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Abstract

In this paper two dimensional elliptic interface problem with imperfect contact is con-
sidered, which is featured by the implicit jump condition imposed on the imperfect contact
interface, and the jumping quantity of the unknown is related to the flux across the in-
terface. A finite difference method is constructed for the 2D elliptic interface problems
with straight and curve interface shapes. Then, the stability and convergence analysis are
given for the constructed scheme. Further, in particular case, it is proved to be monotone.
Numerical examples for elliptic interface problems with straight and curve interface shapes
are tested to verify the performance of the scheme. The numerical results demonstrate
that it obtains approximately second-order accuracy for elliptic interface equations with
implicit jump condition.
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1. Introduction

We consider the elliptic interface problem with imperfect contact

{—v Bla,y)Vulz,y) + (@, y)ulz,y) = f(z,y), =€ QT
U(.T,y) :g(‘ray)a x € 0f)

together with the following implicit jump conditions across the interface I':
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[u]| = ut —u” = \FTVut 7@,
1.2
[6%} =ptVut -7 — B Vu il =0, (12)

where u*(x,y) = u(z,y)|q+ and 7 is a unit normal to the interface pointing from Q= to Q7.
Without loss of generality, we assume that Q C R? is a rectangular domain, and the interface
I' is a smooth straight or curve line which separates  into two sub-domains 2~ and Q.

The interface problem (1.1)-(1.2) arises in many important scientific and engineering appli-
cations. Examples include incompressible two-phase flow with surface tension featuring jumps
in pressure and pressure gradient across the interface [29,31], temperature discontinuity be-
tween gas and cooling solid surface [13], heat conduction between materials of different heat
capacity and conductivity and interface diffusion process [24,32]. It is also applied to model
the conjugate heat transfer problem in thermodynamic processes between materials that are
thermally coupled through non-adiabatic contacts [9], heat transfer in composite media, heat
transfer in building [36], transient behavior for the thermoelastic contact of two rods of dissim-
ilar materials [1]. Moreover, the dielectric heat conduction problem of solid spherical particles
dispersed in the continuous phase [25], the calculation of temperature distribution in multi-layer
thin film structures [30], e.g. X-ray lithography, laser annealing, laser processing, etc, can also
be described by the elliptic interface problem.

The solution of the elliptic interface problems is often discontinuous due to discontinuous
coefficients or singular sources across the interface. Various numerical methods are provided
for solving these kind of problems. According to the geometric relationship between the com-
putational grid and the material interface, the numerical methods can be generally divided into
two categories:

(1) The interface fitted mesh methods [2,5,11,20,39]. This kind of method features by the
computational mesh fits the interface, it means that an element of the underlying mesh
is required to intersect with the interface only through its boundaries. This approach
is beneficial for the numerical scheme to reach optimal convergence. However, when the
geometry is complex, this usually leads to a nontrivial interface meshing problem. Another
disadvantage of the fitted mesh is encountered when solving moving interface problems.
Since the interface is moving, a new fitted mesh has to be generated at each time step and
an interpolation is required to transfer the numerical solutions solved on different meshes.

(2) The interface unfitted mesh method. In this second approach, the interface is allowed to cut
computational cells. One difficulty is that special treatment needs to be introduced on these
elements in which the interface pass through. And the conditioning of the resulting linear
system has a strong dependence on how the interface cuts the mesh cells [4]. There are many
interface unfitted mesh methods, such as, the immersed interface method [8,19,21, 26, 33],
the immersed finite volume method [3,6,23,35,40], and the immersed finite element method
[7,12,15,22,37].

To summarize, elliptic interface problem has been well-studied and can be well solved using
finite difference, finite element and finite volume type methods. However, there are significant
differences at the connection conditions imposed along the interface. Usually the continuity of
the temperature in addition to the conservation of the conductive heat flux are imposed on the
interfaces and are referred to as the continuity interface conditions [12,22] (known as perfect
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contact or the homogeneous jump interface conditions, [u] = 0, [f0u/07] = 0). Besides, the im-
perfect contact condition with nonhomogeneous jump conditions are frequently imposed along
the interface. On this type of interface, the jumps of the temperature as well as the conductive
heat flux along the interface are known explicitly [15,21,37], (say [u] = ¢1, [80u/07i] = ga,
with known g; and gs). There is another imperfect interface condition [5,17,36], which has
a continuous heat flux across the interface, while allowing a jump in the temperature and the
temperature jump is assumed to be proportional to the average heat flux across the interface,

s (1.2). When the elliptic interface problem has a implicit jump condition as in (1.2), there
are comparatively few numerical methods for solving such problems.

When the jumps are implicit along the interface problems, numerically solving the governing
equations becomes more challenging. It is difficult to use continuous Galerkin method directly
on the global domain because of the special interface structure and variational formulation.
Some special techniques should be introduced when the nonstandard FEM is used. Javili [14]
developed a thermodynamically consistent theory for general imperfect interfaces and to estab-
lish a unified computational framework to model all classes of such interfaces using the finite
element method. Monsurro [10,27] studied the asymptotic behavior of a problem modelling the
stationary diffusion in a two-component heat conductor, with a contact resistance. The flow of
heat through the interface separating the two media is supposed to be proportional to the jump
of the temperature field. Costa et al. [9] proposed a high-order accurate finite volume scheme
in general polygonal meshes to solve conjugate heat transfer problems with arbitrary curved
interfaces and imperfect thermal contacts. A generic polynomial reconstruction method is used
to provide local approximations of the temperature complemented with the reconstruction for
off-site data method to properly fulfill the prescribed interface conditions. Jo and Kwak [17]
introduced an immersed element method for elliptic interface problems, where the jumps are
related to the normal fluxes. The discontinuity of solution is handled by incorporating the
implicit jump conditions into a bilinear form through enriching usual P, finite element space
by extra degrees of freedom on each side of the interface. Kwak and Lee [18] introduced a new
variational form and a new finite element method for solving second-order elliptic interface
problems where the jump of primary variable is related to the normal flux. The jump condi-
tions along the interface is satisfied by modifying the P;-Crouzeix-Raviart element. The scheme
has consistency and stability terms to compensate the inconsistency along the boundary of the
interface elements. Wang [34] proposed a non-traditional finite element method with non-body-
fitting grids to solve the elliptic equations with imperfect contact in two dimensions, in which
the coefficient S(x) is a 2 x 2 matrix. The method was proved to be second-order accuracy
in Lo norm, and the condition number of the coefficient matrix grows with order O(h=?).
Jia et al. [16] proposed a domain decomposition method for the imperfect interface problem
and proved that the iterative method is convergent and the iterative procedure is extremum-
preserving. Cao et al. [5] presented a monotone finite volume scheme for the diffusion equation
with imperfect interface which can obtain second-order accuracy solution on the body fitted
quadrilateral and triangular meshes.

In this paper, we consider the stationary heat equation in the two component composite
modelized by Q,Q = Q; U s, and separated by a contact surface I', on which the jump of
primary variable is proportional to the normal flux across I'. A finite difference method is
constructed for the two dimensional elliptic equations with the imperfect contact. The stability
and convergence analysis are provided for the presented scheme. In the case that the interface
is straight and the diffusion coefficient is piecewise constant, the presented scheme is proved
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to be monotone. The numerical results from the proposed scheme based on the unfitted-mesh
method are compared with the results in [5], in which the solution is obtained by finite volume
method on the body fitted quadrilateral and triangular meshes. Numerical results show that
the presented scheme has roughly second-order accuracy for elliptic interface problems with
imperfect contact.

The rest of this paper is organized as follows. In Section 2, we construct the scheme for
elliptic equations with straight line and curve type interfaces. Section 3 is devoted to analyze the
monotonicity, stability and convergent rate of the scheme. Numerical examples are carried out
in Section 4 to demonstrate the accuracy and stability of the presented scheme. A conclusion
remark is given in Section 5.

2. Construction of Difference Scheme

2.1. The straight line interface

For simplicity, we start with the case that the interface is a straight line. We assume
that B(z,y), c(z,y) and f(z,y) are piecewise smooth functions which may have a jump at the
interface © = «, and S(z,y) is bounded

0< ﬂmin S ﬂ(%y) S ﬂmaX7 (21)

where Bnin and Bhax are two constants.

Note (x, y) will be assumed to be piecewise constants, and ¢(z, y) and f(z,y) are continuous
in the derivation of the scheme for simplicity.

Assume z;, < a < 2p41. Introduce a uniform grid x; = th,y; = jh, 7,5 = 0,1,...,n with
h = 1/n. The finite difference scheme can be written as

o h h h
Lpui j = Yijawisq j + Yig,2U; j—1 + Vij,3Ui

h h ho_
+ Y54 11 T Vi sUit,j + CigWi; = figs (2.2)

where ufj =u(z;,y;) and i,j = 1,2,...,n—1,i # k, k+ 1.
That is, at a regular point, ¢ # k,k + 1, Ly is the usual central (five-point) difference

approximation

Vi1 = _T’ Yi,5,2 = _T’

Vi3 = —(Vig1 + Vig,2 + Yiga + Vij5)s

B(QJi,yj,l) ﬁ(wiay]!kl)
Vi g4 = *72, Vi g5 = *Tz, fig = f(xi,v5),
where
X+ X Yty _
‘Ti—% == Ta yq,—% - Ta 1,] = 1523 ,

The local truncation error is O(h?)

_ h h h h
Tij = YijaWi—1j + Vig,2U; j—1 + Vij,3Us; + Vij,aUi 11

+ Yigstryy g+ cigul; — fig=00?), i#kk+1.
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At the irregular grid point (zx,y;),j = 1,2,...,n, we introduce the following seven-point
stencil:

h h h h h
Y1y j Yoy i V3UG 5 YAty g+ VsUihg

h h h __
+ YoUgy1j + VrUks1 j+1 t Chgun; = frj + Rijs

where the coefficients v, should depend on k, j, but for simplicity of notation we drop these
indices, and they will be determined as follows.
For a function u(zx,y), denote

=
J

wij = u(zi,y;), u; =ule”,y;), u =ula’,y;).

Besides, the stencil points (k—1,75), (k,j—1), (k,7), (k,j+1), (k+1,5-1), (k+1,7), (k+1,5+1)
are respectively denoted by 1,2,3,4,5,6,7, respectively, see Fig. 2.1(a). Thus, the functions
ukflﬁj,ukﬁjfl, u;w—,uk+11j,1,uk7j+1,uk+17j,uk+17j+1 can be written as Uy, U2, U3, Uq, U5, Us, UT,

respectively.
r=0 x=a

4 7 7 4
j—® L 4 \ 4 I L 4 4
1 3 6 6 3 1

L L 4 — L 4
2 5 5 2
k k+1 k k+1

(2) (b)

Fig. 2.1. The stencils for the irregular points (a) (k,j) and (b) (k + 1,7) with straight line interface.

Expand wg—1,j, Uk, j—1, Uk, j, Uk+1,j—15 Uk, j+1, Uk+1,5 and ur11 41 in Taylor series about the
point (o, y;)

2
hy mh
Um = U~ + hymty + by mu, + 2 U + wu;y
Npm 5 _
+ 2 Uy, +O(h%), meQ, (2.3)
+ + + zm + o hamhym 4
Um, = U + by muy + hyﬁmuy + Tum + Tuw
hzm + 3 +
+ Tuyy +0O(h?), meQr, (2.4)

where hy m = Tm — &, by m = Ym — Y-
From the interface connecting condition (1.2), it follows:

Bug
5F

ut =u” + N7, uf=
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u;r = A8y, uy +uy, + AB Uy,

B,BY—BBF _ p
Iy = %“z + g—+ 2y
= AUy + 2XB, ug, oy T ABTU
Moreover, the governing equation (1.1) yields
— prud, ++ —Bruf — +u;r+++_f+
= B ug, — B uy, — Bruy — By uy +euT — [
Hence,
Lot g { B ey st e s - Dy
B~ 6] AB™BF +2)\878, _ U]
+ ﬂ_Jruxx - ﬂ_Jr vy s ﬂJr : Ugy — )\ﬁ Uzyy — ﬂ_Jr’
_ BB — B, B - p
Uy, = — él ++ﬂ {ﬂ—Jr/\ﬂ ﬂ++/\ﬂ ﬂ - Ac ﬂ+}u:+%u;
LBt [l BB 288y f
+ St g, R e, g, +

By representing u™ with u~, the Taylor expression (2.3) and (2.4) can be rewritten as

Um = Wm, 1u + W, QU_ + wm,Buy_ + wm74ux_x + wm,Sux_y

+ Wi, 6y, JrcummmnyerJr(?(h3)7 m=1,2,...,7,
where
h2
wig=1 wiz=hs1, wiz=0, wia= ; ;
w15 = w16 =wi7 =0,
h2,
war =1, wao=lgo wiz=-h wia= ; ;
_hhm,Q h2
w25 = 72 R wa6 = 7, wa 7 = 0,
h2 4
w3,1 = 1, QJ372 = h’I,B; Q_J313 —_ 0, w314 — ;v ,
w35 = w36 = w3y =0,
h2 ,
w1 =1, wiz=hea, wiz=h, Wa4 = ; )
hhx,él h2
w475 = 2 ’ w4,6 = 75 w4,7 == 0,
[] 3,5
G1:G2:G3:G4:0, w51171+6_+2;
b By Bt — BB .
Wiz = AT gy hes - 25+ 5—+I—)\ﬁy+ﬁ

(2.5)

8T8, + Ac+/3}
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hash By BT — BBy h?

_ ) Y 5 4 A/Byy
2 3+ 2"
h32v75 [8y] _ hw,5 ﬂ;
9 6_;’_ ) W54 = 9 ﬁ_;’_ )

25 A +208YB; B hhas

ws,3 = —h—

= —)\h - 2
Ws,5 g 5 5+ T + \R2B;,
R his (5] _n? _h3s
W56 = 2 2 /8+a _)‘ﬁ __)‘6 )
[f] h25 hZe [d]
Gs = —=—— =1 =
5 3t 2 w6, 1 + 2 g+’
Ay his [ B BT =88 - - _
we2 = A8~ +ﬂ+ hae + 520 ﬂ ﬂ—Jr—)\ﬁ;ﬁy—)\ﬁJrﬁyy-i-)\CJrﬁ ;
w _ m 6 [ﬁy] w o hi,fﬁ 6__ w _ _% )‘ﬁ_ﬁ;_ + 2)\ﬁ+ﬁy_
63= "5 Bt 6,4 = gr 65= "5 3t 5
e (8] Wi -
Wo6 = 5T we,7 = ——5= A8,
_ (1P _ 7 [d]
Ge = Tt g WniT 1 + ﬂ—Jr
B~ hiz [ Bz BY = BB~ - - _
wro = A3~ +6—+hx7+)\hﬂ +25+ B—Jrf)\ﬂgﬂyf)\ﬂJrﬂnyr/\chﬂ
hhx,’? ﬂy ﬂJr 7ﬂiﬂ+ h,2
* 2 B+2 Mo 27
ap MalB) L Mas
7,3 2 ﬂ+ ’ 7,4 2 ﬂ+ )
_ hEABTBY +2MBYB, BT hhar .-
W775:)\hﬁ —T ﬂJr ﬂ_Jr D) + A\h IR
h*  h%. (6] h? hiz [f1h2
= — - ——— =N — - AT =
wre = 5 gr W B — A5 Gr= ~5r 2
Substitute these expressions into the local truncation error 7} ;, and then collect terms according
to the of combination coefficients of u™, u, , u, , gy, Uy, sty and ug,, . There is

Tyj = y1u1 + Youz + Y3us3 + yaus + Y5us + Yeus + Y77
= (=Bruy = B ugy — Byu, — B uy,) — Rij
= (Mw1,1 + Y2w2,1 + Y3ws3,1 + Yawa,1 + Ysws,1 + Yews,1 + Yrwr, 1)U
+ (71w1,2 + Yowa 2 + Y3wW3,2 + Yawa,2 + Ysws 2 + Yewe,2 + Yrwr,2 + By Juy
Y1Ww1,3 + Yowa, 3 + Y3w3,3 + Yaws,3 + V5Ws,3 + Yewe,3 + Yrwr,3 + 5_)%;
Y1W1,4 + Y2w2 4 + V3W3 4 + YaWa 4 + Y5Ws 4 + YeWe,a + Yrwr a4 + B )y,

Yawa,s + Vawa s + Y5Ws,5 + Yews,s + Yrwr,5) Uy,

YsWs,7 + V6We,7 + V7W7,7) Uz

+(
+(
+(
+(726026+74w46+75w56+76w66+77w76+ﬂ Juy,
+ (
+ (1G5 + 76Ge +17G7 — Ry ;) + O(h).
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To require T, ; being O(h), we get the following linear system with unknown 5 (1 < s < 7):

w11 w21 w31 W41 W51 W1 W71

’ ) /71 0
wi,2 w2 2 w32 W4 2 W52 W2 W72 —
72 T Fx
0 —h 0 h ws3 we3 wrs _
73 Py
Wi,4 w2 4 w34 W4 4 W54 We4 W74 _ —
vl =1-8 . (2-6)
hhg 1 hhg 1
0o - 5 0 ) Ws5 W65 W75 s 0
h? h? o —B*
6
0 — 0 - W56 W66 W6
2 2 Y7 0
0 0 0 0 w57 We, 7 W77

If 6, =B =0,8, =06, =0and c(z,y) is continuous, the linear system can be written as

Nntr+v+ratrs+rw+yr =0,
_ B Act B hi,
ha1v1 + heo2(ye + 73 +v4) + ()\5 + ﬂ—Jrhm,E) + Bt 25 (vs + 6 +7) =0,

Y2ty =7+ =0,

B _
h2 v+ h2o(ve + 793+ 74) + ﬂ—Jrhi,g)(Vs +796 +7) = —287,

hoa(—v2 +7v4) + ()\5_ + g—ﬂbz,s) (—vs +v7) =0,

h?(y2 + ) + <h2 - [ﬁﬁjhi,z—)) (95 +77) — @h§7576 = 247,

ﬁ-l‘
(h? —hZ 5)(vs +77) — h2 576 = 0,

and )
_ (Th1 — a)
Ryj = (5 + 76 +77) (T[ﬂ :
At the irregular points (zx41,v;), 7 = 1,2,...,n, similar finite difference scheme can be

introduced, i.e.
o h - — - . h - h - . h
NUkyo, T V2Upyq j1 T V3Ugp1 5 T VaUppq jp1 T VsUg j1 T VolUg ;
- h
+ Vrun(Th, Yj+1) + Chr1,jUgs1j = frer1 + Ber1j

DenOte the 7 pOiDtS (k+2a.7)a (k+ 1).7 - 1)? (k+ 1aj)a (k + 1).7+ 1)) (kvj - 1)? (ka.j)a (kvj + 1) as
1, 2, 3, 4, 5, 6, 7, respectively, see Flg 21(b) Expand Uk+42,5, Uk4+1,5—1, Uk4+1,5, Uk41,j+1, Uk,j—1,
ug,; and ug ;41 in Taylor series at point («, j). These Taylor expression can be rewritten as

Uy, = Qm71u+ + @m72u; + @mﬁgu;j + (Dm14u;rz + (Ing)uJr

Ty
+ @ 6y + G rtigy, + Gm + O(R%), m=1,2,...,7, (2.7)
where
) ) . _ h2 4
wigp=1 wia="hg1, wi,3=0, W14 = 2’ )

W15 = w16 = w17 =0,
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h2
_ _ _ — z,2
Wo1 =1, Wop=hga, Wiz=—h, Wyg= 5
RS .- S L
w25 = 5 2,6 = 9 2,7 = U,
w1 =1, wW32=nhgy3, w33=0, W34 = %a
W35 = W36 = W37 =0,
h2 4
Wa1 =1, a2 =hgas, wa3=nh, W44 = ; )
— hhm,4 _ 2 _
Wi =—55  Wae=, Wa7= 0,
x A A A B B 7@ 9
Gi=Ga=G3=G4=0, ws1=1 3 hz 5
+a- +
w52——>\ﬂ++g—+hxs+>\ﬂ+h+ Qﬁ {ﬂﬂl‘#Jr)\ﬂ ﬂ++/\ﬂ ﬂ )\cﬂJr}
hhm,f)ﬂyﬂii/gyiﬂ“r \ h2
T 9 5*2 B ﬂyy 9
) — ; 5 [By] _ _ I,S E
5,3 2 /37 ) 5,4 2 ﬂi’
W55 = 2 57 /37 2 y
. h? B _ h2 h2
@56 =~ [ﬂ—] B = AT st
_ d h?
Gsiéﬂ ; CTJ6,1:1*‘£—J 2’67
+ h2 +3— +
Gos = BT+ Db+ EG{M A B ABB, Ac—ﬂ+},
B~ 28 B
o M (8] o Mept Mg A8 BT+ 228787
6,3 9 B_ ) 6,4 9 ﬁ_ 6,5 9 B_ 5
K24 (3 h2 R d h2
We,6 = 2’6[5—_], we,7 = 2’6>\ﬂ+, Ge = 26%, C717,11‘£—J 2’77
+ h2 +3— +
Gra = —ABY + g—hﬂ B + ﬁf{—ﬁfﬁ 5 Pl | \orpt 4 A8 B2, — Ac—ﬂ+}
hhx,’? ﬂ+57 7ﬂ+ﬂ7
+ ) 5 5*2 B /\ﬂyy 9
_ hi 7 [ﬁy] ﬁ+ hm 7
w7,3—h+Tﬂ—,, W7 4 =2
h2 7 By BT 420878 hh, 7 BT
_ + z 1,7_ o )\hQ +
w75 AhS — e B Y )
h? W8] h3q hro L hiqlf]
rg = oy rwt VLo gt gt G, = ter UL
W16 = + 5 5 wrr = AB 5 B 5 7 5
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Similarly, the coefficients of the scheme at irregular points (zx41,y;) are determined by the
following system:

w11 W21 w31 W41 W1 We1 W71

E ) El ) E ) E ’_Yl 0
w1,2 Ws,2 Ws2 W52 Ws2 We2 Wre2 _ _
72 Mz
0 —h 0 h (A_J573 516,3 @773 _ —
73 Py
W1,4 w2 4 W34 W44 W54 Wea Wrg _ _
Y|l =1-8"1- (2.8)
hhs 1 hhz1 B B -
0o - 5 0 ) Ws5 Wes5 W75 s 0
h? h? g —p*
_ _ _ 6
0 — 0 - W56 W66 Wi
2 2 Y7 0
0 0 0 0 Ws7 We7 W77

If 6, =B =0,8, =6, =0and c(z,y) is continuous, the linear system can be written as

Y1 4+F2+ 53 +F1+75 +3 + 37 =0,
+ e~ Bt hi
ha 11 + ha2(F2 + 73 + 74) + < — AT+ g__hzf) - B_ﬂ 275

)('_)/5+'_76+'_Y7)07

—Y2+J4 — 5 + 77 =0,
+

_ N B - B
h2 171 + B2 5(Fo + 73 +Ta) — Z=h2 5(35 + F6 +31) = 287,

57
+
hao(—%2 + Y1) + ( - A8t + g—_hx,E,) (=% +77) =0,
h2(F2 + 74) + (%h%s + h2> (s +77) + [ﬁﬂ_]hiysfy(; = 287,

(h3 5 —h?) (35 +37) + h2 5% = 0,

and

Riy15 = (35 + % + 77) (%7_&)2[‘/:0 .

2.2. The curved interface

In this section, we consider the interface I' be piecewise smooth curve. Before proceeding
to the construction of the numerical scheme for u,, or u,, at irregular grid points, we first
rewrite the interface jump conditions as two separate conditions for [u|r and [u,]p. Denote 7
be the unit normal of the interface from Q= to QF, 7 = (ny,n2). The tangential direction of
the interface can be defined as 7 = (—ng,n1). Then, the interface connection condition can be
given as following:

[u =ut —u” = A\3~ 86117_; = A8 (uz n1 + uy, na2), (2.9)
_Oum  _ out
B am =8 5 (2.10)

Differentiating interface jump condition [u] along the tangential direction of the interface,
we obtain

fuz] = [y )1 — [ualnz = @, (2.11)
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where
Q= A(ﬂ;”? — By nina)uy + AN(B, nin2 — B, n2) — A8 ningug,
+AB7(n} — n3)ug, + AB ninou,,
Eq. (2.10) can be rewritten as
Brufny + ﬂJru;rnz = [T uyn1 + BT u, na.
Moreover, we rewrite (2.11) as
u;jnl — u;rng =Q+ Uy M — Uy N2
Multiplying (2.13) by ST gives
Bruiny — BT ufng = BH(Q + uyny —uyng).
Solve the following linear system:
Brutfng + ﬁ“‘u;‘ng = BT uzni + B u, ng,
Brufni — Brufng = BH(Q + u, ny — uyng).
The fuf and fTu; are given as
Brut = (B uzni + B uyng)ny — [B7(Q +uyni — uyna)ng
= (ﬁ*nf + BT n3)uy + (B — ﬁJr)nlngu; — ptQns
= {(57n2 + 87 n3) = AB* (8, nina — B, mand) fu;
+{(B” = B )mana = AB* (8, mand - B, nd) buy
+ A\8™ BT nindu,, — A3 (n1 — n%)ngu — A8~ n1n2uyy,
and
ﬁJru;r = [BT(Q + Uy, ny — uy no)ny + (B uy ny + Bfu;ng)ng
= uymina(B” — BF) +uy (BTnT+ 87 n3) + BTQm
= {(57 — BT )ning + A8 n, (5;”% - 5;711712) }U;
= {(8"n3 + B nd) + A8 (B, mana — B nd) fuy
— A8 Bt ningu,, + A8 BT na (n] — n3)ug, + AB™ BT ningu,,.
For brevity, u} and u;‘ can be rewritten as

wl = pouy + pauy + pat, + Py, + Petiy,,

where
Jr
po = (ﬂﬂ—f) A(B, ning — B, nan3),
- _ g+
pgzwf (B;mun — Brnd),

pa = AB nin3, = —AB~(n{ —n3)ns, ps=—AB nin3,

11

(2.12)

(2.13)

(2.14)
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and
Uy = oauy + 03Uy + 04ty + 05Uy, + 06y, (2.15)
where
- —Bnin
oy = (ﬂﬁﬂ% + Ay (ﬂ;”% _ ﬂ;n1n2);
Btn? + p7n3 _ _
o3 = (lﬂ—+2) + Any (B, ning — B, n3),
o1 =—AB"nins, o5 =A3"ni(ni—n3), o6=AB nins.

Taking partial derivatives of u,; and uj in y yields

ut, = (02)yuy + (03)yuy + (04)yug, + (02 + (05)y) Uy, + (03 + (06)y) uy,
ayy T O6Uyyy
= Uy + G3uy + Galiy, + Psuy, + Gely, + O, + GsUy,, + Qo (2.16)
uzy = (p2)ytty + (p3)ytty + (pa)yti, + (P2 + (p5)y)uzy + (p3 + (p6)y) Uy,
F PaUyyy T P5ULyy T PEUyy,

= Yoy + Y3uy + Yoy, + Ysug, + ety + hrug,, + Ysug,, +Pouy,,. (2.17)

+ 04Uyy, + os5U

According to the governing equation

T o E T S SR
— By uy — Ugg = Py Uy — Uyy T CT U —/f
= Brup — Bug, — By — Bup, e

and so
Tug, = BT ug, + By uy — Brud + By uy — Bl
+ B u,, — Bruf, + ctut —cTum —[f].

Replacing the ™, u}, uf, uf,,uf, in above formula by (2.9) and (2.14)-(2.16), then f*uf, can

be rewritten as

uf, = 01u” + Ou; + O3u, + Osuy, + O5u,, + Osu,,

+ 07y + Oy, + Oouy,, — %, (2.18)
where
6, — @ 6, — (B — B p2 — Bf o2 : Btéa + AetBng)
pr’ p ’

be — (By — Bips —Bfos — BT g3+ At B7m)

3 — ﬁ+ )
0, — (B~ = B pa— B ou — BT a) o — (B ps + Bfos + BT ¢s5)

4 — ﬁ_,’_ ) 5 — — ﬂ_;’_ )

— B+, _ B¥o. _ Bt

06 = (B~ —Papo —Byos— 6 ¢6), b7 = =7, Os=—ds, 0Oy =—0y.

ﬂJr
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To develop a finite difference scheme for the irregular points, following the same approach as
in the line shape interface. First, it should find the 7-point stencil of the irregular point (i, j),
and then expand the 7 points (it j+j,) in the stencil by Taylor series about the interface
point (:C;*,y;‘) In view of the interface curve is continuous and arbitrarily cut through the
computational mesh, we flexibly choose the stencil points of the irregular point (z;,y;). The
stencils for the irregular points is shown in Fig. 2.2. The stencil consists of 7 points, which
including five standard points and two auxiliary points. The auxiliary points are flexible and
choosing the closest points to the interface point (Jc;‘,y]*) Using the superscript — and + to
denote the limiting values of a function from one side or the other.

Fig. 2.2. The three kinds of stencils for the irregular point (k, j) for the curved interface.

When the point m in the stencil of irregular point (x;, y;) is located in Q~, the Taylor series

of uy, at interface point (z7,y;) can be given as

_ _ e hembym
Um = U + Ay mty, —i—hy,muy + 2 U, + fyumy
h2
+ L%y +Oh®), meQ, (2.19)

2 vy

where hy m = T —, by m = Ym —ys. For convenience of expression, it can be further written as

U = W 1U + Wy oU, + wm73U; + W4ty + wm,5u;y + wm,Gu;y

+ Wi, TUgpy + W 8ULyy + G + O(hg), me N,

where
Wm,1 = 17 Wm,2 = hx,ma Wm,3 = hy,ma
2 2
— hmvm _ hxvmhyvm _ hy»m
Wm,4 = 5 Wm,5 = 9 ,  Wme = 9

Wm,7 = Wm,8 = Wm,9 = Gm =0.
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Similarly, when the point m in the stencil of irregular point (z;,y;) is locates in QF, the
Taylor series can be given as

+ + + i m 4 hm ’mhy m 4
m =4 T hz’mum + hy””uy + 2’ Uy + ﬁumy
hi,m + 3 +
i i + oyt out ot ut +
Substitute the Eq. (2.9) and (2.14)-(2.18) into (2.20) and replace u™, uy, u,f, u,, uy, and uf,,
there is
Um = Wm,1U + Wi 2Uy + Wi 38y, + Wi 4l + Wi, 5Uz,
+ Win 6l + Wn Uy + Wi 8lipy, + Gm + O(h%),  m e QT (2.21)
where
2
Wm,1 = 1+ %91,
2 2
2 hemhym W2
Wm.2 = )\ﬁ_nl + hz,mp2 + hy7m02 + 27 92 + 7 2 = 1/12 + yé ¢23
D R N
Wmg = AB™ N2 + ha,mps + hymos + 505 + =Sy 4 50y,
O R T .
Wm,a = hempa + hymos + 9 04+ — D) T 1y + yg b4,
2 2
wWms = hamps + hym0s + =505 + =T s + s,
N O T .
Wm6 = hampo + hym0s + 506 + =T 6 + o,
h?2 heoh B2
"7 = Zﬂne xr,m'by,m y,m
Wm, T y 01t — 5 Yt ——dr
h2 heoh B2
.8 = Zﬂne xr,m'bty,m y,m
Wm,8 5 U8 + 5 g + 5 o3,
2 2
hay mh h
m.9 = Zﬂne x,m'by,m y,m
Wm.9 5 ot 9 g + 5 b9,
a, = Mem ]
m 2 /BJr .

Suppose the seven points FD scheme of irregular point (x;,y;) is given in following form:
Yiu1 + yeuz + Y3usz + yauq + YsUs + YeUs + yrur + Ck,juﬁj = fi; + Ri ;.

To require the truncation error being O(h), we get the following linear system with unknown
Y (1< s<7):

Wil W21 W31 W41 W1 We1 Wrl Y1 0
W12 W22 W32 W42 W52 W2 W72 Y2 —DBr
Wi,3 W23 W33 W43 W53 W63 Wr3 3 —Py
W14 W24 W34 Wi4 Wsa Wea wra | |mal=1-8"1, (2.22)
W15 W25 W35 W45 Wss5 Wes W75 5 0
Wwi,6 W26 W36 Wi6 W56 We6 W76 6 —5+

W17 W27 W37 Wit Ws7 Wer Wi Y7 0
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and 9
R"—*E hm, [] PG{Q (1<p<1)}
1, . Tp 2 3 ’ = = .

3. Monotonicity, Stability and Convergence

Theorem 3.1. The solution of two dimensional elliptic interface problems (1.1) with imperfect
contact and the implicit jump conditions (1.2), satisfies the mazimum modulus estimation

[ulloe < llglloo + Cll fllses

where the constant C is a constant that depends on the spatial dimension and the diameter of
the region 2.

3.1. Stability

For the two dimensional elliptical interface problem (1.1) with imperfect contact and the
implicit jump conditions (1.2), assume the reaction term c(xz,y) > 0, then the unified finite
difference scheme is

6
h _ h h _
Lh“i,j = Yi,5,0%; 50 — E Vi g,sUi 55 = figs (3.1)
s=1
where
_ . h _
=g, s=0,
h h h h h
J> 1 -1 1
e S e ST b, 5 =1,2,3,4,5,6,
Ui1,5—10 Wip15-10 W1 410 Wig1 41

and the number of points s as well as the coefficients v for regular and irregular points are
determined in above section. Notice that the local truncation error at the regular point is
T;.; = O(h?), and the local truncation error at the non-regular point is T; ; = O(h), where h is
the grid size, h = diam(7).

Theorem 3.2. When the coefficient of the reaction term c(x,y) > 0 and the coefficient of the

discrete format (3.1) meets the following conditions [28]:

6
Yigs > 0, Z%‘,j,s < %,5,05
s=1

the discrete format has the following estimate:
[u*loo < llgllos + Cll fijllo-

3.2. Convergence analysis

= — P ion i .
Define €; j = u;,; — u;';, the error equation is as follows:
Lnei; = Tij,

noticed that on the boundary e; ; = 0.
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Theorem 3.3. When the coefficients of the reaction term c(x,y) > 0 and the coefficient of the
discrete format (3.1) meet the following conditions:

6
Yi,j,s > 0, Z%’,j,s < %,5,05
s=1

the error estimate of the numerical solution of the discrete format is as follows:
lerlloo < Ch.
Proof. According to the construction process of the finite difference scheme
I T jllc0 < Ch%, || T||oo < Ch.
Applying the stability theorem to the error equation, then
lenlloo < Cmax {[[Tijlloo: | T]loo} < Ch.

The proof is complete. O

3.3. Monotonicity

Theorem 3.4. Assume the elliptic problems (1.1), (1.2) satisfy u € C*(QFUT)NC?(QFUT),
c € C(QtUQ™) and the interface T' is smooth [5]. Let ¢ > 0,A > 0,f > 0 and g > 0, then
u >0 in Q.

Theorem 3.4 states that the solution of elliptic problems (1.1) with imperfect contact and
jumping connecting condition (1.2) is positivity-preserving. We will analysis the presented
scheme is monotone in particular case, where the interface is straight, and the diffusion coeffi-
cient is constant, etc.

When the interface is straight, the diffusion coefficient 3 is constant and the coefficient of
the reaction term c(x,y) = 0, A > 0, the linear system (2.6) at the irregular point (zx,y;) can
be rewritten as

H~ = b, (3.2)
where
1 1 1 1 1 1 1
he1  ha2 hzo hyo X1 X1 X1
0 -1 0 1 -1 0 1
H= h?p,l hi,Q h?v,Q h§,2 X2 X2 X2 )
0 *hz,Z 0 hz,? —X1 0 X1
0 h? 0 h* KA —x3 -—-x3 h-—x3
0 0 0 0 h? — hi,s) —h92675 h? — hi,s)
Y= [71572773574775576777]Ta b= [Oa 07 Oa 72ﬂ_7 Oa 72ﬂ+7 O]Tv
and

X1 =3~ + g_+hz,57 X2 = g—Jrhi,fn X3 = [ﬁﬁlhi,fr
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Solve the above linear system (3.2), there is

77,:33 121325' 573
where
D= )‘B_(hz,l + hm,2) - hm 1hm 2+ ng( z,1 + hm,2 - hm,5)a
25~ B~
Dy = o (/\ﬂ +6_+h/x5 Iz >7
_ -1
Dy =Dy = (2712 (—25_( w1+ he2)ABT 4+ hes) + 267 he, 1h12+2§+ [5]h§,5)) ;
Dy = — = (2182 + 2P g2y + 28V hhg 1 hes — 2087 BT h(he + heo) + 2087 h2
3 = 3 ﬂJr z,5 ﬂJr 15 x,1tx 2 x,1 x,2
1 28~ (h* — h3 5)
Ds =D Dg= ———>".
5 = h2h2 557 6 h2

Noticing, hy1 < 0, hyo < 0, hy5 > 0,87 > 0, 87 > 0, [8] > 0, then D < 0,D; > 0,
Dy =Dy >0,D3 <0,D5 = D7 > 0. Thus, we can get that

71 <0, 2=7%<0, 13>0 vy =97<0.

Similarly, when the diffusion coefficient S is constant and the coefficient of the reaction term
c(z,y) = 0, the linear system (2.8) of the irregular point (zx41,y;) can be rewritten as

H7 = b, (3.3)
where
1 1 1 1 1 1 1
hon  hao  hzo hgo X1 X1 X1
0 -1 0 1 -1 0 1
H= h?c,l hiz hiz hig X2 X2 X2 )
0 —heo 0 heo —Xu 0 X1
0 h? 0 h? h? — X3 —X3 h? — X3
0 0 0 0 h%>-— h§’5 —hﬁg) h? — h§’5
’7 = [’71)&23’73)’743’75)’?63’77]11)
e Bt + 9
X1=-M"+ 6—_%,5, X2 = *6—_’%,57 X3 = ﬁ—_hi,s-
Solve the above linear system (3.3), there is
D;
Yi = = ':1325"'573
Y D ?
where
+

D == 7A/3+(h111 + hx,2> - hx,lhm,2 + __hx,S(hm,l + hx,2 + hx,S)v
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_ 1
Dl = E (QAB_ﬁ+ - 2ﬁ+hz,5 + Qﬁ_hz,Q) )

L +2 -
Dy =Dy= (2h2 (2)\5+2(h1,1+hm,2)+25+(hm,1hm,2—hiys)—2%—h1,5(hz71+h1,2+h1,5)>) ,
_ 1
D3 = F ( — 267h2()\6+ + hz,l) — 26+hhm,1hz72 + 2ﬁ+hhz75(h — hm,5)
B+’
- 2>‘ﬂiﬂ+h(hz,1 + hz,?) + 26—_hhx,5(hx,l + hz,? - hz,5))a
. 1 ~ 287 (R* - hiy)
Ds=D;=—s—, Dg=—- "0
ST T aRen2 0 0 h2

Owing to hy1 > 0, hyo > 0, hy5 < 0, 87 > 0, 87 > 0, [8] > 0, then D < 0,D; > 0,
Dy =Dy >0,D3 <0,D5 = D7 > 0. Thus, we can get that

71<0, ¥=9<0, 3>0, 5 =797 <0.

Theorem 3.5. For the elliptic problems (1.1) with imperfect contact (1.2) and the interface is
straight. Let B is contact, ¢ > 0,A >0, f >0 and g > 0, the linear algebraic system (AX =b)
resulted from the difference scheme satisfying a;;>0 (1 < i <n) and a;;<0 (1 <1i,j <n,i #j).
Then matriz A is M matriz and the scheme is monotone.

Proof. From the above analysis, it is clear that the matrix A = (ai;)nxn satistying a; > 0
(1 <i<mn)and a;; <0 (1 <4i,j <n,i# j), when 3 is contact, ¢ > 0,A > 0, f > 0 and
g > 0. Considering the matrix A is reversible, thus it is a M-matrix. We can prove that our
new scheme is monotone, more details can be refereed in [38]. O

4. Numerical Experiments

In this section, we use several numerical experiments to demonstrate the performance of the
discrete schemes.

Example 4.1. Consider the two-dimensional problem with computational domain = [0, 1] x
[0,1], and the solution separated into two parts by the interface at @ = o, a = 0.534, as shown
in Fig. 4.1. The analytical solution of this problem is given by

u(w,y) = {em cosmy, (z,y) € (0,a) x [0,1],
; ke® cosmy, (z,y) € (a,1) x[0,1].

The diffusion coefficient is defined as follows:

The conservation of the flux on interface is satisfied

+ —
ﬁ% :5+8L—678L:meICOSSy—FaeIcos?)y:O on I'.
Ox Ox Ox
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0.6

04

02

Fig. 4.1. The computational mesh.

The coefficient A is given as
1—-k

A=

R

Tables 4.1 and 4.2 give the Ly and L., errors and convergence rate under different grid
numbers at £ = 2,10, 100 and x = 1000, respectively. From these tables it can be seen that the
Lo and L., errors are decreasing as the number of cells increased. The convergence rate of the
two kinds of errors is approximate to second-order accuracy.

Fig. 4.2 shows the surface and contour of numerical solution with the cells number is 40 x40 at
k = 100. There is a sharp jump along both sides of material interface. The presented numerical
scheme is able to capture the discontinuity of solution and achieve sufficient accuracy.

Fig. 4.3 compares errors of the numerical solutions at different ratio of diffusion coefficient
x = 10 and k = 1000. We can see that the errors of the numerical solution increases with the
increase of the diffusion coefficient ratio .

Table 4.1: The comparison of Ly and L errors by present FDM scheme at x = 2,10, Example 4.1.

K=2 k=10
Lo Rate Lo Rate Lo Rate Lo Rate
21 x 21 7.84e-3 2.58e-2 6.72e-3 1.44e-2
41 x 41 2.14e-3 | 1.87 | 9.57e-3 | 1.48 | 2.10e-3 | 1.83 | 4.40e-3 | 1.71
81 x 81 6.38e-4 | 1.75 | 3.30e-3 | 1.54 | 5.21e-4 | 2.01 | 1.38e-3 | 1.67
161 x 161 | 1.70e-4 | 1.91 | 9.0le-4 | 1.87 | 1.31le-4 | 1.98 | 4.13e-4 | 1.74
321 x 321 | 4.74e-5 | 1.84 | 2.40e-4 | 1.91 | 3.60e-5 | 1.86 | 1.46e-4 | 1.53

Mesh

Table 4.2: The comparison of L2 and L errors by present FDM scheme at x = 100, 1000, Example 4.1.

k=100 k=1000
Mesh
Lo Rate Lo Rate Lo Rate Lo Rate
41 x 41 6.66e-3 1.84e-2 6.29¢-2 1.54e-1

81 x 81 1.68e-3 | 1.99 | 4.88¢e-3 | 1.91 | 1.52e-2 | 2.05 | 3.77e-2 | 2.03
161 x 161 | 4.83e-4 | 1.80 | 1.47e-3 | 1.73 | 4.05e-3 | 1.81 | 1.11le-2 | 1.76
321 x 321 | 1.16e-4 | 2.05 | 3.69e-4 | 1.99 | 9.51e-4 | 2.09 | 2.73e-3 | 2.02
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(a) Surface (b) Contour

Fig. 4.2. The surface and contour for Example 4.1 with x = 100, the number of cells is 40 x 40.

(a) k=10 (b) £ = 1000

Fig. 4.3. The errors of Example 4.1 with x = 10, 1000, the number of cells is 40 x 40.

Example 4.2. Consider the computational domain ©Q = [0,1] x [0,1], and the solution is
separated into two parts by the interface at & = 0.5. The analytical solution of this problem is

given by
oy~ [T @ €00 <01
, k(x +siny), (z,y) € (a, 1) x [0,1].

The diffusion coefficient is defined as follows:

r,  (2,y) € (0,0) x [0, 1],

ﬁ(x,y) = {17 (;z:,y) c (a,l) X [0, 1].

The conservation of the flux at interface is satisfied

+ —
[ma—qﬁ] =kt 8u_' — K 8u_' =0 onI.
on on~— on~

The coefficient A in (1.2) is given as

-1/1
)\:KJ <—+siny>.
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Tables 4.3 and 4.4 compare the Ly and L., errors between the present finite difference
method and the monotone finite volume method in [5]. We can see that the Ly and Lo errors
decrease as the number of cells increase and the convergence rate is almost achieve second-order
accuracy. However, the errors of the presented FDM is larger than that in [5] under the same
grid number.

Fig. 4.4 shows the surface and contour of numerical solution with the cells number is 40 x 40
k = 10. The errors with x = 100 is shown in Fig. 4.5.

Table 4.3: The comparison of Ly and L errors by present FDM scheme and monotone FVM in [5]
for Example 4.2, k=10.

Mesh Present FDM Monotone FVM [5]
o Lo Rate Lo Rate Lo Rate Lo Rate
13 x 13 6.58e-2 1.90e-1 1.73e-3 6.59e-3

25 x 25 1.94e-2 | 1.76 | 5.25e-2 | 1.86 | 4.43e-4 | 1.97 | 2.10e-3 | 1.65
49 x 49 4.93e-3 | 1.97 | 1.45e-2 | 1.85 | 1.13e-4 | 1.97 | 6.27e-4 | 1.74
97 x 97 1.36e-3 | 1.86 | 3.52e-3 | 2.04 | 2.92e-5 | 1.95 | 1.62e-4 | 1.96
193 x 193 | 4.20e-4 | 1.70 | 9.84e-4 | 1.84 | 7.17e-6 | 2.02 | 4.44e-5 | 1.87
385 x 385 | 1.20e-4 | 1.81 | 2.67e-4 | 1.88 | 1.78e-6 | 2.01 | 1.20e-5 | 1.90

Table 4.4: The comparison of Ly and L errors by present FDM scheme and monotone FVM in [5]
for Example 4.2, k=100.

Mesh Present FDM Monotone FVM [5]
o Lo Rate Lo Rate Lo Rate Lo Rate
13 x 13 6.81e-1 1.696 1.72e-2 6.58e-2

25 x 25 2.07e-1 | 1.71 | 4.92e-1 | 1.78 | 4.40e-3 | 1.97 | 2.10e-2 | 1.65
49 x 49 5.42e-2 | 1.93 | 1.44e-1 | 1.77 | 1.12¢-3 | 1.97 | 6.27e-3 | 1.74
97 x 97 1.45e-2 | 1.90 | 4.33e-2 | 1.73 | 2.89e-4 | 1.95 | 1.61e-3 | 1.96
193 x 193 | 4.23e-3 | 1.78 | 1.60e-2 | 1.45 | 7.10e-5 | 2.02 | 4.44e-4 | 1.86
385 x 385 | 1.30e-3 | 1.71 | 4.31e-3 | 1.89 | 1.80e-5 | 1.98 | 1.20e-4 | 1.90

(a) Surface (b) Contour

Fig. 4.4. The surface and contour of numerical solutions for Example 4.2 with x = 10, the number of
cells is 40 x 40.
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Fig. 4.5. The errors for Example 4.2 with £ = 100, the number of cells is 40 x 40.

Example 4.3. Consider the two dimensional problem with curved interface in computational
domain Q = [0,1] x [0, 1], and the solution is separated into two parts by the interface. The
analytical solution of this problem is given by

AV 0 24 <05
u(z,y) = K
22 + 92, otherwise.

The diffusion coefficient is defined as follows:

Kk, x2+y?<0.5%
ﬂ {

1, otherwise.

The conservation of the flux on interface is satisfied
ou Oou™ ou~
| =pt= g1 — 0 I
[ﬁ (9:L':| b Oz b Ox o
The coefficient A in this test case is

—-(Brk+1)
A= ——.
4K
Tables 4.5 and 4.6 compare the Ly and L, errors and convergence rate by present FDM

scheme and monotone FVM in [5], under different grid numbers for x = 2,100, respectively. Tt

Table 4.5: The comparison of Ls and Lo errors by present FDM scheme and monotone FVM in [5]
for Example 4.3, k=2.

Present FDM Monotone FVM [5]
Mesh Cells
Lo Rate Lo Rate Lo Rate Lo Rate
41 x 41 1.88e-4 4.33e-4 262 2.09e-1 5.77e-1

81 x 81 4.61le-5 | 2.02 | 1.10e-4 | 1.97 | 1234 | 5.27e-2 | 1.98 | 2.97e-1 | 0.96
161 x 161 | 1.29e-5 | 1.85 | 2.86e-5 | 1.94 | 2738 | 1.28e-2 | 2.03 | 1.46e-1 | 1.02
321 x 321 | 2.97e-6 | 2.11 | 7.25e-6 | 1.98 | 4862 | 3.21e-3 | 1.99 | 7.43e-2 | 0.97
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Table 4.6: The comparison of Ls and Lo errors by present FDM scheme and monotone FVM in [5]
for Example 4.3, k=100.

Present FDM Monotone FVM [5]
Mesh Cells
Lo Rate Lo Rate Lo Rate Lo Rate
41 x 41 5.40e-3 8.82e-3 262 2.09e-1 5.77e-1
81 x 81 1.09¢-3 | 2.30 | 1.86e-3 | 2.25 | 1234 | 5.27e-2 | 1.98 | 2.97e-1 | 0.96
161 x 161 | 2.62e-4 2.06 4.67e-4 1.99 2738 1.28e-2 2.03 1.46e-1 1.02
321 x 321 | 6.87e-5 | 1.93 | 1.19e-4 | 1.97 | 4862 | 3.21e-3 | 1.99 | 7.43e-2 | 0.97

Table 4.7: The L2 and Lo, errors for Example 4.3, k=1000.

Error
Ly Rate Ly, Rate
Mesh

21 x 21 1.75e-1 2.72e-1
41 x 41 5.35e-2 | 1.71 | 8.80e-2 | 1.63
81 x 81 1.07e-2 2.32 1.84e-2 2.26
161 x 161 2.64e-3 | 2.02 | 4.76e-3 | 1.95
321 x 321 6.63e-4 | 1.99 | 1.15e-3 | 2.05

can be seen that the convergent rate of the two kinds of errors is about second order. In this test

example, the computational errors of the presented FDM is much smaller than the monotone
FVM method in [5]. This means that the presented method can achieve more accurate numerical

results.

Table 4.7 presents the Lo and L., errors and convergence rate for x = 1000. It can be
seen that when the ratio of diffusion coefficients x on both sides of the interface is large, the

convergence rate of the numerical scheme can still maintain approximate second-order accuracy.

Fig. 4.6 shows the non-body fitted computational mesh with circular interface.

Fig. 4.7 displays the surface and contour of numerical solution for Example 4.3 with 40 x 40

cells.

Fig. 4.8 gives the errors of Example 4.3 with x = 10 and x = 1000, respectively.
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Fig. 4.6. The computational mesh.
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(a) Surface (b) Contour

Fig. 4.7. The surface and contour under 40 x 40 cells for Example 4.3 with x = 10.
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Fig. 4.8. The errors for Example 4.3 with x = 10, 1000, the number of cells is 80 x 80.

Example 4.4. In this case, we exchange the two sub-zones Q= and Q7 i.e.

OF = {(z,y)]2® +y* <05%)}, Q° =0\Q*.

The computational zone, the analytic solution, the location of interface and other parameters
are the same as those in Example 4.3.

Table 4.8 presents the Lo and L, errors and convergence rate of the presented FDM and the
monotone FVM in [5]. It can be seen that the results of the both methods can be approximated
to second-order accuracy. Meanwhile, the numerical errors of the presented method is far smaller
than that of the FVM method, and a better accuracy is achieved.

Table 4.8: The comparison of Ls and Lo errors by present FDM scheme and monotone FVM in [5]
for Example 4.4, k=100.

Present FDM Monotone FVM [5]
Mesh Cells
Lo Rate Lo Rate Lo Rate Lo Rate
41 x 41 3.38¢e-5 9.96e-5 262 2.09e-1 5.77e-1
81 x 81 1.09e-5 | 1.63 | 3.20e-5 | 1.64 | 1234 | 5.27e-2 | 1.98 | 2.97e-1 | 0.96
161 x 161 | 2.61e-6 | 2.06 | 7.52e-6 | 2.09 | 2738 | 1.28¢-2 | 2.03 | 1.46e-1 | 1.02
321 x 321 | 6.82e-7 | 1.96 | 1.92e-6 | 1.97 | 4862 | 3.21e-3 | 1.99 | 7.43e-2 | 0.97
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Table 4.9 displays the Ly and L., errors and convergence rate for k=1000. It can be seen
that when the & is large, the numerical result is still relatively stable, and it can approximately
achieve second-order accuracy.

Fig. 4.9 displays the surface and contour of the numerical solution with x = 100 for Exam-
ple 4.4.

Fig. 4.10 gives errors of Example 4.4 with x = 2. It can be seen that the calculation error
decreases significantly as the number of cells is increased.

Table 4.9: The L2 and L errors for Example 4.4, k=1000.

Error
Ly Rate Ly Rate
Mesh

21 x 21 1.66e-4 5.27e-4
41 x 41 4.32e-5 | 1.94 | 1.40e-4 | 1.91
81 x 81 1.07e-5 2.01 3.22e-5 2.12
161 x 161 2.56e-6 | 2.06 | 7.33e-6 | 2.13
321 x 321 6.88e-7 | 1.90 | 1.96e-6 | 1.90

il
T

(a) Surface (b) Contour

Fig. 4.9. The surface and contour of Example 4.4 with k = 100, the number of cells is 40 x 40.
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Fig. 4.10. The errors of Example 4.4 with x = 2 on different number of cells.
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Example 4.5. Consider the two dimensional problem in computational domain Q = [—1,1] x

[—1, 1], and the solution is separated in two parts by curve interface. The analytical solution of
this problem is given by

S +5%) 0 a2 2 <052,

u(z,y) =

sin(x? + y?), otherwise.

The diffusion coefficient is defined as follows:

Kk, x2+1y%<0.52

1, otherwise.

8=

The conservation of the flux on interface is satisfied

oul . out _ou”
{B%]—ﬂ W—ﬂ W_O on I

The coefficient A in this case is

(k—1)sin(1/4) — K

A= kcos(1/4)

G
>
: §

(a) Surface (b) Contour

Fig. 4.11. The surface and contour of Example 4.5 with x = 10, the number of cells is 40 x 40.
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Fig. 4.12. The errors for Example 4.5 with x = 2 on different mesh.
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Table 4.10: The comparison of Ly and Lo errors by present FDM scheme of Example 4.5 at x = 10, 100.

k=10 k=100
Lo Rate Lo Rate Lo Rate Lo Rate
21 x 21 2.08e-3 2.92e-3 2.00e-3 2.78e-3
41 x 41 5.38¢-4 | 1.95 | 7.52e-4 | 1.96 | 5.2le-4 | 1.94 | 7.33e-4 | 1.92
81 x 81 1.42e-4 1.92 2.13e-4 1.82 1.68e-4 1.82 2.09e-4 1.81
161 x 161 | 3.76e-5 1.92 4.71e-5 2.11 4.25e-5 1.80 4.28e-5 2.12
321 x 321 | 1.03e-5 | 1.87 | 1.58e-5 | 1.83 | 1.00e-5 | 2.08 | 1.22e-5 | 1.81

Mesh

Table 4.10 shows the Ly, and L, errors and convergence rate for k = 10, 100. It can be seen
that the error decreases as the number of cells increased. For different x value, the convergence
rates can be approximated to second-order accuracy.

Fig. 4.11 presents the surface and contour of the numerical solution for Example 4.5 with
k£ = 10, the number of cells is 40 x 40.

Fig. 4.12 gives errors under different number of grids for Example 4.5 with £ = 2. It can be
seen that the computational error decreases significantly as the number of grids is increased.

5. Conclusion

A finite difference method for 2D elliptic interface equations with imperfect contact is pre-
sented. The key feature of the imperfect connection condition is that the jump qualities of the
solution is unknown and related with the flux across the interface. For the shapes of the straight
and curved interface, an efficient finite difference method is constructed. The stability and con-
vergence property is analyzed for the schemes of 2D linear problems. Further, the monotonicity
of the scheme is proved in particular case. Numerical results show that the presented scheme
approximately achieves second-order accuracy.
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