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Abstract

We consider a numerical algorithm for the two-dimensional time-harmonic elastic wave
scattering by unbounded rough surfaces with Dirichlet boundary condition. A Nystrém
method is proposed for the scattering problem based on the integral equation method.
Convergence of the Nystréom method is established with convergence rate depending on
the smoothness of the rough surfaces. In doing so, a crucial role is played by analyzing
the singularities of the kernels of the relevant boundary integral operators. Numerical
experiments are presented to demonstrate the effectiveness of the method.
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1. Introduction

We consider the two-dimensional time-harmonic elastic scattering problem for unbounded
rough surfaces with Dirichlet boundary condition. This kind of problem has attracted much
attention since it has a wide range of applications in diverse scientific areas such as seismology
and non-destructive testing.

Given the incident wave and the rough surface, the direct scattering problem is to deter-
mine the distribution of the scattered wave and develop an efficient algorithm to simulate the
scattered wave. The well-posedness of the acoustic scattering problems by unbounded rough
surfaces have been extensively studied via either a variational approach [5,8-10] or the integral
equation method [11,12,26,27,29] based on the classical Fredholm theory [15,22] or the gener-
alized Fredholm theory [13]. When applying the integral equation method, the direct scattering
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problem can be transformed to an equivalent second-kind integral equation with logarithmic
singular periodic kernels. One of the most efficient method for the numerical solution to this
kind of integral equation is the Nystrém method, which was first applied to the acoustic scat-
tering by sound-soft obstacles [14], and has been extended to acoustic scattering by sound-hard
obstacles [19]. Compared with the second-kind integral equation defined on a finite interval,
a non-trivial extension of the Nystrém method is the work [25], which has extended it to deal
with the second-kind integral equation defined on the real line. Thus, it enables us to obtain the
numerical solution of the acoustic scattering problems by unbounded rough surfaces, see [20,25]
for the sound-soft case and [21] for the penetrable case.

Although a large number of results have been obtained for the acoustic case, there are few
available results for elastic scattering by unbounded rough surfaces, especially for the computa-
tional aspect. The unique solvability of the elastic scattering by rough surfaces with Dirichlet
boundary conditions has been established in [2], while the existence result was given in [3]
using the boundary integral equation method (see also [1] for a comprehensive discussion). The
authors in [18] studied the well-posedness of the elastic scattering problem by unbounded rough
surfaces via the variational approach. Some numerical algorithms are proposed to solve elas-
tic scattering problems while the scatterers are bounded obstacles, such as boundary element
method [6,7], spectral algorithm [17,23] and Nystrom method [16,28]. However, to the best of
our knowledge, few numerical algorithms are presented for elastic wave scattering by unbounded
rough surfaces.

The purpose of this paper is to develop the Nystréom method for two-dimensional time-
harmonic elastic scattering problem for unbounded rough surfaces with Dirichlet boundary
condition. Our method is based on the integral equation formulations given in [1, 3], which
can be reduced to a class of integral equations on the real line. A crucial role of our method
is played by a thorough analysis on the singularities of the kernels in the relevant integral
equations, which involves the Green tensor for Navier equation in the half-space. By splitting
off the logarithmic singularity in the related kernels and using the asymptotic behaviour of
the Bessel functions, we obtain the convergence of the Nystrom method with convergence rate
depending on the smoothness of the rough surfaces. Several numerical examples are presented
to verify our theoretical results and show the effectiveness of our method.

The paper is organized as follows. In Section 2, we give a brief introduction to a mathe-
matical model of the scattering problem and present the existed well-posedness result using the
integral equation method. Section 3 is devoted to analyzing the singularities for the relevant
kernels included in the integral expression of the solution. In Section 4, we establish the con-
vergence of the Nystrom method. Numerical experiments are given to show the effectiveness of
the proposed method in Section 5. Finally, we give a conclusion in Section 6.

2. The Well-Posedness of the Scattering Problem

In this section, we present the existed results for the well-posedness of the two-dimensional
elastic wave scattering problem by unbounded rough surfaces. First, we introduce some nota-
tions and function spaces used throughout this paper. We will use bold lowercase letters to
denote all vectors and vector fields, and use bold capital letters to denote matrices or matrix
functions. For a vector a = (aj,as) ", we define at = (ag, —a;) " which is orthogonal to a, and
unless otherwise stated, we use |a| to denote its Euclidean norm. For any b € R, we define the
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half-space U, and its boundary I'y, as
Uy = {X€R2 :X2>b}, Iy = {XERQ:ngb}.

The notations J,, and Y,, are Bessel functions and Neumann functions of order n, respectively.
The linear combination

HY = J, +iY,

is known as the Hankel function of the first kind of order n. Finally, we introduce some function
spaces. For V'.C R™,m = 1,2, let BC(V) represent the set of bounded and continuous complex-
valued functions on V' under the norm ||¢||ec,v := supycy |@(x)|. We denote by BC™(R™) the
set of all functions whose derivatives up to order n are bounded and continuous on R™ with
the norm

lellmon@m) = max  max |07 0|, gn:

where @ = (a1, a9, ,am) and |af == 31" oy Let HY(V) and H'/2(0V) be the standard
Sobolev spaces for any open set V' C R™ provided the boundary of V' is smooth enough. The
notations HL (V) and H, 1/2 (V) stand for the set of functions which are elements of H'(V) and

loc loc

H'/? (V) for any V CC V, respectively. Here the notation ¥V CC V denotes that the closure
of V is a compact subset of V.

For theoretical analysis in Sections 2-4, without loss of generality, we assume that the rough
surface I" lies above the x;-axis and can be described as

I= {0, %2) € R 30 = f(x)}
where f € Bg?,)w with
B = {f € BO"®): | flseny e and it [(x) > o]

for some non-negative integer n, some constants ¢; > 0 and c¢o > 0. The whole space is
separated by I' into two unbounded half-spaces and the upper one is denoted by

Q.= {(Xl,XQ) eR?:x9 > f(xl)}
Throughout the paper, we set h € R such that h < infy,er f(x1). For y = (y1,y2) € Up, its

image under a reflection with respect to T'j, is defined by y’ := (y1,2h — y2). See Fig. 2.1 for
the problem geometry.

O \uinc /’LLSC

Fig. 2.1. Physical configuration of the scattering problem by a rough surface.
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Suppose an incoming field w'"¢ = (ul"¢, ui¢) is incident on the infinite surface I' from the
upper region €. Then the scattering of '™ by the infinite rough surface I' can be modelled by
the two-dimensional Navier equation

pAUC + A+ p)VV - + e =0 in Q, (2.1)

where u*® = (u§%, u§’) is the scattered field, w > 0 represents the angular frequency, and A
and g are the Lamé constants satisfying p > 0 and A + 2p > 0, which leads to that the
second-order partial differential operator A* := pA 4+ (A + pu)VV is strongly elliptic [24]. Let
u = u™ 4+ u® denote the total field consisting of the incident field and the scattered field.
Further, the Dirichlet boundary condition is imposed on I', that is

u’ = —u™ on I. (2.2)

Since the Navier equation (2.1) is imposed in the unbounded region (), an appropriate
radiation condition is needed for the considered scattering problem. To this end, we first
introduce the generalized stress vector P which is defined on a curve A € R? with v being the
unit normal on A. For a vector ¢, P is also a vector defined by

d¢

ey + Xl/divcp — wtdivte (2.3)

Py = (p+ 1)

with A, i € R satisfying A + i = A + g and

. 0 0
dlecp S SR » = (p1, 92

)T
6X2 6X1 ’ '

For a matrix M, PM is also a matrix whose element is defined by

(PM);, = (P(M;.)"),, 4 k=12

In this paper, the scattered wave is assumed to satisfy the following upwards propagating
radiation condition (UPRC) [3]:

u*’(x) = g Iy (x,y)p(y)ds(y), x€Un (2.4)

for some ¢ € [L>=(I'y)]? with H > sup, cp f(x1), where the kernel I1y (x,y) in (2.4) is a matrix
function given by
HH(Xay) = P(y)GH(Xay) (25)

with v in (2.5) being the upward unit normal on I'y; and Gy being the Green’s tensor of the
Navier equation (2.1) in Uy with Dirichlet boundary condition on I'g, which is given by

Gu(xy) =¥(xy) - ¥(xy)+Uxy), xy€cUn, x#y. (2.6)
Here, W is the Green’s tensor for the Navier equation (2.1) in free space R?, which is defined
by

1 1
¥(x,y) = ;‘P(X,y, tis) I + EVxVI (®(x,y, k) — R(x,y,Kp)), X,y ER® x#y (2.7)

with ¢ and K, being the shear and compressional wavenumbers defined by

1 1
Ks 1= CsW, Kp = CpWw, Cs:=p 2, cp:=(A+2u)77,
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and .
i
C(x,y, k) = Hy (klx —yl)

being the fundamental solution for the two-dimensional Helmholtz equation with Ho(l) to be the
Hankel function of the first kind of order 0. And U (x,y) in (2.6) is a matrix function defined by

i

U(X’y) = ) /[Mp(Ta Vpﬁs;X2,Y2) + MS(Ta 'Ypa75§X2ay2)]€7i(x17y1)7d7',
R
where
Tp = \/H%7T2a Vs = H§*T2,
and
75 Vps 7 X2,¥2) = ,
Y b TpYs T 72 TYp Vs _7-2'7p
eVs(x2ty2—2H) _ o i(vs(x2—H)+vp (y2—H)) 2y —Tyy
M M = S p/s )
S(T7 VP’WS’XQ’YQ) Tp Vs + 72 |: _73 77—2’7}3

With the aid of [3, Theorem 2.1], we have U (x,y) € [C™(Ux)NC (Ux)]?*2, which will be used
in the analysis on the convergence of the Nystrom method. We refer to [1,2] for more properties
of the UPRC, and its relation to the Rayleigh expansion radiation condition for diffraction
grating and the Kupradze’s radiation condition for the scattering by bounded obstacles.

To ensure the uniqueness of the scattering problem, we also need the following vertical
growth rate condition:

sup |xo|?|u(x)| < 0o for some S € R. (2.8)
xeQ

In summary, the scattering problem (2.1)-(2.4) and (2.8) can be described by the following

boundary value problem with g = —u"|r.

Dirichlet Problem (DP): Given g € [BC(I) N HY2(I)]2, find w € [C*(Q) N C(®Q)
NHL. (Q)]2 such that

1. »* is a solution of the Navier equation (2.1) in .

2 uSC

satisfies the Dirichlet boundary condition u®® = g on I
3. u®® satisfies the UPRC (2.4).
4. u™ satisfies the vertical growth rate condition (2.8).

The following uniqueness result has been proved in [2, Theorem 4.6] for the problem (DP).
Theorem 2.1 ([2, Theorem 4.6]). The problem (DP) has at most one solution.

The existence of the solution to the problem (DP) has been investigated in [3] by integral
equation method. The main idea is to seek for a solution in the form of a combined single- and
double-layer potential

() = / (I (x, y) — nGi(x, )] (¥)ds(y), x €, (2.9)
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where IT,,(x,y) is defined similar as IIy(x,y) in (2.4) with A < infx; € Rf(x;) and v being
the unit normal on T" pointing to , G (x,y) is defined similar as Gy (x,y) in (2.6), and for
simplicity, we will write II(x,y) and G(x,y) for I1,(x,y) and Gx(x,y), respectively, if there
is no misleading, ¥ € [BC(T") N Hllo/f (I")]? and 7 is a complex number satisfying Re(n) > 0.
Throughout this paper, to ensure that II(x,y) has a weak singularity while |x —y| — 0 for
x,y € I', p and \in (2.3) are chosen to be
. pA+p) 5 A p)A+20)

A+3p A+3u
Thus, it follows from [3, Theorems 2.6, 2.7, Lemma 2.8] that u*¢ given by (2.9) satisfies u*® €
[C2() N C(Q) N HL.(2)]%. By [3, Theorems 2.4, 3.2], it can be deduced that u*® given by
(2.9) satisfies the Navier equation (2.1) and the UPRC (2.4). Further, as a consequence of [3,
Theorems 2.1, 2.3], u given by (2.9) satisfies the vertical growth rate condition (2.8) with
B=-1/2.

According to the jump relations for elastic single- and double-layer potentials shown in [3,
Theorems 2.6, 2.7], it is easy to see that u* given by (2.9) is a solution to the problem (DP)

(2.10)

provided 1 is a solution to the following integral equation:

1 .
5900+ [ Mexy) ~ inGlx.y)| wly)ds(y) = g(x). x €T, (211)
which can be rewritten in the operator form
(I + Dr —inSr)p =2g on T, (2.12)

where Dr and St are the elastic double-layer and single-layer operators given by

(Drap) (x fz/nxy ds(y), x €T,

(Sry)(x 72/ny ds(y), =xeTl.
For x,y € I', we denote

X = X(S) = (Sa f(S)), y= y(t) = (t’ f(t))a "Z(t) = "/)(y(t))a g(s) = g(X(S)).

By changing the variables, we rewrite Dp and St as the following operators:

_2/H (V1 + f/(t)2dt, s€eR, (2.13)
_2/G 1+ f/(t)2dt, seR. (2.14)

Then the solvability of (2.12) in [BC(I)]? is equivalent to finding the solution 1 to the integral
equation

(I+D—inS) =2g (2.15)
in [BC(R)]?, which is given in the following theorem.

Theorem 2.2 ([3, Corollary 5.12, Theorem 5.13]). For any f € Bg?Cz, the integral oper-
ator I + D —inS : [BC(R)]> — [BC(R))? is bijective (and so boundedly invertible) with

< 0Q.

sup ||[(I+D —inS)~
fGB(Q)

€1,¢2

oy sipom:
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Thus, the integral equations (2.11) and (2.15) have exactly one solution for every f € Bg?CZ.
Moreover, we have
[uw*(x)] < Clx2 = h)?||gllocr, x€Q

for some constants C' > 0 depending only on Bg?C2 and w.

Remark 2.1. By Theorems 2.1 and 2.2, the problem (DP) has a unique solution.

3. The Singularity for the Kernel of D —inS

This section is devoted to analyzing the singularity of the boundary integral equation (2.15),
which will be used for the further investigation on the Nystrom method in Section 4. The main
idea is to write the kernel A(s,t) of the integral operator D — inS in (2.15) in the following
form:

1 _
A(s,t) = %B(s,t) In <4sin2 STt> + C(s,t), s, teR, s#t (3.1)

with smooth matrix functions B(s,t) € [Cf . (R*)]*** and C(s,t) € [BCy(R?)]**?, where
C§ (R?) and BCy'(R?) are defined as

C’&W(RQ) :={a(s,t) € BC"(R?) :a(s,t) =0 for |s —t| >},
BCS(RQ) = {a(s,t) € BC"(R?): lall pen @z) < oo}
with the norm

Wp(s,t)

" *Fa(s,t) H

lallpey @e) = sup 9750kt

+R<n
and the weight w,(s,t) := (1+|s—¢|)? for some p > 1, which are closed subspaces of BC™(R?).

According to (2.5), (2.6), (2.13) and (2.14), the operators D and S can be decomposed into
two parts as follows:

D =D, —-D;, S8=5 -5,

where
(D19)(s) = Q/RI'Il(x(s),y(t))'zZ(t)\/l @R, sER, (3.2)
(Dath)(s) 1= 2 /R 0, (x(s), y (1)) () /1 T F(0)2dt, sER, (3.3)

(51%(5) =2 /R \Il(x(s),y(t))'zz(t)\/l + f/(t)2dt, s € R, (3.4)

(820)(5)i=2 [ [¥(x(s).5/(0) - Ulx(s)¥(0)] b0V TT TP, s€&  (35)
with the components of IT; (x,y) and Iy(x,y) given by
i(x,y) == PY¥(x,y), Ta(xy):=PY(¥xy)-Uky)). (3.6)
Hence, the integral equation (2.15) can be rewritten as

[I + D1 - 17751 - (Dg - 17752)]’¢ = 2§ on R.

The remaining part of this section consists of three subsections, which focuses on the singularity
analysis of the kernels in the integral operators S1, D, and Dy — inS5, respectively.
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3.1. Separating the logarithmic part of S;

This subsection is devoted to separating the logarithmic part of the operator S;. We first
introduce some notations which will be used later. For x(s),y(t) € I, we define the distance
between x(s) and y(¢) as

r=r(s,t) = [x(s) —y(t)l,
and define the upward unit normal at x(s) and y(¢) as

f'(s) 1

T

V() = (1)) o) =~ ) = e
e t !

=" V2 ! 141 = T T T/ V2 = T 5"
V(t) - ( (t)a (t)) ’ (t) \/W, ( ) \/W

Then for convenience, we define the vectors I and I+ as

Us) =1+ f(s)w(s), 1(s)=V1+ ['(s)?v(s),
Ut) =1+ f(t)2u(t), 1) =1+ f/(t)2vh(1).

In terms of (2.7), a direct calculation shows that the Green’s tensor ¥ can be represented as

i maH{ (mr) = o HY (rpr)

T (x(s),y(t) = [iffél)(ms ) — e - I
i H2H2(1) RsT') — H2H2(1) RpT
e : )Tz ot { )J(X(S)—Y(t)), (3.7)

where I is the identity matrix and J(z) := zz' for z = (21, 22) . Thus, the operator S; can be
rewritten as

(&@@:AAww&waseR

with the element of the matrix A;(s,t) given by

Aq(s,t) = 2\Il(x(s), y(t)) V14 f()3.

Based on the singularity of Aj(s,t), we can separate the logarithmic part and decompose
Ai(s,t) as
Al(sv t) = Bl (Sa t) In |S - t| + Cl(sa t)v

where

By (s,t) = l{ [ — %Jo(lisr) + % FisJ1 (isT) — ’ﬁpjl(’ﬁpr):|I

™ T

1 K2 Jo(KsT) —2/£3J2(f€p7“) T (x(s) - y(t))}mv (3.8)

w? r

Ci(s,t) = Ai(s,t) — By(s,t)In|s —t|. (3.9)

To get the exact expressions of Bi(s,t) and Ci(s,t) while s = ¢ for numerical computation,
we need to introduce the definitions of Bessel functions .J,, and Neumann functions Y, (see [14,
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Egs. (3.97), (3.98)]), which are given by

e n+2p
Jn(r) == , 3.10
(r) Z (n —|—p ( ) ( )
n—1 n—2
2 T 1 (n=1-=p)! /2 P
e 3.11
——Z n+p =(5)" o+ o) (3.11)
forn=20,1,2,..., and r € (0,00). Here, Cg denotes Euler’s constant, and for n = 0 the finite

sum in (3.11) is set equal to zero, and the function ¢ is defined by

1
—, p=1,2,....
m

¢(0)=0 and o(p):= >

Let "
Lo(r) o= H(r) = = J(r) In(r)

for n = 0,1,2,..., then with the aid of H{"”(r) = Ju(r) 4+ i¥,(r) and (3.10)-(3.11), we can
derive the following limits:

}13% Lo(ksT) = a1, (3.12)

. Rs 2i 1 i

}gl%{flq(msr) + m} = 5,%2 (a1 — ;) ) (3.13)
L (ksr) — KpL 1 i

lim 1(s7) — KipLa (KpT) = Zay (041 _ i) , (3.14)

r—0 T 2 ™
k2La(kst) — K2 La(kpr) i 1 3i

. s S P p 2 o

ili%{ 2 + m = g()&g <Oq — %) y (315)
k3L3(ksr) — K3 L3(kpr)  2ia iov 1 11i

i s s P P 2 3 L - [ — 3.16

rlg%){ r3 + mrd * 42 8™\ M " 6n ) (3.16)

where the constants o, j = 1,2, 3,4, are defined by

i
ap =1+ ;(C’E —1n2), ag:=r2— n?,, ag =kt — Iig, ay = kS — ng.
With the help of (3.12)-(3.15), we can derive the diagonal terms
Bu(s.s) = 2 (2 + F) VIT TG (3.17)

+ S
+ ;_; iI—i(—lf/((s)))Q } L+ f/(s)?, (3.18)

2

where the constants o, j = 5,6, are defined by a5 := 2 — ¢ and ag == ¢ + ;.
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3.2. Separating the logarithmic part of D,

The purpose of this subsection is to separate the logarithmic part of the operator D;. Due
to (3.2), (3.6), (2.3) and (3.7), we can write D as

(D1 (s) = /R As(s,)P(0)dt, s €R.

Here, a direct calculation shows that the matrix As(s,t) is given by

ik HY () i w2ZH (ker) — k2HS (kpr)
_ 7 5 I

As(s,t) = (M+/7){ [—

2u r 202 r

kS HS (k) — w3 HS (pr)

20?2 r3

I (x(s)—y(t)) } [(s=t)f'(t)+ ()= f(5)]

i w2H (ker) — k2HS (kpr)

—(M‘Hj)ﬁ 3 M, (s, 1)
i mH (k) 21 k2HSY (ker) — k2HS (pr)
A 2 ) 2
1 r w r
Ii3H( ) KsT —H3H(1) KpT i H(l)
;2 s+ 43 ( ) p~3 ( P ) ]\4—2(S7 t) - ﬁi Kgs 1 (’is’r) M3(57 t)
2w r 2u r

with

Based on the singularity of As(s,t), we can separate the logarithmic part of As(s,t) as

AQ(Svt) = B?(Sa t) In |S - t| + C2(Sa t)v

where
~ 1 keJy(ksr 1 K2J2(ksr) — K2 Jo(Kpr
Bs(s,t) := (,U-i-,u){ l_ 1(Ks7) -— 2(Kst) _ p 2(Kp )] I
T r Tw r
1 K3J3(ksr) — K2 J3(Kpr)
p I (x(s) = y(0) ¢ [(s = () + () — £(5)]
1 K2Ja(ksr) — K2 Ja(KpT)
+(H+H)W 2 £ M, (s,1)
Ll 1 wsJi(mer) | 4 K2 Ja(ksr) — K3 Ja(Kpr)
T r Tw? r2
1 2, st) o ~ 1 ks S
_ mns 3(KsT) . KD 3(Hpr)]M2(s7t) +M_MM3(s,t), (3.19)

Cy(s,t) := Aa(s,t) — Ba(s,t)In]|s — ¢t|. (3.20)
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Similar to the previous subsection, we need to get the exact expressions of Ba(s,t) and Ca(s,t)
while s = t for numerical computation. Using Eqs. (3.13), (3.15) and (3.16), choosing 1 as in
(2.10) and by a direct but lengthy calculation we obtain the diagonal terms

Bs(s,s) =0, (3.21)

"(g ~ €L s
Cg(s,s)%%{{1+%0¢,]Io¢5(u+ﬁ)%}. (3.22)

3.3. The computation of Dy —inSs

Observing from (3.3), (3.5), and (3.6), the kernel of the integral operator Do —inSs is related
to ¥(x,y’) and U(x,y) with x = (s, f(s)) € I, y = (¢, f(t)) € T, and y’' = (¢,2h — f(t)). Due
to h < infy, er f(x1), it is readily seen that there is a positive distance between x and y’,
which leads to that ¥(x,y’) is smooth, and by [3, Theorem 2.1], we have U(x,y) € [C>(Ux) N
CH(Uy)]?*2. Tt follows from (3.3), (3.5), (3.6), (2.3), (2.7) and a direct but lengthy calculation
that the integral operator Dy — inS2 can be rewritten as integral on the real line, which reads

(D2~ 2] (5) = /R As(s,yp(D)dt, s €R,
where
As(s,t) = Ay(s,t) — As(s,t) (3.23)
with
Ay(s,t) = 2[P(Y)lIl(x,y/) — inlIl(x,y')} 14+ f/(t)?
=1 Ap + Ao + Ayz + Ay,
As(s,t) = 2[P(Y)U(x,y) —inU(x,y)]V/1+ f'(t)2

Here, Ay4j,j =1,2,3,4, are defined by

. (1) / . 2 77(1) ’ 2 r7(1) /
~ 1 KsHl (HST ) 1 Ry H2 (KST ) - HpHQ (’%pr )
Ay = LRt W)y, 1
n=(ut M){ [ 241 7/ + 22 72
. 3D ’ 3 (1) /
i koHg '(kst') — ko Hgy ' (Kpr')
9.2 - 73 = J(x(s) = ¥'(t))
x [(s = t)f'(t) + f(t) + f(s) — 2h]
. 2 77(1) / 2 r7(1) /
i kiHs ' (kst') — KoHs ' (Kpr')
+ ﬁ /2 L M4(Svt) 5
~ i HSHl(l)(FLST/) i HgHg(l)(HST/) — mf,Hél)(mpr’)
Ap=M|-g— 7+ 5 B Q
m r w r
. 3pr(D) / 3 77(1) /
i koHy ' (ksr') — KSH3  (Kpr') 9
+ 5 5 — 8 21t —8)2 — (f(t) + f(s) — 2h)° T $ M5(s, 1),

MS(S, t)

o[ Oty i s Gsr) — sy ()
43 = — [ *ﬂ r Jrﬁ /2
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3p7(1) 3 p7(1) /
i kiHy ' (kst') — kD H3 (Kpr')
- (s = 1)(F(s) + [() — 2h) M (s, ) o
1) / (1) ’
1 1 keH; (k) — kpHy 7 (Kpr
A44 = 77{ [EHél)(msrl) _ ﬁ 5771 ( s ) - pP~*1 ( P ) TI
(1) / 2 77(1) ’
1 K2Hy ' (ksr') — k2Hy ' (Kpr')
s TR (x(s) — ¥ () VT TP,

where 1’ = r/(s,t) := |x(s) —y'(t)| denotes the distance between x and y’, Q = diag(—1,1) and

M i (s.t) = (xx(s) y;cu))qjl (8) + (xi(5) = ¥ (8) auli(b),
M (s, 1) = (x<s> OIIGE

Mﬁ,]kst z[(s—t 24 (F(s) + f(t) = 2R)6,1 i (1),
M7 s, t X(S) )lL(t)T

with the vector ¢ = (—1,1) " and §;; being the Kronecker delta function satisfying d,, = 1 for
j=kand dj, =0 for j # k.

According to the above three subsections on the analysis of Sy, D1, and Dy — inSs, the
integral operator D — inS can be rewritten in the following form:

{( —inS)ep /A s, 1) (3.24)
with
A(s,t) = —inAi(s,t) + Aa(s,t) — As(s,t) :== B*(s,t)In|s — t| + C*(s, 1),
where B*(s,t) and C*(s,t) are
B*(s,t) :== —inBi(s,t) + Ba(s,t), (3.25)
C*(s,t) := —inC1(s,t) + Ca(s,t) — As(s,t). (3.26)

In order to employ the Nystrom method, we follow the ideas of [25, Theorem 2.1] and rewrite
the integral kernel A(s,t) in the form (3.1) with B(s,t) and C(s,t) given by

B(s,t) :=1B*(s,t)x(s — t), (3.27)
i —1)/2
Cls,t) i= B(s.t) | (1~ x(s — ) Infs — t] — x(s - ) In (%) PO st) (329)
s _
for s # t, where x € C§°(R) is a cut-off function defined by
L, ls| <1,
1 1 !
x(s) = 1+ exp 4+ — , l<|s] <,
m—|s|  1—|s
0, ™ <|s|.

Finally, with the help of (3.17), (3.18), (3.21), (3.22), (3.27) and (3.28), we obtain that

B(s,s) := w[—inBi(s, s) + Ba(s, s)],
C(s,s) :=—inCi(s,s) + Ca(s,s) — As(s, s).
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4. Convergence Analysis of the Nystrom Method

The goal of this section is to establish the convergence result of the Nystrom method for the
boundary integral equation (2.15). In views of (3.24), (2.15) can be rewritten in the following
form:

~ 1 [T —t ~ Foo ~ _

P(s) + 2—/ In (4 sin? ST> B(s,t)(t)dt + C(s,t)p(t)dt =2g(s), seR. (4.1)
T J—c0 —o0

To get the numerical solution of (4.1), we truncate the infinite interval (—oo, +00) into a finite in-

terval (—R, R), and choose an equidistant set of knots t; := —R+jn/N for j =0,1,...,2NR/.

If B(s,t) € Cf.(R?) and C(s,t) € BCJ(R?) for some p > 1 and some positive integer n, it

follows from [25] that the two integrals in (4.1) can be approximated by

1 fTee Lo 85—1 ~ N ~
e In (4 sin? T> B(s,t)(t)dt ~ ZRg. )(s)B(s,t;)(t;), s€R,
JEZ
+o0 - T -
| Clengtdt~ 5 Clo,tyybty), seR
JEZ
with the quadrature weights given by
™) 1[0 1 1
N Pp— . [ P .
Ry (s) = N L;l - cosm(s —t;) + 5N cos N(s —t;)
Therefore, an approximated form of (4.1) is
'zZN(s) + Za§-N)(s)'¢;N(tj) =2g(s), seR (4.2)

JEZ
with
m
oM (s) = B (5)B(s,15) + 1 Cls,1).

The remaining part of this section is to study the convergence result for Hibv - ibv Nl ®)2s
which is presented in the following theorem.

Theorem 4.1. Let [ € Bé?‘gf) and g € [BC™(R))? for some n € N and c1,co > 0. There
exists Ng € N such that (4.2) admits a uniquely determined numerical solution ¥y and

H¢ - "/)NH[LOO(]R)]Z 5 ]VianH[BC"(]R)]2
for N > Ny, where 1:5 is the unique solution of (2.15).

Proof. According to Theorem 2.2, the integral equation (2.15) has exactly one solution
¥ € [BC(R)]? for every g € [BC(R)]? and there exists Cp > 0 such that ||(I+D—inS)~| < Co.
Then by [25, Theorem 3.13], the statement of this theorem holds if B(s,t) € [C§ . (R?)]**? and
C(s,t) € [BC}(R?)]**2 for some p > 1. With the help of [25, Theorem 2.1], it is equivalent to
showing the following three conditions: For all j, k € N with j + k& < n, there exists constants
C > 0 and p > 1 such that
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9tk B* (s, 1)

C1. W‘SC, S,tGR, |S*t|§ﬂ',
dITkC* (s, 1)

C2. W’SC, S,teR, |S—t|§77',
0Ttk A(s,t) _

where B*(s,t) and C*(s,t) are defined by (3.25) and (3.26), respectively. Thus, it suffices to
show that C1-C3 hold.
For the condition C1, we recall that

B*(s,t) = —inBi(s,t) + Ba(s,t),

where Bj(s,t) and Ba(s,t) are defined by (3.8) and (3.19), respectively. By (3.10) and the
fact that J,(r) is analytic for all » € R, we obtain that J,(r)/r™ is also analytic for all r € R.
Since f € Béﬁtf), it follows from (3.8) and (3.19) that By (s,t) € [BC™(R?)]>*? and Ba(s,t) €
[BC™(R?)]?>*2, which implies that C1 holds.

For the condition C2, we recall that

C*(Svt> = 717701(570 + 02(55 t) - A3(Svt>a

where C(s,t), Ca(s,t), and As(s,t) are defined by (3.9), (3.20), and (3.23), respectively. To
prove this condition, we first introduce the following notations:

pn(k,ys,t) == HY (k1) — %JH(HT) In|s —t,
v (s,t) == %(nspl(ns,s,t) - Iippl(ﬂp,s,t)),
(s, 1) == K p2(ks, 5,1) — Kppa(kyp, 5, 1),
Ta(ot) = 1 [R5 3. ) — KSps (s 5. 1)]
(5,1) == 5 (s = 07'(0) + (1) ~ F(5),
F(r,5,t) =1+ %CE + %m%,

and

1 ya(s,t) 1 Ky
Zs(s,t) = —(,u—l—u)ﬁ 52 M (s,t) —METpl(ﬁs,s,t)M3(s,t)
~[ 1 kg 2i ya(s,t) i ys(s,t)
M (ks 1) — =250 L U (s,
+ [Q,urpl(’i 5:?) w? r? +2w2 72 2(s,1)

Using these notations and (3.26), (3.9) and (3.20), we can rewrite the elements of C*(s,t) as

C*(s,t) = —in { {ipo(ns,s,t) — 2%71(5,15)} I+ 2;—272(5,15)Z1(s,t)} 1+ f/(t)?

et =g e, ) + 5| T (e 210 feGeun)

+ ZQ(S, t) - Ag(s, ﬁ). (43)
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With the help of H\"(2) = J,.(2) + 1Y, (2) and (3.10)-(3.11), we obtain that

. +oo 1) g 2P
po(k,s,t) = F(k,s,t)Jo(kr) — 2 Z ) (—) o(p),

T ()2 N 2
HSTpl(K’S’ S’t) = F(HS,S,t)K,Sle(K,ST) o %
2 “+o0 _1) . 942
7?1 Op!Ep—i-)l)! (KQT " (60 + 1)+ 6(p)
=
v1(8,t) = ks F(Ks, 8, 1) ! (:ST) — kipF(Kp, 5,1) Jl(fpr)
[ e (—=1)? N2 oo bio
ez p=0 pl(p+ 1)! (5) (HSJF ' HPJF p) (¢(p) +¢(p+ 1))’

Ya(s,t) = K2 (s, 5,0) o) = Ky F (g, 5,0)Jarpr) — —aig

f_z p+2 ( )2+2p( ;1+2p7’i§+2p)(¢(p)+¢(p+2)),

v3(s,t) = (Ks, 8,1)J3(ksr) — IigTF(Hp, s,t)J3(kpr) — 02— s
. 4oo
r ST Ghop  Gi2p
- Z p+3 i (5) (R =) (00) + 0o+ 3
and
Zy(s,t) = 1Atn (s, )T + i{XM (s,t) — iM3(s, )}
219, - T L ) 2/1/ 219, HAVE3(S,

2 +oo

r o p:Op!(p—i— 1)!

— 2_002{(# + ﬁ)Ml(S,t) + 4XM2(Sat)}

. J:
X {mfF(ms,s,t)L(Hsr) — K2F (Kp, 5, 1) 2(p7)

r2 p r2

4 = pl(p+2)! \2

A My (s,t)

22 r

A+3
frr 2SS ()" (4 o04)

i X (1P ey 442 442
Ly DR (_) (K2F2P — k222P) ((p) + (p + 2))

X {HSF(FLS, 8,t)J3(ksr) — /ﬁf,F(mp, $,t)J3(kpr) — —

15

(4.4)

(4.5)

(4.6)

(4.8)

f_z p+3 ( )3+2p( SHP*’ing) (¢(p)+¢(p+3))}.

By a straightforward calculation and [4, Section 7.1.3], we have
r

s —

Z\(s,t) € [BC™(R*)]**2, £(s,t) € BC™(R?).

€ BC™(R?), 1+ f'(t)2 € BC"(R),
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Thus, using (4.4)-(4.8), we conclude that
po(k, 8,t) € BC™(R?), kgrpi(ks,s,t) € BC™(R?),
71 (s,t) € BC™(R?), v2(s,t) € BC™(R?), ~3(s,t) € BC™(R?).
By a careful observation from (4.9), we have Zs(s,t) € [BC™(R?)]**2. Since
As(s,t) = Au(s, ) — As(s, 1),

it follows from the smoothness of ¥(x,y’) and U(x,y) for x,y € Uy, that A3(s,t) is smooth.
These, together with (4.3), imply that C*(s,t) € [BC™(R?)]?*2. Thus, the condition C2 holds.

For the condition C3, it follows from [3, Theorem 2.1(c), Theorem 2.3(a)] that the elements
of G and IT satisfy

1+ (x2 = h)(y2 — )

. < 4.1
],rlil:a'fQ |G]k(X7 y)| ~ |)(1 _ y1|3/2 ? ( 0)
L+ (2 = h)(y2 = h)
. <
Jmax [js(x, y)[ S — (4.11)

for any x,y € Up with |x; —y;| > € > 0. Since the columns of G(-,y) and the columns of
II(-,y) are solutions to Navier equation in Up\{y} (see [3, Theorem 2.3(c)]), a direct application
of [1, Lemma 2.5] implies that the estimates (4.10) and (4.11) actually hold for partial derivatives
of G(x,y) and II(x,y) of any order. Note that A(s,t) is related to G(x,y), II(x,y) and their
derivatives, thus the condition C3 holds with p = 3/2 and C' > 0 only depends on ¢;. The
proof is complete. O

Remark 4.1. From the proof of Theorem 4.1, it easily follows that B(s,t) € Cf . (R?) and
C(s,t) € BO}R?) with p = 3/2 if f € BI'EY.

5. Numerical Results

The purpose of this section is to illustrate the feasibility of the Nystrom method by several
numerical examples. As presented in (2.6), the expression of Gy (x,y) involves the matrix
function U(x,y) which is smooth on the boundary I'. However, U(x,y) is given in terms of
an improper integral on the infinite interval which is difficult to compute numerically. Thus
in the numerical experiments, we replace Gy (x,y) arising in (2.11) by ¥(x,y) — ¥(x,y’) to
avoid the complicated computation of U(x,y). It is shown that the numerical experiments are
indeed satisfactory by using this replacement.

In the following examples, we assume that the Lamé constants A = 1,u = 1. For the
Nystrom method of the integral equation (4.1), we truncate the infinite interval (—oo,+00)
into a finite interval (=R, R). Setting s = ¢; for j = 0,1,2,...,2NR/7 in (4.2) gives a linear
system of equations which can be solved to obtain the density ibv ~, and then we can calculate the
solution ©* through (2.9). In each example, we compute the scattered field at random points
ziyt =1,...,Nbin the region [—2.5,2.5] x [0.5,1.5], where the number of random points Nb =
101. See the blue points in Fig. 5.1 for the geometry profile. To investigate the performance of
our algorithm, we will compute the following relative error:

_ {va:bl |use(z;) — uscyapp(zi)ﬂ
[Zﬁibl |usc(zi)|2} 1/2 ,

1/2
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1 5 " . . & ‘:' . -‘ 1 5 . v .7. . i 1 .5
1 . ;.: B, i 1 . ’-,: e % :..-. . 1 . i.' el ST
. & wme i L E = )
05 o et e i 05 , ' 05 ey o
0 OW 0’/\_’\
-0.5 - -0.5
-5 0 5 0'5-5 0 5 -5 0 5

(a) flat plane (b) periodic surface (c) rough surface

Fig. 5.1. The solid lines in (a)-(c) represent the profile of the scattering interface for Examples 5.1-5.3,
respectively, and the scattered field is computed on the blue random points in the region [—2.5,2.5] x
[0.5,1.5].

where u*“?PP(z;) denotes the approximate value of u*°(z;) which is computed by our Nystrom
method.

Example 5.1. We consider the elastic scattering by a planar f(x;) = 0 with an incident plane
wave. The profile of the flat surface is given in Fig. 5.1(a). In general, an elastic plane wave

inc

can be written as a linear combination of a compressional plane wave w

plane wave u"¢(x; @), that is

(x;0) and a shear

u™(x;0) = aup©(x; 0) + ful(x;0), «,B€C, (5.1)

where ull®(x;0) = 0e»*? and ul°(x;0) = 6Le"*? with 6 € S := {x € R? : [x| = 1}
being an incident direction. In this example, we choose & = (0, —1)". We consider the case
(o, B) = (1,1) in (5.1), then the corresponding incident wave is

uilnc(x) _ (_efikasxz, _efikapxz)T.

Since the rough surface is given by a planar f(x;) = 0, it is easily seen that the corresponding
scattered fields can be written explicitly as

wif(x) = (e, e T (5-2)

Table 5.1 presents the relative error E(u3°) for the case R = 10w, w = 10, h = —10 and the case
R = 20m,w = 10,h = —10, where R is the truncation index, w is the frequency, and h is the
index in (2.9). It can be seen from Table 5.1 that the relative error converges as N increases
and as expected, a larger R will lead to faster convergence.

Table 5.1: Relative error against N for Example 5.1 with a planar surface.

N R=10mr,w =10,h = —-10 | R = 20w, w = 10,h = —10
B(ut) E(ut)

16 0.0227189017 0.0143637141

32 0.0131962110 0.0081907240

64 0.0075534247 0.0045372560

128 0.0044238280 0.0024815277
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Example 5.2. We consider the elastic scattering by a periodic unbounded rough surface with
the periodic surface given by

f(x1) = 0.084 sin(0.67x7 ) + 0.084 sin(0.247x1 ) + 0.03 sin (1.57T(X1 — 1))
See the profile of this periodic surface in Fig. 5.1(b). The incident wave is chosen to be
ull(x) = ¥(x,2z)d (5.3)

with the point z = (0, —3) and the polarization direction d = (0.6,0.8)". Due to the fact that
the point z is below the surface T, it follows from the well-posedness of the problem (DP) that
the corresponding scattered field has the explicit expression

uy (x) =—-¥(x,z)d, xe€. (5.4)

Table 5.2 presents the relative error E(u®) against N for the case R = 20m,w = 5,h = —10
and the case R = 20w, w = 10, h = —10. It can be observed from Table 5.2 that the Nystrom
method can provide satisfactory numerical results for the considered two cases, and compared
with the low frequency w = 5, the convergence is slower at the high frequency w = 10.

Table 5.2: Relative error against N for Example 5.2 with a periodic surface.

N | B=20mw=5h=-10 | R=20rmw=10h=-10
BE(uy’) E(uy)

16 0.0011482973 0.0033226157

32 0.0006254735 0.0017469835

64 0.0003292870 0.0009710596

128 0.0001721390 0.0005278299

Example 5.3. We consider the elastic scattering by a non-periodic unbounded rough surface
given by
f(x1) = 0.1cos (0.1x%)efsin(xl)_

See the profile of this rough surface in Fig. 5.1(c). We choose the same incident wave ul'¢(x)
as in (5.3). Similar as in Example 5.2, the corresponding scattered field u$° has the form (5.4).
Table 5.3 presents the relative error E(uf’) against N for the case R = 20w, w = 5,h = —10
and the case R = 207w, w = 5, h = —50. As shown in Table 5.3, the relative error converges as
N increases and the case h = —10 can provide faster convergence than the case h = —50.

Table 5.3: Relative error against N for Example 5.3 with a non-periodic surface.

N R=20r,w=5h=—-10 | R=20m,w=>5h=—-50
E(uz) By

16 0.0012602860 0.0021020358

32 0.0006790257 0.0011670703

64 0.0003618276 0.0006383604

128 0.0001863967 0.0003486776
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6. Conclusion

In this paper, we present a Nystrom method for the two-dimensional time-harmonic elas-
tic scattering by unbounded rough surfaces with Dirichlet boundary condition. With the aid
of the ascending series expansions of the Bessel functions, we analyze the singularities of the
relevant integral kernels. Based on this, we obtain the superalgebraic convergence rate of the
Nystrom method depending on the smoothness of the rough surfaces. Several numerical ex-
amples demonstrate that the numerical solution converges when the number of quadrature
points N on the rough surface increases, and the convergence speed is related to the step
length 7/N, the truncation index R, the frequency w, and the index h. It should be pointed
out that the numerical results presented in Tables 5.1-5.3 do not fully support the superalge-
braic convergence established in Theorem 4.1. We think a possible reason is the existence of
truncation error and machine accuracy. A possible continuation is to extend the present work
to the case of impedance boundary condition or the case of penetrable interface, which will be
our future work.
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