithm 3.1. Proximal DC algorithm for (3.3)

Step 0. Give ¢ > 0, tolerance error € > 0 and proximal parameter a > 0. Initialize
z® € R". Choose ¢° € 9g.(z°). Set k= 0.
Step 1. Compute z**! by solving the following inner problem:

2 = argmin G (@) = fo(x) + de(w) — (,€") + 51z — ¥, (3.4)

Step 2. If |z**! — z*|| < ¢, stop and return z**1.

Step 3. Choose &1 € 9g.(x*+1). Set k:= k + 1 and go to Step 1.

Remark 3.2. The subdifferential of Ky Fan K-norm at *t! can be expressed as

n n
A" | 5y = argmax{z xh s, Z |sil| =K,-1<s;<1,i=1,... ,n} ,
s i=1

i=1
see [33,37,38]. Let the elements of |£**!| be sorted nonincreasing, i.e., |:Bl(€fgl| > > |:B](“:)1|,
then the subgradient £¥*! € 9g.(z**+') can be computed by

i+l = csign(w@rl), ifi=1,--- | K
Q) 0, ifi=K+1,---,n

Since the convex inner problem in (3.4) has no closed-form solution, it is impossible and
unnecessary to solve this inner problem exactly by an iterative algorithm in practice. Gen-
erally, solving an optimization problem to a high precision is computationally expensive and
time-consuming. Therefore, it is unnecessary to solve all inner problems to a high precision.
Especially in the initial stage of PDCA, we only need to solve the inner problem to a low or
medium precision. In light of this, we take the inexactness of the solution of (3.4) into account.
Let "' be an inexact solution of (3.4), equivalently, we say x**! is an optimal solution of
the following problem:

. et
min f(2) +dc(@) — (@,€5) + 5z — 2| — (AF 2) )
st.e'x—1=A"

where A¥! and A5 are the inexact terms.

Remark 3.3. The inexact terms (A", A1) are unknown before computing the inexact

solution a&**1.

To introduce an efficient inexact proximal DC algorithm (iPDCA), we need to deal with the
following three issues: (1) designing an inexact strategy to ensure the theoretical convergence
of the iPDCA; (2) giving an efficient algorithm to solve the inner problem of the iPDCA; (3)
finding a strategy to compute or estimate (A’f“, A’;“) so that the inexact strategy can be
numerically implemented.
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3.1. An effective inexact strategy and algorithm framework

For a given epy1 > 0, if max(|[A™|,|]ASTY]) < ery1, we say the point a*+?
inexact solution of (3.4). In common inexact algorithms [39,40], the sequence {e;} is assumed
to satisfy the condition Z;OZO €, < oo. Although this inexact strategy is numerically im-
plementable, it cannot guarantee the convergence of the corresponding iPDCA. Generally, to

ensure the convergence of iPDCA for (3.3), an inexact condition similar to that of [36,41] can
be given as follows:

is an €py1-

max([| AT JASTY) < et — 2" (3.6)

where 0 < n, < a. The general iPDCA for (3.3) is shown in Algorithm 3.2.

It should be noted that the inexact terms (AY™!, A5+ are implicitly related to the inexact
k+1_ Hence, the inexact condition in (3.6) may be unable to satisfy even if one solves
the inner problem in (3.4) to the higher precision. Consequently, the algorithm to solve (3.4)
may not be terminated. Thus, the condition in (3.6) is not a good choice of termination criterion
for inexactly solving (3.4).

solution x

By absorbing the merits of the above two inexact strategies, we first employ
max ([ AFT, |ASTY) < exn (3.7)

as the termination condition for inexactly solving (3.4), where {ej} satisfies limg_, oo € = 0.
Evidently, for a suitable €1 > 0, this termination condition can ensure that the algorithm
for solving (3.4) is terminable. Notice that by only using this inexact strategy, it is difficult
to guarantee the convergence of the obtained inexact solution sequence {x*} and that the
decrement of the corresponding objective function value sequence {J.(z*)}, where J.(z*) is
the objective function value of (3.1) at ¥, computed by

1
Jc(ack) = §(mk)TQ:ck +ece'zh — chckH(K).

To tackle this problem, we employ a ‘sieve’ to perform a post-processing on the inexact solution
satisfying (3.7). It should be noted that a suitable ‘sieve’ is crucial to the convergence of the
iPDCA. As discussed above, the condition in (3.6) can guarantee the convergence of the corre-
sponding iPDCA, although it is not a good termination condition for solving (3.4). Therefore,
we choose a sieving condition similar to (3.6) as the ‘sieve’ to perform a post-processing on the
obtained inexact solution rather than the termination criterion for solving (3.4). By applying
this post-processing technique, we retain the inexact solution satisfying the sieving conditions
and take the inexact solution not satisfying the sieving conditions as the initial point of the
next iteration. As a result, we present an inexact proximal DCA with sieving strategy (siPD-
CA) for solving (3.3). For efficiently solving the dual inner problem of siPDCA, we introduce
a majorized semismooth Newton method. Consequently, we give an algorithm framework for
solving (3.3), which is called siPDCA based on a mssN method (siPDCA-mssN), see Algorithm
3.3 for more details.
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Algorithm 3.2. Inexact proximal DCA for solving (3.3)

Step 0. Give penalty parameter ¢ > 0, tolerance error € > 0, proximal parameter o > 0,
non-negative sequence {n;} with 0 <7, < a. Initialize ° € R"™. Choose £° € dg.(z°).
Set k= 0.

Step 1. Compute "1 by inexactly solving (3.4),

k+1

"~ arg min G¥(x)

xzeD
such that the inexact solution *+! and the inexact terms (A¥* AR+ satisfy the inexact
condition max(||AFTY|, |AST) <y ||zt — 2.
Step 2. If |z**! — z*|| < ¢ holds, stop and return z**+1.
Step 3. Choose £**! € 9g.(x*¥*1). Set k := k + 1 and go to Step 1.

Remark 3.4. In Algorithm 3.3, the inexactness of the equality constraint is considered. Let
Y"1 be an ¢, -inexact solution. If y*+1 and (AFF1 ALT1) satisfy the sieving conditions in
(5.1), we say a serious step is performed, otherwise, we say a null step is performed. We call
the inexact solution satisfying sieving conditions the stability center. Notice that when the
sieving conditions in (5.1) do not hold, only the iteration counter & and €41 are changed, while
the stability center £**! and £**! remain unchanged. The sieving parameter &, as a tuning
parameter, can balance the efficiency of siPDCA-mssN and the inexactness of the solution for
(3.4).

Algorithm 3.3. Inexact proximal DCA with sieving strategy based on a majorized semis-
mooth Newton method for (3.3)
Step 0. Give penalty parameter ¢ > 0, tolerance error € > 0, nonnegative nonincreasing
sequence {¢y}, proximal parameter a > 0 and sieving parameter x € (0,1). Initialize x°
€ R™. Choose ¢° € dg.(z°). Set k = 0.
Step 1. Compute y**! and the corresponding multiplier @**! of the equality constraint
by using a mssN method to inexactly solving the inner problem in (3.4) from the dual,

Yy ~ argmin G¥(x),
xzeD

such that inexact condition max(||[AF|, |AST!]) < ¢ 11 holds.

condition max(||AN Y|, |AK) < ||zt — 2.

Step 2. If ||[y*+! — x*|| < & and max(||A¥ |, JAST|) < & hold, stop and return y*+1.
Step 3. If sieving conditions:

k @ k
A < - ’i)§|\yk+l —a|, [AFTH < |yt -2t .
3.8
and |(@*! —uf)(eT2" — 1] < (1 —R)Z [yt - 2"
hold, set x**! = y*+l k1 .= @*+1 and choose &1 € dg.(x*+1); otherwise, set

ahtl = F uhtl =k, ¢t = ¢F. Set k:=k + 1 and go to Step 1.
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Remark 3.5. When ¢ is set to 0, the following two situations would occur: (1) only finite
serious steps are performed in Algorithm 3.3, then infinite null steps are performed or Algorithm
3.3 terminates in finite steps; (2) infinite serious steps are performed in Algorithm 3.3. When
e > 0, to ensure that as many serious steps as possible are performed in Algorithm 3.3, one can
adjust the sequence {ej}.

3.2. A majorized semismooth Newton method for (3.4)

The main computation of siPDCA-mssN is in solving the inner problem in (3.4). Thus, it is
essential to employ an efficient method to solve (3.4) for the effectiveness of the whole algorithm
framework. In CCMYV model, the covariance matrix Q can be naturally rewritten as a factored
form, i.e., Q = SST, where S = \/%S and each column of S denotes the yield of the n asserts
during the same time period. Evidently, the inner problem in (3.4) can be reformulated as

follows: .
min Gi(z) = 5|ISTa|* + ce '@+ de (@) — (w,€") + %Ilw —at|? 59)
st.e'x—1=0.
The equivalent minimization form of the dual problem of (3.9) can be formulated as
, 1 1 §
(u,v,w)rerlnérlemen hE (u, v, w) :== 5||v||2 + %Hue +w+Sv — @2 + 65 (w) +u,  (3.10)
where ®F = ax* + £€¥ — ce. The KKT conditions for solving (3.10) can be given as
1—e' (L(®F —ue —Sv—w)) =0, (3.11)
v—ST(%(‘Iﬂf—ue—Sv—w)):O, (3.12)
0 € —1(®F — ue — Sv — w) + 955 (w). (3.13)

Let ©F(u,v) := infy, h¥(u, v, w) for any (u,v) € R x R™. Consequently, an optimal solution
(u*, v*,w*) of (3.10) can be computed simultaneously by

(u*,v") = arg (o D%%XRWL OF(u,v), w* = Proxas; (tF (u*, v")),

where t¥(u,v) = ®* — ue — Sv. The Moreau Envelope of §} at t*(u,v) can be denoted as

P

o . 1 *
MG (28, ) = min 55 (us,0) — w]? + 5 aw). (3.14)
Evidently, .
Of (u,v) = S[[vl* +u + M (£ (u, v)). (3.15)

From the extended Moreau decomposition & = A Prox,-1-(§) + Proxs(x), it holds that
Proxas: (tE(u,v)) = th(u,v) — alle (2t} (u, v)).

From [42, Theorem 6.60 ], we obtain that the Moreau Envelope M, 55 (t¥(u, v)) is a continuously
differentiable function with gradient

VM (8 (1, ) = (£ a1, 0) — Proxa, (£, v))) = e (115 as, v)).
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Since Il¢ is piecewise linear and strongly semismooth, then the KKT equations

voFk(u,v) = =0 (3.16)

is strongly semismooth. Therefore, we can solve (3.10) under the framework of semismooth
Newton (ssN) method.

¥ (u,v) € R x R™, we define

0 0

20k _
0°07% (u,v) = [ 0 I

} + éB@Hc(étlj(u,v))BT, (3.17)

where B = [e,S]" and Olc(LtF(u,v)) is the Clarke subdifferential of Il¢ at 2¢¥(u,v). From
Hiriart-Urruty et al. [43], we have

POk (u,v)(dy, dy) = 0°0F (u,v)(du, dy), V(du,dy) € R x R™,

where 920F (u, v) is a generalized Hessian of ©F(u, v) at (u, v). By choosing U € ll¢(t¥ (u, v)),
we can obtain a matrix

0 0 1
V= —BUB". 1
[01}+a (3.18)

Evidently, V € 9?0F (u, v), then we have V € 820%(u,v). Notice that the matrix V may not
be positive definite, then the semismooth Newton equations

V(dy,dy) = —VOF (u,v)

is not well defined. To address this issue, we consider the majorized optimization problem of
(3.10):

. he (u,v,wiu') == h(u,v, Sl — w2, 319
(uvvvw)renR}ERmen (W v, Wi ) c(u, v, w) + 2|U u| (3.19)

Let

Ok (u, vsw') 1= OF (u,v) + Sfu — '
1, o i ¢ . (3.20)
= S l0l* +w+ MG (85 (w, v)) + 5 u— '

Clearly, ©F (u,v;u’) is strongly convex with parameter v = min(1,¢) and its generalized
Hessian is positive definite. Consequently, the corresponding semismooth Newton equations
are well defined. It is noted that ©F (u,v) — ©%(u,v) as € — 0, then an approximate solution
of (3.10) can be obtained by solving (3.19) with a sufficiently small € > 0. Thus we can solve
(3.10) by a majorized semismooth Newton (mssN) method, see Algorithm 3.4 for more details.
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Algorithm 3.4. Majorized semismooth Newton method for (3.10)

Step 0. Initialize (u”, v°) € R x R™. Give tolerance error yj41 > 0, majorized parameter
71,72 € (0,1), line search parameter o € (0,1), n € (0,1/2). Set j = 1.

Step 1. Choose UJ € dllg(2th(u/~1, v771)). Let VI be the matrix computed by (3.18)
and €; = 7y min(7o, [[VOF(u/ =1, v7~1)||). Find the solution (di,, dj) € R x R™ of the
following linear system

(d,,0)c; + V/(d,,d}) + VO, (v v/ /™) =0. (3.21)
Step 2. (Line search) Find the first nonnegative integer ¢ such that the following inequality
@ZE], (Wt otdl,vi 7t +otddui Y

<Op, (W v T T e (VO (W T ol T el T, (d, b))

C,€j5

(3.22)

holds. Set the step size as [; = ot. Set w/ = w/~! 4+ ;dJ, and v/ = v/~! 4 1;dJ,.
Step 3. If |[VO¥(u/,v7)|| < xkt1, stop and return (u’,v?). Else, set j := j + 1 and go to
Step 1

From primal-dual relation, we can obtain a feasible solution of (3.9) at the j-th step of
Algorithm 3.4

1 _ . _ o
b = —(®F —wle — Sv/ —w) = Hc(étlj(uj,vj)). (3.23)
o)
We measure the accuracy of an approximate optimal solution (u’,v’,w’) for (3.10) by using
the residuals of the KKT conditions in (3.11)-(3.13):
Bl =1- e (L(®F —ue—Svi —wl)), (3.24)
ﬁ% =) — ST(é({)f —ule — Sv/ — w?)), (3.25)
B = w’ — Proxas: (tF(u!, v7)).
For a given accuracy tolerance xr+1 > 0, we terminate Algorithm 3.4 when

max(|B1], 18211, 1831) < xk+1-

By noting that for any 57 > 0,
wl = Proxass (th(u?,v7)) = tF(u,v) — aHC(étlj(uj,vj)),

then it follows that for any j > 0, 8] = 0 and VO! (u’,vi) = (87, 3}). Evidently,

max(|8]], 18311 < /18112 + 1B3]1> = [ VO£ (w/, o). (3.26)

Hence, we use |VOF(u’, v7)|| < xk11 as the termination condition of Algorithm 3.4.

Notice that mssN method is used to inexactly solve the inner problems of siPDCA-mssN from
the dual. Thus, we should find the tolerance error y;1 that can ensure max(|| A5 ||, |AST)) <
€k+1. In addition, in order to ensure that mssN method for (3.10) is numerically efficient,
the following issues need to be addressed: (1) finding an efficient algorithm to compute the
Euclidean projection on feasible set C; (2) giving a method to compute the HS-Jacobian matrix
of the Euclidean projection Il¢ at a point ¢ € R™; (3) giving an efficient method to solve the
linear system in (3.21) by making full use of the second-order sparsity of problem and the
sparsity of the solution.
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3.3. An efficient strategy for estimating the inexact terms

It should be noted that Algorithm 3.3 is a type of inexact method. Then we need to check
the inexact condition in (3.7) and the sieving conditions in (5.1) at each iteration of Algorithm
3.3. Thus it is important to give an efficient strategy to compute or estimate (A ALT!) for
the whole algorithm framework.

From (3.9), it follows that the smooth part of G¥(x) can be denoted as

Fi(@) = 5187 el +cew— (2,65 + 5w — 2|
Evidently, the gradient of F*(x) can be computed by
VEF(x)=8SSTz +ce — & + a(x — ) =SSTz + ax — &~
Hence, (3.9) can be formulated as

min G¥(z) = F¥(x) + dc(x)
@eRn (3.27)
st. elx—1=0.

If an inexact solution '™ € C and a multiplier u of the equality constraint for (3.27) are
obtained, then there must exist inexact terms (Ay, Ag) satisfying the following KKT conditions:

Ay € VEF(2™) 4 96¢ (™) + ue, (3.28)
elz™ —1=A,. (3.29)

According to the Second Prox Theorem [42, Theorem 6.39], it holds that (3.28) is equivalent to
" =T (x™ — L(VFF (a™) + ue) + LA). (3.30)

Due to the nonsmoothness of d¢, it is impossible to directly obtain the inexact term A; from
(3.28) and (3.30). To deal with this problem, we introduce an auxiliary variable z'* € C,

" = (x™ — L(VEF (a™) + ue)). (3.31)
By rearranging the terms, (3.31) can be rewritten as
" =T (@ — L(VEFE™) + ue) + 1A,), (3.32)
where 81 is computed by
Al = a(z™ — &) + VEF (@) — VEF(2™). (3.33)
Clearly, the inexact term for the equality constraint can be computed by
Ay=e'a™ —1. (3.34)
According to the Second Prox Theorem, we can obtain that (3.32) is equivalent to
Ay € VEF@™) + 860 (™) + ue.

This, together with (3.34), implies that £ is an inexact solution of (3.27) with inexact terms

(A1, Ay).
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Thus, for a given solution ™ € C, the inexact solution '™ and the inexact terms (31, 32)
can be obtained by using the expressions in (3.31), (3.33) and (3.34), respectively. Based on
this approach, we can use the following two strategies to compute or estimate (A’f"’l,A’;H).

(1) At the j-th step of Algorithm 3.4, a feasible solution z*7 defined in (3.23) can be
obtained. Evidently, we can compute the inexact solution Z*7 and inexact terms (5]1” , 312” )
by using the expressions in (3.31), (3.33) and (3.34), respectively. When max(||A%7|,|A%7)) <
epr1, we set yFtl = ZkJ and (AT AETLY — (AR ART). This means that y*+! is an ey -
inexact solution of (3.27). It should be noted that if this strategy is used to compute y**! and
(A’f“, ASH), we need to compute the additional %7 and (&lf’j, 312”) at each step of Algorithm
3.4. As a result, this strategy is not very efficient in practical numerical experiments.

(2) Notice that Algorithm 3.4 is a dual algorithm and the KKT residuals (37,8}) of the
dual problem is used to terminate Algorithm 3.4 in practical numerical experiments. Thus, if
an upper bound estimation of (H&lfJH, |£§J|) from (|37],183]) according to the relationship
between (E]f’j, Z;”) and ( {,ﬁg) is obtained, we just need to check that this upper bound is
smaller than e, instead of directly computing (|A%7],|A%7|) at each iteration of Algorithm
3.4. This will further reduce the computational cost of the whole algorithm framework.

From the definitions of %7, 3/ and 8 in (3.23), (3.24) and (3.25), respectively, it holds
that

li=1—e'a", ] =) — STk, (3.35)
Since % is computed by using the expression in (3.31), then we have
b= LVEE @) +ule))
B — 188z + azhi — ®F +ule))
L@k + 88 — Sv/ +ule))
(" (! v7) +58))),
where the third equality follows from (3.35), the last equality holds from the definition of
t¥(u? v7). This, together with the non-expansiveness of the projection operator, implies that

5k’j =1Il¢

(3.36)

iy . o : o 1,
387 = 2™ = e (32" (W, v7) + £883) - Te(t" (v, v7))|| < —[[SB3]. (3.37)

Let

Xetr = L p=max(5[[SSTIS[l, L+ 5 v/nllS]).

From (3.26) and (3.36), it holds that if max (]3], |83]) < VO (u, v7)| < xni1,
— L . 1 .
|ATY ] = (188 (@ — )| < EIISSTIIIISHHB%II < k41

and o _ ) S
B5] = €7@ 1] < lleT @ — 1]+ [l (& — 2|

<181l + 2vValISIIB3N < exvr-

This implies that we only need to check if |[VOF(u’,v7)|| < xx41 holds at each iteration of
Algorithm 3.4. If [|[VO¥(u?, v7)|| < xj41 holds, which yields that max(||A%7(|, [A]) < ey,
then we set y*! := &7 and (AT AETY) .= (ARI AEJ). In this strategy, we only need
to compute 7 and (5]1” ,Zg’j ) once, which further reduces computational cost. Thus, it
is more efficient than the first strategy in practical numerical experiments, although it may
overestimate the inexactness of y**1. Therefore, we adopt this strategy to compute the inexact
solution y**1 and to estimate the inexact terms (AFT1 AEFL),
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3.4. Euclidean projection on the set C

At each iteration of mssN method, we need to compute the Euclidean projection Ile. Thus, it
is important to efficiently compute Il¢ for the efficiency of the whole algorithm framework. The
Fuclidean projection of a point £ on the set C can be formulated as the following optimization

problem:
1 2
min oz 1|
st.r—RT2<0, (3.38)
0<z<hb.
Evidently, (3.38) can be equivalently rewritten as
1
min ol — ¢ (3.39)
st. T—R"2<0 — A\ (3.40)
-2z2<0 — v, (3.41)
z—b<0 — W, (3.42)

where A, v and p are the Lagrange multipliers of (3.40), (3.41) and (3.42), respectively. Then
the KKT conditions of (3.39)-(3.42) can be given as

z—t—AR—-v+pu=0, (3.43)
AMr—R"z)=0, (3.44)
—v'z=0, (3.45)
n'(z—b)=0, (3.46)
wi >0, v; >0, i=1,---,n, (3.47)
A>0. (3.48)

To find the optimal solutions (z*, \*, u*, v*) satisfying (3.40)-(3.48), we consider the following
equivalent minimization form of the dual of (3.38):

. 1 2 *
o in  SIEAR = nll* = A+ 5 4y () + G, (V- (3.49)

Let ¢(\) be defined as
o1 .
p(A) = I%f lt+ AR~ N> = A+ 8o,y (1) + =, (A)
1 * * *
=3 It + AR — PrOX5f‘g,b] (t+NR)|*+ 670,b] (PrOX‘;EB,b] (t+AN"R)) —rA+0r, (A). (3.50)

Then the optimal solutions (A*,n*) of (3.49) can be simultaneously computed by

A= argmin o), (3.51)
,r’* — PI‘OX(;EFOYb] (t —+ A*R) =1 —+ A*R — H[O,b] (t —+ A*R), (352)

where the projection in (3.52) can be computed by IIjg p(z) = max(min(z, ), 0). The optimal
solution A\* of (3.51) satisfies the following KKT condition:

0€ R (t+A\R) — 7+ 9o, (\*),
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which is equivalent to
A" >0,
r— RTH[OJ,] (t + /\*R) <0, (353)
A (r— R g4t + \*R)) =0.
Let w(\) = r — R 4)(t + AR). Since for any i € {1,---,n}, max(min(¢; + AR;,b;),0) is
a piecewise linear function and —R; max(min(¢; + AR;, b;),0) is nonincreasing, then it follows
that w(\) is a piecewise linear nonincreasing function with breakpoints in the following set:

In addition, the range of w(\) is a closed and bounded interval {r — [R]1b,r — [R]Ib|. Thus,

we compute the optimal solution A\* satisfying the conditions in (3.53) by binary search among
the breakpoints in H U {0}, see Algorithm 3.5 for more details.

Algorithm 3.5. Euclidean projection on set C

Step 0. Giver, R, b, t. If r — [R]Ib > 0, stop with no feasible solution.
Step 1. If w(0) = r — R Mg 4 (£) < 0, return A* = 0 and z* = Iljg 4)(¢).
Step 2. Let Hy = {h; € HU{0} : h; > 0} and s = |H|. Sort all break points in H, in
ascending order, i.e., 0 = h(y) < hy < -+ < hgyy. fw(hs) =0, stop and return \* = hyy)
and z* = g4 (t + A" R).
Step 3. Let I; = 1, I, = s, w; = w(0), w, = w(h(y,)).
while I, — I; > 1 and h([r) > h(ll) do
I = L#Ja wim = w(h(r,,))-
if w,, > 0 then
I. =1, wr = wWpn.
else if w,, = 0 then
Break.
else
Il = Im, W = Wm-
end if
end while
If Wy, =0, set X* = Ry, ). Else, set \* = hp,y — w:‘ﬁwl (h(1,y = h(r,))- Return A* and
z* = H[O,b] (t+ )\ R).

From primal-dual relation, we can obtain the optimal solution z* of (3.38):
zZX=t+XNR—-n" :H[o)b](t—l—)\*R). (3.54)

By using (3.43), (3.45), (3.47) and (3.54), it holds that for each i € {1,--- ,n}, if ((+A*R); <0,
v = —t; — \*R;, otherwise, v; = 0. Thus, it holds that

v* = max(—t — \*R,0). (3.55)

From (3.43), (3.46), (3.47) and (3.54), it follows that for each i € {1,--- ,n}, (t+X*R—b); > 0,
pi = (t+ AR —b);, otherwise, 7 = 0. This implies that

p* = max(t + A\*R — b, 0). (3.56)

Therefore, we obtain the optimal solutions (z*, \*, u*, v*) satisfying KKT conditions (3.39)-
(3.48).
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3.5. HS-Jacobian matrix of Il.

At each iteration of mssN method, we need to compute U € 9llg(Ltk(u,v)). Hence, it
is crucial to efficiently compute the HS-Jacobian matrix of Il¢ for the effectiveness of mssN
method. The optimization problem in (3.38) can be reformulated as

where A = [I,,, —I,]T € R?"*" g=[0",-b"]"T € R?". Let Z(t) be the index set defined as

where A; is the i-th raw of matrix A. Let s = |Z(t)| be the cardinality of Z(t). We compute
the HS-Jacobian matrix U € 0ll¢(t) by the following results.

Proposition 3.1. For any t € R", let
3 :=1,, — Diag(#) € R"*",
where @ € R™ can be computed by

0. 1, jeI(t) or2jeI(t),
7710, otherwise J

then the HS-Jacobian matriz U € Oll¢(t) can be computed as the follows:
(1) If RTTc(t) >r, U=X.
(2) If RTTc(t) =,

U { (1, - sz RRT)S, fRTSR#0,
%,

3.58
otherwise. ( )

Proof. For statement (1), according to [44], the HS-Jacobian of Iz at ¢ can be computed
by
U=1I, - A;(t) (AI(t)A;(t))TAZ(t)’
where T denotes the matrix Moore-Penrose pseudoinverse. From the definition of Az, it holds
that Az(t)A;(t) =1, Ag(t)AI(t) =1, - ¥ and

U=I,-A;yLAry =1, -1, + =%

For statement (2), the HS-Jacobian matrix of Il¢ at ¢ can be computed by

U=, - [Afy M| 0| (359)

R] Notice that the determinant of M can be computed by

Az
where M := [ RT() } {A;(t),

det(M) = det <[ AF??) } [A}(t),RD ~R'SR. (3.60)
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When RTER # 0, it holds that M = M~! and

Uu=1, — [A—Ir(t)uR]M_l |: AI(t) :|

RT
T
-1 — AT R L + RleRAI(t)RR A;(t) _RleRAZ(t)R AI(t)
- Z(t)s _#RTAT 1 RT
R =R T(t) R =R

=% (I, - grsgRR") =

When RTESR = (RX)"XR = 0, we can compute a full rank decomposition M = FG, where

I

F= °
RTA;”

‘| 5 G - [IS;AI(t)R} .
Consequently, the Moore-Penrose pseudoinverse of M can be computed by
M =G (GGT)"Y(F'F)'F".

Thus the HS-Jacobian matrix U € 9Il¢(t) can be computed by

L — (||R||2+<2)A||I(tf|§>3TA;” e | [ Aze
_ T s R IR ) | _
U=1, - {Az(t),R} R s [ L ] -
(I+RI?)? (+IR[?)?
This completes the proof. O

3.6. Efficiently solving the linear system (3.21)

It should be noted that the main computation of mssN method is in solving linear system
(3.21). Hence, it is important to reduce the computational cost of solving (3.21) by making full
use of the second-order sparsity of the problem in (3.19) for whole algorithm framework. The
linear system (3.21) can be reformulated as

(W + 1BU/BT)d = Vel (w! o/ i), (3.61)

where H’ is a positive diagonal matrix, given as

; ¢ 0
H = .
oo
Notice that the Cholesky decomposition H = LLT can be easily computed. Consequently,
(3.61) can be reformulated as

(Iny1+ =(L7'B)U/(L7'B))L'd = -L7'VO} _ (v~ o/ /7). (3.62)

Without loss of generality, we consider simplifying the linear system as the following formula-
tion:

(Ini1+ 2BUBT)d = -VO; (v v/ Hu/ ™), (3.63)

Let 7 ={je{l,---,n}:j¢I(t),2j ¢ Z(t)} with Z(t) defined in (3.57). From Proposition
3.1, we solve (3.63) by distinguishing the following two cases.



22 M.C. DING, X.L. SONG AND B. YU

(1) When U’ = X, notice that X is a diagonal matrix with the element 0 or 1, then it holds
that ¥ = XX, If | J| is small, the inverse of I,,11 + éBUjBT can be efficiently computed by
the SMW formulation, i.e.,

(Ln41 + 2BUBT) ' = (I,,41 + 1BsB)) ' =L,s1 — By(al ;) + BBys) 'B/,

where B 7 is the submatrix of B indexed by J. Hence, (3.63) can be solved by efficient matrix-
vector multiplication.

(2) When U’ = (I, — grsgRR"), it holds that

BX(I, — g5z RR")IB' =BEX(I, - z=55RR")EEB’
=BE(Z - 755ZR(ER)")(B®)’
=By - grsrRsR})BJ,

where R denotes the subvector of R with respect to J. We consider the following eigenvalue
decomposition: I}z — ﬁR jR:; = QAQT with the orthogonal matrix Q and the diagonal
matrix A. Notice that the diagonal elements of matrix A are all 1 except for one 0. Moreover,
the orthogonal matrix Q can be efficiently computed by performing QR-decomposition on HIF;—jH’
which takes quite low computational cost, especially when | 7| < m. By setting Q = QVA, it
holds that I 7| — ﬁR jR:; = QQ". Consequently, the SMW formulation can be employed

to compute the inverse of I,,11 + éBQQTBT, ie.,

(Lns1 + LBUBT) ' = (1,1 + 2B,Q(B,Q) )"
=In1 —BsQeljz + (BsQ) 'ByQ) '(ByQ) '

Remark 3.6. When |J| < m, the inverse of matrix of size |J| can be efficiently computed
and (3.63) can be solved directly by matrix-vector multiplication. For the practical numerical
experiments of sparse optimization problems, | 7| < m holds in most cases.

4. The Convergence of siPDCA-mssN

In this section, we prove the convergence of siPDCA-mssN for solving (3.3). A feasible point
x € DNC is said to be a stationary point of the DC problem (3.3) if

(Vfe(x) + 0dc(x) + Np(x)) N dge(x) # 0, (4.1)

where Np(z) is the normal cone of the convex set D at x. The following results on the
convergence of siPDCA-mssN for solving (3.3) follows from the basic convergence theorem of
the classical DCA [45] and that of proximal DCA with extrapolation [49].

Lemma 4.1. For any ¢ > 0, the function ©F (u,v;u’) in (3.20) is level-bounded.
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Proof. Since ©F (u,v;u’) is a strongly convex function with parameter v = min(1, €), then
we have V (u,v), (u,v) € R x R™ with ||(a,v)] < oo

OF (u.viw) > Of (@ viu) + VOL, (@ v:w)  (w,v) - (@,9)) + 5 | (w.v) - (@)
> 0}, (a,5:) — VL (@5 u) " (@.0) + 2| (@0)|”

+
I\DLQ
8
£
o
|
<
©)
o
ET
=
:\
|
=
£
&
s
£

(4.2)

From these inequalities, it holds that for any p € R, {(u,v) € R x R™ : ©F (u,v;u/) < p} is
bounded, which implies that @’C“yé(u, v;u') is level-bounded. This completes the proof. |

Proposition 4.1. Let {x*} be the sequence of stability centers generated by siPDCA-mssN
for solving (3.3) and {(u®,v*)} be the sequence of the corresponding multipliers generated by
Algorithm 3.4, then {x"} and {(u*,v*)} are bounded.
Proof. Since x**! is an ¢, -inexact solution of (3.4), then [e’ ! — 1| < 41 < ¢
and 0 < ! < b. Evidently, 1 —¢; < e" 2" < 1+ ¢ holds, which implies that [|z*+!]| <
[2F]y = eTa*T! <1+ ¢, Thus {*} is bounded.

To display the boundedness of {(ﬁk, 'vk)}, we suppose that ! is computed at the j*-th
step of Algorithm 3.4, i.e., zF+! .= 287" @Ft! .= /" and v*+! := v7". From Algorithm 3.4,
it holds that Vj € {1,---,j*}

OF ., (u!,v/iw/ ™) < OF (w4 pl (VO (w0l el ), (d, d)).

Since ©F _ (u,v;u’) is strongly convex, then it follows that H € 020F _ (u/~! v~ ui™1) is
2€J [
positive definite and

<V®’;Ej (w ™t vl (d, D))
=— v@’;ﬁj (ujfl,,vjfl;ujfl)THflv@k) j(ujfl,,vjfl;ujfl) <0
which implies @’C“yéj(uj,vj;uj’l) < @’C“yéj(uj’l,vj’l;uj’l), Vj e {l,---,5*}. This, together
with
@ZsHl(uj,vj;uj) =0k, v)) < 9191 ;
implies that

OF (W v < < oF

C,€j5% c,e1 (ula vl; uO) < @lcc(u07v0) < 400.

This, together with the level-boundedness of @’CC o+ (u,v;u’) in Lemma 4.1, implies that (u’*, vi*)
is bounded, i.e., {(ﬂk, 'Uk)} is bounded. This completes the proof. O

x When the tolerance error is set as € = 0, our convergence analysis involves two cases. In
the first case, only finite serious steps are performed in siPDCA-mssN for solving (3.3). In the
second case, infinite serious steps are performed in siPDCA-mssN for solving (3.3).
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4.1. Finite serious steps in siPDCA-mssN

For the first case that only finite serious steps are performed in siPDCA-mssN for solving
(3.3), we have the following convergence results.

Theorem 4.1. Set the tolerance error e = 0. Suppose that only finite serious steps are per-
formed in siPDCA-mssN for solving (3.3). Then the following statements hold.

(1) If siPDCA-mssN terminates at k-th step, then =¥ is a stationary point of (3.3).

(2) If only null step is performed in siPDCA-mssN after K-th iteration, i.e., for any k > 75
zF = 21 and &k = E’”l then the stability center xh+ generated in the last serious step is a
stationary point of (3.3).

Proof. For statement (1), since y**! satisfies the termination condition of siPDCA-mssN
b R = gk AR - - 0 and AT = 0. This,
and @**! for solving mingep G¥(x), yields that =" solves

min G (@) = fo(@) + dc(@) — (2,€") + 5 |z — =¥

xeD

with tolerance error e = 0, then it holds that y
together with the optimality of y**+!

and @F ! is the multiplier of e'zF =1. Consequently, it follows that:
0c Vfc(:c’?) + 9bc(aF) — £F + aF e,
e'xz"—1=0.

Evidently, we have 2F € D and @*1e € Np(2¥). Thus, it holds that
0 € Vf(x") + 06c(xF) — dge(x*) + Np ()

and x* is a stationary point of (3.3).

For statement (2), we first prove limy_,o y**' = 2¥*!. Since only null step is performed
after k-th iteration of siPDCA-mssN, i.e., Vk > %, the sieving conditions in (5.1) do not hold.
We just prove the case that Vk > k, the test ||A]f+1|| < (1= k)4 |ly*F+* — x| does not hold,
ie, Vi >k, R

1-r)5 Slly = @R < AR < e (4.3)

Since limy o0 €x41 = 0, by taking limit on both sides of inequality (4.3), we have

lim (1 — ) [y — 2| =0,
k— o0 2
1

which implies that limy_, ., y*t! = . The proof for the cases that the other sieving condi-

tions do not hold is similar, then we omit it. Next, we prove that zF+1

(3.3). From |e"y**! — 1| < €41, we have
e e 1] < [eT " — 1+ Valyt Tt - 2| < e+ Vgt - 2| (44)

From the fact that the right-hand side of (4.4) goes to 0 as k — oo, it holds that

is a stationary point of

elzhtl —1=0. (4.5)

Since x**1 is the stability center generated in the last serious step of Algorithm 3.3, then

Vk >k, x* = zF+t1 and €* = ¢5+1 hold. This, together with the optimality of y**! for solving
(3.5), yields that Vk > k,

0e Vfc(yk-i-l) + aéc(yk-i-l) _ £@+1 + a(yk—i-l _ $2+1) +ahtle — Nfﬂ-
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Consequently, V k > k, there exists ¢*1 € 94¢ (y**1) such that
k k ~ k
Vfc(ykJrl) + gkJrl o €k+1 + a(ykJrl _ karl) + uk+1e _ Al-i-l =0.
Then it follows that V& > &,

vac(ykJrl) 4kt SEH + akJrle”
<afy"*t — @]+ AR < allyt - 2P 4 e (4.6)
According to proposition 4.1, we obtain that {:ck} and {ﬁk} are bounded. Since g.(x) is
a finite-valued convex function, then {ék} is also bounded. Then the boundedness of {gk}
follows from (4.6). Thus, without loss of generality, we can suppose that there exists a subset
K' ¢ K =1{0,1,---} such that limpexr @' = @ and limpexs c’”lA: . Since d¢(x) is lower

semicontinuous, from [46, Proposition 4.1.1], it holds that ¢ € 98¢ (z*+1). From limgex exr1 =
0, taking limit on both sides of inequality (4.6), we have

Jim [[Vfe(y™) + 65— M+ at el = |V Fe(@) + S - €M+ Te| =0,

which implies that
0 € Vfe(x") + e (") — dg. (") + te.

From (4.5), we have that 2*1 € D and de € Np(z*+1). This implies that
0 € Vi (a"1) + 86 (xFH) — dge(aF 1) + Np (zFH)

and ! is a stationary point of (3.3). This completes the proof. O

4.2. Infinite serious steps in siPDCA-mssN

In this subsection, we consider the case that infinite serious steps are performed in siPDCA-
mssN for solving (3.3) when tolerance error ¢ is set to 0. Consequently, {wk} can be expressed
as

. ,wk_Nl7wk_Nl+1’.,. ,wk,$k+l7mk+27... 7wk+Nl+l+1,$k+Nl+l+27,., ,
N )~ | S —
kil N; null steps ki1 Nj41 null steps zFi+2

where 2 denotes the stability center generated in the [-th serious step. The subsequence
{wk—NH—l :Bk}

is the collection of the stability centers in null steps between the [-th serious step and the
(I + 1)-st serious step, then ¥ = xh=N = gh=Ni+tl — ... = 2k From the assumption
that infinite serious steps are performed in siPDCA-mssN for solving (3.3), we obtain that the
stability centers in null steps between two adjacent serious steps are the finite repetitions of that
generated in the previous serious step. By removing the ¥ generated in null steps from {z*}, a
subsequence {@*} is obtained. Consequently, we can obtain subsequences {£#}, {(A¥ Ak)}

and {ukl } For {z*}, we have the following global subsequential convergence results.
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Theorem 4.2 (Global subsequential convergence of siPDCA-mssN). Set the tolerance
error € = 0. Suppose that infinite serious steps are performed in siPDCA-mssN for solving
(3.3). Let {x*'} be the stability center sequence generated in serious steps of siPDCA-mssN for
solving (3.3). Then the following statements hold:

(1) limy oo [|2Fi+r — xkt|| = 0.

(2) Any accumulation point T € {wkl} is a stationary point of (3.3).

Proof. We display the proof of statement (1)-(2) in Appendix A.1. O

In order to prove that when infinite serious steps are performed in Algorithm 3.3, the
sequence {x*} actually converges to a stationary point of (3.3), we construct the following
auxiliary function:

E(z,y,z,u,v)
=fo(®) — (x,y) + g (y) + bc(@) + allz — z|* + u(e 'z — 1) - (v,z — 2), (4.7)

where g*(y) is convex conjugate of g.(x), given as

9e(y) = sup {(y, ) — ge(x)} .
xeR”
Then it holds that f.(x) — g.(x) < fo(x) — (x,y) + g% (y). Since g.(x) = c|z|| (k) is a proper
closed convex function, it follows that ¢g*(€) is also a proper closed convex function and the
Youngs inequality holds:

9¢(Y) + 9c(2) = (@, 9),

where the equality holds if and ouly if y € dg.(x). Moreover, for any @ and y, y € 9g.(x) if
and only if & € dg}(y). According to [24,47,48], we obtain that semialgebraic functions satisfy
the Kurdyka-Lojaziewicz (KL) property. Notice that F is a semialgebraic function, then E
satisfies KL property.

Based on the auxiliary function E defined in (4.7), we have the following conclusions on the
sequence {E(xkit1 gk gkt gk Alfl“)}.
Proposition 4.2. Let E be defined in (4.7). Suppose that infinite serious steps are performed
in siPDCA-mssN for solving (3.3). Let {wkl}, {A’fl}, {ukl} and {Skl} be the subsequences
generated in the serious steps of siPDCA-mssN. Then the following statements hold.

(1) Foranyl>0,

folxbien) — go(abirn) fabr ek — 1) < B(ah gh gl alie) Alfl“). (4.8)

(2) For anyl>1,

RQ

E(mkl+17§kl7wkl7uk”17Alle) _ E(wkﬂfk“ﬂwkl*ﬂukﬂAlfl) < _THmkl _ msz1”2‘ (4.9)

(3) The set of accumulation points of the sequence {(:I:kl“,ﬁkl,wkl,ukHl,Alfl“)}, denoted

by I', is a nonempty compact set.

(4) The limit T = lim;_, o0 E(mkl“,{kl,wkl,ukl“,Alfl“) exists and E=7T on T.
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(5) There exists a constant p > 0 such that for any ! > 0, we have

dist(0, DB (@, €%, @t uhier, AFIH)) < pllakien — 2| (4.10)

Proof. We present the proof of statements (1)-(5) in Appendix A.2. O

For simplicity of notation, we set E¥i+1 = E(xkitr gk gkt gk Alfl“) for each | > 0. Based
on the KL property of F, we give the global convergence of {x*'} as follows.

Theorem 4.3. Set the tolerance error e = 0. Suppose that infinite serious steps are performed
in siPDCA-mssN for solving (3.3). Let {x*'} be the stability center sequence generated in the
serious steps of siPDCA-mssN for solving (3.3). Then {x*'} converges to a stationary point of
(3.3). Moreover, > ;= |le*+1 — zki|| < 0.

Proof. From Proposition 4.2, we have that {Ekl} is nonincreasing and its limitation T
exists. Consequently, it holds that E¥ > T, VI > 0. Next, we display that E* > T, VI > 0.
To this end, we suppose that 3L > 0 such that E*2 = Y. Then we can get that EF = T
for all | > L. From (4.9), we have &kt = xkr v > L. This implies that only finite steps are
performed in siPDCA-mssN, which is contrary to the assumption that infinite serious steps are
performed in siPDCA-mssN.

Since F satisfies the KL property at each point in the compact set I' C dom F and E =T
on T, then it satisfies the uniform KL property [24]. Hence, there exist € > 0 and a continuous
concave function ¢ : [0,a) = R being continuously differentiable and monotonically increasing
on (0,a) and satisfying ¢(0) = 0 with @ > 0 such that V (x,y, z,u,v) € ©,

w/(E(‘,I% y7 z7 u7 v) - T) ' diSt(O7 8E(m’ y7 z7 u7 v)) Z 17

where
O ={(z,y,2z,u,v) : dist((z,y, z,u,v),T') <€}

N{(z,y,z,u,v): T < E(x,y,z,u,v) <Y +a}.

Since T is the set of accumulation points of the {(mkl“ L LI TLES Alf”l)}, then
lim dist((wkl“,ﬁkl,wkl,ukl“,Alfl“),I‘) =0.
l—o0
Consequently, there exists a L > 0 such that
dist((wkl“,fkl,mkl,ukl“,Alfl“),I‘) <e, Vi>L-2.

From Proposition 4.2, it holds that {Ekl“} converges to T. Hence, there exists a L > 0 such
that -
YT < EM+t <Y 4a, Vi>L-2

Let L = max(l_/,l:/), then we have V1 > L, (xhi-1 ghiz ghi-z gk Alfl’l) € © and
@' (EM-1 — ) - dist(0, 0E"-1) > 1. (4.11)
From the concavity of ¢ and the fact that {E*} is nonincreasing, it holds that V1 > L,

[p(B¥=1 — 1) — p(EBF=+ — )] - dist(0, 0E"-1)
>/ (BM-1 — ) - dist(0,0E*-1) . (E*-1 — ERier) > Ehior - Bl (4.12)
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where the last inequality is due to (4.11). Let 7% = o(E* — ), Vi > L. Since ¢ is monotone
increasing on (0,a) and {E*} is nonincreasing, then {7*'} is nonincreasing. This, together
with (4.9)—(4.12), yields that there exists a constant p > 0 such that for any [ > L

”wkz _ m*’€171H2 + HmkPI _ mk172H2 < E(Trkfl—l _ 7T7€1+1)Hm7€171 _ wszzH' (413)
RO

By using the arithmetic mean-geometric mean inequality, we have

lac*t — ahi=]]

IN

\/i(ﬂkll _ ﬂ-kz+1) _ %”wkl—l — pki-2 || . \/2”:13/6171 — pki-2 ||

RQ

2p (rhi=1 — ghier) %”wkl—l — ghiez|| 4 okt - ghiez|.
Ko

This implies that
Lok ki P ki k 3 ki ki k ki
Zle—ml < — @1 —m l“)—l-z(”wl B Al | IR P A A B (4.14)

~ 2k

Summing both sides of (4.14) from | = L to oo, we obtain that

1 & -
ZZ Hmkz _wkl—lH < L(ﬂ.kL,l —I—Trki) — lim L(ﬂ-kl +7Tkz+1)
I=L

~ 2ka l—o00 2K00
+ S(lates — o] — lim 2 — 2t
From limy_,o 52 (7% + 7k+1) = 0 and limy_, ||@® — @*-1| = 0, it holds that
Lo ok s P ky_ kpy o Ok ki
ZZHCC et S g (e ) 4 [l — 2t < oo (4.15)
=L

which implies that {@* } is convergent and Y ;7 |l@*+1 — x| < co. This, together with the
sieving conditions in (5.1), yields that lim;_,, |e"@* — 1| = 0. Combining this with the results
of Theorem 4.2, we obtain that the sequence {mkl} converges to a stationary point of (3.3).
This completes the proof. O

By using Theorem 4.3, we give the following global convergence of {x*}.
Theorem 4.4 (Global sequential convergence of siPDCA-mssN). Set the tolerance er-
ror e = 0. Suppose that infinite serious steps are performed in siPDCA-mssN for solving (3.3).

Let {x*} be the stability center sequence generated by siPDCA-mssN for solving (3.3). Then
{x*} converges to a stationary point of (3.3). Moreover, Y ;- ||&"T! — x| < co.

Proof. From assumption of infinite serious steps in this subsection, we obtain that {x*'} is
the subsequence of {£*} removing the finite repeated points in null steps. This, together with
Theorem 4.3, implies that the sequence {wk} converges to a stationary point of (3.3) and

(oo} oo
Dol — @b =Y et — 2| < oo,
k=0 =0

This completes the proof. O
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4.3. Local convergence of siPDCA-mssN

Proposition 4.3. If x* is a local minimizer of (1.1). Suppose that T* C {1,--- ,n} is an index
set satisfying |I*| = K and Vi € T*, the } = 0 holds, where T* = {1,--- ,n} \ Z*. Suppose
that the Mangasarian-Fromowitz Constraint Qualification (MFCQ) conditions hold at x*, i.e.,
there exists a point * € R™ such that

~R'(x—2") <0, if RTx* =7,

e (x —x*) <0, if f = by,

—e/(x—x*) <0, if el =0,ie€I", (4.16)
e (x—2x*) =0, ifiel”,

e'(x—x*)=0

hold. Then there exist (\*,u*,n*,(*,v*) € R*"*2 together with x* satisfy the following opti-
mality conditions
Qz*— NR+u'e+n"—(" +~" =0,
A <0,m, ¢">0, N(r-R'z")=0,
n;(x; —b;) =0, {ai=0, i=1---,n, (4.17)
R'z*>r e'ax*=1 0<a"<b,
(€)i=0, i€, (¥)i=0, ieI"
Proof. Notice that if * is a local minimizer of problem (1.1), then x* is a global minimizer
of the problem:

1
m]iRn {§wTQw R'z>re'z=10<z7 < br-, Tz = O} (4.18)
TR

This, together with the MFCQ condition, implies that the optimality conditions in (4.16)
hold. O

Proposition 4.4. Let x* be a feasible point of (1.1). Let
J={7"c{l,---,n}:x; =0, =K, Vie{l,---,n}\ZI}.

IfNI* € J*, there exist (\*,u*,n*, (", v*) € R3"*2 together with =* satisfying (4.17), then x*
is a local minimizer of (1.1).

Proof. For the details of proof, one can refer to [25, Theorem 2.3]. O

Theorem 4.5. Set the tolerance error e = 0. Let {x*} be the sequence generated by Algorithm
3.3 for solving (3.3) with penalty parameter ¢ > 0. Let ©* be an accumulation point of {x*}
satisfying ||lx*|jo < K and

T ={T"c{l,  n}:|T¥=K,x; =0,VieI*={1,--- ,n}\I"}.

Then VI* € J*, there exist (\*,u*,n*,¢*,v*) € R3"*2 together with =* satisfying (4.17), and

*

x* is a local minimizer of (1.1).
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Proof. From Theorems 4.1 and x4.4, we obtain that * is a stationary point of (3.3), then
there exists u* such that the following KKT conditions hold:

x* =Tle(z* + & —ce—SSTx* —u’e),

4.19
e'x*—1=0, ( )

where £ € 9gz(x*). By using (4.19) and the results in Subsection 3.4, we obtain that there
exist (A\*,v*, u*) together with * and t = x* + £* — ce — SSTx* — u*e satisfy (3.43), i.e.,

x*— (" +€& —ce—SSTx* —u'e) —N'R—v*+pu" =0.
Consequently, it follows that
Qr'*—NR+u'etce— € —v'+u* =0,

where Q = SST. For any i € {1,--- ,n}, let ¢}, n; and v} be computed by

e v WET, L [ el
i T o, iftieZr, T o, ifieT,

and _
« | (ce—& +p*—v*);, ifielx,
YT (e — &), ifi € .

Consequently, it holds that
Qx* — N'R+u'e+n*— (" +~v"=0.

Due to ||z*||o < K, it follows that VI* € J*, (\*,u*,n*,{*,v*) € R¥*2 together with x*
satisfy the conditions in (4.17). This, together with Proposition 4.4, yields that «* is a local
minimizer of (1.1). This completes the proof. O

5. A Decomposed siPDCA-mssN for Large-Scale CCMV Problem

5.1. The algorithm framework of decomposed siPDCA-mssN

The computational cost and storage cost of siPDCA-mssN for (1.1) will be expensive when
the scale of the CCMV problem is large. As discussed in Section 1, Wang et al. [50] proposed
a decomposed strategy based on the violation of the first-order optimality conditions to reduce
a large-scale problem into a small problem. Inspired by their work, we use the violation of
first-order optimality conditions defined in (4.17) as the decomposition criterion to reduce (1.1)
into a small-scale problem.

Let 9 € CND be an inexact solution of (3.3) with penalty c;,—1 > 0 and Z9 be the index set
of the nonzero elements of 9. By using Q =SS, it follows that there exists an inexact term
A? € R™ and a multiplier u? € R of the equality constraint such that the following optimality
conditions hold:

A7 €SSzl + ¢, e+ Do (x?) + ule — g (x?),

e xd=1. (5.1)

Let £€9 € 0g.(x?), then it holds that

xl =Te(z? +£9-SST2? — ¢, 1e —ule + A?),
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which means that 29 is an optimal solution of (3.38) with ¢t = ?+£7—SSTx%—c,_1e—ule+A".
This implies that there exist (A7, u?,v9) together with x? satisfying the KKT conditions in
(3.40)-(3.48). Consequently, it holds that

xl — (2?7 +€9-SSTx? — ¢, 1e —ule + A?) — NR — v 4 p? =0,
which can be simplified as
SSTxl +c, 1e+ule— €1 — NR—vi+pu? =A", (5.2)

Let (n?,¢%,~9) be defined as follows:

q e
e | wui, ifieZ? .
n! = { 0. ifieT7 ie{l,---,n}, (5.3)
q e

o [ v, itiel? .
¢l = { 0. ifieTi ie{l,---,n}, (5.4)
. (cqo1€ — &9+ pd —v?);, ifieZd

q._ 1. nL. 5.5
E {(cq_le—e)i, iriegr (S )

As a result, (5.2) can be reformulated as
SSTa? —¢7 — N R +n? — (1 +~7 = A", (5.6)

This implies that when ||x?]]o < K, (2%, \7,u?,n9,{?,~9) satisfy the KKT conditions in (4.17)
except the first one. Therefore, we define the violation of the first-order optimality conditions
of x4 as follows:

V(@ X, uln?,¢%~7); = [SSTa! — AR +ule+n — (" +~;, wic{l,---,n}. (5.7)
Evidently, for each i € {1,--- ,n},
V(x4 A, u?,n? ¢% %) =SS x4+ c41e + ule — £ — MR — v + pl;. (5.8)

From Proposition 4.4, it follows that when ||V (z%; A%, u?,n9, (%, ~?)|| = 0 and ||x?o < K,
x? is a local minimizer of (1.1). Based on (5.7), the violation of the first-order optimality
conditions of x? can naturally be used as the decomposition criterion. As a result, we choose
an index set B = Z9 U Bf, where B is the index set of the components those satisfying
V(x?; M, u?,n?, ¢9,~%); > € with € > 0. Based on the index set B?, we decompose the original
objective function in (1.1) as

Lo L { z5: T { Qoo Qg } { w5 }

2 2| T Qpige  Qpasi Tpa (5.9)
1 1
= §w—8rq Qpapaxps + J:gq QBQEJ:E + §$%QW$87.
According to Q =SS, (5.9) can be rewritten as
Lo e Lot T 2
SIS @l|” = SlSpaxs: + Sgrpll
2 2 s (5.10)

LT LT T T
= §||SBqCUBq 1% + §||Sﬁmﬁ||2 + @ 3,SB: Sz TET-



32 M.C. DING, X.L. SONG AND B. YU

Let
C! = {:I}Bq c RIFI: quwgq >7r,0< xps < be},
DI = {mgq S R‘B” : egqmgq —1= O}.

Based the decomposed form (5.3) of objective of (1.1), we fix the xz; and update the xz. only.
Consequently, we only need to solve the following problem of scale |B4|:

1
min_ =[S geasal|? + 6cs (x) + 6pa ()
250 €RIBY] 2 (5.11)

S.t.Hmb’q”O < K.

For a given penalty parameter ¢, > 0, we transfer (5.11) into the following DC problem:

1
in —

m ||qu$[5q||2+5Cq($)+5Dq($)+qugq$Bq —Cq”.’BBqH(K). (512)
xq €RIBII2

Evidently, (5.12) can be efficiently solved by siPDCA-mssN. Therefore, we give an efficient
decomposed siPDCA-mssN (DsiPDCA-mssN) for solving (1.1), see Algorithm 5.1 for more
details.

When the solutions (:chng, qung) are obtained by Algorithm 3.3 for solving inner problem
(5.12) with penalty parameter c,, (x?"! u?t! €9%1) can be computed as follows:

B P
witl = ugtt (5.14)
1 s
- { B KB o
where €55 € 9g.(x9t1) and BT = B\ {1,--- ,n}. Let
it = 0t 4 grt!l 88 TgIt e —uiTle (5.16)

Algorithm 5.1. Decomposed siPDCA-mssN for (1.1)

Step 0. Givecy >0, K >0, M >0,0>1, ReER", Se R becR"” and € > ¢ > 0.
Initialize ° € R™. Choose B randomly without repetition from {1,--- ,n} such that
|B°| = M. Let g = 0.

Step 1. Compute cchng, qung by solving the inner problem (5.12) with Algorithm 3.3.
Update x94T, \a+L qatt natl ¢atl and 441 by (5.13), Algorithm 3.5, (5.14),

and (5.19)-(5.21), respectively.

Step 2. If ||V (24T \aHL qatl patl ¢atl ~atly)| < Eand ||27t!]|p < K hold, stop and

return x4t
Step 3. Update B4™! by Bet! = Za+1 | JBIT! where 70+! = {z ef{l, - ,n}alt £ O}
and

B‘f*l - {, {1, -, n}: V(zth ATl ]l potl catl qatly g}'

If |29 o > K, set cqgq1 = 0cq. Else, set cge1 = ¢4 . Let ¢ := ¢+ 1 and go to Step 1.
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and A\t be computed by using Algorithm (??) with ¢ = t9*!. Based on z¢"! and A4t
(vt patl ¢t patl 491y can be computed by

v? = max(—t4T! — XTI R, 0), (5.17)
pdt = max(t + \TITR — b,0), (5.18)
q+1 i +1
g+1 v/, ifiezdrt,
= — i=1,--- 5.19
“ { 0, ifiezer, (T 519
q+1 i +1
a+1 pi, ifieZe
o+l .= =1, 5.20
g { 0, ifiezerr, (T (520)
_ g£q+l q+1 _ 5,q+1). if 4 q+1
’Y;]-i-l — (qu 6 o +H v )’La lf'L S +15 _ 1, ,m. (521)
(cqe =€), if i € 791,

As a result, the violation of the first-order optimality conditions of £?*' can be computed by

+1. yq+1 +1 +1 +1 +1
V(wq ) Aq ) uq ) 77q 9 Cq ) ’Yq )i

=SS T2t — NI R 4 ue 4 nitt — ¢TT 40T e {1, n}. (5.22)

5.2. The convergence analysis of DsiPDCA-mssN

Let {x?} be the sequence generated by Algorithm 5.1. Under a mild assumption about the
subsequence of {x?}, we display that {x?} subsequentially converges to a local minimizer of

(1.1).

Theorem 5.1. Let {(xz?, A%, u?,n%, (% ~7)} be the sequence generated by DsiPDCA-mssN. Then

the following statements hold.

(1) The sequence {(x?, A%, u?,n%, %, ~9)} is bounded and there exists a subsequence such that
hm (wqj7)\qjuquanqjacqja’yqj) = (w*a)\*7,'-l‘*7"7*7c*77*)7
J—o0

where (x*, A u*,n*, ", ~v*) is an accumulation point of {(x?, A1, u?,n?, %, ~7)}.

(2) Let € be any given constant satisfying 0 < € < min(b). For any e > 0, let

=&+ (2+2 max [|SiS|| + 2| R]|o)e.
1<i<n

Then IM > 0, Vj > M such that ||x¥ — x| < e, |[A\Y — XU+ | < € and |[u¥ —u%+] < ¢
hold. If exists a j such that j > M, q;11 = ¢; + 1, ||&%+1]jo < K and Cq; = Cg;—1, then T+t
is an €-inexact solution of (1.1) and x* is a local minimizer of (1.1).

Proof. For statement (1), since qung is the solution generated by Algorithm 3.3 for solving
the inner problem in (5.12), then qu-gl satisfies 0 < qu-gl < bps and equBtl = 1. This, together
with the definition of 4! in (5.13), yields that

1 1 1
2@ = g | < llzbi | = epozls = 1.
This implies that {?} is bounded. Consequently, we can immediately obtain that {£?} is also

bounded because g.(x) is a finite-valued convex function. From Proposition 4.1, it follows that
{u?} and {v?} are bounded. From Algorithm 3.5, we have A" € [0, max(H9*!)], where

at+1_p. att
ot = {8 B R £ 0,i€ {1, 0} U {0}
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and t9*! is defined in (5.16). This implies that {\?} is bounded. As a result, the boundedness of
{pn?} and {v?} can be obtained from their definitions, see (5.17) and (5.18). Consequently, the
boundedness of {¢?}, {n?} and {y?} can be obtained from their definitions, see (5.19)-(5.21).
Hence, it holds that {(x?, A\, ud,n?, {9, ~v7)}° 41 18 bounded and there exists a subsequence
{(x¥%,\% w9 n% (9 ~% )}j’;l such that

lim (-’Bq] )\q] u an qu (1]) - (m*v)\*vu*vn*vc*v‘y*)'

j—o0

For statement (2), the result of statement (1) implies that Ve > 0, 3M such that Vj > M,
|t — xd+1]| < e [N\ — AG+1| < € and |[u¥ — u%+!| < e. Since j > M and Cg; = Cq;—1,
@i+1 = ¢; + 1, we have [|[x% — x%+1|| <, [A — A+ < € and |u% — u%+1| < e Let B% be
the work set of Algorithm 5.1 at the g;-th step such that

V(wlﬁ; quaquunqiuc.%?’yq;)i > g,VZ € Bq; \Iqja
V(@B M, u%,n%, ¢, y%); < EVie By,

where Z9% is the index set of nonzero elements of % . Due to g;; = ¢; +1, we can obtain that

- . q5+1 95
a3 - i i
b+ is generated at the g; g T 58%

aj .
and {B]qfl are all zero. Hence, it holds that
J
T4 ‘IJ T,.¢01 ‘1]+1
S z% = SBq] BY S xdi+ SBqJ B
and Vi € BY,
95 q; qJ G+1 q; q1+1
t; = —cq—1—ul =8, SBq] g b = —Cq —ultt =S, SBq] O

where t% and t%+! can be computed by using the expression in (5.16). This, together with
(5.8) and the definition of ¥% and p%, yields that Vi € B%,

V(mqj 5 )\% ) qu ) 77q3 ) C(G ) ’Yqj ))Z
=[SSTz% — AR+ ube+cy_1e — &Y — v + pb;
=| =7 — X% R; + max(t’ + A9 R; — b;,0) — max(—t;’ — A% R;,0)|.

and

V(wq3+1')\q3+1 udi+1 Nq3+1 Cq3+1 7‘1}+1).

=| =t — A\ R, + max(t] T + X5+ R; — b;, 0) — max(—t " — A+ R;,0)|.
Next, we prove that Vi € B3,
V(wq3+1;)\q3+1,uq3+1,77q3+1,Cqﬂl,'yqﬂl)i <E
For simplicity of notation, we set
Vi = V(mqj;)\%,u‘G’n‘E,C‘G,y‘E’ Vai+1 = V(mqﬂl;)\‘13+17u‘13+1717‘13+17Cqﬂl,fyqﬂl),

Suppose that 3i € B3, t;ﬁ + A4 R; > b;, then Viqj = b; > min(b) > € > € which is contrary to
Vi <& Vie B%. Thus, we have t7 + A9 R; < b;, Vi € BG. As a result, we divide the proof
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into the following two cases.
Case 1. When t’ + A% R; < 0, it holds that

Vi = =2t — 209 R, = 2(cy,_, +u% +SiS ;) — 209 R; < 0.

K2

Consequently,
qj+1 )\q]+1R ( Cq— —u%+r — S STq w‘b+1) )\q3+1R,
= (—cg;—1 —u¥ =8, SBq] A 2) F AR,
+ ((u% —u%+) —8; SB"J( qungl _ mBq )+ (AG+ — \G)R;
< (% — u%+1) — S, qu]( ol — @)+ (AT — AU R;)
— €

IN

< (14 |S:S|| + |Ri|)e < <

where the first equality is due to ¢q; = ¢g; -1, the first inequality is due to tgj + A R; <0,

the last inequality is due to the definition of €. This, together with VZ-q; < €, implies that when
‘1]+1 )\q7+1R < 0

VI = ol _o\Gn R,
= V¥ —2((u% —u%1) — 8;8 o (Tp' — Ty ) + (NG — AU R;)
<e—2((uh —uh) = 8;S Lo (' — @pay) + (AGT — AY)R;)
<Ee+2(1+|IS;S|| +|Ri)e <€
and when 0 < t7"" + M\ R; < &£, VI =77 £ M0 R, < £F <€
Case 2. When 0 < t;ﬁ + A% R; < b;, it holds that Viqj = t? + A% R; < €. This implies that

t;lﬂl + AT R, = ti + (uq; _ uq;+1) S; S ( q1+1 _ mBq )+ (/\q;+1 _ )\q;)Ri
e+ (u% —uti+1) — 8,81 (z ‘g;l — @)+ (At = A\ Ry)
€+eé <z
€.

2

< e+ (1+([SiS]| + |Ri])e <

Consequently, it follows that when t? TN R, <0,
VIt = ottt _2)\Gm R,
= 2VY —2((u% — ulitt) — S, SB%( Tt — mBq )+ (AG+1 — \D)R;)
—2((u% — u%+1) - S; SBQJ( ‘161%1 - :chqu) (A9i+1 — \97)R;)
S2(1+[[SiS]| + [Ril)e <€

IN

and when 0 < 7" 4 \G+1 R; <€ VU+ = ¢+ 4 \G+1 R; < € Therefore, we have
V(;]}qurl ) ALt ) ulitt ) T’qurl ) Cq3+1 ) 7q3+1 )Z < /6\7 Vie B%.

The optimality of :I:BJqf1 for solving the B%-subproblem in (5.12) yields that

@G+1 y9G+1 ‘IJ+1 TG+ L9541 Di+1y . -
V(.’B A , U 5771 7C»L' 771 ) _Oa VZEB%'

BG N

This, together with ||x%+1]|g < K and definition of (x%+1, A\%+1 u%+1, n%+1 (L+1,4%+1) in
(5.13), (5.14) and (5.19)-(5.21), implies that (x%+1, \XG+1 u%+1, noi+1, (%+1 y%+1) satisfies all
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the conditions defined in (4.17) except the first one. Consequently, it follows that x%+1 is an e
local minimizer of the CCMV problem (1.1). From the arbitrariness of € > 0 and 0 < € < min(b),
we can obtain that

V(w*u)‘*7U*7n*7C*7’Y*)i:07 Ze{lu ,’I’L}

and ||*|lo < K. This implies that (x*, \*, u*,n*, ¢*,v*) satisfy the first-order optimality
conditions in (4.17) exactly. By noting that MFCQ conditions hold at 2*, then it follows that

*

a* is a local minimizer of (1.1). This completes the proof. O

6. Numerical Experiments

In order to demonstrate the effectiveness of the proposed siPDCA-mssN and DsiPDCA-
mssN for solving (1.1), we perform comparison numerical experiments with other methods on
both real-world market data set and simulated data set. In addition, to illustrate the out-of-
sample performance of the CCMV model, we compare the Sharp ratio of the solutions generated
by siPDCA-mssN for solving the CCMV model in (1.1) with those of other portfolio selection
models.

Computational environment. All experiments are performed in Matlab 2020a on a 64-
bit PC with an Intel(R) Xeon(R) CPU E5-2609 v2 (2.50GHz) x(2 processor) and 56GB of
RAM.

6.1. Numerical performance on real-world market data

Experimental data. The real-world market data used in this paper are the index tracking
problem data selected from OR-Library, which is also described in [51,52]. The selected data
groups include weekly return of constituents on Nikkei 225 (Japan), Standard & Poors (S&P)
500 (US), Russell 2000 (US) and Russell 3000 (US) from the year 1992 to 1997 with the variable
dimensions n = 225, 457, 1319 and 2152, respectively. In each group, we use the data between
1992 and 1996 as the training set (m = 240) to estimate mean return vector R and matrix S,
and use the data of 1997 as the test set. For more information about this database, we refer to
the homepage of OR-Library 1) .

Comparing algorithms. To display the numerical performance of siPDCA-mssN, we
compare it with the standard CPLEX(12.9) solver and the penalty proximal alternating lin-
earized minimization (PPALM) method for solving the CCMV problem in (1.1) by perform-
ing experiments on real-world market data. In order to use the CPLEX solver, we reformu-
late the CCMV problem (1.1) into a standard mixed-integer quadratic programming (MIQP)
by introducing 0 — 1 variables. To employ PPALM method [25], we divide the feasible set
of (1.1) into the following two parts: C; = {z€R":e'x—1=0,R"@ >r} and D; =
{x e R": ||z|o < K,0 <x <b}. The PPALM method for solving (1.1) is presented in Al-
gorithm 6.1.

D) http://people.brunel.ac.uk/ mastjjb/jeb/info.html
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Algorithm 6.1. PPALM method [25] for solving (1.1)

Step 0. Givepy >0, K > 0,0 > 1,7,7%2>1, RER", Qe R beR" ¢; > 0,e0 > 0.
Initialize (%, y%) € R x R™. Set k = 0.

Step 1. Set [ =0, LY = || Q|| + px, L = pi, th = L%, th = 4o L% and apply the
proximal alternating linearized minimization method [24] to find an approximate critical
point (x*, y*) € C; x Dy of the penalty subproblem

Pk

5 1z = yll* + 0p,(y) (6.1)

. 1
min ¥, (z,y) = dc, (x) + ~=' Qz +
x,ycR" 2
by performing steps (1.1)-(1.3):
(1.1) Let wy = a7 — 1/t1(Qx} + pr(af — yf°)), compute zj,, = Ie, (w1).

(1.2) Let wo = yl’C — 1/t’§p;€(ylk — wﬁrl), compute y{ﬂrl = Tlp, (wa).

(1 3) If max |‘w§c+1_w§c||oo ||yzk+1_y{c||°0 < &7 holds. set (warl k+1) _ (wk k )
: max([[@F |, 1) ’ max([yF|e,1) J = &1 ) Y = &5 Yi

and go to Step 2. Else, set [ := 1+ 1 and go to step (1.1).
Step 2. Set pri1 = opp, (xh ™ yb ™) = (k1 yF 1) and k:= k + 1, go to Step 1.

Parameter setting for model. The upper limit on the number of stocks included in the
portfolio is set as K = 5,10, 20,30,40. The upper bound vector of investment proportion of
assets is set as b; = 0.3, 1 < 7 < n, which also can be set as different value for each asset under
Assumption 2.1. The vector R is set as the expected return of n assets in the training set. The
minimum profit target 7 is set as r = (3., R; — max(R))/n.

Parameter setting for siPDCA-mssIN. To guarantee that the solution satisfies the car-
dinality constraint and the penalized problem in (1.3) can be relatively easily solved, we set the
penalty parameter ¢ by a gradually increasing strategy. In addition, we start siPDCA-mssN
with a small penalty parameter ¢ for each group data: co = 5 x 107%(n = 225), ¢y = 1075(n =
457),co = 5x107%(n = 1319), ¢y = 10~*(n = 2152). For siPDCA-mssN, it is essential to choose
the appropriate and effective proximal parameter for both theory analysis and numerical effi-
ciency. The general rule is to choose the proximal parameter as small as possible so that the
algorithm can take a large step and the inner problem still can be solved relatively easily. Then
we choose the values of « through a 5-fold cross-validation procedure from the set of candidates

{107%,2x 10,4 x 107*,6 x 10~*,8 x 107%,10%} .

Notice that the sieving parameter k£ € (0,1) is used to balance the efficiency of siPDCA-
mssN and the inexactness of solution. Large x requires the new stability center to be more
accurate, which results in fewer serious steps being performed. Hence, to obtain more serious
steps, the sieving parameter should be set as small as possible. In this experiment, we set the
sieving parameter as k = 0.01. In addition, we use an adaptive strategy to set the sequence
{er}: if the sieving conditions in (5.1) hold, set e;11 = max(HLk,
max(l%g,pg)ek. Then we set e, = 1071, p; = 0.99 and ps = 0.9.

p1)€k, otherwise, set €1 =

Parameter setting for PPALM and CPLEX. The parameters for PPALM method are
set as: pp = 0.1, 0 = /10, e = 5 x 107°, 71 = ¥» = 1.01. The parameters of CPLEX solver
are set as the default value of software.
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Initialization. The initial solutions of siPDCA-mssN and PPALM method are randomly
generated from a uniform distribution with range [0,0.3]. We use the default initial solution of
the software for the CPLEX solver.
lly*+t—a*|
max(L,[[z*]) =

e and max(||AY ], |ASTY) < e with € = 1073, We set the termination conditions of PPALM
method as

Termination criterion. The termination criterion of siPDCA-mssN is set as:

k+1

[+ — 2*]

(2R 1) <eop and H$£H||0 <K, (6.2)
where Z, = {i € {1,2,---n} : [}™'| > ¢}. Then we set ¢ = 107 and e = 107, For CPLEX
solver, we use the default termination criterion of software.

As a comparison, numerical results for the solving time (time/s) and optimal value (F') of
the objective function F(x) = 1" Q across 50 run of tests of siPDCA-mssN, PPALM method
and CPLEX solver are presented in Table 6.1. As a result from Table 6.1, one can see that our
siPDCA-mssN outperforms PPALM method and the CPLEX solver from the solving time and
optimal objective function value. The optimal value of siPDCA-mssN is smaller than that of
other methods in most cases. The solving time of siPDCA-mssN is less than that of PPALM
method and the CPLEX solver for all the situations. In most cases, for the same data group,
the larger the values of K is, the less the solving time is taken and the small the optimal value

is obtained.

6.2. Numerical performance on large-scale simulated data

To demonstrate the effectiveness of siPDCA-mssN and DsiPDCA-mssN for solving the large-
scale CCMV portfolio selection problem, we compare siPDCA-mssN and DsiPDCA-mssN with
PPALM method for solving (1.1) by performing numerical experiments on the large-scale sim-
ulated data set.

Experimental data. The simulated data sets with the variable dimensions n = 10000,
20000, 40000 and 80000 are used, which are obtained by adding Gaussian noise on the data set
Russell 3000 mentioned above. The Gaussian noise vectors are generated from the zero-mean
multivariate Gaussian distribution, whose standard deviation is 0.01.

Parameter setting for model. The upper limit on the number of stocks included in the
portfolio is set as K = 10, 20, 30, 40, 50, 60. The upper bound vector of investment proportion
of assets is set as b; = 0.5,1 <7 <n. We set R and r in the same way as in Subsection 6.1.

Parameter setting for Algorithms. For siPDCA-mssN and DsiPDCA-mssN, we set the
same initial penalty parameter ¢y = 6 x 10~°. The other parameters for siPDCA-mssN are set as
the same as in Subsection 6.1. For DsiPDCA-mssN, the proximal parameter, sieving parameter
and the sequence {e} are set the same as that of siIPDCA-mssN. The other parameters for
DsiPDCA-mssN are set as: € = 1072, M = 500. The parameters for PPALM method are set
as: po=0.1,0 =10, e; = 107° and 7; = 72 = 1.01.

Initialization. The initial solutions of siPDCA-mssN, DsiPDCA-mssN and PPALM method
are randomly generated from a uniform distribution with range [0, 0.5].

Termination criterion. The termination criterion of siPDCA-mssN and PPALM method
is set the same as in Subsection 6.1. For DsiPDCA-mssN, the outer iteration termination
condition is set as:

HV(:BQ-H; )\q+1,uq+1, ,’,]q-i-l7 Cq+la7q+1)”oo <€ and qu-{-IHO < K
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Table 6.1: The performance of siPDCA-mssN, PPALM method and the CPLEX solver for solving the
CCMYV problem on real-world market data.

" % siPDCA-mssN PPALM CPLEX

time/s F time/s F time/s F

5 0.0349 1.6063e-04 0.0488  1.8473e-04 0.5725  1.6063e-04
10 0.0730  1.6859e-04 0.0592  2.3819e-04 0.5462  1.5365e-04
15 0.0287  1.5312e-04 0.0655 1.6671e-04 0.1729  1.5312e-04
Nik5514225 20 0.0280 1.5312e-04 0.0665  1.6062e-04 0.1813  1.5312e-04
30 0.0290 1.5312e-04 0.0608  1.5950e-04 0.1754  1.5312e-04
40  0.0274  1.5312e-04 0.0515 1.5971e-04 0.1602  1.5312e-04

5 0.1893 1.4332e-04 0.1989  1.8587e-04 1.1910  1.6716e-04
10 0.1537  1.1309e-04 0.1544  1.4337e-04 1.1233  1.5065e-04
15 0.0662 1.0520e-04 0.0922  1.4390e-04 1.1176  1.2812e-04
S&ZFS?OO 20 0.0589  9.9833e-05 0.0923  1.4164e-04 1.1310  1.1335e-04
30 0.0653 9.6891e-05 0.0786  1.0948e-04 2.0211  1.0323e-04
40  0.0670  9.4487e-05 0.1014 1.0421e-04 2.1381  1.0323e-04

5 0.3497  7.0892e-05 1.3323  9.8059e-05 45.3173  7.2938e-05
10 0.2058 4.1415e-05 0.7418  5.3995e-05 17.8707  3.6303e-05
15 0.2371  3.4325e-05 0.3535  5.9514e-05 21.4397  2.9927e-05
Rus%%l%gOOO 20 0.1889 2.9781e-05 0.3197  5.4707e-05 17.6860 2.6558e-05
30 0.1759  2.5470e-05 0.2262  5.5459e-05 22.1888  2.7010e-05
40 0.1353  2.4746e-05 0.2765  5.1579e-05 18.6160  2.7010e-05

5 0.6726 7.7102e-05 5.4425  1.2629e-04 76.8841  6.5720e-05
10 0.4753  4.5418e-05 2.7726  8.7698e-05 25.4944  3.6787e-05
15 0.3913  3.2468e-05 1.4684  7.2732e-05 20.6647  4.9539e-05
Rusiellégooo 20 0.2837  3.0435e-05 0.7577  6.5346e-05 20.4594  3.7563e-05
30 0.2725  2.6626e-05 0.9214  5.9099e-05 20.3108  3.0495e-05
40 0.2561  2.3898e-05 1.1170  5.8800e-05 20.2162  2.7310e-05

with € = 1077 and the inner iteration tolerance error is set as ¢ = 107°.

As a comparison, the numerical results for solving time (time/s) and optimal value (F)
of objective function F(z) = 3= Qz of siPDCA-mssN, DsiPDCA-mssN and PPALM method
for solving (1.1) are presented in Table 6.2. The solving time and optimal value of these three
algorithms are obtained from the average of 20 run tests. As a result from Table 6.2, one can see
that siPDCA-mssN and DsiPDCA-mssN outperform PPALM method from solving time and
optimal value. With the dimension growing from n = 10000 to n = 80000, the computation
time of siPDCA-mssN and PPALM method increases significantly, but that of DsiPDCA-mssN
increases slowly. When n = 80 000, the time consumption of the PPALM method is longer
than half an hour, but that of the DsiPDCA-mssN is less than 1 second.

6.3. Out-of-sample performance of the CCMYV model

To illustrate the out-of-sample performance of the CCMV model, we compare the Sharp
ratio of the solution generated by siPDCA-mssN for solving CCMV model in (1.1).

Comparing models. The shorting-prohibited Markowitz (Non-Shortsale mean-variance,
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Table 6.2: The performance of siPDCA-mssN, DsiPDCA-mssN and PPALM method for solving the
large-scale CCMV problem on simulated data.

siPDCA-mssN DsiPDCA-mssN PPALM
time/s F time/s F time/s F
10 2.1978  8.2918e-05 0.4110  3.8213e-05 73.6205 2.6319e-4
20 2.7305  3.8103e-05 0.3089  2.6377e-05 44.7699  7.5173e-05
30 2.1143 2.8244e-05 0.3028  2.2996e-05 33.9316  6.2616e-05
10000 40  3.0821 2.2531e-05 0.2903  2.1722e-05 36.3180  6.1816e-05
50  5.0259  1.9253e-05 0.2758  2.0789e-05 38.0101  5.7869e-05
60  9.3288  1.6421e-05 0.2509  2.0706e-05 39.3867  5.5792e-05
10 9.1212  8.1761e-05 0.4838  4.1265e-05 350.0777  5.1797e-04
20 6.0668 3.608e-05 0.3696  2.4762e-05 201.6345  1.5315e-04

30 5.8608  2.8873e-05 0.3532  2.0181e-05 161.6800  1.2390e-04
40  8.8727  2.1757e-05 0.3213  1.8388e-05 176.8079  1.0653e-04

20000 50  17.7093  1.7854e-05 0.2983  1.8606e-05 173.9438  9.9564e-05
60 37.1613  1.5978e-05 0.2768  1.9695e-05 169.6886  9.2651e-05
10 30.8615  7.7861e-05 0.5367  3.8369e-05 1062.8312  3.6329e-04
20 17.9685  3.5676e-05 0.4016  2.3554e-05 590.5480  2.4785e-04
30 13.1156  2.7229e-05 0.3999  2.0377e-05 532.5221  2.3005e-04
40000 40 49.7563  2.0232e-05 0.3865 1.7835e-05 682.3270  3.2856e-04
50  77.4470  1.6606e-05 0.3540  1.7278e-05 726.4977  3.1768e-04
60 171.0652 1.4098e-05 0.3148  1.7286e-05 719.4106  3.1519e-04
10 179.5655 7.3305e-05 0.6617  3.9505e-05 2003.9333  2.2406e-4
20 314.7783  3.7089e-05 0.5122  2.4819e-05 2294.6601  5.2259e-4
30 349.6836  2.8916e-05 0.4872  2.1345e-05 2529.7857  7.8469e-4
80000 40  453.4198 2.1484e-05 0.4455  1.9437e-05 2616.7341  9.5967e-4

50 439.1101 1.8558e-05 0.4213  1.7986e-05 2879.4293  1.0081e-3
60 530.3158 1.4834e-05 0.4127  1.5731e-05 3083.2883  1.0973e-3

NSMV) model

1
min {—:cTQ:c "R'x>rez=1x> O} (6.3)
xeRm | 2

is a classical model in portfolio selection. In addition, as evaluated by DeMiguel et al. [53], the
performance of naive 1/N (equal proportion of every asset) portfolio is often better than that

of the standard Markowitz model. The [y regularized mean-variance ({1-MV) model

1
min {—wTQiL‘ + Az Rz >r e x= 1} (6.4)
xzcRn | 2

and o regularized mean-variance (lp-MV) model

1
m]iRn {imTQm +Mzlo: RTz>re’z=1,0<2 < b} (6.5)
me n

are two popular sparse portfolio selection models, see [25]. The NSMV model, [1-MV and lo-MV
are solved by the CPLEX solver.

Experimental data. This numerical experiment is also performed on the real-world market
data described in Subsection 6.1.
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Table 6.3: Comparison of the Sharpe ratio (Sr) and sparsity (Spa) of the solutions of problem (1.1)
and that of other methods.

CCMV 1/N NSMV lh— MV lop— MV

" K Sr  Spa Sr  Spa Sr  Spa A Spa Sr A Spa Sr
5 0.0315 5 -0.2362 224 0.0399 12 5.00e-4 12 0.404 5.00e-5 5 0.0315
10 0.0392 10 -0.2362 0.0399 2.50e-4 12 0.0404 4.90e-7 8 0.0374
15 0.0404 12 -0.2362 0.0399 1.50e-4 15 0.0990 4.00e-7 12 0.0404
Nikkei 225 20 0.0404 12 -0.2362 0.0399 1.11e-4 20 0.1560 2.50e-7 12 0.0404
224 30 0.0404 12 -0.2362 0.0399 1.96e-5 30 0.2186 1.50e-7 12 0.0404
40 0.0404 12 -0.2362 0.0399 5.90e-5 40 0.2437 5.00e-8 12 0.0404
5 0.0841 5 -0.0507 457 -0.1094 52 5.00e-4 50 -0.1090 2.00e-5 5 0.0011
10 0.0810 10 -0.0507 -0.1094 4.00e-4 50 -0.1090 2.65e-6 10 -0.0697
15 0.0295 15 -0.0507 -0.1094 3.00e-4 50 -0.1090 1.25e-6 15 -0.0710
8&4%7500 20 -0.0484 20 -0.0507 -0.1094 2.00e-4 50 -0.1090 5.00e-7 20 -0.0889
30 -0.0965 30 -0.0507 -0.1094 1.00e-4 61 -0.0998 1.53e-7 30 -0.1073
40 -0.0981 40 -0.0507 -0.1094 5.00e-5 91 -0.0573 5.45e-8 40 -0.1146
5 0.1518 5  0.0568 1319 0.2547 83 5.00e-4 74 0.2552 5.75e-6 5 0.1317
10 0.1732 10 0.0568 0.2547 4.00e-4 74 0.2552 2.23e-6 10 0.1448
15 0.1968 15 0.0568 0.2547 3.00e-4 74 0.2552 1.00e-6 15 0.1922
Rus%-:él}g()()() 20 0.2239 20 0.0568 0.2547 2.00e-4 74 0.2552 5.00e-7 20 0.1991
30 0.2654 30 0.0568 0.2547 1.00e-4 78 0.2645 2.50e-7 30 0.2462
40 0.3187 40 0.0568 0.2547 5.00e-5 105 0.2691 1.53e-7 40 0.2556
5 0.1180 5 0.0355 2152 0.2432 92 5.00e-4 83 0.2422 5.00e-6 5 0.1889
10 0.1784 10 0.0355 0.2432 4.00e-4 83 0.2422 2.50e-6 10 0.1965
15 0.2151 15 0.0355 0.2432 3.00e-4 83 0.2422 1.20e-6 15 0.1650
Rus%eil%23000 20 0.2483 20 0.0355 0.2432 2.00e-4 83 0.2424 6.25e-7 20 0.1787
30 0.3113 30 0.0355 0.2432 1.00e-4 86 0.2552 2.75e-7 30 0.2421
40 0.3021 40 0.0355 0.2432 5.00e-5 105 0.2662 1.50e-7 40 0.2758

Parameter setting. The parameters for siPDCA-mssN are set as the same as in Subsection
6.1. The parameters of CPLEX solver is set as the default of the software. For {;-MV and [y-
MYV, choosing a suitable regularization parameter \ is essential to sparsity of its solutions. We
choose the values of A for [1-MV and [(-MV through a 5-fold cross-validation procedure from
the set of candidates

{5x1077,1075,5x107%,107°,5x107°, 107 % 5x 1074}, {1077,5x1077,107%,5x107¢, 1075},

respectively.

As a comparison, the Sharpe ratio (Sr) and sparsity (Spa) of the solutions of the CCMV
problem in (1.1), the shorting-prohibited Markowitz model in (6.3), the naive 1/N portfolio
model, the [1-MV model in (6.4) and the [,-MV model in (6.5) are presented in Table 6.3. As
a result from Table 6.3, one can see that the Sharp ratio of the solution of siPDCA-mssN for
solving (1.1) is larger than that of the naive 1/N portfolios model, NSMV model, [;-MV model
and [op-MV model for most cases. In addition, the solutions of CCMV model and [(-MV model
are more sparse than those of the other portfolio selection models. The solution of the [;-MV
model cannot become more sparse even if the penalty parameter is increased. Therefore, when
the transaction costs and other costs are taken into account, the solutions of CCMV model are
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better than those of the other portfolio selection models.

7. Conclusions

In this paper, we considered the optimization problem of the cardinality constrained mean-
variance (CCMYV) model for sparse portfolio selection. To address the difficulties caused by the
cardinality constraint, the cardinality constraint was equivalently transferred to a difference-
of-convex functions (DC) constraint and a penalty approach was used to penalize to the DC
constraint into objective function. We proved that there exists a penalty parameter such that
the penalty approach is exact. To solving the gained DC problem, an efficient inexact proximal
DC algorithm with sieving strategy (siPDCA) was proposed. By making full use of the semis-
mooth properties of the dual inner problems of siPDCA and the superlinear convergence of
semismooth Newton (ssN) method, an efficient majorized ssN (mssN) method was introduced
to solve the inner problems of siPDCA from the dual. As a result, an algorithm framework,
siPDCA based on a mssN method (siPDCA-mssN), was proposed to solve the DC problem. We
proved that the sequence generated by siPDCA-mssN globally converges to a stationary point
of the DC problem and the stationary point is also a local minimizer of the CCMV model when
it satisfies the cardinality constraint.

For the large-scale CCMV problem, based on the violation of the first-order optimality con-
ditions, a decomposed strategy was introduced into siPDCA-mssN, and the resulting algorithm
was called decomposed siPDCA-mssN (DsiPDCA-mssN). In each iteration of DsiPDCA-mssN,
siPDCA-mssN was used to solve a small-scale CCMV model. Under some mild assumption, we
proved that the solution sequence generated by DsiPDCA-mssN subsequentially converges to a
local minimizer of the original CCMV problem.

The results of the numerical experiments performed on the real-world market data demon-
strated that siPDCA-mssN outperforms the standard CPLEX(12.9) solver and the penalty prox-
imal alternating linearized minimization (PPALM) method for solving the CCMV model from
the computation time and optimal value. In addition, by performing numerical experiments on
large-scale simulated data, it was illustrated that DsiPDCA-mssN and siPDCA-mssN are more
efficient than PPALM method for solving large-scale CCMV problem. Moreover, the out-of-
sample performance experiments displayed that the solutions generated by siPDCA-mssN for
solving CCMV model are better than those of native 1/N portfolio model, shorting-prohibited
Markowitz model, I; regularization mean-variance model and [y regularization mean-variance
model in terms of Sharp ratio and sparsity.

Appendix

A.1. The proof of Theorem 4.2

Proof. For statement (1), since ¥+ € C is the stability center generated in the serious
step, then from the optimality of &*+1 for solving strongly convex problem in (3.5) and the
feasibility of ¥ € C, it holds that

folahren) — (e, g4 4 Sk — g2+ wb eTahn - 1) — (@b, Al

<fol@ht) — (@b, €) + ubtn (7@t — 1) — (@t A - St — gt (A
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From the convexity of g.(x), we have
9o 2 go(a) + (2t — o, gh).
Combining this with (A.1), we have

allaisr — k|2 — (gh - gl AR - (ke - ub)(e el — 1)
<[fe(@") = ge(@") + ubt(eTa" — 1)] = [fo(@"+?) — ge(a"+1) + ubrri(eTat+ — 1)) (A2)
Since z*+1 is generated in the serious step of siPDCA-mssN, then the sieving conditions in

(5.1) holds, i.e.,
|AF) < (1= m)glate —at),

and «
|(ukz+1 _ ukl)(eTickl -1 < (1 - “)gHmkHl - mle2'

Consequently,

af gk — k)2 — (gl — wkl,AIfl“) — (ubrr —uky(eTah — 1)

>rallzhr — k|2, (A.3)
By applying this to (A.2), we have

kalaet — a2
<Ufela") - gola) + ub(e @t — 1)
— [fel@b™s) = go(@t) + wh ( T 1)) (A4)

Thus the sequence {f(z*) — gc(z*') + u* (e"@™ — 1)} is nonincreasing. From Proposition
4.1, we get that {:ck} and {ﬁk} are bounded, then {mkl} and {ukl} are also bounded. Since
fe(z)—gc(z) is lower bounded, we can obtain that { f.(x*) — g.(x*) + u* (eTx* — 1)} is lower
bounded. Consequently, the limit s = liminf; o [fo(x"+1) — go(zF+1) + ubrir (e Tk — 1))
exists. By summing both sides of (A.4) from | = 0 to oo, we have

> kafzker — 2k? < [fo(a®) — go(a®) + u(eTa’ — 1)) - s < o0 (A.5)
=0
and lim;_, o, ||2F+1 — ¥t || = 0.

For statement (2), since *+1 is the stability center generated in the serious step of siPDCA-
mssN, then the following optimality conditions for solving (3.5) hold:

Allwﬂ c Vfc(wkl+1) + 35@(.’1)’”“) _ Ekl +ufiie oz(:ckl“ _ mkz)7 (A 6)
T,k k '
e Mt —1=A"".
Then there exists ¢¥1+1 € 9d¢(x*+1) such that
Vfo(xhirr) 4 ghien — gk pyPrie 4 q(zhr — k) — A]fl“ =0.

Consequently, we have

”vfc(wkurl) + Ckz+1 _ 5/@1 4 ’u,kHIEH < a||$kz+1 _ mkz” + T (A?)
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From Proposition 4.1, we have that {wkl} and {ukl} are bounded. Then there exists subsets
L' c £={0,1,2...} such that {:Bkl }L, converges to an accumulation point T € {wkl }ﬁ. Com-
bining the boundedness of {z*'} . with the fact that g.(z) is a finite-valued convex function,
it follows that the subsequence {é’kl} . 1s bounded. Consequently, it holds that {gkl} o s
bounded from (A.7). By the fact that the nonnegative sequence {e;} monotonically decreases
to zero, we may assume that, without loss of generality, there exists a subset £” C £’ such that
limye g Skl = é, limye g Ght = 6, limye g uF = @ and limyepv €r, = 0. Taking the limit on the
two sides of inequality in (A.7) with [ € L”, we have
vac(j) +c— €+ ﬁe” _ lleirﬁl}, ”vfc(mkurl) 4 g}’€z+1 _ €kl + ukHIEH

. k k : —
< [lelrgr}/an g 4 lleug}/ €y = 0,

which implies that |V f.(Z) + ¢ — € + we|| = 0. In addition,
le'Z — 1| = lim |e" 2"+ — 1| < lim ¢,,, =0,
leL” leL”
which implies that € D and ue € Np(Z). Since d¢(x) and g.(x) are all lower semicontinuous,

then the accumulation points ¢ and £ satisfy ( € 99¢(ZF) and € € 9g.(TF), respectively, as a
consequence of [46, Proposition 4.1.1]. Therefore, it holds that

0 € 9f(T) — 0g9.(T) + Np(T). (A.8)

This implies that any accumulation point T of {mkl} is a stationary point of (3.3). This
completes the proof. O

A.2. The proof of Proposition 4.2

Proof. For statement (1), since ¥+ = y*+1 € C is the stability center generated in the
serious step, then the sieving conditions in (5.1) hold. Consequently, it holds that

ja ) < (1= m)Fllaber -t (A.9)

and
Srllatte — 22 < Slakte — a2 — (Al @k — ). (4.10)

Thus, we have
E(mkl+1 gk gkt gk A11ﬂ+1)
— fc(wkl+1) _ <$kl+1,£kz> +g:(£kl) + a||$kz+1 _ :I}leQ
+ wki (eT:pkl“ _ 1) _ <A’1€L+1 7 R _ .’Bkl>
= el — (@ — a6 g (ah) +allatr - o
+ ukz+1(eT$kl+1 —1)— <A11€l+17wk1+1 . :I:kl>
> fu(@h) - (@) + e — o
+ ukl+1 (6T$k1+1 _ 1) _ <A]1€l+1 , mkl+1 _ iltkl>
> fe(ah+1) — go(@1) +ufrer(eTaH — 1) + (14 m)%llw’“m — a2

> fc(mkHl) _ gc(mkl“) + ukHl (eT.’BkHl _ 1)7
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where the second equality is due to the convexity of g. and the fact that &€¥ € dg.(x*'), the
first inequality follows from the convexity of g..

For statement (2), since ¥+1 = y**! € C is the optimal solution of strongly convex inner
problem (3.5), then the following inequality follows from the feasibility of x** € C:

Folahh) = (@ €4 4 se(@h) + Gl - 2P ut eTate - 1) - (A @t

<fel@) — (@1, €7) + de(@™) +u e Tat — 1) — (AT @) - St —a R (A
This impiles that

E(.’BkHl , gkz , .’Bkl , ukz+1 , A;CHI)
=fe(ah1) — (@hrer €F) 4 g2 (€M) + be(ah+1) + aflahi+r — ah|?
+ufrer (el — 1) - (Alfl“,wkl“ )

<felah) — (2, €5) + de(x™) +ulrrr(eTah — 1) + gl(€M).
From (A.3), we have

E(mk“rl ) ékl ) mkl ) ukl+1 ’ Allc“rl)

<fe(®®) — (@M, €") + g2 (€") + e (") +ulrri(eTa™ — 1)

= c(wkl) _ gc(wkz) + 5c($’“) + uml(ekal —

<fo(@h) — (@M, €01) 4 gh(€hr) + be (") + ultri(eTah — 1)

:E($k17£7€171 , iltkl*l,’u,kl,Alfl) _ a||wkl _ gl ”2

(Al ah =gk & b (el 1)

SE(:I:kl,gklfl,iltkl*l,’u,kl,Alfl) _ KCMHCBkl _ kal"zv
where the first equality follows from the convexity of g. and the fact that £&* € dg.(x*'), the
second inequality follows from the convexity of g. and the Youngs inequality applied to g..

For statement (3), from Proposition 4.1, we can obtain that {:ckl} and {ukl} are bound-
ed. Since g.(x) is a finite-valued convex function, then it holds that {£€*} is bounded. The

boundedness of {A]fl} follows from the fact that |A¥| < €, and lim; o e, = 0. Hence,
{(mle,gkl,mkl,ukHl,Alfl“)} has nonempty accumulation point set T.

For statement (4), the lower boundedness of { fe(z") — gc(x™) + u* (e x* — 1)}, together
with (4.8), yields that the sequence {E(wkl+1,£kl,cckl,ukHl,Alfl“)} is bounded below . The

inequality (4.9) implies that {E(:ckHl,&kl , wkl,ukHl,A]fl“)} is nonincreasing and the limit
T = lim E(xk+r gk gl yFn Akl“)
Soo I ) ) I 1
exists. Next, we will prove that £ = T on I'. Take any (%,{A, z,u, 31) € I'. Since the above
limit exists, then there exists a subset £ C £ ={1,2,---,00} such that

lim (a0 €, @M e AV = (& €.2, 1 A).

Evidently, lim;ez/ e, = 0, which implies that e"Z — 1 = 0. From the optimality of "+ and
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uFi+1 for solving (3.5), it follows that

Felae) — (@0 €9) + de(ahtnn) + et P ut et 1) — (@b, AT

<To(@) ~ (B, 8%) + 0c(@) + 2@ — P + o (eTE ~ 1) — (B, AF).
Rearranging the terms in the above inequality, we can obtain that
folahon) = (@bt = 8,6%) + se(atr) + St - 2t
— AV R - ) pafrieT (gh - )
<fo(@) +8e(@) + S )& - 2|
From the boundedness of {z*'}, {£€"} and {A*'} in statement (3), it holds that

: k = ek
lim (214 — 2, €M) = 0,

lim (z¥+ — & AV = 0.
leL’

This, together with (A.13), yields that

— 15 kl kl kl kl kH»l
T—hm/E(:v HEM g T AT

= lim, fu(2b) — (@01, €4) + g2 (€9) + G (@) + alleer — a2

lel’
n ke (ekaHl _ 1) o <A11€z+17mkz+1 _ wkl>
= lim () — (@ — 3, €9) + o) + allab — a2
4 ukl+le—r(wk}1+1 _ fc\) _ <A11€l+1,:ckl+1 — fc\> — <.’/13\,€kz>
+ i€ — (A @ — 2 +ube TR - 1)

< limsup fo(®) + e () + S ||E — & |2 + S kit — aht)? — (2, 60)

leL 2 2
+gr(ER) — (AF & — 2k ke (T - 1)

= lim sup fo(&) + 0c (&) + o[ & — 2" |2 — (& — 2, &)

leL’
_ gc(:vkl) _ <Alfl+1,/$\ kz> + uk”l( 1)
= f(&) — go(@) + u(e T — 1) < E(z, Aaz Ay),

where the fourth equality follows from the convexity of g. and the fact that £¥ € dg.(x*

(A.12)

(A.13)

), the

last equality is due to & € C, the last inequality comes from (4.8) with [ trending to infinity.

Since F is lower semicontinuous, it follows that
E(:/I:\ g T, u, Al) = lim lienﬁf/E(:I}kl“,{kl,wkl,’ukl“,Allﬂﬂ) =7

and E=YonT.

For statement (5), the subdifferential of E at (x’i+1, gkt ki ykurr, A]fl“) can be computed
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by
8E(mkl+1 ’ ékl 9 mkl ) ukl+1 ) AIICLJA)

Vfo(whre) — €8 4 96c(mher) + 2a(ahier — k) 4 ukirre — AR
—ahis + g (M)
— —oz(:ckl“ _ .’Bkl) + Allwﬂ
xk — ki
elxhit —1

Since x¥i+1 = y**1 is the optimal solution of (3.5), we have
ATH € Vfo(ahn) — 5 4 9c(xh) + azhi — ah) + ukiie,
This, together with ¥ € dg*(¢*), yields that

afxhir — ght)

xk — gk
k k
—a(zhr — k) 4 AV | € OB(zh gl gk uke AT, (A.14)
xk — ki

el zh+ —1
Since x¥1+1 satisfies the sieving conditions in (5.1), then we have
Al < (L= m) Gt — @M and el 1] < 2t —at).
Consequently, it holds that there exists a constant p such that
dist(0, OF (ki1 &M b wkier ARy < pllakee — M) (A.15)
This completes the proof. O
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