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Abstract

In this work, we analyze the three-step backward differentiation formula (BDF3) me-
thod for solving the Allen-Cahn equation on variable grids. For BDF2 method, the dis-
crete orthogonal convolution (DOC) kernels are positive, the stability and convergence
analysis are well established in [Liao and Zhang, Math. Comp., 90 (2021), 1207-1226]
and [Chen, Yu, and Zhang, arXiv:2108.02910, 2021]. However, the numerical analysis for
BDF3 method with variable steps seems to be highly nontrivial due to the additional de-
grees of freedom and the non-positivity of DOC kernels. By developing a novel spectral
norm inequality, the unconditional stability and convergence are rigorously proved under
the updated step ratio restriction ry := Tk/Tk,1 < 1.405 for BDF3 method. Finally, nu-
merical experiments are performed to illustrate the theoretical results. To the best of
our knowledge, this is the first theoretical analysis of variable steps BDF3 method for the
Allen-Cahn equation.

Mathematics subject classification: 65L06, 65M12.
Key words: Variable step-size BDF3 method, Allen-Cahn equation, Spectral norm inequal-
ity, Stability and convergence analysis.

1. Introduction

The objective of this paper is to present a rigorous stability and convergence analysis of the
BDF3 method with variable steps for solving the Allen-Cahn equation [2]

{atus:QAquf(U)O, (z,t) € Q x (0,T], (1.1)

u(0) = ug,
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where the nonlinear bulk force is given by f(u) = F'(u) = u® — u, and the parameter ¢ > 0
represents the interface width. For simplicity, we consider the periodic boundary conditions.
The above Allen-Cahn equation can be viewed as an L2-gradient flow of the following free
energy functional:

Elu] = /Q (6—22|Vu|2 + F(u)) de, F(u)= i(uQ —1)2 (1.2)

In other words, the Allen-Cahn equation (1.1) admits the energy dissipation law

dEu)
dt

=- /Q |Oyu|*dx < 0. (1.3)

Let N € N and choose the nonuniform time levels 0 = tg < t1 < --- < ty = T with the

time-step 7 =ty — tp—1 for 1 < k < N. For any time sequence {v" ,ZX:O, denote

_ Vo™
Voot =0t —o" 90 = —L—, n>1.
Tn

For k = 1,2,3, let IL,, yv denote the Lagrange interpolating polynomial of a function v over

k + 1 nodes t,,tp—1,...,tn—k. Define the adjacent time step ratio

T
T = b , k>2.
Tk—1

Let v™ = v(t,). The BDF3 scheme is defined by [5,13,15,16,21,23]
Dav" = (I 30) (ta) = by V0" + 0V V0"t 4 b5V 02

— Z bflnjkVTvk, n >3, (1.4)
k=1

where
(14 7rn-1) [1 + 2r, + rn_l(l +4r, + 37“721)}

Tn(L+ 7)1+ 1)1+ 11 + rarn—1)
g _ Tl 421 +rarn1)® =1 (1471
! Tn(L+ 1)L+ 7rn1) L+ Tne1 + Tnrn-1)

(n) _ r2rd_ (1+ry)?

2 Tn(1+rn)(1+rn71)(1+7ﬂnfl +7’n7ﬂn71)

by =

)

, V=0, j>3.

Since BDF3 scheme needs three starting values, for concreteness, we use BDF1 and BDF2

schemes to respectively compute the first-level solution u! and second-level solution u2, namely,
Vol 1+2 2
Dsv! := Dot = Y . Dsv?:= Dy? = _Ltars 07— vavl. (1.6)
1 T2(1+T2) T2(1+T2)

We recursively define a sequence of approximations ¢ to the nodal values u(t,) of the exact
solution by BDF3 method

Dsu" — ?Au™ + f(u™) =0, n>1, (1.7)

where the initial data u® = ug and f(u") = (u™)3 — u™.
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The BDF3 operator (1.4) and (1.6) are regarded as a discrete convolution summation

Dyv" =30, Vook, n>1, (1.8)
k=1
where
m_ 1 e 1+2r @ _ rs
bO - bO - /1, o\ 1 — T 1 N
T1 T2(1+T2) 7‘2(1 +T2)

in (1.6) and b, in (1.5).
Following the approach of [7, 18], the discrete orthogonal convolution (DOC) kernels are
defined by

bO bO Jj=k+1

Moreover, the DOC kernels {dgln_) w} i satisfy the discrete orthogonal identity

STdl o =6, 1<k <n. (1.10)
j=k

For convenience, we introduce the following matrices:

bél) dél)
bg?) bé?) dg?) d82)
B:= b ¥ b . D= dP d¥ 4P . (L.11)
P £

where the discrete convolution kernels bfﬁ)  and the DOC kernels dgi) . are defined in (1.8) and
(1.9), respectively. From the discrete orthogonal identity (1.10), there exists D = B~!.

The variable time-stepping technique is powerful in capturing the multi-scale behaviors
(e.g. the solution changes rapidly in certain regions of time) of phase fields model including the
Allen-Cahn model. Due to the strong stability (A-stable), the numerical analysis of variable
steps BDF2 method for ODEs and PDEs receives much attentions including some early works
[3,9,10,22] and very recent works [7,8,16,18]. However, the numerical analysis for BDF3
method with variable steps seems to be highly nontrivial (compared with the BDF2 method).
As for variable steps BDF3 method for ODEs, Grigorieff et al. proved that it is zero-stable if the
adjacent time-step ratio r, < 1.08 [12] and improved to r, < 1.292 [13], r; < 1.462 [4]. Based
on a spectral radius approach, Guglielmi and Zennaro proved the zero-stability of variable steps
BDF3 method for r;, < 1.501 [14]. Variable steps implicit-explicit BDF3 method is presented
by Wang and Ruuth [23], where the zero-stability with 7, < 1.501 is also proved for ODEs.
Recently, the stability is established under the adjacent time-step ratio r; < 2.553 of variable
steps BDF3 method for ODE problem [15]. The stability of the variable steps BDF3 method for
a parabolic problem is derived by Calvo and Grigorieff [5] under the time-step ratio r, < 1.199.
However, it contains a factor exp(CT),) with ', = > ) _, |rx — rk—1/, the quantity T',, may
be unbounded at vanishing step sizes for certain choices of time-steps. We are unaware of
any other published works on the stability analysis of the variable steps BDF3 method for
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a time-dependent PDEs. After we submitted this work, we became aware of recent work on
variable-step BDF3 time-stepping for diffusion equations under the ratio r; < 1.487 [17]. In
this paper, the variable steps BDF3 scheme is investigated to solve the Allen-Cahn equation.
For the BDF2 method, the associated DOC kernels are positive, the stability and convergence
analysis are well established [7,18]. However, the DOC kernels are not always positive and
the additional degrees of freedom are involved for BDF3 method, which implies the numerical
analysis seems to be highly nontrivial. By developing a novel spectral norm inequality, the
unconditional stability and convergence are rigorously proved under the updated step ratio
restriction r; < 1.405 for BDF3 method. As far as we know, this is the first theoretical analysis
of variable steps BDF3 method for the Allen-Cahn equation.

The rest of this paper is organized as follows. In Section 2, we show that the upper bound of
the fixed adjacent time-step ratio is less than v/3 in a sense of the positive semi-definiteness of
the matrix B in (1.11). In Section 3, we prove the variable adjacent time-step ratio r < 1.405,
which plays an important role in our numerical analysis. In Section 4, the unique solvability of
the variable-steps BDF3 scheme (1.7) is established in Theorem 4.1. A discrete energy stability
is proved under the adjacent time-step ratio r; < 1.405 in Theorem 4.2. By developing a novel
spectral norm inequality in Lemma 5.2, the unconditional stability and the convergence of BDF3
scheme (1.7) are rigorously proved in Section 5. Finally, numerical experiments are carried out
to corroborate the theoretical results.

2. Estimate for Fixed Adjacent Time-Step Ratio

In this section, we show that the upper bound of fixed adjacent time-step ratio is less than
V3 in a sense of the positive semi-definiteness of the matrix B in (1.11). First, we introduce
some lemmas that will be used later.

Proposition 2.1 ([19, p. 28]). A matriz P € R™*™ is said to be positive definite in R™ if
(Px,x) >0, Vx € R", © # 0. A real matriz P of order n is positive definite if and only if its
symmetric part H = (P + PT)/2 is positive definite.

Definition 2.1 ([6, p.13]). Let n x n Toeplitz matriz T,, be of the following form:

to t_q to—pn ti—n
tl to t_1 t2—n
T, = t1 to
tn—2 t—l
[tn—1 th—2 - t1 to |

i.e. ti; =t;—; and T}, is constant along its diagonals. Assume that the diagonals {tk}z;inﬂ

are the Fourier coefficients of a function g, i.e.

1 4 i
ty = — x)e " Tdx.
=5 ) 9(x)
Then the function g(x) = Z;ll_n tke™*® is called the generating function of T,.

Lemma 2.1 ([6, p. 13-15] (Grenander-Szegd Theorem)). Let T,, be given by above ma-
triz with a generating function g, where g is a 2mw-periodic continuous real-valued functions
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defined on [—m,w]. Let Amin(Th) and Amax(T) denote the smallest and largest eigenvalues of
T,, respectively. Then we have

GJmin S )\min(Tn) S )\max(Tn) S Gmax

where gmin and gmax @S the minimum and mazimum values of g(x), respectively. Moreover, if
Jmin < Gmax, then all eigenvalues of T,, satisfies

Gmin < )\(Tn) < gmax
for all n > 0. In particular, if gmin > 0, then T, is positive definite.

Lemma 2.2 ([19, p. 29] (Sylvester Criterion)). Let P € R"*"™ be symmetric. Then, P is
positive definite if and only if the dominant principal minors of P are all positive.

Lemma 2.3. Let n x n matrices Knxn and Lypxy, with p; # 0 be of the following form:

a1 b2 C3

p1 @2 c3
by a2 b3 P2 43
b
Knxn = @ ’ “ ) Lnxn = p3
Cn cn
bn Pn—1 Qn
cn bn ap DPn
Then the dominant principal minors of K are
det Kjxj = det ijj,
where
L,
P11 =a, q2:b2) p2:a/2__q2?
P
45-1 L, Ly .
G =bj———¢;, pj=a;— cj — G, Jj=3
! ! Pj—2 ’ ’ ’ Pj—2 J Pj—-1 J
Proof. Using the elementary row operations, the desired result is obtained. ([l
2.1. Ratio estimate by Grenander-Szeg6 theorem
Let the diagonal matrix be
A = diag(m, 12, , Tn)- (2.1)
From (1.11), we have
o
a§2) aé2)
A:=AiBAY = | df &P o) . (2.2)

aén) agn) aén)
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Here the coefficients are computed by

3/2
CONI ORI ki SN ) B
0 ’ 0 1 =+ 79 ’ 1 1 + 7’2’
(n) (1Jrrn,l)[l+2rn+rn,1(1+4rn+3ri)}
a =
0 (L+7) (L +rp-1)(1 4 rp1 +rprp_1)
32 ) (2.3)
a(n) _ _rn [(1 + 27'71—1 + T'nrn—l) - rn—l(l + Tn—l)]
L T+7r) A4+ r-1) A+ rpe1 + rarn-1) ’
3/2 5/2 2
n i+,
WU . IEL -

(I4+r) 14+ rp—1)A 4+ rp—1 + Tnrpn-1)’ -

We next estimate the upper adjacent time-step ratio in a sense of r_1 = .

Lemma 2.4. Let (constant) adjacent time-step ratio satisfy 1y, < rmax = 1.716, k > 2. Then
the matriz A defined in (2.2) or B in (1.11) is positive semi-definite.

Proof. Let y =1 < rpax = 1.716. We prove the desired result in the following two cases:
Case I: 7, < 1. Since
1
2a81) - ’a§2)} - ’aég)’ >2-1- 373

1

2ai” o] = "] = 145" = T

9(y),

)

where

3 3
gy)=21+2)A+y+y>) —v2(L+y+y>) —v2[1+y)° -yl —y' =’

>2(1+2y)(1+y+y?) —y(l+y+y?) —yll+y)?® -y —y" — 4
=244y +3y° — 2yt —¢° > 2.

Moreover, we have

2
= (I+y)(1+y+y?

QaE)n) — 2‘&5")‘ - 2‘&%") )gl(y), n >3,
where
3 5
aW) =0+’ +y*+20° —y2 (1 +y)° +y? —y* —¢°
>(1+y)P1-y+y*>1

From the above inequalities, we know that the symmetric matrix A + A7 in (2.2) is a diag-
onally dominant matrix. Using the Gerschgorin circle theorem, the eigenvalues of A + AT are
greater than zero, it implies that the matrix A is positive definite by Proposition 2.1.

Case II: 1 < 7 < rmax = 1.716. For any real sequence {w}}_,, it holds that

k
2wy, Z a,(ck_)jwj = QaE)k)wi + 2a§k)wkwk,1 + 2a§k)wkwk,2
j=1

(k) (k) af") i (k) (k) af") i
= ay Wi + ay 1(k) Wit w1 | —ay Wiy —ay 1(,@ Wr—1 + Wg—2
2a4 2ay

(k))2 (k) 2
a a
+ 2 a(()k) — agk) — % w,% + aék) w + 1(k) Wg—1 +wg—2 | ,
8ay 2a,
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where

aof! =af”, af? =0, ol =af?, k>3

We can check that

. . (a(k))2 Y
al? —alF) — =~ I(y) >0, 1<y<1731<+3, (24)
8ay 8ay’ (1+y)*(1+y+y?)?

since

I(y) = —8y" — 17y5 4+ 10y° + 43y* + 42¢° + 22y% + 4y — 1
>y (10y* — 83 o — 172 y® + 43y° + 42y + 22y + 3) > 0.

Using (2.3) and the above equations, we obtain

n k (3)\2
2> a3 ol w; > (26 - o) + (20 — o Juwrun + (za§> o - L) )
k=1  j=1

4a§3)
1 3 2 a(s)

QaE))—aé) ag)f—l w

1

= (w1, w 3)\2 >0,
e I N () <w2> -
al — T 2(10 — (12 — T
4ay

since the dominant principal minors of the above 2 x 2 matrix are greater than zero if 1 < rj <
Tmax = 1.716. The proof is complete. U

Remark 2.1. The generating function of BDF3 kernels bfl"jk in (1.4) is

g(x) = al + al™ cos ¢ + al cos(2¢)

= 2a5"2% + oMz + (ag") - aé")), n>3, (2.5)

where cosp =z, 2 € [-1,1],¢ € [-m,71]. From 2a§”> > 0 and (2.4), it implies that g(x) > 0 if

1 < rp <1.731. Then BDF3 kernels bgi)k in (1.4) are positive definite by Lemma 2.1. In fact,

combining with the proof process of Case I in Lemma 2.4, the BDF3 kernels bgln_)k in (1.4) are
positive definite if 7, < 1.731 < /3.

2.2. Ratio estimate by Sylvester criterion

From Section 2.1, we know that the matrix A in (2.2) is positive semi-definite with r5<1.716.
Moreover, the BDF3 kernels bfﬁ)k in (1.4) are positive definite if r, < 1.731 < /3 in (2.5). In
fact, we can check that the generating function g(x) < 0 in (2.5) if z = 0.434, r, = 1.732.
However, the positive definiteness with 7, = 1.732 in (1.4) by Grenander-Szego theorem is still
in doubt. Therefore, we need to look for the upper bound estimate of other forms.

Let A be given in (2.2). From Lemma 2.3, the dominant principal minors of A + AT are

det(A + AT)ka =det Lpxk.
Here the coefficients of Ljy«j are

1
p1 = 21181), G2 = 052), P2 = 21182) - p—qi, (2.6a)
1
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@) _ L-1 @) @ _ L )2 >
i=ay — 2—as5’, i =2a; — —(a - —q5, > 3. 2.6b
q; 1 Pi—2 2 pj 0 pin( 2 ) Pt 4, J ( )
As a counterexample, we take ry :=71, =rp_1 < V3 in (2.6). According to Sylvester criterion
in Lemma 2.2 and (2.6), we know that there exists a dominant principal minor of A + AT is
negative, since there exists p; < 0, see Fig. 2.1. Hence, the matrix A in (2.2) or B in (1.11) is

not positive definite if 4 = 1.732 < V3.

r=1732 rs= 1750

20

10 I L L L I L . L L
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000 0

J

Fig. 2.1. The graphs of p; in (2.6), left and right, respectively, for r; = 1.732 and rs = 1.750.

3. Estimate of Variable Adjacent Time-Step Ratio

From Section 2, the upper bound of fixed adjacent time-step ratio is less than v/3 in a sense
of the positive semi-definiteness of the matrix B in (1.11). However, it is not easy to obtain
an sharp estimate for the general (variable) adjacent time-step ratio. In this section, we prove
the variable adjacent time-step ratio rp < 1.405, which plays an important role in our numerical
analysis for the variable steps BDF3 scheme (1.7).

Let B and A be given in (1.11) and (2.1), respectively. Let

~ _ 1
B=DB-—~A"!, Y= 500" (3.1)

From Lemma 2.3, the dominant principal minors of B+ BT are
det (E —+ ET)ij = det Lj><j'

Here the coefficients of L are computed by

~ ~ 1
1= bél)a q2 = b§2), b2 = b(()2) - _qga
P1
@) _ G=1,0) ) _ L ogonz_ L o (3.2)
J 1 p_j—2 2 J 0 pj—2 ( 2 ) p_j—l g
where
-~ 1.99 ~(2 1.99 + 3.997"2 2 77’2
p _ 199 gy O N T 3.3a
0 T1 0 T2(1+7“2) 1 T2(1+7“2) ( )
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s _ (L4 rn1)[1.99 4+ 3997 + 11 (199 + 7.98r, +5.99r7) ]

_ , 3.3b
0 Tn(L+ 7)1+ rn_1)(L + rne1 + 7nrn-1) ( )
2 1 2 n— nin— 2 n— 1 n—
bgn):77‘n[( + 2rp—1 + rar 1) r 1( +r 1)]7 (33(3)
Tn(l + Tn)(l + Tn—l)(l +rp—1+ rnrn—l)
2.3 1 2
bgn,) — r’rl,rn—l( + T’n) n Z 3 (33(1)

Tn(l + Tn)(l + Tn—l)(l + Tn—1 + 74717'71—1)7

The main aim of this part is to estimate the following inequality:

)\min )\m b'e .
S Dj S 2 3 J Z 1; )\min - 199; )\max - 3997
7']' Tj

it implies that the matrix A in (2.2) or B in (1.11) is positive definite by Sylvester criterion.

3.1. A few technical lemmas

First, we give some lemmas that will be used later.
Lemma 3.1. Let ¥(x,y) with (z,y) € [0,75] x [0,74],7s = 1.405 be defined by

W )_(1+2y+zy)27y(1+y)_ ky*(1+ z)?
T T U Uy +ay) (920 +y+ay)

Here the coefficients are defined by
K€ [Hminy "ﬁmax]; Rmin = 0257 Rmax = 1.4.

Then we have
1< U(x,y) <2.7.

Proof. We can check that

(W +9° —ry) (A +2)* + 1+ 2)y(1 +y)?

Yoy =1 L+ y2(T+y +ay)
4 W32 (A2 4+ (L o)y +y)® — g+ 2)%)/2
(1+y)?*(1+y+ay)
_ 1 W32y o)+ (12?24 @4 20y + (Lt a)y

(1+y)2(1+y+ay)

Here we use

3 3 3
y2+§y3*w4:y2 <1+§yﬂy2) > y? <15y(y1)> >0,

and
1 2y, 3 2
i(l—x o+ (24 22)y° + (1 + )y

=1 +a)y (%(1 —x)y* + 2y + 1)

> (1 +2)y(—=0.3y* +2y +1) > 0.
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Similarly, we have

(y® —y* — sy ) (A +2)* + Vi (z,9)

VoY) =2 ey + o)

)

where the quadratic function ¥ (z,y) is

Uy(z,y) = —1.7(1+y)? + y(1 + y)* — 0.72y(1 + y)* + 2y*(1 + 2)*
< —1.7(1 +y)?(y/1.405 + y) + y(1 + y)* — 0.72y(1 + y)? + 4.81y%(1 + z)
< =2.909y(1+y)? + y(1+y)? — 0.72y(1 + y)? + 4.815°(1 + z) = yUs(x, ),

where
Uy (z,y) = —(1.909 + 0.7x)y2 + (0.992 + 3.41z)y — 1.909 — 0.7x.

Since the discriminant of root formulas of Wa(x,y) is
A = (0.992 + 3.41z)% — 4(1.909 + 0.72)(1.909 4 0.72) < 0,
which implies ¥y (z,y) < 0. Moreover, we have
v =y =kt =P~k Fy— 1) < yA(—025y2 +y— 1) <0.

The proof is complete. O

Lemma 3.2. Let ¥(x,y) with (z,y) € [0,7s] X [0,75],7s = 1.405 be defined by

2?[(1 42y + 2y)? — y(1 + y)] Fmax@?y* (1 + )

(I+2)(1+y)(1+y+2xy) 1+9)2(1+y+ay) Kmax = 1.4.

1/’(%@) - -

Then we have (z,y) < 0.

Proof. We can check

SCQ

I+2)1+y)21+y+xy)

lﬂ(%y) = ¢1($ay),

where
iz y) = —(1+9)* = 2y(1+2)(1 +9)> — > (1 +2)*(1+ ) + y(1 +9)* + L4y* (1 + 2)%.
Using the above equation and 1.4y — 2 < 0, it yields

iz, y) < —2y(L+2)(1+y)? —y*(1+2)°(1+y) +y(1+y)* + 14° 1+ y)(1 + 2)?
=y(1+y) [ —20+2)1+y) +y(1+2)* + (1 +y) + (Ldy — 2)y(1 + 2)?]
<y(1+y)ba(z,y),

where
Po(z,y) = =21+ 2)(1+y) +y(l+2)° + (1 +y).

Since the first derivative of ¥o(x,y) with respect to y is greater than zero. Then we have
Ya(x,y) < a(x,7s) < 0. The proof is complete. O
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Lemma 3.3. Let ®(z,y) with (z,y) € [0,rs] x [0,7s],rs = 1.405 be defined by

®(2,y) = [1.99 + 3.992 + y(1.99 + 7.982 + 5.992%)](1 + 2)(1 + y)*(1 + y + xy)

1
— Amin (1 + z)2(1 + y)4(1 +y+ zy)2 3

min

2P (1 4 2)4 (1 +y)?

1+ 2y + 22y)(1+ 1) + 2 (1 + 2)2 (1 + ¥ — Faniny?) ],

where Amin = 1.99, Kmin = 0.25. Then we have ®(x,y) > 0.
Proof. According to

1<14y— fminy® <1+75 — fminr? < 1.912,
1.99 + 3.992 + y (1.99 + 7.98z + 5.992%) — Amin(1 + 2)(1 +y + zy)
= 2x(1 + 2y + 2zy),
it leads to

Amin®(2,y) > 3.982 (1 + 2y + 2zy) (1 + 2)(1 +y)" (1 +y +ay) — 2%y’ (1 +2)* (1 +y)?
—2® [(1 42y + 2ay) (1 +y)? + 1.9120%(1 + 2)%]°
=2(1+y)*®1(z,y) + 2y(1 + 2)(1 + y)*@2(z,y) + 2y° (1 + 2)*@3(, y).

Here

@y (v,y) = —1.132%y(1 + x) — 2 + 3.98z + 3.98,
Dy(x,y) = 11.94(1 + z)(1 + y)? — 2.8722(1 4 y)?
—2.7932%y(1 + z)(1 + y)* — 3.8242°y(1 + ),
B3(z,y) = 7.96(1 +2)(1 + y)* — 1.2072%(1 + y)* — 2%y3(1 + 2)2(1 + y)?
— 7.6482%y(1 + x)(1 + y)? — 3.655744x%y*(1 + z).
We can check

®y(x,y) > —1.132%r,(1 + 75) — 2* + 3.98z + 3.98 > 0,
Do(z,y) > 11.94(1 + 2)(1 + y)? — 2.8722(1 + y)* — 6.7182%y(1 + y) — 9.197z%y
2(1 +y)*(11.94 — 6.048zy) + h(z,y) > h(z,y),

where
h(z,y) = 11.94(1 + y)? — 2.872%(1 + y)? — 0.672%y(1 + y)? — 9.1972%y.

Since the first derivative of h(x,y) with respect to x is less than zero. It implies that h(x,y) >
h(rs,y). Moreover, the first derivative of h(rs,y) with respect to y is also less than zero. Then

@Q(SC,y) Z h’('rvy) 2 h(TS,y) Z h’(TSvrS) > 0

On the other hand, there exists
P3(2,y) > 2g(z,y),

where

1
g(x,y) =7.96 (7 + 1) (1+y)* —1.2072(1 +y)* — 2y3(1 +74)%(1 + y)?
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— 7.6482y(1 + 7rs)(1 + y)? — 3.655744xy*(1 + 7).

Since the first derivative of g(z, y) with respect to x is less than zero. It implies g(z,y) > g(rs, y).
Furthermore, we have g(rs,y) > g(rs,7s) > 0. Hence, there exists

O3(z,y) > xg(r,y) > xg(rs,y) > 2g9(rs,rs) > 0.

The proof is complete. O

Lemma 3.4. Let ¢(z,y) with (z,y) € [0,75] x [0,74],rs = 1.405 be defined by
é(z,y) = [1.99 + 3.992 + y(1.99 + 7.98z + 5.9922)](1 + 2)(1 + y) (1 +y + )

— Amax (1 + x)2(1 + y)4(1 +y+ xy)2 - z3y5(1 + x)4(1 + y)2

)\max

2 [(1+ 2y + 229) (1 + 9)° + > (1 + 2)° (14§ — fmaxt?)]

max

where Amax = 3.99, Kmax = 1.4. Then we have ¢(x,y) < 0.
Proof. Using

[y +22y) (1 +y)* + > (1 +2)° (1 + Y — fmaxy®)] — 20*°(L +2)(1 +y)
>y(l+2)[204+9)° + y(1+ ¥ — Fmaxy?) — 2y(1 +y)] >0,

and
1.99 + 3.992 + y(1.99 + 7.98z + 5.992%) — Apax (1 + 2)(1 + y + zy) = —2 — 2y + 22%y,
it yields

Amax®(2,Y) < Amax(—2 — 2y + 2229) (1 4+ 2)(1 + ) (1 +y + ay) — 423y (1 + 2)2(1 + )?
= (1+2)°(1+y)%ydi(z,y) + 1+ 2)(1 +y) da(z,y).

Here the functions ¢;(x,y) and ¢a(x,y) are respectively defined by

o1(z,y) = 7.982%y(1 +y)* — 7(1 +y)® — 42®y?,
Ga(z,y) = 7.982%y — 7.98(1 + y) — 0.98y(1 + y)(1 + z) < ¢3(z,y),

where
$3(x,y) = 7.982%y — 7.98(1 +y) — 0.98y(1 + y).

Since the first derivative of ¢ (z,y) and ¢3(x,y) with respect to z is greater than zero. Hence,

¢1($7y) S ¢1(T57y) S ¢1(r57 )

rs) <0,
¢3(:L'ay) < ¢3(Tsay) < ¢3(T5,TS) <0.

The proof is complete. O
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3.2. Estimate for variable time-step ratio by Sylvester criterion

13

We next prove the matrix A in (2.2) or B in (1.11) is positive definite by Sylvester criterion.

Lemma 3.5. Let p; and g; be defined by (3.2). Then for any adjacent time-step ratios 0<ry <

re = 1.405, k > 2, there exists

b+ < gy < 0y <0, >3,

where 24
= IimmTjTjil( +7;) |
(L4 rj-1)?(L+7rj-1 +rjrji-1)
v = HmaXT?T?_l(l + ;) 7
T (L +7rj—1)2(1+7rj1 +1j7mi-1)
and
Mmgmg%m,sz
Tj Tj

Here the coefficients are defined by
Fmin = 0.25,  Kmax = 1.4, Amin = 1.99,  Apax = 3.99.

Proof. From (3.2) and (3.3), we obtain

199 B —r3
br= G q277‘2(1+7“2),
and
)\max )\max 2+ 2T2 + (1/199)7"%
> - D) = D2
T2 T2 T2(1 + 72)

~ Amin . 2r2 +2r3 — (1/1.99)r3 S Amin

2 T2(1 4 172)? - o

Next we prove (3.4) and (3.6) by mathematical induction.
For j = 3, using Lemma 3.2, we have

(1/1.99)r572(1 + r3)
Tg(l + 7“2)2(1 +ro + 7“27‘3)

According to (3.2), (3.3) and (3.7), it yields

Py > /b\(()3) o )\L(béB))Q . 7-2. (b§3) + ’u3)2

b + g < b1V +

min )\mln
)\min 1 )\min
B " - ®(r3,r2) >
T3 7'3(1+T3)2(1+7‘2)4(1+T2+T2r3)2 ( 3 2) -
with ®(r3,r2) > 0 in Lemma 3.3.
On the other hand, using (3.2), (3.3) and (3.7), one has
R . W g
)\max )\max
)\max 1 )\max
B “P(r3,r2) <
T3 75(1+73)2(1 + 12)4 (1 4 ro + ro73)2 ¢(r3,72) 73

with ¢(r3,72) <0 in Lemma 3.4.

=q3 < bf’) +v3 =1(r3,r2) <O0.

(3.4)
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Supposing that (3.4) and (3.6) hold for j = 4,...,n — 1, namely,

. i )\min )\m'x -
bgj)‘i‘,u]gq]gbgj)‘i‘ngog = Spjg 7—.d R 4§_j§n—1 (38)
J J

According to (3.2), (3.3), (3.8) and Lemma 3.2, there exists

n n— n n Tn— n
g = b = Inzlyn) <l T2 oy )

Pn—2 min
n Tn— n— n
<O (0T )6
n U (rp— n— 2 47 1 n
:bg )+ (T 1,7 2) "n'n 1( +r )

)\min Tn(l +7’n71)2(1 + rp_1 +7’n7’n71)
< bgn) +vp = 1/)(7’71,7’",1) <0,

where ¥(r,_1,m,—2) and v, are, respectively, defined by Lemma 3.1 and (3.5). On the other
hand, using (3.2), (3.3) and (3.8), we have

n n— n n Tn— n
g =0~ L 5 T2 g )
Pn—2 max
> bgn) 4 Tn—2 ( . bgn—l) B anl)bén)
max

o b(n) + qj(rnfla Tn72) T%Ti—l(l + Tn)
- Y1

)\max Tn(l + Tn—1)2(1 + Tn—1 + rnrn—l)

where U(r,_1,7,—2) and u, are, respectively, defined by Lemma 3.1 and (3.5).
From (3.2), (3.3) and (3.8), it yields

~(n 1 n)\ 2 1 n Tn—2 n)y 2 Trn—1 " 9
po =0y — (b5")" — ——¢2 > by — =2 (bé))—A,(bg)Jrun)
Pn—2 DPn—1 min min
)\min 1 )\min
N -0 ny!n— Z
Tn i To(L4+70)2(1 4+ 7rn—1)* (1 + 71 +70—170)? (rayn-1) Tn

with ®(r,,r,-1) > 0 in Lemma 3.3. Similarly, we have

T(n 1 n)\2 1 n Tn—2 n)\ 2 Tn—1 n 2
P =05 = ——(05")" — ——a% < 0" = 2 (05")" — (0 + va)
Pn—2 Pn—1 max max
)\max )\max
= : nyTn—1) <
e T Y Wy 1 pr v R AU,
with ¢(ry, rn—1) < 0 in Lemma 3.4. The proof is complete. U

Remark 3.1. In fact, the upper ratio ry = 1.405 is the root of the polynomial function ®(z, x)
arising from Lemma 3.3.

4. The Unique Solvability and Energy Stability

In this section, we show the unique solvability and discrete energy stability. Let H™(Q2) and
| - |z () denote the standard Sobolev spaces and their norms, respectively. In particular, let
(-,-) and || - || be the usual inner product and norm in the space L?(Q), respectively.
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4.1. The unique solvability

First, we show the unique solvability of the BDF3 scheme (1.7) via a discrete energy func-
tional for the Allen-Cahn equation (1.1).

Theorem 4.1. If the time-step size

1+2r, +rp_1(1+ 47, + 3r2)
(IT+7)A+rp-1 +rnrn-1) ’

Tn <

the variable-steps BDF3 scheme (1.7) is uniquely solvable.

Proof. For any fixed time-level indexes n > 1, we consider the following energy functional:

2
n - n n— n— 1
Glz] := 2|z —u" | + (bg AV —i—bé Vo2 2 —u Y+ %HVZH2 + ZHZQ — 12
Under the time-step size condition

1+2r, +rp_1(1 4 4r, +3r2)
T+7r)A 4+ rp_1 4+ rarn-1)

Tn

or b(()") > 1, the functional G is strictly convex. In fact, for any A € R and v, one has

PG
AR

e = 85 I + VI + Bl — 1> > (66" — 1) [[¥]> > 0.

A=0
Thus, the functional G has a unique minimizer, denoted by u", if and only if it solves

dG

0:5[

z+ /\1/)]‘ = (bén)(z — u"_lt) + bgn)v.ru"_l + bén)VTu"_Q — Az + f(2), 1/))

A=0
This equation holds for any v if and only if the unique minimizer u™ solves
b(()n) (un _ unfl) + bgn)vTunfl + bgn)v‘runf2 — 2Au" + f(un) =0,

which is just the BDF3 scheme (1.7). The proof is complete. |

4.2. The discrete energy dissipation law
From (3.1) and Lemma 3.5, for any real sequence {wy}}_,, it holds that

n k n 2

w
g wkg b,(i)jwj 275 T—:, n > 1. (4.1)
k=1

j=1 k=1

Let E(u™) be the discrete version of free energy functional (1.2), given by
e? 2 1 2 2
B(u") = S IVa" "+ 7 ll(w™)” =1, 0<n<N. (4.2)

Next theorem shows that the variable steps BDF3 scheme (1.7) preserves an energy dissipation
law at the discrete levels, which implies the energy stability.
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Theorem 4.2. Let r, < 1.405. If the time-step sizes are properly small such that

142y + 7y (14 4y, + 312
T, < min T 1( ! T),Q’y , n>1. (4.3)
(1 + Tn)(l +rn—1+ rnrn—l)

Then the variable-steps BDF3 scheme (1.7) preserves the following energy dissipation law:
Ew™) < E@"), n>1. (4.4)

Proof. The first condition of (4.3) ensures the unique solvability. We will establish the
energy dissipation law under the second condition of (4.3). Making the inner product of (1.7)
by V,u*, we obtain

(Dsu®, V. ub) — e (Au", V. ub) + (F(uF), V,ub) =0. (4.5)
With the help of the inequality 2a(a — b) > a? — b2, the second term in (4.5) reads
g2 g2
—&? (AuF, vV uk) = &2 (VuF, vk — vubi~t) > 5|\Vuk||2 - §||Vuk71||2.
It is easy to check the following identity:
4(a® —a)(a —b) = (a* = 1)* — (b = 1)® = 2(a — b)* + 2a*(a — b)* + (a® — b?)%.

Then the third term in (4.5) can be bounded by

1 2 2 1 _ 2 1 -

(F("), Vru®) 2 2] ()" = 1" = 1" = 17 = Sllu® =

4 4 2

From (4.5) and the above inequalities, it yields

1
§Huk —uPH?2 <0, k>1.

Summing the above inequality from k = 1 to n, we have

(Dguk, Vfuk) + BE(u*) — B(u*™1) —

n

i (Dsu®, V. u¥) + E(u™) — Z —uF 2 <o.

=1 k=1

>
[\3|H

According to (1.8) and (4.1), we obtain

n n k ) n ”uk _ uk71||2
Z(Dguk,v.ruk) :Z Zb,(ck_)jvfu],vfuk 272 T, n > 1.
k=1 k=1 j= k=1

Hence, it implies

> (l - %) ot — P 4 Bt ~ B(u®) < 0.

-
=1 \'F

The second condition of (4.3) gives the desired result (4.4). O

Lemma 4.1. Let r, < 1.405. If the step sizes 1, fulfill (4.3), the solution of the variable steps
BDF'3 scheme (1.7) is bounded in the sense that

a1y < e = V4 2BW0) + (2 +€2)[Q], n>1,

where ¢y is dependent on the domain Q and the starting value u®, but independent of the time t,,
the time-step sizes T, and the time-step ratios r,.
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Proof. From the discrete energy dissipation law (4.4) and the definition (4.2), it yields

AE(u’) > 4E(u™) = 2&°||[Vu®||* + || (u™)? — 1|17
=287 V|2 + [[(u")? — 1 = %)* 4+ 2% |u"|? — €2 (2 + %) |9
> 2€2HVU”H2 + 2z€2||u"|\2 - 52(2 + 52)|Q|.

Thus, we obtain
([l + [IVa™[)? < 2[lu™||* + 2| Vu"||* < 4e72B(u’) + (2 + )|

The proof is complete. O

5. Stability and Convergence Analysis

In this section, we show the L? norm unconditional stability and convergence of the variable-
step BDF3 scheme (1.7) for the Allen-Cahn equation.
Denote (-,-) the classical Euclidean scalar product

n

1

(ov)y = v =" p" okl = (u,p)?,
k=1

where p = (pt, p2, -+ ;™) T and v = (V1,02 -+ ;™)L From [19, pp. 23-24], we know that the
spectral norm of the matrix A € R™*"™ satisfies

[Au < |Allpl,  [A] = /p(ATA). (5.1)
Here the spectral radius p(A) is denoted by the maximum module of the eigenvalues of A.

Definition 5.1. Let A and B be two real n X n matrices. Then, A > B (> B) if A— B is
positive definite (positive semi-definite).

Let I be the n x n identity matrix and A = diag(7y, 72, -+ ,7,) in (2.1). Then we have the
following results.

Lemma 5.1. Let B> cA™', ¢ > 0. Then o := AV/2BAY? > cI.
Proof. Taking = AY/?y with x # 0, it yields
0<z’(B—cA Nz = yTA%(B — cA_l)A%y = <(A%BA% - c[)y,y>.

The proof is complete. O

Lemma 5.2 (Spectral Norm Inequality). Let A > c¢I, ¢ > 0. Then the spectral norm
A7 < L.

Proof. Since

(A—cDz,z) =a"(A—cD)z >0, ((AT —cDz,z) =2 (A" —cl)z >0, Va#0.
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Using the classical Euclidean scalar product, it yields
0 < |(A—chz]* =2 (AT —cI)(A - cl)x
=27 (ATA — cAT — cA+ A1)z
=2 (ATA - AT — cAT — cA+ 22z, Y #0.
According to the above inequalities, we have
((ATA— Dz, 2) > (AT + A—2¢l)z,2) >0, Vz#0, (5.2)

which implies that the matrix AT A is symmetric positive definite. Let {u;}?; be an orthonor-
mal set of eigenvectors of ATA, i.e. AT Ap; = Mjp; with 0 < Ap < Ay < --- < \,. Thus, we

obtain
n n n
T AT Ao 2 T 2 _
At Ax = E i, T x= g c;, Vx= E Ci i -
i=1 i=1 i=1

From (5.2) and the above equations, there exists
((ATA—-A)z,z) =2T(ATA- Tz = zn:cf()\i —c?) >0, Vz#0,
i=1
which leads to A\; > ¢?. From (5.1), one has
p((ATA)™) =M< C% A7 <t

The proof is complete. O

Lemma 5.3. If the BDF3 discrete convolution kernels bfﬁ)k in (1.8) are positive definite, the

DOC kernels dgln_)k in (1.9) are also positive definite. For any real sequence {u*}7_,, it holds

that
k

n i . _
(Dp,py =Y p">"dP i >0, n>1.
k=1

j=1
Proof. Let p = (ut, 2, , )T € R". We can check
n k
B
ST AP = pT Dy = (Dp ), n>1
k=1 =1
with the matrix D in (1.11).

According to Lemma 3.5, we know that the matrix B is positive definite. Let Vu € R"™,
w# 0, it yields v = Bu # 0. Then we have

vIDv =vT'B v = y"BTB 1By = " BT u = (u, Bu) > 0.
The proof is complete. O
A discrete Gronwall’s inequality is needed in the following analysis.

Lemma 5.4 ([18]). Let A > 0 and the sequences {&,}h_, and {Vi}2_, be nonnegative. If

n—1 n
VoA mVi+ ) &, 1<n<N,
j=1 §=0

then it holds that

Vo Sexp(Mn-1) D &, 1<n<N.
=0
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5.1. Stability analysis

First, we show the L? norm stability analysis of the variable steps BDF3 scheme (1.7) for
the Allen-Cahn model (1.1).

Theorem 5.1. Let BDF3 kernels b;"_)k be defined in (1.8) with B > yA~! in (3.1). Then the
discrete solution u™ of BDFS3 scheme (1.7) is unconditionally stable in the L? norm

[€"]] < 2exp (4y™'etno1)[|€”]], n>1.

Proof. Let €™ be the solution perturbation €” = u"™ — u™ for 0 < n < N. The perturbed
equation is obtained

Dse! — A = f(u)) — f(W) = fiel, j>1, (5.3)
where
Fi=1- ) -l - @)
Note that the solution estimates in Lemma 4.1 and H' C L™, we have
[fillzee <1+ 1w + [0 || Lo |07 || o + (1317
<1+ llu? 170 + Al | a 1@ | g + W15
<1+ chel+cheid +cha’=¢ j>1, (5.4)

where |4/ 71 < €] is similar to Lemma 4.1. Multiplying both sides of (5.3) by the DOC kernels
k)

ko and summing j from 1 to k, we derive
k k k N
S dl D3 2> d Ad =S dP fid, k>1.
=1 =1 =1
According to (1.8) and (1.10), it yields

k k
SUERTES SED SANES SR ST CHIL O S
j=1 j=1
Hence, we have
ek — EQngi)jAej = Zd,(i)jfie], k>1.
j=1 j=1

Making the inner product of the above equality with €¥ and summing the derived equality from
k =1 to n, one obtains

n n k
Z( Tek k JrEQZZd(k) Ve, Ve ZZd fJeJ ) n > 1.

k=1 k=1 j=1 k=1j=1

For the first term on the left hand, we have
n 1 n
k k|12 _ ||k—1)2
D (Ve ) = 23 (IF17 = 1) =

k=1 k=1

(le™ [ = 11€]1%),

N~

where the inequality 2a(a — b) > a? — b? has been used.
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For the second term on the left hand, using Lemma 5.3, we obtain

n k
g2 Z Zd,(i)j (Vej,Vek) > 0.

k=1 j=1

From the above estimates, (1.11), Lemma 5.1, discrete Cauchy-Schwarz inequality and (3.1), it
yields

n k
[l — O <23 S d® (i, k)
k=1 j=1
:2/ ETDF.dx :2/<DF€,5>dx
Q Q
=2/ <B_1F€,5>dx:2/ (f TINFF A3 E)da
Q Q
§2/ |/ ~Y||A2 F|| A% €| da,
Q
where the matrix D is defined by (1.11) and
E=(e, e ,e”)T, F,. = (Eel,EGQ, i ,ﬁ?e")T.

According to Lemmas 5.1, 5.2, Cauchy-Schwarz inequality and (5.4), we get

el = eI < 27 [ A2E]Ade|do
Q

§271\// ]A§F€‘2dx\// |A3E [ de
Q Q

=271 /ZTk(ﬁ’fek)de /ZTk(Gk)2d$
Q=1 Q1

n n
<2y7'¢ ZTk(ek)Qd:c = 277152 mell€¥?, n > 1.
Q=1 k=1

Choosing some integer n1 (0 < n; < n) such that ||€"| = maxo<r<y, ||€¥||. Taking n := n; in

the above inequality, we get

n
leml < el + 2y e mllbll, 1.
k=1

Using the discrete Gronwall’s inequality in Lemma 5.4 and for sufficiently small step-sizes 7,
(namely, 2y~ter, < 1/2), we get

l[€"]] < 2exp (47~ etn_1) ||, n>1.

The proof is complete. O
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5.2. Convergence analysis

We are now at the stage to show the L? norm convergence analysis. We first consider the
consistency error of the variable steps BDF3 scheme (1.7).

Lemma 5.5. For the consistency error n := Dsu(t;) — dpu(t;) for j > 1, it holds that

t1 ta t1
1
0" S/ [ Oeuslldt, [In?(| < 272/ (| Oetrul| + 571/ (| Oetrul],
0 0

t1

. tj tj71 tj72
IIUJIISC<T]2 / |Ousrullde + 72 / 1Ol + 72 / ||atmu||dt>, iz3

tj71 tj72 tj73

Proof. For simplicity, denote

) tj . tj
G‘g,) :/ H@tttqut, Gi :/ Hattttquta j Z 1.

tj71 tj—l

For the cases of j =1 and j = 2, according to [7, Lemma 4.1], we have

t1
']l < / O dt,
0

1+ 2rs T9

2 < G2 Gl
”77 H =14y T2G3 2(1 +T2)T1 3
to 1 t1
< 27‘2/ |0eeuel| + —Tl/ |Ocer |-
t1 2 0

For the case of j > 3, by using the Taylor’s expansion formula, it yields

i _ bgj) _ b(()J)

tj
6 / (t — tj,l)gattttudt

ti—1
b(j) _ b(j) tj
+ 2 1 / (t — tj72)38ttttudt
6 .
b(j) tj
- 27 (t - tj,g)gattttudt.

tj—3

According to (1.5), the consistency error is bounded by

Il < C(0§ 3G — b7, Gt + 057,607

t; tj—1 ti-2
<c| / 1Orerulldt + 72, / |Oevul|dt + 77— / |9reeulldt )

tj—1 ti—o tj—3

The proof is complete. O

Theorem 5.2. Let u(t,) and u™ be the solution of (1.1) and the BDF3 scheme (1.7), respec-
tively. Then the following error estimate holds for 1 <n < N:
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[u(tn) = u"|

1 b 3 [f2 1 (b
<c | [ owildts [ owd +mrd [ 0w
0 ty 0

tr—1 th—2 tp—3

2
th—1 th—2
Z Tk <Tk / (| Orereuulldt + 77, / [Osereulldt + 77, / |5ttttu||df>

Proof. Let e" := u(t,) — u™ be the error function with ¢® = 0. From (1.1) and (1.7), we
have the following error equation:

Dse? — 2Ae? = f(ul) — f(u(t))) +17 = fled +07, j>1, (5.6)

where
2

fi=1— ) —vu(ty) — (u(ty))”, n’ = Dsult;) — dult).
The energy dissipation law (1.3) of the Allen-Cahn equation (1.1) shows that
E(u(tn)) < E(u(to)).

From the formulation (1.2), it is easy to check that ||u(¢,)||z: can be bounded by a time-
independent constant co. Note that the solution estimates in Lemma 4.1 and H' C L™, we
have

[fill oo < Tt 107 [ Zoe + [l | oo luty) | oo + [lulty) |7
< 1+ @l 7 + llw [ luty) e + e llult) 7
<14 Gt +cheica+ches i=c3, j>1. (5.7)

Multiplying both sides of (5.6) by the DOC kernels dgi) ;» and summing j from 1 to k, we derive
by applying the Eq. (5.5)

k
Veek =2y d Ael = Z At fiel + Z A, k>
=1 j=1

Making the inner product of the above equality with e® and summing the resulting equality
from k£ = 1 to n, there exists

(V- +5222d(k) Vel Vek) ZZd(k) flel e +ZZd(k)

1 k=1 j=1 k=1 j=1 k=1 j=1

M:

k

For the first term on the left hand, we have

n

n 1
S (Vreheh) 2 557 (leH2 — leh2) =

k=1 k=1

(eI = 11e11),

DN |

where the inequality 2a(a — b) > a? — b? has been used.
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For the second term on the left hand, using Lemma 5.3, we obtain
n k
233" dl (el vek) > 0.
k=1 j=1

From the above estimates, (1.11), Lemma 5.1, discrete Cauchy-Schwarz inequality and (3.1), it
yields

n k n k
n k S k .
len )2 — (0] <23 5" al (ried eF) + 233 d (P, )
k=1 j=1 k=1j=1
:2/ ETDFedx-i—Q/ ETDYdx
Q Q

:2/(DF6,E)dx+2/<DT,E)d:U
Q Q

:2/(3’1Fe,E>dx+2/(3’1T,E>dx
Q Q

:2/ <¢*1A%FS,A%E>d:c+2/ (/~'NZY, A% E)dx
Q Q

32/ y@leA%FeHA%E]de/ |/~ ||[ASY||A2 B|da,
Q Q
where
E:(elveQa"' aen)Tv Fe:(f5617f3627"'5f176n)T5 T:(U177727"'777H)T-
According to Lemmas 5.1, 5.2, Cauchy-Schwarz inequality and (5.7), we get

||e"|\2—||eol\2§27—1/ ‘A%FeHA%E‘dx-i-Qw_l/ |AZY||A% E|dx
Q Q

<297} <\/ |A2F,|"dx + \// |A%T\2d:c> \// A% B da
Q Q Q

=271 iTk(fjfek)deJr /Qiﬂc(nk)?dz /iTk(ek)Qd:c
k=1

Q5 Qg1

n n n
<2y7les Y melle P A2y | Do mllnkl2y | Do mllek]? n> 1
k=1 k=1 k=1

Taking some integer na (0 < ng < n) such that [|e"2|| = maxo<k<n [€¥||. Setting n := ny in the

above inequality, we get

n
le™ | < lle®ll + 27 es D mlle®| + 277"

n
Do mllntl2 >
k=1 k=1

Using the discrete Gronwall’s inequality in Lemma 5.4 and for sufficiently small step-sizes 7,

(namely, 2y~ tes, < 1/2), we get

n

Sl 2, 1

k=1

lle]| < 4y~ texp (4’}/716315”,1)

The desired result follows by Lemma 5.5. 0
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Remark 5.1. The corresponding theories can be extended to the high-dimensional case when
the general nonlinear function f(u) is Lipschitz continuous.

6. Numerical Examples

In this section, we provide some details on the numerical implementations and present
several numerical examples to confirm our theoretical statements. For the variable steps BDF3
scheme (1.7) for the Allen-Cahn equation, we perform a simple Newton-type iteration at each
time level with a tolerance 1070, We always choose the solution at the previous level as the
initial value of Newton iteration. In space, we discretize by the spectral collocation method at
Chebyshev-Gauss-Lobatto points [1, 20]

M, M, My
uf(z,y) = Zzuzfz(x)@(y)v li(z) = H T ;4’
i=0 j=0 g=0 """
J#i

where uf; = uj(z;,y;). Here, -1 =29 <21 < - <azpy, =land -1 =y <y1 < - <
yum, = 1 are nodes of Lobatto quadrature rules.

Example 6.1. We numerically verify the theoretical results including convergence orders in the
discrete L2-norm. In order to investigate the temporal convergence rate, we fix M, = M, = 20,
the spatial error is negligible since the spectral collocation method converges exponentially, see,
e.g. [20, Theorem 4.4].

The initial value and the forcing term are chosen such that the exact solution of Eq. (1.1) is

u(z,y,t) = (t* + 1) cos(rz) cos(my), —-1<z,y<1, 0<t<1
with the (inhomogeneous) periodic boundary conditions

u(=1,y,) = u(l,y,t) = —(t* + 1) cos(my),
u(z,—1,t) = u(z,1,t) = — (t* + 1) cos(rz).

Here, we consider two cases of the adjacent time-step ratios 7.
Case: rop =2for 1 <k < N/2 and rop—1 =1/2 for 2 < k < N/2.

Case II: The arbitrary meshes with random time-steps 7, = T'oy/S for 1 < k < N, where
S = chvzl oy and oy, € (0,1) are random numbers subject to the uniform distribution [7,18].

As observed in Table 6.1, the variable steps BDF3 scheme (1.7) achieves the third-order
accuracy even when the chosen step ratios are larger than expected requirement r, = 7, /7,—1 <
1.405. The same phenomena are also observed for variable steps BDF2 method in [16]. The
numerical experiments indicate that the BDF3 method is much more robust with respect to
the step-size variations than previous theoretical predictions. In fact, the improved condition
T = Tn/Tn—1 < 1.405 is still a sufficient conditions for third-order convergence, since it just
ensures the positive definiteness of the matrix B in (1.11) or the scaled matrix A in (2.2).
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Table 6.1: The discrete L?-norm errors and numerical convergence orders.

Case I
N e=0.1 Rate e =0.02 Rate maxrg | minrg
80 | 6.7445e-06 9.5503e-06 2 1/2
160 | 8.4200e-07 | 3.0018 | 1.1924e-06 | 3.0016 2 1/2
320 | 1.0518e-07 | 3.0009 | 1.4896e-07 | 3.0009 2 1/2
640 | 1.3142e-08 | 3.0007 | 1.8613e-08 | 3.0006 2 1/2
Case 11
N e=0.1 Rate e =0.02 Rate maxr, | minrg
80 | 9.3468e-06 1.3314e-05 48.8928 | 0.0121

160 | 1.1953e-06 | 2.9671 | 1.7255e-06 | 2.9478 | 76.0331 | 0.0121
320 | 1.6040e-07 | 2.8976 | 2.2458e-07 | 2.9418 | 76.0331 | 0.0061
640 | 1.9113e-08 | 3.0691 | 2.7307e-08 | 3.0399 | 76.0331 | 0.0061

Example 6.2. We next consider the Allen-Cahn model (1.1) with the diffusion coefficient
¢ = 0.02. The variable steps BDF3 scheme (1.7) is applied to simulate the merging of four
bubbles with an initial condition

(x—0.3)% +y2 - 0.22> - ((x +0.3)% +y2 — 0.22>

— _ tanh
Uo(zay) an < c c

X tanh (
€ €

2 —0.3)2-0.22 2 .3)2 —0.22
2+ (y—0.3)2-0 )tanh(:c +(y+0.3)*—-0 )
The computational domain is = (—1,1)? with M, = M, = 70. Here the (inhomogeneous)
periodic boundary conditions are

u(_17yat) = u(17yat) = _17
u(z,—1,t) =u(z, 1,t) = —1.

We use the arbitrary meshes with random time-steps 7, = Toy/S for 1 < k < N. Here
S = ij:l ok, T =100, N = 10000 and o, € (0,1) are random numbers subject to the uniform
distribution. The time evolution of the phase variable is summarized in Fig. 6.1. We observe
that the initial separated four bubbles gradually coalesce into a single bubble.

Example 6.3. We finally consider the coarsening dynamics of the Allen-Cahn model (1.1)
with the diffusion coefficient ¢ = 0.02. We choose a random initial condition ug(z,y) = —0.5 4+
rand(z,y). The computational domain is = (—1,1)? with the (inhomogeneous) periodic
boundary conditions

u(—1,y,t) = u(l,y,t) = —1,
u(z,—1,t) = u(z, 1,t) = —1.

We first investigate the effect of the arbitrary meshes with random time-step size on the
maximum norm and discrete energy. The numerical results are shown with 7' = 20, N = 20000,
M, = M, =5 in Fig. 6.2. We observe that the maximum values of the numerical solutions
are bounded by 1 and the discrete energy decays monotonically, which satisfied the maximum
bound principle [16] and energy decay for the Allen-Cahn equation.
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Fig. 6.1. Solution of the Allen-Cahn equation using the arbitrary meshes at ¢ = 0,10, 20, 40, 70, 100
(from left to right), respectively.
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Fig. 6.2. Illustration of the maximum bound principle and energy decay for Allen-Cahn equation, left

and right, respectively.
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Fig. 6.3. Solution of coarsening dynamics of the Allen-Cahn equation using the arbitrary meshes at
t =0, 10, 20, 40,70, 100 (from left to right), respectively.
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We finally investigate the coarsening dynamics of the Allen-Cahn model (1.1) by using the
arbitrary meshes with random time-step size until 7" = 100, N = 10000, M, = M, = 70. In
Fig. 6.3, we observe that the microstructure contains a large number of grains at t = 0. As time
evolves, the coarsening dynamics through migration of the phase boundaries, decomposition,
and merging procedure can be observed. Also, the number of grains becomes smaller with time.
It should be noted that we shall adopt an adaptive time-stepping strategy in [11,16] to choose
the time-step size for the above numerical experiments.
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