Journal of Computational Mathematics http://www.global-sci.org/jcm
Vol.xx, No.x, 2023, 1-28. doi:10.4208/jcm.2305-m2022-0268

WONG-ZAKAI APPROXIMATIONS FOR STOCHASTIC
VOLTERRA EQUATIONS®

Jie Xu?
College of Mathematics and Information Science, Henan Normal University,
Xinxiang 453007, China
Email: zujiescu@163.com
Mingbo Zhang
School of Statistics and Research Center of Applied Statistics, Jiangri University of Finance
and Economics, Nanchang 330013, China
Email: zhangmb@mail?2.sysu.edu.cn

Abstract
In this paper, we shall prove a Wong-Zakai approximation for stochastic Volterra equa-
tions under appropriate assumptions. We may apply it to a class of stochastic differential
equations with the kernel of fractional Brownian motion with Hurst parameter H € (1/2,1)
and subfractional Brownian motion with Hurst parameter H € (1/2,1). As far as we know,
this is the first result on stochastic Volterra equations in this topic.
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1. Introduction and Main Results

Consider the following stochastic Volterra equations:
t t
Xy =¢ +/ b(t, s, Xs)ds +/ o(t,s, Xs)dWs, (1.1)
0 0

where ¢ € R and b: Ry x Ry x RY — R4 5 : Ry x Ry x RY — R¥*™ are Borel measurable
functions, and {W;}i>0 is an m-dimensional standard Brownian motion defined on a filtered
probability space (Q,.Z, (), P). Here the stochastic integral is the usual Itd’s integral.

Stochastic Volterra equations arise in many applications such as mathematical finance, bi-
ology, etc. There is a big amount of literature devoted to the study of stochastic Volterra
equations. Let us mention a few of them. When the coefficients o(t, s, x) and b(t, s, z) are
Lipschitz continuous in x and uniformly with respect to t, s, the existence and uniqueness of
the strong solutions to Eq. (1.1) were first studied by Berger and Mizel [6,7]. Later, the exis-
tence and uniqueness as well as the continuity of the solution to stochastic Volterra equations
with singular kernels and non-Lipschitz coefficients were considered in [42]. Meanwhile, Eu-
ler schemes and large deviations for stochastic Volterra equations with singular kernels were
established by Zhang [49].

Note that an important task in applications is to realize stochastic differential equations
(abbreviated SDES) on computers, that is, to construct a discretized approximation. The
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Wong-Zakai approximation of SDEs (a.s. or in mean square) by random differential equations is
considered by Wong-Zakai [43,44], Ikeda-Watanabe [23], Karatzas-Shreve [25]. It is well known
that if we replace the Brownian motion in SDEs by some smooth approximations (such as linear
interpolation, mollifier, etc.), then the solution of the approximating equation converges (a.s.
or ¢.s. or in mean square) to the Stratonovich form of the original equation (e.g. [2,3,5,9,15,
18-22,27,31,34-41,45-48,50)).

However, to the best of our knowledge, the Wong-Zakai approximation for stochastic Vol-
terra equations has not been established. It is natural to ask whether the Wong-Zakai continues
to hold for stochastic Volterra equations. We remark that the stochastic Volterra equations is
in fact an anticipating SDEs, which is much difficult to study. Since the solution of stochastic
Volterra equations is neither Markovian, nor a semimartingale, It6’s formula usually used in
the studies of SDEs is not available in this case. In this paper, we shall prove the Wong-Zakai
approximation for stochastic Volterra equations, which is first paper to study the problem.

Here and below, C' will denote a positive constant that is not depending on n and may have
different values from one place to another one. For simplicity, we use | - | to denote both the
Euclidean norm for a vector in R? and the Hilbert-Schmidt norm for a matrix in R4*™.

In the present paper, we shall restrict our discussion to time interval [0,1] and make the
following assumptions:

(H1) The function b(¢, s, z) is differentiable with respect to the first variable, and the function
o(t, s, z) is differentiable with respect to the first and the third variable. Also there are binary
functions g;(t,$)>0,i =1,2,3,4, and A1, A2€(0,1/2) such that for any ¢,s € [0,1],0<u<v<1
and z € R,

[b1(t, s, 2)| + |o1(t, s,2)| + |o13(t, s, )| + |os1(L, s, z)| < Cgi(t, s), (1.2)
[b(t, s,2)| < Cga(t, s)(1 +|z|™), (1.3)
lo(t,s,x)| < Cgs(t,s)(1+ |z|*?), (1.4)
los(t, s, )| < Cygalt,s), (1.5)

(1.6)

Ul(u, S,ZC) < 0'1('1), S,ZC),

where

1 1
sup / g1(t,s)ds < oo,  sup / lgj(t,s)|Pds < o0, j=2,3,4, Vp>1,
0<t<1.Jo o<t<1Jo

and g;(r,s) < g;(t,s),7 =2,3,4for any 0 < s <r <t <1. bi(t,s,z) represents the partial
derivative of b(t,s,z) with respect to the first variable. o1(t,s,z) and o3(t, s,x) represent
the partial derivatives of o(t,s,x) with respect to the first variable and the third variable
respectively. o;;(t, s, ) means that o(t, s, x) first seeks a partial derivative of the ¢-th variable,
and then seeks a partial derivative of the j-th variable, where i,j = 1,3, and i # j.

(H2) For all t,#',s € [0,1] and x € RY,

b(t',s,2) = b(t, s, 2)| < Fi(t', ¢, ), (1.7)
lo(t's,x) — o(t,s,x)|* < Fy(t,t,s), (1.8)
los(t's,x) — o3(t, s, z)|> < F3(t', t, ), (1.9)
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where F;(t',t,s),i = 1,2,3, are nonnegative functions on [0,1] x [0,1] x [0,1], and satisfy for
some 7y > 1,

tvt’
/ [FL(t' t,s)+ Fa(t' t,s) + F3(t',t,s)]ds < C|t — /. (1.10)
0
(H3) For all t,s € [0,1] and z,y € R?,

|b(tﬂ5;z)7b(tﬂ5;y)| S hl(tﬂ 5)|1‘7y|7 (111)
|U3(t757$)70—3(t555y)| < h?(tﬂ S>|z7y|7 (112>

where h;(t,s),i = 1,2, are nonnegative functions on [0, 1] x [0, 1], and satisfy

1
sup / [T (t,s) + h*(t,s)]ds < C (1.13)
0<t<1Jo

for some 7; > 1, i = 1,2. Moreover, we assume that h;(r,s) <h;(t,s) forany 0 < s <r <¢ <1,
7 =1,2.

(H4) For allt € [0,1] and = € R?,

b(t,t,x) =o(t,t,x) = o3(t,t,x) = 0. (1.14)

In what follows, we consider the particular partition
A, 0<l/n<--<j/m<(+l/n<---<1, A,,;=0/n(+1)/n],
and the linear interpolation
Wit = (nt = j)W(Apnj) + Wi, j/n<t<(G+1)/n,

where

WA, ;) =W —W;, n>1L1

The Wong-Zakai approximation { X/ }o<:<1 associated with Eq. (1.1) is defined by
t t
X = §+/ b(t,s, X2)ds +/ o(t,s, X})dW, tel0,1], (1.15)
0 0

where the second integral is to be understood in the Lebesgue-Stieltjies sense.

In order to prove the convergence of X" to X;, we need the following additional assumptions:

(H5) For all s € [0,t,] C[0,1] and » € RY,

sup sup [n(/ a(s,r,x)dr—/ a(sn,r,x)dr>
s€[0,t,] TERY 0 0

2

— (ns— Lnsj)/osol(s,u,x)du} < n% (1.16)

where ¢ > 0,5, := |ns|/n,s} = (|ns] +1)/n, and |a] denotes the integer part of a real
number a.
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Remark 1.1. Under (H1)-(H3), it is easy to derive that there exists a unique continuous
adapted solution X; to Eq. (1.15) by similarly the proof of Wang [42]. (H2) and (H3) are called
regularity conditions, which play an important role in proving the conclusion of this paper.

Remark 1.2. g;(t,s),j = 1,4, in (H1) and F;(¢,t,s),: = 1,2,3, in (H2) are not relaxed to
g;(t,s)(1 + |z|?) and F;(t',t,s)(1 + |z|?) with ¢,p € (0,1], respectively. The reason is that
there are some technical difficulties in the proof of this paper. This point is determined by the
characteristics of stochastic Volterra equations.

Remark 1.3. In Sections 4 and 5, we give two examples which satisfy (H1)-(H5).

Remark 1.4. In the paper, we introduce the hypothesis (H5) to deal with the &), 1(t) (see
(3.25) below). At first glance, this hypothesis in this paper is very strange, but through the
two examples given in Sections 4 and 5, we show that this hypothesis is reasonable.

The main purposes in this paper is devoted to proving that

Theorem 1.1. Under (H1)-(H5), we have

lim sup E|X; — X;|* =0, (1.17)

n—00 <<
where X and X[* are the solutions of Egs. (1.1) and (1.15), respectively.

The main proof of this paper is an operation of pure algebra, that does not appeal to Itd’s
formula. The reason is that the coefficients of stochastic Volterra equations contain the time ¢.
This point is different from most existing results. The proof of Theorem 1.1 requires a few
propositions and lemmas which we give below. The proof is involved and delicate. We need to
complete the squares in last stage of the proof. Therefore we have to be very careful with the
each term in the estimates.

Remark 1.5. Because we assume that g;(r,s) < gi(t,s),i = 2,3,4, and h;(r,s) < h;(t,s),
j=1,2, hold for any 0 < s < r < ¢ <1in (H1) and (H3), we can get (1.17). If we remove
these, it is easy to obtain the following result:

lim E|X]' - X,|° =0, Vielo,1],

n—o0

which is weaker than (1.17). This point can be seen by using Gronwall’s inequality for (3.29).

Although the Wong-Zakai approximation for SDEs has been proposed and studied for more
than fifty years, the boundedness of the derivative of diffusion coefficient with respect to its time
variable and the boundedness of the derivative of diffusion coefficient with respect to its space
variable have been always restrictive assumptions to derive the strong convergence of Wong-
Zakai approximations for SDEs. The boundedness assumption in this article is relaxed to two
integrable functions and the strong convergence of Wong-Zakai approximations for stochastic
Volterra equations without the boundedness of the derivatives of diffusion coefficient with re-
spect to its time and space variables is proposed. In other words, the first contribution of this
paper is to prove the strong convergence of Wong-Zakai approximations for stochastic Volterra
equations without the boundedness of the derivatives of diffusion coefficient with respect to its
time and space variables, and may apply it with a class of SDEs with the kernel of fractional
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Brownian motion with Hurst parameter H € (1/2,1) and subfractional Brownian motion with
Hurst parameter H € (1/2,1).

On the other hand, if the stochastic integral with respect to Brownian motion in Wong-Zakai
approximations theory of the classical SDEs is an It6 integral, then the corresponding corrected
term is 0’0 /2 which is well known. However, although the stochastic integral with respect to
Brownian motion in the stochastic Volterra equation is an Itd integral, its corrected term is
unclear, which is different from the classical case. The correction term in this paper is zero,
which is very important and nontrivial to prove the result of this paper. If the correction term
in this paper is nonzero, then the nonzero correction term can not be offset by other terms,
or treated by classical methods or coped by estimating other terms approaches. Moreover,
we can not get the Wong-Zakai approximation of stochastic Volterra equation. This is why
the correction term in this article is zero. This point is essentially different from the result of
existence and is seen by two examples below. As far as we know, it seems that this is the main
reason why the problem of the Wong-Zakai approximation of stochastic Volterra equation has
not been solved so far. This is the second contribution of this paper. In Sections 4 and 5 of
this paper, two examples are given to show that the hypothesises can be verified.

Remark 1.6. The correction term ¢’c/2 is zero in this paper. It should be pointed out that
in the particular case of classical Ito SDEs

¢ ¢
X :£+/ b(s,Xs)ds—i—/ o(s, Xs)dW;
0 0
this is a consequence of (1.14) from (H4).

Note that LP (p > 2) convergence rate for Wong-Zakai approximations of other types SDEs
(for example, Reflection SDEs, BSDEs) can be presented. The reason is that their proofs rely
on the classical stochastic analysis tools, for example, It6’s formula. However, we can not use
this in the paper. To get the convergence, we employ a dense result. It is the fact that we
only know the convergence of the dense result, but not the convergence rate. This is a very
important reason why we can not give the convergence rate in this paper. In addition, since
some estimates are not available (e.g. (2.2) for L? (p > 2) case), we can not prove L (p > 2)
convergence in this paper. It seems that this paper can only get an L? convergence, but not
propose a convergence rate.

Finally we hope to apply our results to obtain the support theorem of stochastic Volterra
equations and also to get Wong-Zakai approximations and support theorems of stochastic
Volterra equations in Banach space. We like to leave this study in a forthcoming paper given
the length 20 of the current article. For the sake of simplicity, we assume d = m = 1 in the
proof. The multidimensional proof process is similar to this.

This paper is organized as follows. In Section 2, we prepare some necessary propositions
and lemmas for later use. In Section 3, we prove our main result. In Sections 4 and 5, we apply
our result to SDEs with the kernels of fractional Brownian motion with Hurst parameter H €
(1/2,1), and subfractional Brownian motion with Hurst parameter H € (1/2,1), respectively.
In Appendixes A and B, (H1)-(H5) are verified for the kernel associated to fractional Brownian
motion and subfractional Brownian motion, separately.

2. Preliminaries

In this section, we will present some propositions and lemmas.
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Proposition 2.1. Under (H1)-(H3), Eq. (1.1) has a unique strong solution {X:}o<i<1 such
that

sup E|X;|P < oo, (2.1)
0<t<1

where p > 2.

Proof. Similar to the proof of Wang [42], it is easy to derive that there exists a unique strong
solution Xy to Eq. (1.1). Set

Tr, = inf{t > 0,|X:| > k1}, k1 eN

If this inequality (2.1) holds for the process X, A, let k1 — oo, by Fatou’s lemma it follows
that this inequality (2.1) also holds for X;. So we might as well suppose that X; is bounded.
Moreover, by (1.3), (1.4), Holder’s inequality, Young’s inequality and moment inequality [28,

]p
Tt P ¢

<C+C sup E / |b(t,s,Xs)|ds} + C sup EH/ o(t, s, Xs)dW;
LJo 0

0<t<u 0<t<u

Theorem 7.1], we have for any u € [0, 1],

-t t
E|X,P<C+C sup E / [b(t, s, Xs)|ds + ’/ o(t, s, Xs)dWs
LJo 0

0<t<u

‘

0<t<u 0<t<u

-t t
<C+C sup E / |b(t,s,Xs)|pds} + C sup E[/ |O‘(t,S,XS)|pd8:|
LJo 0

t

SO+ sw / [95(2,5) + g5 (£ )] E(1 + | X[ + | X[ ds
0<t<u JO

<O+ c/ (08 (u, 5) + g2 (u, 5)] (1 + E| X, [?)ds.
0

Put
f(u) :=E|X,|P.
Then u
fu) <C+ C/ (95 (u, s) + g5 (u, s)] f(s)ds,
0
which, by Gronwall’s inequality (cf. [16, Theorem 16]), means that (2.1) holds. O

The following proposition shows that the Wong-Zakai approximations are well defined.

Proposition 2.2. Under the assumptions (H1)-(H5), for each n € N the Eq. (1.15) has a
unique solution { X7 Yo<i<1 such that

sup sup E’Xff < 0. (2.2)
neN0<t<1

Proof. The proof of existence and uniqueness can be established by the standard Picard
approximations (see [42] for the stochastic case). Set

Thy = inf {t > 0,|X]| > ka}, ko €N

If this inequality (2.2) holds for the process ka2 Aps let ko — 00, by Fatou’s lemma it derives
from this inequality (2.2) also holds for X*. So we can suppose that X{* is bounded.
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Note that
t tn t
/ (5, X7)dWT = / o(t, s, XT) WD + / oty s, XT)AW? =: Lo (1) + Ma(t).  (2.3)
0 0 tn
For L, (t), by Newton-Leibniz formula, (1.14) and (1.15), we have
|nt]—1 i+l
L,(t) =n Z W(A,,;) o(t,s,X2)ds
3=0 w
|nt]—1 i+l s
=n Z W(An])/ {a(t,s,XZ) +/_ 0’3(t,S,X;l)
j=0 w " 0
X [/ Ul(u,r,Xf)dWTnnL/ bl(u,T,Xf)dT}du}d
0 0
=: Ln,l(t) + Ln,g(t) + Ln,3(f), (24)
where
|nt]—1 it1
=n YW (t s,Xz)d
=0 "’
[nt]—1 FES R u
Z W(A,,; / / O'g(t,S,X,g)</ o1 (u,T,Xf)dWT")duds,
1 0

I_’mfj 1 s u
L,s(t)=n W(A,,; / / 3(t,s,XZf)</ bl(u,T,Xf)dT)duds.
Jj= 0 0
For L, 1(t), by the independence of the increments of the Brownian motion, the Cauchy-Schwarz

inequality, Fubini’s theorem and (1.4), we have

[nt]—1 it 2
E|Ly 1(t) n? Z E|W?(A Ay, ) O'(t,S,XE)dS ]
Lntjfl it 2
=n? Z EW?(A, ;)E [/ ! U(t,s,Xz)dsl
§=0 B
gzt g ) i
<n j;) E /ZL ‘U(t,s,X%)‘ ds/] lds]
lnt] -1 e 2
=S w7 o) ds]
§=0 0 "
t
< C/ G2t s)E(1+ | X7 [**)ds (2.5)
0
Observe that
Lna(t) = Li5(6) + Ly (1), (2.6)
where
|nt]—1 g
L(l) *RZW n]/ / JgtsX </n01(urX)de>duds,
’ 0
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|nt]—1

it u
L(2) )=n Z W(A,; / / 03 t S, X (/J Jdu,r,Xf)de) duds.

For Lf}é(t), by the Cauchy-Schwarz inequality, Fubini’s theorem, the property of gi(u,r), the
independence of the increments of the Brownian motion, (1.2) and (1.5), we have

2

n.j / / os(t, s, X]) ( o1 (u,r, X! )dW;’)duds]
. 2

n.j / / (t,s,X7) ( (w,r, X )dWT")duds]

B[ Ly ()]
Lntj 1
=n’E

Lntj -1

n3ZIE

LntJ 1 2
< Cn? Z E|W(A,,; / / ga(t,s) / dr duds ]
I_ntJ 1 n
=Cn3 Z EW2 Ay ;) l/ / ga(t, s) / dr duds]
3=0
|nt]—1 L g 2 J+1
o dw o
< Cn? j;o El[ </J ga(t, s) /0 g1 (u, 1) P dr du> ds/j ldsl
Int]—1 i+l i 2
VA | awn
<Cn E| [ ( ‘ gi(t,s)du) (/ / g1(u,r) d du)ds}
j=0 0 0 w 170
[nt]-17T i+l s s FA 2
: 4 awn
<Cn / (/ ga(t, s)du) / E/ g1(u,r) dr| du |ds
=IEE RS £ 1o dr
Int]—1 7 ,.i+1 , . s o3 i 2 2 awr
5 ) w o
<Cn 2 L </J 93 (t, s)du>< J'/o /0 Zl;[l u, ;) (H a, drldrgdu> ]
[nt]—-1 77 i+l s s 1 p1 2 2\ 3
" dW 7 2
<Cn / </ g3(t, s)du>< / / Hgl(u,n) <IE' & > drﬂu)ds]
— i i i Jo Jo dr;
=0 LY ™m n n =1
[nt]—1 [ ,it1 s s 1 2\ = 2
: awr 2\ 2
<Cn / </ gi(t, s)du>< {/ g1(u,r) <E‘ = > dr} du)ds]
- i i i LJo dr
]:0 L n n
-1 .itt s s ni2 1 2
<Cn / (/ ga(t, s)du) sup E’ - [/ gl(u,r)dr] du |ds
il [ i io<r<y | dr 0
Int]—1T % s s n 12 1 2
<Cn / (/ ga(t, s)du) sup E’ ~| sup [/ gl(u,r)dr} du |ds
par S i i 0<r<1 T | o<u<1 LJo
Int]—1 7 4+1 s s
<Cn /J </ g3(t, s)du> </J ndu>ds]
Jj=0 L"mn n n

1
< C sup / gi(t, s)ds < oc. (2.7)
0



Wong-Zakai Approximations for Stochastic Volterra Equations 9
For Lgﬁé(t), by (1.2), (1.5), the Cauchy-Schwarz inequality, and property of g1 (u,r), it is easy

to derive that
|nt]—1

2
E’L@) —n4El Z W2(A,, / / 03 t s, X (/ al(u,r,Xf)dr)duds]
[nt]—1 ]+1 2
Z W2(A,, / / ga(t, s (/ g1(u, T)dr>duds]
J

[nt]—1 9
n’ I / / (t, / dr ) dud

Z ga(t, s) jgl(UT)T uds
/ tS// glurdrduds
it

\_ntj 1
0= 1 2
/ ga(t, s)ds {sup / gl(u,r)dr}
L 0<u<1Jo

3
1
< C sup / gi(t, s)ds < oo. (2.8)
0

< Cn*E

4
W (An,;

o2

Jj=0

Lntjfl
0<t<1
By (2.6)-(2.8), we have
E|L,2t)*<C, 0<t<1. (2.9)

For L, 3(t), by (1.2), (1.5) and the Cauchy-Schwarz inequality, we have

|nt]—1

J+1 w 2
E|Ly, 3(t) nQEl Z W(A,,; / / t s, X </ bl(u,T,Xf)dT)duds]
0
\_ntj 1 2
n.j |/ / ga(t,s) ( murdr)duds]
0
2
/ /g4t8( glurdr)duds 1
0
\_ntj 1 it

1 2
n3 Z n3/1 ga(t, s)ds [oiligl/o gl(u,r)dr}

1
< ¢ sup / gi(t,s)ds < ¢ < 00. (2.10)
N o<t<1Jo n

< Cn’E

Jj= O
Lntj 1

ZIE

2
W=(A,,;

By (2.4), (2.5)-(2.10) and Young’s inequality, we get
B <O+ [ it e (1+ X0 ) as

§C+/ gt )E| X2 |*ds, 0<t<1. (2.11)
0

For M,(t), by (1.5), (2.3), Fubini’s theorem, Young’s inequality and the Cauchy-Schwarz in-
equality, we have for any a > 1 and 0 < a)s < 1,

2
E|M, (t)| ‘/ (t,s, X2)dW
tn
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: 2
:n2E’/ o(t,s, XI)W (A, ;)ds
tn

¢ ¢
SnQE[/ |U(t,s,X§1)W(Anﬁj)|2ds/ lds}
tn ¢

n

t
§n/ E‘U(t,s,X;’)W(Amj)fds
t

n

< n/tt [E’o(t, s,X:)‘%} : [EW

n

a—1
a

= (Aw)} ds

1
a

C/tt G(t,5) [E(l T }X;’}AZ)QG} ds

n

IN

IN

t i
C/ gt ) [E(L+ | X7 ] “as
[2%
t
< C/ gg(t,s)E(l—i— ’X;‘F)ds
[2%

1 t
< C sup / g5(t, s)ds + C’/ g3 (t, s)E‘Xg‘QdS
0<t<1.Jo ¢

n

t
<C+ c/ g3 (t, s)E| X | ds. (2.12)
0

By (1.3), Fubini’s theorem, Young’s inequality and the Cauchy-Schwarz inequality, we have

2 t
< C/ g5(t,s)(1+ E‘X;"le)ds
0

t
E’ / b(t, s, X;‘)ds
0

¢
<C+ c/ g3 (t, s)E| X 7| ds. (2.13)
0
Thus, by (1.15), (2.3) and (2.11)-(2.13), we have for any r € [0, 1],
supE’Xﬂ2 <C+ C/ [g5(r,s) + g5(r, s)] supIE‘Xdes. (2.14)
t<r 0 r<s

By Gronwall’s inequality (see [16, Theorem 16]) it is easy to see that (2.2) holds. Hence, we
complete the proof. O

Lemma 2.1. Under the assumptions (H1)-(H5), there exist C,a, and 8 > 0 such that

C
E( sup ‘Xf —X;’nrl) <—, n>1, (2.15)
0<s<1 ne
4 C
sup E| X, — X, |* < 5 n>1, (2.16)
0<s<1 n

where C' is independent of n.

Proof. Note that

s Sn

xr-x2 = [ e X7) < o XD
0
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Sn
—|—/ [a(s,r, Xf) — a(sn,r, Xf)]dWT”
0
S S
+ / b(s, T, Xf)dr + / a(s, T, Xf)de
Sn Sn

= 11(8)+12(S)+I3(S)+I4(S) (217)

For I (s), by (1.7), (1.10) and the Cauchy-Schwarz inequality, we have

2

IE( sup |Il(s)|4) < CE sup [/ ' (s, X" b(sn,r,Xf)‘er}
0

0<s<1 0<s<1
Sn 2
< C sup [/ F; (s,sn,r)dr} < —=. (2.18)
0<s<1 [ Jo ny

For I5(s), we have by (1.8), (1.10) and Hoélder’s inequality

Sn 9 2 1 dwn 4
IE( sup |IQ(5)|4) SC’IE{ sup [/ |o(s,r,Xf) 7U(Sn,T,Xll)| dr] / r dr}
0<s<1 0<s<1 LJo 0 r
s 2 1 4
» dwr C
<C Fy(sn,s,7)d E|l—=| dr < ———. 2.19
<o | [ eane] [oGE vsmm e

For I3(s), by (1.3), (2.2), Young’s inequality and Hélder’s inequality, we have for any ¢ > 1 and
0< 2)\1(] <1,

IE( sup |I3(s)|4) <SE sup [/ |b(s,r, X7)] dr]

0<s<1 n3 0<s<1

| /\

CBE{ sup / g%(s,r)(lJr‘Xﬂ/\l)éldr}
n

0<s<1J0

C 1 4q C 1 1Ay 4q
< — sup g5 ' (s,r)dr + —=E| sup (L4 |x2™) M ar
n° 0<s<1.Jo n3 " o<s<1Jo
¢ C 1
< — + — sup E’X"’M E

n3 n3 0<r<1

c 1 \2Mg
< — +— sup (]E\Xﬂ‘”lq mlq)
n3 n3 0<r<i1
C 2X1q C
<= [1+ (sup sup B[X7[*) ] <= (2.20)
n neN0<r<1 n

As for I(s), we have by (1.4), (2.2) and Hélder’s inequality for any p1,p2 >1 and 0 <2 ap1p2 <1,

IE( sup |I4(s)|4) < CnE sup {/S ’O’(S,T, Xf)W(Anﬁj)rldr]

0<s<1 0<s<1

1
SHCE|:W4(A7LJ) sup / gé(s,r)(1+’Xf’A2)4dr]
0<s<1J0

4pq p1,71 1 PL
<Cn [EWm*l (Anﬁj)} ! [IE sup / gglpl(s, r)(1+ |Xf|>\2)4p1dr} '
0<s<1J0

Pl

(7 ! 4p n 4P1
§—Esup/g3 (sr(l—i—’X’ dr
0

n 0<s<1
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C 1 4pipy 1 Aon 4 o
< —[ sup / g31)2—1 (s,r)dr + E sup / (1 + }Xﬂ 2) Pip2 g,
n [o<s<1iJo 0<s<1Jo
1 T
¢ (1 +/ E]Xfy“““”dr)
n 0
C 1 4/\2p1p2~ 1 2)\2171172 i
<= 1+/ (E|X1’| 2*2?1?2) dr
n 0
C 1 2X2p1p o C
< —[1—1—/ (sup sup E’Xff) - 2dr] < —. (2.21)
n 0 ‘“neN0<r<i n
By (2.17)-(2.21), we can conclude that (2.15) holds, where & = min{2(y — 1), 1}.
Next, we turn to prove (2.16). Note that
X, — Xsn = Jl(S) + JQ(S) + J3(S) + J4(S), (2.22)
where
D) = [ bl X) = blsnr X
0
Ja(s) = / [o(s,7, X)) — 0(8p,r, X,)]|dW,,
0
J5(s) = / b(s,r, X, )dr,
Jyu(s) = / o(s,r, X, )dW,.
For Ji(s), by (1.7), (1.10) and the Cauchy-Schwarz inequality, we have
Sn 5 2
sup E|J1(s)|4 < C sup E[/ }b(s,r,Xf) fb(sn,r,Xf)| dr]
0<s<1 0<s<1 0
Sn 2
< C sup {/ FZ(s,s r)dr} < i (2.23)
T Tos<t S0 T T
For Js(s), we have by (1.8), (1.10) and moment inequality [28, Theorem 7.1]
Sn 5 2
sup E|Jo(s)|* < C sup E[/ (o(s, 7, Xr) — 0 (50,7, X)) dr]
0<s<1 0<s<1 0
Sn 2 C
< C sup [/ Fg(s,sn,r)dr} <. (2.24)
0<s<1 L Jo n<y

For Js(s), by (1.3), (2.1), Fubini’s theorem and Hélder’s inequality we get

C S
sup E|J3(s)|4 < — sup / [g%(s,T)E(l + |XT|’\1)4} dr
0

0<s<1 n° 0<s<1

1
< g sup / [g%(s,r)E(1+|XT|4)‘1)}dr
0

n3 0<s<1

1
1 C

< % sup / [95(s,m)(1+ (E|XT|4))‘ )]dr < —- (2.25)
N~ 0<s<1 Jo n
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As for J4(s), we have by (1.5), (2.1), the Cauchy-Schwarz inequality, Young’s inequality, moment
inequality [28, Theorem 7.1] and Fubini’s theorem

2

sup E|Ju(s)|* < C sup E‘/ g2 (s, ) (1+ X, 2) dr
0<s<1 o<s<t | Js,

C 1
< — sup / g§(s,r)E(1+|XT|A2)4dT
N 0<s<1Jo

C 1
< — sup / gg(s,r)E(l + |XT|4A2)d7’
N 0<s<1Jo

C ! 1
< — sup / g§(s,r)(1JrIE|XT|4AZ Alz)dr
N 0<s<1Jo

C ! C
< — sup / 93(s,7) (L + E| X, [*)dr < =. (2.26)
N 0<s<1Jo n

By (2.22)-(2.26), we obtain (2.16), where 8 = 1. Hence, we finish the proof of Lemma 2.1. [

The following density result is also needed in the proof.

Lemma 2.2. Under the assumption (H1), we have

1

lim sup El/

n—oo 0<t<1 0
Proof. By the similar to the proof of [33, Lemma 6.1.3, Proposition 6.1.2], and [26, Case 3,

Page 47], and using Lebesgue dominated convergence theorem it is easy to derive that (2.27)
holds. ([

.+

n/ ! J(t,T,X;’n)dr—J(t,s,X;’n)

st] =0. (2.27)

3. Wong-Zakai Approximations

Proof of Theorem 1.1. By Egs. (1.1) and (1.15), we have

where

T (t) = /t [b(t, S,X;‘) - b(t,s,Xs)]ds,
0
éﬂmM@Aﬂw@&mm,

H(t) = Moy (t) — /tt o (t, 5, X.)dW,.

n

For .#,(t), by the Cauchy-Schwarz inequality and (1.11), it is easy to see that
t
B4 (0 < C [ 13t 9BIXT - X.Pds, (3.2)
0

For 7,,(t), by the Cauchy-Schwarz inequality, Young’s inequality, Fubini’s theorem, (1.4), (2.1)
and (2.2), we have

2 t
+E |U(t,s,XS)|2ds]

tn

t
E|.#, ()] < C[E‘/ o(t,s, X )nW (Ap;)ds
tn,
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t t
n [ AR  xP)as+ [ @B 1) s
t t’ﬂ

1
2

t
ds+/ gg(t,s)E(1+|Xs|2)‘2)ds}

n

{

< C{n/tt gg(t,s)[EW‘l(An,j)];{E(l—i—’X;‘]’\z)ﬂ;ds—i—/t: gg(t,s)E(1+|Xs|2A2)ds}
{
{

t
/gg(t,s)E(1+|Xg|2)ds+/ gg(t,s)E(1+|Xs|2)ds}
tn

1
C /1 A } C
< —| su t,s)ds| < —. 3.3
B \/ﬁ{0<tgl 0 () vn 33)
Now let us deal with _#,(t). Taking into account (2.4) we have
fn (t) = /n,l(t) + jn,?(t) + Ln,3(t)7 (34)

where
/n,l(t) = L"al(t) - / n U(t’ S, XS)dWsa
0
Hn2(t) = Lna(t).

Note that /n,l(t) can be decomposed as

tn sz
Ini(t) = / ln/ U(t,r, Xgn)dr —o(t, s,XS)] dW,
0 Sn

+

tn sy
= / ln/ U(t, r, X:n)dr — U(t, s, X:n)] dW
0 s

n

[2%
+/ [O‘(t,S,X;ln) —O‘(t,S,X;l)]dWS
0

tn
+/ [J(t,s,X;’) fo(t,s,XS)]dWS.
0

By (1.5) and It6-isometry [28, Theorem 5.21], we have

tn
/O

tn [2%
+ c/ git, s)E| X2 — X7*ds + c/ Gt $)E| XD — X|*ds.  (3.5)
0 0

.+

S 2
n/ J(t,r,Xgn)dT—J(t,s,Xgn)

E| Zna(t)* < CE ds

Moreover, by (2.15), (2.16) and (2.27), we get
t
E|Zni(t) < c/ Gt OE[XT — X,|ds + 6ny 60 — 0. (3.6)
0

The term _#Z, 2(t) can be written as

Fna(t) =" 791, (3.7)

j=1
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where

[nt]—1

(1) )=n Z W(An,;) /t1 /lSUg(t,S,Xg) </o

\_ntj 1

(2) Z W(A,,;) /tl/s[ 3(t,s,X3)703 (t,s,X%)} </Oi01(u,T,Xf)dWT"> duds,

3.

01 (u, T, Xf)dW;’) duds,

.

3

I_ntJ 1 1 w

(3) Z W2(An, / / 3(t, s, X7) (/ (o1 (u,r, X*) 01 (u, Xﬁ)dr) duds,
LntJ 1 i+l s w

= Z W2 (A / / (03 (t, s, Xﬁ) — o3(t, s, Xu)) / o1(u,r, X, )drduds,
LntJfl il u
/7552)(1?) =n? Z WQ(An,j)/j /J o3 (t, s, X%) /J o1 (u, a X%)drduds,

j=0 = = =
|nt]—1 it w

75762) (t) = n? Z W2(A,,5) /] /J o3 (t, s, X%) /J [01 (u,r, X;) — 01 (u, T, X%)} drduds,
§=0 B 0 0
I_ntJ 1 it w

(7) Z W2 A /"' /J [gg(t,s,Xu)fag(t,s,X%)}/j o1(u,r, X, )drduds.

For 7512) (t), by the independence of the increments of the Brownian motion, the Cauchy-
Schwarz inequality, Fubini’s theorem, (1.2) and (1.5), we have

|nt]—1

E|/n QZE

j+1

/_ ! o3 (t s X”)/ (/n al(urX")de)duds
= = 0

\_ntj 1 +

2ZIEVV2 nj) l/ ts//glur

n

2
drduds]

n

(s%) /;]E</Olg1(u,7’) s
~Cn %1 V__ gi(ts)ds} /_ (5 - %)

dawpz
d?‘l

2
d7’> duds

3

> dridroduds

,_
3
B

[
—

i+

<COn ZO_ l/%Tgi(t,s)ds]/%T (s—)/ / / g1(u,r1)g1(u,2)
[fl) ()

|nt]—1

<on V

2
) dridraduds

2 N\ 2
/ <sl> ds
i n

dw
dr

ts)ds] sup E
0<r<1
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nt|— :+1

C 1
Z / gi(t,s)ds < — sup / 9i(u,s)ds <
o 0

N o<u<1

(3.8)

C c
S_ —
n n’

For 7522) (t), we obtain by the Cauchy-Schwarz inequality, Fubini’s theorem, (1.2), (1.12),

(2.15), [30, Page 203] (or [11, Eq. (12)]),

E!/éz’(t)ﬁ

|nt]—1 i awe 2
<Cnd Z E n.j |/ / ha(t, s ‘X" X” / g1(u,r) drT drduds}
=
lnt]=1 [ a1 n| i 2
<COn? Z E / / ha(t,s)| X — X1 ||W(A,,;)| sup = / g1(u, r)drduds
j=0 /% z " o<r<t| dr | Jo
|nt]—1 ro,.itt g n 1
<Ccn? Z E / / hg(t,s)‘Xg—Xz [W(A,, ;)| sup " | sup /gl(u,r)drduds
= /i i ™ o<r<1| dr |o<u<1.Jo
|nt]—1 r % s qwn 2
<Cn? Z E / / ha(t,s) sup ‘X" X” [W(A,, ;)| sup = lduds
=0 |/ 4L i I <u<s 0<r<1 r
[nt)—1 i1 Qi 2
<Cn Z E / ha(t,s) sup ’X;’sz [W (A, ;)| sup r |ds
=0 z i<u<s g o<r<1| dr
[nt]—1  4+1 2
n dawr
<C / h%(t,s)E{ sup ’X" X" W (A, )| sup dr } ds
— Ji icu<s o<r<1| dr

n
T

dr

)

= nE: d
<C h2(t,s)|E sup (X" — X" E( |[W(A, ;)| su
sc 3 [T neale s (x-xg) ] [B(wsn s,

L <u<s
& <u<

¢ g dwy [#\17
< — / ha(t, s) [EWg(An,j)E( sup L )] ds
n2 =0 % 0<r<1 dr
|nt]—1 i+l 1
1+1 n 1+1
< C( +gogn) / ha(t,s)ds < C(Jrigogn) sup / h3(t,s)ds
nz s i nz 0<t<1Jo
C(1+1
( +g0gn) (3.9)
n2
By (1.2) and (1.5), we have
[nt]—1 i+l s pru
|/7532)(t)| < Cn? Z W2(An7j)/ g4(t,s)/ / gl(u,r)’X:f — X, |drduds
7=0 w v

< Z0@) + 00 + 7% (0), (3.10)

where

I_ntJ 1 J+1

@) (@) Z W2 (A, / " ga(t, 5)ds / / g1(u,r)

drdu,

Xt = X7
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I_ntJ 1

@) Z W2 (A, / galt, s)ds / / g1(u,r)

|nt]—1

Jt+1
n23 =Cn? ZW2 /j"’ tsds/ / 91UT %‘—Xr

drdu,

XJ 7X1

For 75?’2)1(15), by (2.15), [3, Example 5.3] and the Cauchy-Schwarz inequality, we have

[nt]—1 it1

El 750 =cn'E| Y W2(An,j)/j ’ g4(t,s)ds/j / gl(u,r)\Xf—Xg drdu]
3=0 » El
< Cn4E{supW4(An,j) sup | X" —anﬂ
j 0<r<1
[nt]—1 J+1 s ru 2
[ Z / t,s)/ / gl(u,r)drduds]
J 2
4 8 % n n |4 %
<Cn [EsupW (An,j)} IE{ sup | X" — X[ }
j 0<r<1
|nt]—1 J+1 1 2
Z / / ( sup / gl(u,r)dr) duds]
i 2 \o<u<1Jo
|nt]—1 2
C[1+ logn /
< su
N n2 O<t51< Z
2 1+ (1
< w< sup / G2(t, 5)ds > < O+ (ogn)] (3.11)
nz 0<t<1Jo n?
Similarly for 752)3() we have
2 C[1+ (logn)? ! C[1 + (logn)?
L < Ly ) <ULl
nz2 0<t<1.Jo nz

For 75?2)2(15), by the independence of the increments of the Brownian motion, the Cauchy-
Schwarz inequality, Fubini’s theorem and Lemma 2.1, we have

M nt]—1 Jj+1 2
E‘/(?)) ‘ :CTL4E Z W2 nj / tS / / 91 U, r —X% drdu]

L 7=0
Flnt]—1 i+l 1 2
< Cn'E Z / B W2(A,,; ‘X X, g4(t, s)ds /< sup /gl(u,r)dr)du]
L =0 7% 2 \0<uslJo
M nt]—1 j+1
< Cn’E Z ‘n WQ(An,j) XJ ga(t, s) 1
L j=0 “=%

ropt
< Cn’E / W2(An,\_n8j)|X§n — X, |ga(t, s)ds }
LJo

t
< CnQIE/ W4(An,\_n8j)|X§n - Xsn‘ng(t, s)ds
0
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2
Xsn‘ gi(t, s)d

18
t
< Cn? / EW* (A, 1ns) E| X7
0
t
<0/ E|X" — X, |"g3(t,5)d
0
t
/ E| X7 — X,| g4(t,s)ds+0/ E| X7 — X7 |"gi(t, s)ds
0
+c/ E|X, — X, |%g3(t,s)ds
c C
/E|X27XS| gi(t,s)ds+ =+ —&
n?2 nz
(3.13)
(3.14)

<C
<C/E]X" X,|?g3(t,8)ds + 8, 6, — O

(3.10)-(3.13), we find that

t
E|£(0)|? c/ (17— X PG s)ds 8 60— 0
(3.15)

For 7542)(15) we can write
I_ntJ 1

n

Z w2(A n]/ /‘UBtSX —o3(t, s, X |/ lo1 (u, ry X;)|drduds
J

P2e10
)+ 7%

< /n,m (t) + /n,23(t
(t,s, X )—Jg(tsX / lo1 (u, 7, X)) |drduds,

n

where
I_ntJ 1

w2 WA

TR
/ / o3\t, S, 3
2 A
(tsX )—Jg(t,s,Xl)‘/_ lo1 (u, 7, X)) |drduds

I_ntJ 1 s
J. I
/ lo1 (u, r, X)) |drduds

(4) Z W2 n]
IS
/ / ag(t,s,Xl)—ag(tsX
), (1.12), (2.15), [3, Example 5.3], Fubini’s theorem and the Cauchy-
2

(4)

n, 21
j+1
/ n
n

LntJ 1

— ZWQ

n, 22
/ g1 (u, r)drduds]

/O 1 91 (u, T)dr> duds] 2

n23

0<u<1

For 7\,(t), by (
Schwarz inequality, we have
[nt]—1
< Cn'E Z W2(An, / / hat, )| X2 — X
it
nj) Sup ’X” X”’/ /h2t5<sup
1 2
X7 hg(t, s)ds]

4
E| 79 1))
|nt]—1

0<r<1

2, WA

=0

|nt]—1

Z sup W?(A,,;) sup | X[
0<r<1

J

< Cn'E

< Cn’E
3=0
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[nt]—1 i+l 2
< Cn’E|supW?(A, ;) sup |X[— X | Z (/ hg(t,s)ds>
j 0<r<1 s z
1 [nt]—1 2
< Cn’E|sup WE(A, )| E| sup |XI— X7 /
<ontelmpnt(a,,) '8 bz [ X[
|nt]—1 i+l
1 n
< Lt (ogn)] | 5 / hQ(t,Sms
n?2 ; i
]:O n
1+ (1 ! 1+ (1
SM sup / hg(t,s>dsgw_ (3.16)
n?2 0<t<1Jo n?2
Similarly,
C[1 + (logn)?
@ (1) < S ogn)] (3.17)

nz

For 75%2)2@), by Fubini’s theorem, the Cauchy-Schwarz inequality, (1.12), (2.15) and (2.16),
|nt]—1

we have
L 2
Z w2(A An / /h2 (t,s) ( sup /gﬂu,r)dr)duds]
0<u<1Jo
Lnt] 1 Prey 2
> wra n])/ ha(t,8)| X} = X ds]

=0 ,
1 moon]

E| 7%, < Con'E

n

X” X]

< Cn’E

[nt]—1
<cn® Y E [W‘l(AnJ)‘X’} ~ X,
7=0
[nt]—1
—cn® Y EW‘*(AW)E‘XQ X,
7=0
|nt]—1

i+l
gcz/ ths]E‘X" X,

< c/ E|X? — X, |*h3(t 5)ds
0

t t
< c/ E| X" — X,|*h3(t, 5)ds + C/ E[ X" — X7 |*h3(t, s)ds
0 0
t
C’/ E|X, — X, |*h3(t, 5)ds
0
t
< c/ E| X7 —XS]th(t, s)ds +6,, 6, — 0. (3.18)
0
y (3.15)-(3.18), we have
(4) ! n 2,2
E| 7,5 < E| X! — X[ h3(t,s)ds + 6n, 6 —> 0. (3.19)
0

Likewise, we have

t
]E\/ 2| <c/ E|X27XS|2h§(t,s)ds+5n, i=6,7. (3.20)
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Before dealing with jfg (t), let us give some prior estimates. For all s € [0,1] and z € R9,
by (1.14) we have o1(s, s,z) = 0. Moreover, by (1.6) we have oy (u, s,z)>01(u,u,z) = 0 for
0<s<u<1andzeR? Thus, o(u, s,x) is a monotonically increasing function with respect

to the first variable u for 0 < s <4 < 1 and z € R%, By (1.14), we have

n/ o(8p,r, X5, )dr < n/ o(r,r, X, )dr <0,

Sn, Sn,

for any s € [0,1].
For any s € [0, 1], by (1.6) we have

(s = s ([ o0+ 066 = 500, Xe) = (o X )Jar ) <0

where 6 € (0,1). Note that

n(/ o(s,r, Xsn)dr—/ a(sn,r,Xsn)dr) (ns — / o1(s,r, X, )d
0 0 0

:n/ o(sn,r,Xsn)dr—i—n(/ [o(s,7, Xs,) — 0(sn, 1, X5, )]d )
s 0

n

— (ns — LnsJ)/Os o1(s,r, Xs, )dr

= n/; o (s, Xsn)dr—i—(ns—LnsJ)(/Os [01(sn+0(s—sn), 7, X5, )—01(s, T, Xsn)]dr).

Squaring both sides of (3.23) and using (1.16), (3.21), (3.22), we have

2

n/ o(sp,r, X, )dr

n

n( /0 (5,7, Xo, ) — /0 " o (smr, Xsn)dr) ~(ns—|ns)) /0 Cou(s,7, X )dr

Next, we write the term fé 2)(15) in the form

2
<

\_ntj 1

it
(5) Z wW2(A nj/ /03 t,s,X, /Jl(u,r,Xl)deuds
, J n

tn u
:/ n2W2(An7LnSJ)/ 03(t,s,Xsn)/ o1(u,r, X, )drduds
0 Sn s

n

tn S
/0 nQWQ(AanSJ)/ o(s,r, X, )dros(t, s, X, )ds

= ﬁn,l + ﬁn,2;

where
trn S
On (1) :/ nQWQ(AmLmJ)/ o(sn,r, Xs, )dros(t, s, X, )ds,
0 Sn

tn S
Ona(t) = / nQWQ(AanSJ)/ o(s,r,Xs,) — 0(sn,r, Xs, )dros(t, s, X, )ds.
0 Sn

C
<—.
—pst

(3.21)

(3.22)

(3.23)

(3.24)
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For 0, 1(t), by (1.5), (3.24), the independence of the increments of the Brownian motion,
Fubini’s theorem and the Cauchy-Schwarz inequality, we have
2

tn S
E|ﬁn,1(t)|2 - E[/ n2W2(An,LnsJ)/ o (8,7, Xsn)drag(t,s,Xsn)ds}
0 Sn

[2% s 2
§E[/ n2W2(An,I_nsJ>‘/ o(sp,m, Xs, )dr |03(t,s,Xsn)|ds]

0

t 2
< C’IE{ / n*W2(Ay ns)) g4(t78)d8]
0

/ (57 X, )dr

n

[ s 2
SC/ n4EW4(An7LnSJ)E‘/ o (8,7, X, )dr| g3(t,s)ds
0 Sn
tn s 2
= C/ E n/ 0 (8,7, Xs, g)dr| g3(t,s)ds
0 Sn
c [, C /1
< t,s)ds < su 2(t,s)ds
< n<1/0 ga(t,s)ds < — S| 91(t,s)
C
<— =3 0 as n — oo. (3.25)
nst

For 0, 2(t), by (1.5), (1.10), Fubini’s theorem, the Cauchy-Schwarz inequality and dominated
convergence theorem, we have

tn s 2
E|ﬁn72(t)|2 _ E{/ n2W2(An,\_nsj)/ o(s,r,Xs,) — 0(sn,r, Xs, )dros(t, s, Xsn)ds}
0 Sn

£ 2
< E|:/ TLQWQ(An,Lnsj) |O—3(t7S7XSn)|dS:|
0

/ o(s,r,Xs,) — o(sn,r, Xs, )dr

n

rptn s 2
< CE / nQWQ(AanSJ)‘ / o(s,r, Xs,) — o(sn,r, X5, )dr|ga(t, s)ds]
LJO Sn

r tn s
< CE / n*(s — 5n>W4(An,Lnsj )/ lo(s,7, Xs,) — 0(sn,7, Xs, ) *drgi(t, s)ds]
LJO Sn

r tn s
< CE / n3W4(An1LnSJ)/ Fy(s, 8n,7)drgi(t, s)ds}
LJO Sn

tn S
< C/ ngEWZL(An’LnSJ)/ Fy(s,8n,7)drgs(t, s)ds
0 0

c [, C /1
< t,s)ds < su 2(t,)ds — 0 as n — oo. (3.26
<o |t s [ (3.26)

From (3.25)-(3.26) we obtain
E| 70" <00 80 — 0. (3.27)
Now, utilizing (3.7)-(3.20) and (3.27) we have
t
E| Zua)|* <60+ c/ [h3(t,5) + g3(t, )| E| X" — X,|"ds. (3.28)
0
Finally, by (2.10), (3.1)-(3.6) and (3.28), we have for any u € [0, 1],

supB| X7 — X¢|? < 0, + C/ [hF(u,s) + h3(u,s) + g3 (u, s)] sup E| X" — X, [*ds,  (3.29)
t<u 0 r<s
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where §,, — 0. By (3.29) and Gronwall’s inequality (see [16, Theorem 16]) it follows that

sup E| X} — X,
0<t<1

— (3.30)

The proof is finished. O

4. Stochastic Volterra Equation with Fractional Brownian Motion
Kernel

For any H € (1/2,1), we set

t
3 1
cHs%_H/(u—s)Hfiquidu, 0<s<t<1,

S

KH(t,S) = (41)

0, otherwise,

B 1 2HT(3/2 — H)
o= (H N 5) \/F(H +1/2)T(2 - 2H)’

and I' denotes the usual Gamma function.

where

The fractional Brownian motion with Hurst parameter H € (1/2,1) may be defined by
(cf. [14])

t
By = / Ku(t, s)dW,,
0
which has the covariance function

Ry (s, t) = B(BBy) = = (s +t* — |t — s|*H).

|~

The fractional Brownian motion has the following properties: Long-range dependence, self-
similarity, and Hoder continuity. The fractional Brownian motion is neither a semimartingale
nor a Markov process.

We consider the following stochastic Volterra equation with the kernel function Kg:

X, =€+ /0 Kp(t, s)b(Xs)ds + /O Kp(t, s)o(Xs)dW, (4.2)

for any t € [0,1], where ¢ € R%, b : R? — RY and o : R? — R4X™ are Borel measurable functions.
Eq. (4.2) has been investigated in many fields, including nonlinear filtering [13] using fractional
Brownian motion kernels, pharmacokinetic models [29] (Langevin equation driven by fractional
Brownian motion), fluid turbulence [10], and turbulence modelling in atmospheric winds or
energy prices [4,12] using Brownian semistationary processes.

Let X' solve the following equation:

ther/O KH(t,s)b(X:)ds+/() Ky(t,s)o (X)) AW, te[0,1]. (4.3)

In the section we introduce the following assumption.

(H6) Assume that b € C}(RY),0 € CZ(R?, RIX™).
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Theorem 4.1. Let H € (1/2,1). Under the assumption (HG) we have

lim sup E|XZ’7X,5

|2
n—oo 0<t<1

=0,

where Xy and X' are the solutions of Eqs. (4.2) and (4.3), respectively.

Proof. By Lemma A.1, it is easy to verify that (H1)-(H4) hold for all H € (1/2,1). By
Lemma A.2, we find that (H5) holds for all H € (1/2,1). Thus, we derive from Theorem 1.1
that Theorem 4.1 is true. We complete the proof. U

5. Stochastic Volterra Equation with Subfractional Brownian Motion
Kernel

For any H € (1/2,1), we set

t e
bHs%_H/(UQ—SQ)Hfgdu, 0<s<t<1,
S

Kul(t,s) = (5.1)

0, otherwise,

where

\/ I'(1 + 2H)sin(xH)
by =
7r
The subfractional Brownian motion with Hurst parameter H € (1/2,1) may be defined by
(cf. [8,17])

t
Bt 3:/ /CH(t,S)dWS,
0

which has the covariance function
1
Ru(s,t) = E(BB,) = s> + 12H — 3 (s 4+ 827 + (t — 5)*7].

The subfractional Brownian motion and the fractional Brownian motion have similar proper-
ties: long-range dependence, self-similarity, and Hoélder continuity. The subfractional Brownian
motion is neither a semimartingale nor a Markov process. But, compared with the fractional
Brownian motion, the subfractional Brownian motion has non-stationary increments and the
increments over non-overlapping intervals are weakly correlated (cf. [8,17]).

We consider the following stochastic Volterra equation with the kernel function Cp:

X =&+ /Ot K (t,s)b(Xs)ds + /Ot K (t,s)o(Xs)dWs (5.2)

for any t € [0, 1], where € € R4 b :RY — R% and ¢ : R¢ — R4*™ are Borel measurable functions.
The subfractional Brownian motion is an extension of the Brownian motion that retains many
properties of fractional Brownian motion, but not the stationary increments. This property
makes subfractional Brownian motion a possible candidate for models that include long-range
dependence, self-similarity, and non-stationary increments which is suitable for the construction
of stochastic models in finance and non-stationary queueing systems. Eq. (5.2) is applied in the
systems, containing stochastic behavior, long-range dependence, and non-stationary increments
(cf. [1,24,32]).



24 J. XU AND M.B. ZHANG

Let X[ solve the following equation:
¢ t
Xr=¢ +/ Ku(t,s)b(X)ds +/ Ku(t,s)o(X2)dW?, telo,1]. (5.3)
0 0

(HT7) Assume that b € C}(RY), 0 € C2(R?, RIX™).
Theorem 5.1. Let H € (1/2,1). Under the assumption (H7) we have

lim sup E|X - X{*>=0,

n—oo 0<t<1
where Xy and X' are the solutions of Eqs. (5.2) and (5.3), respectively.

Proof. By Lemmas B.1-B.2, it is easy to derive that Theorem 5.1 holds. ([l

Appendix A

The property of Ky is very important in the proof of Theorem 4.1. The following result is
taken from [13,14].

Lemma A.1. (iy) The mappings s — Kg(t,s) is continuous on the set 0 < s <t and there
erists a positive constant O such that

Ku(t,s) <0psz 1, 0<s<t<l. (A.1)
(i2) For every 0 < s <t

/0 |Ky(t,r) — Ku(s, 7’)|2dr =(t— S)2H. (A.2)

(i3) The mappings t — Ky (t,s) is differentiable on the set 0 < s <t and

0] S %7H H—3
&KH(t, s)=cpy (E) (t—s) . (A.3)
(i4) For each 1 <p<2/(2H —1),
1
sup / K% (t,s)ds < . (A.4)
0<t<1Jo

(i5) For each f € L*°([0,1]) the function

g(t)z/o Ku(t,$)f(s)ds, 0<t<1

is derivable and

g’(tf):/0 %KH(t,s)f(s)ds. (A.5)

The following lemma states that under assumption (H6), the condition (1.16) in the Theorem 4.1
is satisfied.
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Lemma A.2. Under the assumption (HG6), we have for any s € [0,t,] C [0, 1],

4

C

< nAH-2’

gn(s) — (ns — |ns)) /OS Ky (s,r)dr

where gp, : [0,1] = R is a function defined by
gn(9) :n(/ KH(s,r)dr—/ KH(sn,r)dr).
0 0

/ Ky (s,r)dr = aHsH"’%
0

Proof. By

and the mean value theorem, we find that for any s € [0, 1] there is a 61 € (s, s) such that

gn(s) = (H+ %)aH(ns — ns))sH3

= |ann(s™HE = (5)117%) - (H+ %) a(ns — |ns])s"

_ <H+ %) aHn(S*Sn)ofI_% _ <H+ %) ag(ns — LnsJ)sH—%‘

[

: <H+ %> ol e <H+ %) ap(ns — [ns])s™~
— (H+ %) ag(ns — LnsJ)(SH—% 3 9?5)’

<ag (H—|— %) ’sH_% — sf_%‘. (A7)

Moreover, by (A.7) and the mean value theorem, we have

4

gn(s) — (ns — |ns|) /0S Ky (s,r)dr

_14 _1 H-14
S6’1{0§s<%}‘5H 2| +Cl{%§s§tn}‘5H 2 —8p 2|
¢ AH—6
< locs<tyamms Tt <ot} g S0P 6
o ' n* lcp,<a
< o Llogectn) < (A8)
nAH—2 {0<s<tn} nAH—2
The proof is complete. O

Appendix B

The property of Ky is very important in the proof of Theorem 5.1. Because the following
result can be concluded by simple calculations, we omit the proof.

Lemma B.1. (Ty) The mappings s — Kg(t,s) is continuous on the set 0 < s <t and there
erists a positive constant dg such that

Ku(t,s) <dgs?™2, 0<s<t<l1. (B.1)
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(Ty) For every 0 < s <t there is a positive constant ey such that
t
/ K (t,r) — Ku(s,r)*dr < eg(t —s)?7. (B.2)
0

(T3) The mappings t = Kp(t,s) is differentiable on the set 0 < s <t and

O Kt s) = bur (L +1 H_%(t— )% (B.3)
815 H\l,S) =0H 3 S . .
(Ty) For each 1 <p<2/(2H —1),
1
sup / K5 (¢, s)ds < oo. (B.4)
0<t<1Jo
(T5) For each f € L°°([0,1]) the function
¢
o) = [ Ku(t.s)f(s)ds, 0<t<1
0
is derwable and -
g0 = [ GKu(t.s) (s (B.5)
0

The following lemma implies that under assumption (H7), the condition (1.16) in the The-
orem 5.1 is satisfied. In addition, this lemma can be proved in the same way we did for
Lemma A.2. So we omit the details.

Lemma B.2. Under the assumption (H7), we have for any s € [0,t,] C [0,1],

' < (B.6)

nAH-2 ’

gn(s) — (ns — |ns)) /0S Ky (s,7)dr

where gy, : [0,1] = Ry is a function defined by

o) =n( [ Knts.riar = [ Kulsrjar).
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