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Abstract

This paper considers the finite element approximation to parabolic optimal control
problems with measure data in a nonconvex polygonal domain. Such problems usually
possess low regularity in the state variable due to the presence of measure data and the
nonconvex nature of the domain. The low regularity of the solution allows the finite
element approximations to converge at lower orders. We prove the existence, uniqueness
and regularity results for the solution to the control problem satisfying the first order
optimality condition. For our error analysis we have used piecewise linear elements for the
approximation of the state and co-state variables, whereas piecewise constant functions
are employed to approximate the control variable. The temporal discretization is based on
the implicit Euler scheme. We derive both a priori and a posteriori error bounds for the
state, control and co-state variables. Numerical experiments are performed to validate the
theoretical rates of convergence.
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1. Introduction

The aim of this paper is to study both a priori and a posteriori error analysis of finite
element approximations to the following model control problem:

in J 1.1
Jnin (y,u), (1.1)

where
1 T ) A T
J(y,u) == ) Hy*deLZ(Q)dtjL B [ull L2(e)dt
0 0

with u represents the control variable and y indicates the associated state variable. The state
equation is given by

0

a—i—Ay:aT—i—u in Qrp,

y=20 on I'p, (1.2)
y(-,0) =yo in Q.

In the above,  is a nonconvex polygonal domain in R? with Lipschitz boundary 9. Set
Qr = Q x (0,7] and I'r = 9Q x (0,T]. The boundary 9 can be expressed as 0Q = UJL,T';
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with I';, j = 1,2,...,m, are edges of the polygon. The constraints on the control variable are
specified through the closed and convex subset of L?(0,T; L*(Q2)) as follows:

Uaa == {u € L*(0,T; L*(Q)) : ua < u(z,t) <up for a. a. (2,t) € Qr}. (1.3)

Assume that the given functions yo € L*(Q), ya € H'(0,T; L*(Q)), o € C([0,T]; L*(Q2)) and
7 € B[0,T], where B[0,T] is the space of real and regular Borel measures in [0, T]. Further,
the constants ug, up € R satisfy u, < up, the regularization parameter A > 0 and the final time
T < oo.

Optimal control problems are widely used in scientific and engineering applications [26, 36].
The numerical study of such type of problems began in early 1970s [16,17]. Thereafter there
have been several notable contributions to this discipline and it is impossible to list all of
them. Nevertheless, for the development of the finite element approach for parabolic optimal
control problems (POCPs), see [19,23,32,37,42] and references therein. The authors of [33,
34] have utilized discontinuous Galerkin technique for temporal discretization and established
convergence results for space-time finite element discretizations for POCPs. In [35], the authors
have adopted Petrov-Galerkin Crank-Nicolson method for discretization of the control problem
and derived related error estimates. The sparse POCPs have been analyzed by the authors
of [11], where the control variable is taken to be an element of the measure space. They have
provided a priori error estimates for the control problem.

Following the work of Babugka and Rheinboldt [4], the adaptive finite element method has
grown popularity in scientific computing. It is well known that a posteriori error estimation is
a necessary part of adaptivity for mesh refinement. The pioneer work has been made by Liu and
Yan [28] for residual based a posteriori error estimates, Becker et al. [7] for dual-weighted goal
oriented adaptivity and Li et al. [25] for recovery type a posteriori error estimators. A posteriori
error analysis for optimal control problems governed by parabolic equation have been extensively
investigated by numerous authors in [29,31,40,41,43].

POCPs are widely encountered in mathematical models representing groundwater contam-
ination transmission, environmental modeling, petroleum reservoir simulation, and a variety of
other applications. There are several real-world applications for POCPs when the state vari-
able possesses less regularity due to the support of the source. Essentially, the support for the
source function must be relatively tiny in comparison to the real size of the domain 2. This
feature drives us to explore control problems in which the source functions are measure data
(elements from B(2)). The POCPs with measure data encounter environmental concerns such
as air pollution and waste-water treatment. Due to the presence of measure data, the solution
of the state variable possesses less regularity which makes finite element error analysis more
challenging. Therefore, an attempt has been made to study the convergence properties of the
finite element method for such problems.

The study of optimal control problems governed by partial differential equations over a non-
smooth domain is a difficult task. The existence of re-entrant corners in the domain causes
both theoretical and numerical analysis to be complicated. However, although there is a sig-
nificant amount of research on the numerical analysis of the elliptic problem with a nonconvex
domain [3,5,6,20,21] and quite a few works on the parabolic problem [12,13]. For optimal
control problems, there was not much work done in the nonconvex polygonal domain. In re-
cently published article [2], Apel et al. developed a priori error estimates for the optimal control
problem on a nonconvex domain.
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The numerical analysis of the problem under consideration is difficult because of the presence
of measure data and the nonconvex nature of the domain. The low regularity of the solution
allows the numerical approximations to converge at lower orders. This study aims to look at
the finite element approximation and mathematical formulation of the model problem. The re-
sults regarding the existence and uniqueness of the solution to the control problem are proved.
Based on the necessary optimality condition, the regularity results for the control problem are
explored. For the control variable, piecewise constant functions are utilized, whereas piece-
wise linear and continuous functions are used to approximate the state and co-state variables.
The backward-Euler technique is used for temporal discretization. We studied completely dis-
crete finite element approximations of the POCP (1.1)-(1.3) and established both a priori and
a posteriori error bounds for the state, co-state and control variables.

We mention [8,9] for a great introduction to nonlinear parabolic equations with measure
data. The author of [10] have addressed the semilinear parabolic problems with measure data.
Additionally, the asymptotic behavior of a parabolic equation involving measure data has been
studied by Gong [18]. For recent research on POCPs with measure data, we refer to [38,39].

The paper is structured as follows: We introduce some function spaces and preliminary
material in Section 2. We discuss the weak formulation and investigate the existence, uniqueness
and regularity results of the solution to the control problem (1.1)-(1.3). The convergence
analysis for the a priori error estimates of the space-time finite element approximation to the
control problem is discussed in Section 4. In Section 5, we derived a posteriori error estimates
for the control problem. In the last section, we perform numerical experiments to demonstrate
the theoretical findings.

2. Notation and Wellposedness

This section introduces some function spaces to be used in our analysis. It also contains the
existence, uniqueness, and regularity results of the solutions to the POCP (1.1)-(1.3).

For bounded polygonal domain €2, let the inner angles of corners of the domain be denoted
by wj. Set f = max;(m/w;) € (1/2,1). For simplicity, it is assumed that there is only one
re-entrant corner with angle w such that 7 < w < 2mw. For example, the interior angle for
L-shape domain w = 37/2, and hence 8 = 2/3 < 1. Let C(Q2) denote the space of continuous
functions defined on Q. The space WP (Q) indicates the usual Sobolev spaces [1] with norm
| - llwm.» o) and semi-norm | - [yym.» (o). Define

Wy P () :={v e W™P(Q) : v =0 on 9N}.

For p = 2, the spaces W™P(Q) and W;"?(Q) are represented by H™ () and H{"(€2), respec-
tively with norm ||-[| gm () and semi-norm || gm (o). In particular, for 0 < s < land 1 < p < oo,
the norm on the fractional order Sobolev space W*?(Q) is given by

_ P
Vlwery = ( |v]%, +/ [ol@) = vw)l® dmdy)
[vllwer @) (| (At o Jo Tz —y|Ftes

Set H™™ (Qr) = L2(0,T; H™(Q)) N H™ (0,T; L*(Q)) with the standard norm

B =

1
2

T
0l g gy = (/ Ol + | |w<z,->|zm/<[o,mdw> ,

where [| - || jym’ ((o,77) denote the norm on H™ ([0,T]).
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Further, let X(0,7), X(0,T) and W(0,T) denote L2(0,T;HL(Q)) N H'(0,T; H-1(Q)),
L2(0,T; HY*(Q) N HE()) N HY(0,T5 L3(Q)) and L*(0,T; H}(2)) N L>=(0,T; L*(2)), respec-
tively for s € (1/2,). The symbols (-,-) and (-,)q, denote the L2-inner product on L?(Q)
and L%(0,T; L?(9))), respectively. Hereafter C' denotes a positive generic constant which is
independent of the mesh parameters h and k, which may depend on final time T'.

We employ the transposition approach developed by Lions and Magenes (cf. [27]) to assertion
that the state equation (1.2) has a unique solution. The weak form of (1.2) is stated as: Find
y € W(0,T) such that

— (y, 8_w>Q + (Vy, Vw)a, = (o1, w)a, + (v, w)ar + (yo,w(~,0)), Yw e X(0,T), (2.1)

where we utilized w(-,T) = 0 and (o7, w)q, is defined as

T
(oT,w)a, :/0 /Qa(ac,t)w(x,t)dac dr(t), Vw € C([0,T]; L*(9)).

In the subsequent theorem, we provide a priori bounds for the state variable which are essential
to our analysis. For a proof, see [39].

Theorem 2.1. For w € L?(0,T; L*(Q)) N L>(0,T; L*(Q)), assume that the given functions
o€ C([0,T); L3(2)), T € B[0,T] and yo € L?(Q). Then, the unique solution y € W (0,T) of the

problem (1.2) exists and satisfies a priori bound

Iyl 20,7313 () + 19l 0,7 22(02))
< C(||U||L°°(0,T;L2(Q))||TH% 0,71 + lullL200,7;22(0)) + ||y0||L2(Q))-

The weak formulation of the control problem (1.1)-(1.3) is as follows:
mingey, , J(ya u),

ot ) g

= <0Ta w>QT + (ua w)QT + (yOa w('v 0))) Vw € X(OvT)v

where w(-,T) = 0 and (o7, w)q, is defined as before.

From the standard arguments, there exists a unique solution (y, u) for the problem (2.2). Let
J(u) := J(y(u),u) denote the reduced cost functional, where for each u € L?(0,T; L?(Q2)) the
state y(u) is the weak solution of (2.1). It should be noted that the cost functional of the optimal
control problem (2.2) is strictly convex and hence, in light of the Theorem 2.1, it is bounded.
This ensures the existence of an optimal solution. Since J is twice Fréchet differentiable convex
function and U, is a closed convex subset of L2(0,7; L?(f2)), the existence of unique control
is guaranteed. For further reading, we refer to [30].

We now state the first-order optimality condition which is necessary and sufficient for the
optimal control problem (2.2).

Lemma 2.1. The optimal control problem (2.2) has a unique solution (y,u). Then there exists
a co-state variable ¢ € X(0,T) which is the solution of

- (%w) + (V6. Vw) = (y —ya,w), Yw € L2(0,T: HY(9),

o, T)=0 in Q.

(2.3)
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Moreover, the following variational inequality is satisfied:
T
T (u)(@ — u) :/ (Au+ ¢, 0 —u)dt >0, Vi€ Ugg. (2.4)
0

Proof. Let o € Uyq be arbitrary and let u be the optimal solution. Since U,q is convex, for
A€(0,1], we have (u+A(d—u))€U,q. Note that w is optimal, this implies J(u+A(d—u)) > J(u)
and hence,

1
X(j(u+)\(ﬂfu)) —J(u) >0, Ae(0,1].
Letting A — 0, we get J'(u)(4 — u) > 0, which validates (2.4). O

It is easy to verify that the variational inequality (2.4) implies

U= Py, ) (—%) , (2.5)
where P, ,,] indicates the point-wise projection on Ugqg, and is defined by
Pru, ) (d(m, t)) := min (ub, max (ua, a(z, t))) (2.6)
Moreover, there exists a positive constant v such that the following holds:
J" ()@, @) > yllall7z0 7.2 (), VE € L*(0,T5 L3 (). (2.7)

We now state the regularity results associated with the backward parabolic problem without
proof. The proof of which can be found in [13].

Proposition 2.1. For g € L?(0,T; L?(2)), let n € ?8(0, T) be the solution of

—%—An:g in Qx1[0,T),
n=0 on Q2 x1[0,T), (2.8)
n(-,T)=0 in Q.

Thus, we have the following a priori bounds:

1l 2 0,7:22)) + 10l 220,751+ () < CrllgllL2(0,7:L2(9))>

[nC, 0) |10y < CrllgllLzo,7;02(9))
where Cr is a positive reqularity constant.

Now, we discuss the regularity of the solution to the problems (2.2) and (2.3) in the following
lemma.

Lemma 2.2. Let (y,u) be the solution of the optimization problem (2.2), and let ¢ be the
solution of (2.3). Then, we have

(y,u, ) € W(0,T) x X(0,T) x X(0,T).

Proof. We deduce from Theorem 2.1 that y € W (0,7). For yq € L*(0,T; L*()) implies
¢ € X(0,T), which together with (2.5) gives u € X(0,T). O
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3. Finite Element Discretization

This section is focused on the approximation of the POCP (2.2) using the finite element
technique.

Let h = maxger;, diam(K) be the maximum diameter of the triangles formed by the quasi-
uniform triangulation 7; of . Let &, indicate the set of all interior edges. For a piecewise
scalar function v, the jump of v across an edge e is given by [v] = v|g+ — v|x-, where KT
and K~ are two triangles that share the common edge e. The finite element spaces defined for
a particular triangulation 7}, are given as

Wy, := {wy, € C(Q) : wp|x is a linear polynomial},

Uga,p := {tn € Ugq : |k is a constant}.

With W), defined as above, set W) = W, N H}(Q2). The following inverse estimate holds for
wp, € Wy, (Cf. [15]):

lwn || gee () < CRPY7P2 lwp || ger ), 0 <p1 <p2 <1, Vwy € Wy (3.1)

In the following lemmas, we recall the approximation properties associated with the elliptic
projection and the L2?-projection (cf. [13,14]).

Lemma 3.1. The elliptic projection P} : H}(Q) — WY is defined as
(V(P,llw — w),th) =0, Ywé€ W%.
Then, for s € (1/2,8), we have
[|w — P,lleLQ(Q) + h*||Vw — vpgw||L2(Q) < Ch** |wl| grovs (-

Moreover,
||w - PflszLz(Q) < CR?||wl H (g

Lemma 3.2. The L*-projection Py : L*(Q2) — W}, is defined as
(Pgw — w,wh) =0, VYw, € Wy. (3.2)
Then, for s € (1/2, ), we have the following estimates:
10 PRl + 10— Pl 2y < CH ol
= P gy < O ol

With yn0 = Ppyo, the spatially discrete approximation of the problem (2.2) is to find
(yn(t),un(t)) € L*(0,T;W?) x L*(0,T; Uqa,p) such that

) e 2 2
e ) = 5 [l = vl + Al [ b (3.3)

subject to the state equation

ow
- <yh7 —h) + (Vyn, Vwn)ar = (07, wp)ar + (Un, wi)or + (Yn,0, wi(-,0)), (3.4)
Qr
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where wy(+,T) = 0 and
(o7, wp)q / / owp, dx dr(t), Ywy, € H (0, T;W%).

Next, we consider the completely discrete approximation of the spatially discrete problem
(3.3)-(3.4). For this, we introduce a partition of [0,T] as 0 =ty < t; < -+ < ty_1 <ty =T.
Utilizing the time partition, we notice that the time interval [0, T] is divided into subintervals
I, = (tn—1,t,] with time step k,, = ¢, — t,—1 and k = maxj<,<n k,,. We assume that the time
partition is quasi-uniform, i.e. there exist positive constants ¢; and ¢y such that c1k, < k < ¢k,
holds for each n € [1 : N]. Set x" := x(z,t,) for any sequence of functions {x"}Y_, defined
in Q, and define Dy, x" ™! = (x" ™ — x™)/k;,. Construct the finite element space W} C H}(Q)
related with the mesh 7,*. Similar to &, we indicate &} as set of all internal edges of 7,*. For
n € [1: N], define the discrete space for the control variable as

Uy, :={a € Uuq : U5, xx = constant, K € T;"}.

Let V; indicate the space of piecewise constant functions on the time partition. Define P :
L*(0,T) — I, as

Pk’U = (Pk’U = —/ In,
and indicate Py : L?(0,T) — Vi such that Pyv|;, = Plv. Then, P, fulfils
I(I = Pe)vllz2o.mie2(0)) < Ckllvllz2o,iL2(y), VYo € H'(0,T; L*(Q)). (3.5)

The completely discrete approximation of (3.3)-(3.4) is defined as: Find (y},u}) € Wi x U7,
for n € [1 : N] such that

l\’)l»—t

e, (k) = T )

N tn
=5 [ (= Py Al Jit (30
n=1 n—1

t

subject to

{(Dknyﬁ,wh) + (Vy}f, th) = {oT,wp)1, + (u};,wh), Ywy, € Wy, (3.7)

0 _
yh - yh,O;

where (o7, wp) 1, is given by
(o7, wn)1, / x, tywp (z)dx dr(t), Yw, € Wj.
tn 1
In the following, we need to investigate the stability behaviour of the solution to the com-

pletely discrete state equation (3.7) concerning the initial value yg, the measure data o7 and
the discrete control variable uj,.

Lemma 3.3. Forn € [1: NJ, consider yno = Ppyo and let y}' € W be the solution of (3.7).
Then, we have the following estimates:

N
DMl = 5 ey + ORIl 17 o

< (Il 0,722 171 0,71 + KB 2Nl 22y ) + Chllu Nz o 7oz



8 P. SHAKYA

N
H?Jf]sz;(sz) +C Z kHyZHiH(Q)
n=1

< (Il

2 2 n||2
Lw(QT;N(Q)) I711% 0,77+ ||y0||L2(Q)) + C/fHUhHL2(07T;L2(Q))-
Proof. The proof is similar to [39], hence we omit the details. g

The completely discrete POCP (3.6), (3.7) has a unique solution (yp,u}) for n € [1 : N]
such that the triplet (y7,u}, o)~ ") fulfils

(D, yiswn) + (Vyn, Vwr) = (o, wa) 1, + (up,wn), Yw, € WY, (3.8)
— (Dt wr) + (Vo Vwy) = (yif — Plya, wn), Vw, € Wy, (3.9)
¢n =0, (3.10)
(Aupy +op =t ay — ujy) >0, vapr e Un,. (3.11)

4. A Priori Error Estimates

This section concerns a priori error estimates for the control, state and co-state variables.
For n € [1 : NJ, on each time interval I,,, define Y3 (t) := y}, Un(t) := u}, and continuous
piecewise linear interpolant ®,(t) as

(tn — 1)
kn

B (t) = (= tnmn)

ot +

Here, we first introduce the auxiliary problems for the state and co-state variables as follows:
Find yj (u) € W} such that

{(Dknyﬁ(u),wh) + (Vy,’j(u), th) = (o1, wp)r1, + (w,wp), Yw, € WE, n>1, (4.1)
yg(u) = Yh,0,
and for n < N, let ¢}~ '(u) € W} be the solution of
{—(Dknqﬁ’g(u),wh) + (VqﬁZ*l(u),th) = (y}f(u) — P,?yd,wh), Ywy, € Wy, (4.2)
&N (u) = 0.

The preliminary error bounds for the state and co-state variables are provided in the next
lemma.

Lemma 4.1. Under the assumption of Theorem 2.1, let (y,¢) and (Y (u), @p(u)) be the solu-
tions (2.1), (2.3) and (4.1), (4.2), respectively. Then, foryq € H*(0,T; L*(2)) and s € (1/2, ),
the following estimates:
ly = Ya(w)llz2(0,7;L2(02))
< C(hQSk_% +k% o+ hs){H?JOHL?(Q) + HUHL“’(O,T;N(Q))HT”% (0,7 + ”uHL?(O,T;L?(Q))}a (4.3)
¢ — @n(w)llz2(0,7;L2(02))
< C(W k™% + k% + 1) {lyp )l 20,7020 + 1PRvall 2 0,750200)) }
+ Ckllya,tllz20,1:22 () + Clly — Ya(w)ll 20,7522 () (4.4)
hold.
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Proof. Let n solves the problem (2.8) with g € L?(0,T;L*(Q2)). Analogously to (2.1) and
(4.1), we write

/ (y — Yh(u))g dxdt
Qr

:/OT/Q(y—Yh(u)) (—?—An) dedt

S (;,,%)Q (Vy, Vi)as + Z/ << ?Z) (VyZ(U),Vn)) di

= (oT, 77>szT + (u,m)ar + (y0,1(-,0))

tn

+ Z (w),n" =" ") — (Vyp(u), Vn) }dt.

tnl

Use of summation by parts and n~ = 0 gives

/Q (y — Yi(u))g dadt
= <077 77>QT + (yOa 77(') 0)) - Z ’ {k;l(yZ(u) - y;f_l(u)ﬂ?nfl) + (Vy}?(u)a Vﬂ)}dt
+ (yi]zv( ) 77N) - (yh 0777('70 ) + (uan)QT

:_Z/tn {kn (i (@) =y~ (w), 0™ ™) + (Vi (u), Vi) } dt

tn—1

+ <0'7', 77>QT + (yO - yh,Oa 77() 0)) + (UaU)QT- (45)

Utilize (4.1) to have

™ {(Dr.vii(w), PEPER) + (Vi (w), VEEPLn) )

n
N

N

n=

N

—_

—

Applications of (4.5) and (4.6) together with the fact Lt:; (n — P{n)dt =0 lead to

/ (y — Yh(u))g dxdt
QT

tn
= - Z kn Yy (w) = yp ), 0" = PEPun) + (Vi (w), V(P — P;?Pﬁn))}dt

tn—1

tn—1

N tn
+{(U779T Z/ UPI?PhU)dt}
n=17tn-1

N tn
+{<JT77QT Z/ O'TPkPhT]> dt}Jr{(oyho,n(,O))}

t

=h+1+ I3+ 1. (4.7)
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For I, using the definition of elliptic projection and the fact yj'(u) € W}, we obtain

tn
/ (Vy,’f(u), V(P,?n - P,?P,lm))dt =0.

tn—1

Apply the Cauchy-Schwarz inequality to have

N
|| = *Z < I - I,
n=1

[2%
[ (b ) = o ) - PP e

tn—1

where

NI

1
N 2 N
“(mewﬁlwmmﬁ ’H<ZNW1wmw;@>
n=1

n=1

The application of Lemma 3.3 yields
< C(’ﬁh_lHyoHLz(sz) +llollzeeo,;z2 ) lI7lls 10,77 + k2 H“”LZ(OT;LZ(Q)))'
To estimate F5, we first use the triangle inequality and Lemma 3.1 to have

o=t = PPl iy < 7 = Pl oy + |0 = PP o

<" = Pl gy + CO* ([P e - (4.8)

We know that
7= = Pn| gy < i Il 2,2, (4.9)
HP/?TIHH1+S(Q) < Chy? Il 221, m1 5 () - (4.10)

Using (4.9)-(4.10) in (4.8), we get

N 2
|Fr| < C (Z h4SHPI?77Hi]1+S(Q) + kn'nt|%2(1n;L2(Q))>

n=1

N 2
<cC (Z h4sk;1 ||Pl?77||12(1n;H1+s(Q)) + k”|77t|%2(1n;L2(9))>

n=1
< O(h®k™% + k%) |9l 20,m:220))

the last inequality is obtained by use of Proposition 2.1. Combining the bounds of F; and F,
we find that

L] < C(h*k™% + k?) (k%h‘1||y0||L2(Q) + lloll Lo 0,72 17158 (0,77
+ k%||u||L2(O,T;L2(Q)))Hg||L2(O,T;L2(Q))- (4.11)

For I we observe that

|| =

N tn
<0’Ta n)QT - Z / <O-Ta PI?P}%,TI>IH dt
n=1"tn-1

Z/tn /QU(:I:,t)(n—P,?’P,in)(:z:)dxdr(t)

< C||J||L°°(O,T;L2(Q))HT”‘B [0,T] HU - P]?P}%/UHLOO(O,T;LZ(Q))' (4'12)
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Since
npl n n npl
H” — B PhnHLw(o,T;Lz(Q)) < H” — B 77”Loo(o,T;L2(sz)) + HPk n— b Ph”HLw(o,T;m(sz))
1 S T
< Ck2 el L2(0,7502(09) + CR°|| Py 77HL<><>(0,T;1171(Q))
< C(k* + 1) gl 20,722 (4.13)
substitution of (4.13) in (4.12) implies
1 S
1| < C(k2 + 7)ol 0,220 1Tl 0,119l 22 (0,7;22(02)) - (4.14)
For I3 use of duality pairing and Lemma 3.2 to have
3] < Ch*|lyoll L2y l9ll 2(0,7; L2 (22))- (4.15)
Finally, apply the Cauchy-Schwarz inequality to bound I, as
|I4| < ||u||L2(O,T;L2(Q)) HU - P]?/P}LT]HLQ(QT;LQ(Q))
1
< O(h* + k2)|Jull 20,7522 ) 91| L2 0, 7:22(92)) (4.16)
where we have used
npl npl
|n = P PhnHLZ(O,T;LQ(Q)) <Clln- P Phn||L°°(O,T;L2(Q))

and (4.13). Combine (4.11), (4.14)-(4.16) together with (4.7), and the definition of L?(0, T}
L?(Q2))-norm produces the desired estimate (4.3).

To prove the estimate (4.4), first we introduce the following auxiliary problem: For g €
L?(0,T; L*(Q2)), find ¢ € X(0,T) such that

0
(,;Z A =g in Qrp,

f =0 on FT, (417)
£-,00=0  in Q.

An application of Proposition 2.1 gives

1€l e 0,122002)) + €l 220,750 +2 )y < CrIlGl L2(0,7;22(02))- (4.18)

Set g = ¢ — ®p(u) in (4.17). Then multiply the resulting equation by ¢ and use integration by
parts formula to have

/QT(¢ Oy, (u)) gda dt = //¢ O, (u <8§ Ag)d:cdt

= (5), +vo.500 }j/“ b (0 ). €7 = €71) + (Vg1 VE) i

tnl

@ymm+2/ () 637 (). €") — (Voi (), VE) Jar,  (4.19)

tn—1

where in the last step we have utilized (2.3). Notice that from (4.2) we get

- Z (Dr, ¢h(u), PEPLE) + (VebZ‘I(U), VPIP,E) = Z — Pllya, P{PRE).  (4.20)

n=1
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Utilize (4.19) and (4.20) to obtain

/ (¢ — ®n(u))gdadt
Qr

N o ptn
~ v ar =Y [ (R - Prva ALPRd:
n=1

tn—l

N o ftn
+ Zl/ {k#(cﬁ}?(u) — @M (), & — PPPLE) — (Vor (u), V(€ — ng,g(u)))} dt

tn—l
The estimate of I follows by argument similar to the proof of I; and hence use of (4.18) leads to
T sp.—% Nix n n
[z < C(h2 k=2 + k2)|\g|\L2(07T;L2(Q) (Hyh (“)HL2(0,T;L2(Q)) + HPk deLZ(O,T;LQ(Q)))’ (4.22)

where we have utilized the stability estimate of (4.2), which is easily obtained by an application
of Lemma 3.3, is stated as

N
S 6k ) — 83 @2 g + CEI S W) 0
n=1

< Ckn (HQZ(“)HB(O,T;B(Q)) + HPI?deL%O,T;L?(Q)))'

The Cauchy-Schwarz inequality and simple calculations give

N tn
L] = |(y — ya, E)ar — Z/ (vi (w) — Plya, PLPLE)dt
n=1

tn—1

< (Hy - yZ(U)HLz(o,T;Lz(Q)) + Hyd - ngdHLQ(O,T;LQ(Q))) €1l 2(0,7512(2))

+ (||yZ(U)HL2(0,T;L2(Q)) + HPI?deN(o,T;L?(Q))) € - P’?PfllguL%O,T;L%Q))' (4.23)
Utilize (3.5),
||§ - PI?Pflzg"Lz(o,T;L2(Q)) < C||§ o ng’}bgHLw(O,T;L?(Q))
and (4.13) to have
11| < C(Hy = Un (| 2o 12y T /f|\yd||H1(o,T;L2(sz)>) 91l 220,522 (22))

+C(h* + k%) 191122 0.7:22 () (Hyﬁ(u)HLQ(O,T;LQ(Q)) + ||Pl?yd||L2(O,T;L2(Q)))' (4.24)

Combine (4.21), (4.22), (4.24) and use the definition of L?(0,7’; L?(£2))-norm to obtain (4.4).
This completes the proof. (|

To estimate the error in the control variable, it is required to introduce the completely
discretized control problem as

TIn(Up) = Jn k(Yp,up) subject to u, € Uy, (4.25)

where the discretization parameters h and k are gathered under the subscript p. The unique
solution u, of (4.25) satisfies the optimality condition

N tn
Tn e (W) (T — up) = Z/ (Aup + ¢p)(Up — up)dt 2 0, Vi, € Ugy. (4.26)
n=1

tn—1

Define the L?-projection II% : L?(0,T; L?(£2)) — U?,. Notice that I17U,q C U7, n € [1: N].
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We now prove the following error bound for the control variable.

Theorem 4.1. Let u and u, be the solutions of (2.2) and (4.25), respectively. Consider the
sufficient optimality condition (2.7) is true. Then, for s € (1/2, (), the estimate

he o (h*kTE 4+ k3 + D)

uU—1u 2 .72 < C’ +C
| pllL2 (0,522 () = 7
is valid. Here, C' and C are given by
C :=C(llollL=(o,r:L2)» 17l 0,77, ol L2 Il L2072 (2, A), (4.27)
C = C(llyollrze, ol e o,m2@))s 17l 0,775 |l 2(0,m5220))s |yall o 1in2c0), T)- (4.28)

Proof. To prove this, we introduce an auxiliary problem as follows: Find 4} € U?, such that

min 7 (u},), (4.29)

upeln,
here, only the control variable is discretized. As a result, the optimality condition
J'(ap) (Mju —ay) >0, VIjue Ul (4.30)
is satisfied. We decompose the error as follows:
u—u, = (u—ap) + (ap — u,). (4.31)
To estimate the first term of (4.31), utilize (2.7) for any @ € U,q to have

7w - QZH;(O,T;H(Q)) < J"(@) (u — g, v — )
= J'(u)(u—ap) = ' (ah) (v — @)
= () (u— ) — () (u — W) — () (W — 7).

An application of (2.4) and (4.30) yields
T'(w)(u— ) <0, —7" (@) (Mhu—ap) <.
The properties of I and the Young’s inequality result in
Yw -, HiZ(O,T;Lz(Q)) < =J'(ay) (v — Mgu)
=- /OT (Aap + ¢(ay),u — Iju)dt

T
== /O (o(ay) — o (ay), u — Myu)dt

T 1 on n n 1 n
S/o {iuéf’(uh) *Hd¢(uh)Hi2(Q) +§Hu7 duHiz(Q)}dt'

Use of Lemma 3.2 gives

hS

[

~n r C S ~1N C S
e =R 2o, 1200) 3/0 {\ﬁh 6@ 1 s A ||“||H1<sz>}dt <
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with C is defined in (4.27). Using the optimality condition (4.26), we notice that

T ) oy ) <0< 7" (i) — 7).

We have the second-order optimality condition for the problem (4.25) as

Utilize (4.32) for any 4} € U?, to obtain

(4.32)

2
UnllL2(0,1;L2()

Y|up — uh||L2(O T;L2(Q)) = < Tnp (tig) (wp — iy, wp — i)
= jh,k(up)(up - {LZ) - j}ik(ﬂZ) (Up - ﬁZ)
< J'(ay) (wp — @) = T u (@) (up — @)
< 6(]128]{3_% + k2 + R [|up — ahHL2(O,T;L2(Q))’

where the last step follows by using (2.4), (4.26) and (4.4), which completes the rest of the
proof. O

Now, we are in a position to estimate the error in the state variable in the L?(0,T; L?())-
norm.

Theorem 4.2. Under the assumption of Theorem 2.1, let y and Y}, be the solutions (2.1), and
(3.7), respectively. So, for s € (1/2, ) the following is true:

|y = Yallr2(0,1:L2(0)) < C(h%kf% +k® h*)
X {llyollz2) + loll Lo o, 7:22 @) I7lls8 10,71 + llull 20,7222 }
+Clu— UZHN(O,T;L?(Q))'

Proof. Let n solves the problem (2.8) with g € L?(0,T; L?(2)). The duality argument with
(2.1) leads to the assertion that

K%@—%MMﬁ:AéA@—mw}%—A@mm

_ In
(y, 8t)QT + (Vy, Vn)ar

+Z : {( haa) - (Vy;?avn)}df

tn—1

tn
— Z/ {k 71 yn — nyl,n”_l) + (VyZ,Vn)}dt

tn 1
+ (yO - yh,Oan('a 0)) + <UTa 77>QT + (ua U)QT- (433)

From (3.7) we have

] =

{(Dr,yi. P Pyn) + (Vyi, VP Pin) §

3
Il
-

N
(o, P,?’P,1L77>In + Z (upy, PIPin). (4.34)

n=1

I
WE

3
Il
-
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Utilize (4.33) and (4.34) to achieve that

/ (y — Yn)g dudt
Qr

N tn
S0 [ kPP + (Va9 (P - PEP)) Yt

n=1"Ytn-1

+%W@m—§;/n@ﬂﬂwﬁhﬁ}+ﬁm—%mWﬂm

tn—l
N ot
+ {(u,mm -3 / (uz,Pmn)dt}
n=1 tn—1
=L+ I+ I3 + I,. (4.35)

The bounds of I, I», I are found in Lemma 4.1. Now, we estimate I, as follows:

_ N tn N tn
L=y / (w )t — 3 / (ul, PEPn)dt
n=1"tn-1 n=1"vtn-1
N t" N tn,
:§:/ (mmJ?ﬁmﬁ+§:/ (u —ujy, PyPin)dt|.
n=1"7tn-1 n—1“tn-1

The Cauchy-Schwarz inequality, Poincaré inequality, Proposition 2.1 and (4.13) together with
npl
vak ,PhnHL2(01T;L2(Q)) < C”vnHLZ(O,T;L?(Q))

implies

L] < C(H“HLZ(O,T;L?(Q)) H77 - PgrpénHLW(O,T;LZ(Q)) + H“ - UZHLZ(O,T;LQ(Q)) ||V77||L2(01T;L2(Q)))

< C{ (h® + k2) |lull 20,7 L2(52)) + ||u — U’ZHLZ(O,T;LZ(Q))}Hg”L2(O,T;L2(Q))7
where we have used
npl npl
ln — P PhnHLZ(O,T;LZ(Q)) < Cln - By PhnHLw(O,T;LQ(Q))'

Combining all the estimates of Iy, I, I3 and I together with (4.35) and the definition of
L?(0,T; L*(Q2))-norm yields the desired estimate. O

The next theorem is devoted to the error estimate for the co-state variable. We omit the
details of the proof.

Theorem 4.3. Let ¢ and @y, be the solutions of (2.3) and (3.9), (3.10), respectively. Then,
we have

16— Bnll 20,1202y < C(B*k™ % +k* + h*)
X {HQZHLQ(O,T;LQ(Q)) + HngdHLQ(O,T;LQ(Q))}
+ kllya.illz20,7:2) + 1y — Yall 20,1502 (0)) -
Remark 4.1. With & = O(h?%), Theorems 4.1-4.3 yield the following error estimate:
v = Yall20,7:22(0)) + v — upllL20,7:22(0)) + |0 — PallL2(0,7:22(02)) < CR°,

where p acquires the discretization parameters h, k.
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5. A Posteriori Error Estimates

A posteriori error estimates for the control, co-state, and state variables are derived in this
section. For n € [1: N, Y2(z) = yno(z) and @Y (z) = 0, we recast the optimality conditions
(3.8)- (3.11) in terms of Y}, @y, Uy, as

(Dkny}?,wh) + (VYhn,th) = <O’T, wh>[n + (Uh,wh), Ywy, € Wz, (5.1)
— (D, @ wp) + (VO wy) = (Y — Plya, wn), Vwy, € Wy, (5.2)
(AU, + @)1, ap — Up) >0, vay € U2, (5.3)

In the following, we recall two lemmas that are essential for obtaining a posteriori error bounds.
Lemma 5.1 ([15]). For w € H'™*(K), let K € T, and m =0 or 1. Then

[w — pw|| g iy < Cromh > wlpise gy, Yw € H(K),
where I1j, : Co(Q) — WY be the nodal interpolation operator.

Lemma 5.2 ([24]). For K € Tp,,1 < p < o0, we have

1 1—1
HwHLp(e) < CI,e(th HwHLp(K) + hK P |w|W1,p(K)), Yw € Wl,P(Q).

The error between y and Y}, is determined with the help of intermediate error estimates. For
this, we introduce the auxiliary problems: For U, € UZ,, let y(Up) € W(0,T) be the solution of

- (v 5 )+ (Ouw, T,
= (o7, w)a, + (Yo, w(-,0)) + (Un,w)a,, Ywe X(0,T) (5.4)

with w(-,T') = 0, and let ¢(Uy,) € X(0,T) satisfy

8@(Uh) 2 . 1
_ < oY QTJr(V(,b(Uh), Vw)QT:(y(Uh)fyd, w)QT, Yw € L (O,T, Hj (Q)), (5.5)
To find the error bounds, we first split the errors and use triangle inequality to have
HYhn - yHLQ(O,T;LQ(Q)) < HY}? - y(Uh)HLQ(O,T;LQ(Q)) + Hy(Uh) - yHLZ(O,T;LQ(Q))a (56)
1®r — 9l 20, 1522(2)) < N1Ph — (Un)llz2(0,1522(02)) + [10(Un) — @l L2(0,7:22(02))- (5.7)

To begin with we first determine the error bound for the control variable.

Lemma 5.3. Let (y,u, @) be the solution of (2.2), (2.3), and let (Yn, U, ®p) be the solution of
(5.1)-(5.3). Assume that (AU, + @}~ ")|x € HY(K) and for @ € Uqq, the following:

T
< Cl/ Z hK}AUh+®Z_1}H1(K)HufUhHLZ(K)dt (58)
0

T
/ (AU, + @771 0 — Uy)dt
0 KeTs

holds for some positive constant Cy. Then, we have

lw = Unll3a0.zic2cay < C3 (&8 + 1@n = SU20.122(01) ) (5.9)
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where

3 n T n—1|2
Cy = \/;max{l,C’l}, &= </0 Z h%(|AUh+<I>h () dt),

KeTh
and ¢(Up) be the solution of (5.5).

Proof. Inviting the optimality condition (2.4) we obtain
(Auyu—Up) < —(¢p,u—Up).
Then use of (5.10) results in

T T ¢
/ ||u—Uh||2LQ(Q)dtg/ {— (K,U—Uh) —(Uh,u—Uh)}dt.
0 0

T T
A/ Hu—UhH%z(Q)dt:/ [ (éyu—Up) — (AUp,u— Up) e
0 0

And hence,

17

(5.10)

T T
:7/ (@Z_1+AUh,U7ﬂZ)dt7/ (AUh+q)Z_1,ﬁh7Uh)dt
0 0

T

+ /OT (@3~ — ¢(Un),u — Up)dt +/O (p(Un) — ¢,u — Up)dt.

An application of (5.3) yields

T T T
A/ HufUhH%z(Q)dtg/ (AUth@Z_l,ﬁhfu)dtnL/ (@)~ — ¢(Up),u — Up)dt
0 0 0

T
+/ ((b(Uh)—Qﬁ,’U/—Uh)dt :ZE1 +E2+E3
0

It is clear from the assumption (5.8) that

T
|E1|:/ (AU, + @771 @ — u)dt
0

T
g/ { > C1hK]AUh+<I>Z1}H1(K)|U—Uh|Lz(K)}dt
0 KeTy

st

n 1
< 1 &+ ZHU* UhH%Z(O,T;LQ(Q))'

Additionally, it is obvious that

T
|132|/O (@)~ — ¢(Up),u — Up)dt

3 T n—1 2 1 T 2
S Z 0 H(bh _¢(Uh)||L2(Q)dt+Z 0 ||u_Uh||L2(Q)dt-

Utilize (2.1) and (5.4) to write the expression of E5 as

T
B = /O (i — Un, &(Un) — )t

— /OT {_ (y —y(Un), 5¢é[jh) _ %) + (V(y —y(Un)), V(6(Up) — ¢))} dt,

(5.11)

(5.12)

(5.13)
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which combine with (2.3) and (5.5) gives E5 < 0. The proof is accomplished by combining the
estimates of E1, F5 and Fjs. O

The main theorem of this section will be derived by use of intermediate error estimates
provided in the next two lemmas.

Lemma 5.4. Under the assumption of Theorem 2.1, let y(Uy) € W(0,T) and Y;* € W} be the
solutions of (5.4) and (5.1), respectively. Then, for n € [1: N| we have

N tn N
S I~ uOD eyt < €3 Y (65 + 65 +8) + 61},
n=1 n—1 n=1
oy
on

N
£y = Z Z (h%(HUH%w(In;LZ(K)) + knl|o — PI?UHiw(In;m(K))) I711% (In)
n=1KeT"

where

2

)

&=y W |k L (e — Yt — Ay - UhHiZ(K) + 3 npee N
L2 (e

KeTy ec&p

& = [y 7Yhn_1H2L?(Q)’ €1 = HyO*Y}?HQH(Q)’

and C3 = Cgrmax{1,Cr,Cr,0,Cr,2,Cr3,C1,Cro}.

Proof. Let n be the solution of problem (2.8) with g € L?(0,T; L?(€2)). It should be noted
that n = 0 on 9Q, N = n(-,T) = 0. Use of (5.4) and integrating by parts yields

/QT (Y7 = y(Un))g dzdt = /OT /(2 Yy —y(Un)) ( - % - An) dzdt

= (y(Uh)v %

),
_XN: " <<Yh”,%>—(VY,{’,Vn)>dt
+(

Yy —y0,m(-,0)) — (Un,n)er

- (y(Uh)v 7A77)QT

N ot
+Z/ (N Yr =Y g™ ) + (VY V) bt (5.14)

n=1"tn-1

We indicate II} as the Lagrange interpolation operator onto W} and define n; such that
nilr, =I5 (P'n) € Wy
for each time interval I,,. From Eq. (5.1), we obtain

N N N
S oAk =Y ) + (VY V) Y = (orm)n, + > (Un,m). (5.15)

n=1 n=1

Then we have

N tn
/ (Yh” - y(Uh))gdzdt = Z/ k;l(Y,? — Y,f_l, i nj)dt
QT n=1 tn—1
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tn—1

3 / VYR Y0 — ) — U — ) e

N ot
— (yo — Y3, n(-,0)) —(O’Ta77>QT+Z/ (o7, n1)r,dt
n=1

tn—l

=: él +é2+é3+é4. (516)

The terms &;,i = 1,...,4, are estimated separately. Using Lemma 5.1 and integration by parts
we arrive at

_ N
€]

n

[2%
/ kN (Y =Yg = P+ P (n — ToEn))dt

n=1"tn-1

N tn
Z/ / k(v =y (0t — PP dadt
n=1 tno1JQ

N o ptn
+y k(Y = YY) PR () — TIy) dadt
n=1 tn_1JQ

< InaX{C], C]ﬁo}

n mn— 2
m@nnlmm)

=

2(1+s — n n— 2
+ Z hl(( " )Hknl(Yh 7Yh 1)”[}([{))] ||gHL2(O,T;L2(Q))a (517)
KeTh

where we have utilized the properties of P! and Proposition 2.1

n—1

||77 - PI?”HLQ(O,T;LQ(Q)) < Crkn|[nll w1 0,m:22(92))
12 =T Loy < 1m0 = T0m|| 20 < Crobii* 0l L2o,m; mes ()
(@) (Q)

To estimate €, the properties of I} now yields

(Zn—meMmmm—mwwm
KeTy
o], I
+ —n n—1I5n dt
1B -
N 2
2(1+4s n
Zk”< Z hK( ! )” —AYy 7Uh||L2(K)
n=1 KETh"'
Yy
on

The bound of €5 is obtained by the application of the Cauchy-Schwarz inequality

< InaX{C[yo, CI,eCI,O}

2

+Z hi+2s

ec&l

2
)] 120,150 +5 (02))- (5.18)
L2(e)

€3] < ([~ voll o 11 Ol 220
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For &, adding and subtracting the suitable terms together with the definition of P}’ we obtain

N - ptn
€] = (o7, M) —Z/ (o7, n1)1,dt
n=1"tn-1
N tn N tn
= / / o(x, tyn(e, t)dr(t) dr — / / o(z, I (Pry)d r(t)dz).
=1 tn_1 n=1"tn1
Hence,
~ N tn tn
|&y| = Z{// a(x,t)(n—P,?n)dT(t)dx—i—// a(m,t)P,?(n—HZn)dT(t)dx}
= WJade, QJt,
N
= Z{ Z (HU_P’?UHLN(ITL;LQ(K))||77_PI?UHLOO(IH;LQ(K))HTH‘B(In)
n=1 \ KeT»

Hlloll o usz2op 1PE (0 = TR0 oo 1,2 s [Tl (In)) }

N
< max{Cr;, 13} Z { Z (k”HJ - PgJHQLw(IH;H(K))HT”Q‘B (In)

n=1 KeTh"

2
o7 o (1, n2 (50 17115 (In))} 9/l L2(0,7;12()), (5-19)
where we used the Proposition 2.1 and the following properties:

||T] - P1?77||Lao(1n;L2(K)) S CI,Q k’z HnHHl(O,T;LZ(K));

||77 - HZUHLOO(ITL;L%K)) < Crahilnll Lo (1,50 (1))
Combining (5.16)-(5.19), we find that

1Y =y (Un) | 220,7;22())

N
{ Zlkn< S Rk (v - v - AYy - UhHQL?(K)

KeT
oy
on

< (s

-

+ Z hé+25

ecep

1
N
n n—1[]2
o= Y2 ey + (an\m -V, 1Hm>)
n=1

2 2
L2(€)> }

2

N[=

] |

The proof is now complete. O

N

n 2

+Z{ Z (kn||oPko||LwUmL2(K»||T|%(In>+h%<|o|%WL2<K>>|T||%UH>)}
n=1 KETh"'

The intermediate error estimate ||®7,—¢(Un) || £2(0,1:12()) is obtained in the following lemma.
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Lemma 5.5. Let @), and ¢(Uy) be the solutions of (5.2) and (5.5), respectively. Then, we
have

9
[@n — ¢(Un)1Z22(07:0202)) < CF Z&?,
i=6
where

T
8 = {/0 S0 R = B = AT =V 4 Pyl e

KeTr
T n—1
oA gL
&= ||y - y(Uh)||2L2(o,T;L2(Q)>’
&8 = ||ya — ngdniz(o,T;Lz(Q))’
& =110 = 957 |20 rorm ey

and Cy = Crmax{1l,max{C7,,Cr0Cre}}.
Using Lemmas 5.3-5.5, we can obtain the required a posteriori error bounds.

Theorem 5.1. Let (y,u,¢) and (Y, Un, @) be the solutions of (2.1)-(2.4) and (5.1)-(5.3),

respectively. Assume that every requirement in Lemmas 5.3-5.5 is true. Then, we obtain

N tn 9 N tn N tn
S [ = ol g+ 30 [ w4 3 [ - Ul
n=1"tn-1 n=1"tn-1 n=1"tn-1

N N
<G+ (kG +G+E) T+ {G+&+8)
n=1 n=1

where £ is defined in Lemma 5.3, £',1=2,3,4,5, are defined in Lemma 5.4 and &',1=6,7,8,9,
are defined in Lemma 5.5.

Proof. The proof begins with the use of triangle inequalities (5.6) and (5.7), as well as Theo-
rem 2.1 and Proposition 2.1. The rest of the proof is completed by using Lemmas 5.3-5.5. O

Remark 5.1. The estimators presented in Theorem 5.1 are contributed by the approximation
errors of the control, state, and co-state variables. The estimators are generally influenced by
the approximation errors for the state and co-state, whereas £’ is mostly determined by the
approximation error for the control variable. The co-state equation contributes the estimators
&8, &8, €y, while the state equation contributes the estimators &7, - - , &', These estimators are
divided into three parts: the estimators 5 and &' are generated by the approximation of time,
the estimators &3, &¢ are caused by the discretization of space and the estimators £; and £ are
induced by the data approximation. For directing an adaptive algorithm, these estimators are
extremely useful.

Remark 5.2. We choose 7 = §;+, where §;+ stands for the Dirac measure focused at time
t = t.. Consider the set of indices Z for the time partitions where the emphasis of the measure
data d;+ is placed. Let ¢, € (tn—1,ty] for some n € N. Then, & of Theorem 5.1 reduces to

&= S (ot Baey + kellot )l
KeTn,z
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6. Numerical Experiments

The numerical results for a two-dimensional problem are presented in this section to support
our theoretical conclusions. The projection gradient method is used to solve the optimization
problem. The numerical tests are performed by utilizing the software Free Fem++ [22] and
all the constants are taken to be one. If F is an error functional, then we define the order of
convergence between two mesh of sizes h; > hy as

order = log (E(hl)/E(hZ))
log(h1/h2)

Data of the problem and true solution. We use the example considered in [39] on L-

shape domain Q = (0,1)?\ [1/2,1]2. We have used the point-wise control constraints u, = —0.5
and up = 0.1. The final time 7" = 1, and the remaining data of the problem are given as follows:

oT =sin (ﬂ(xf + x%))éé —u+sin (ﬂ'(mf + x%))&(t)
+ { — 4mcos (ﬂ'(xf + x%)) + 472 (x% + x%) sin (ﬂ'(l‘% + x%)) }%(t)
with
i) = 2 and F(t) = :
—, 242t t>=
2 2

3

The desired state is
ya = sin (w (27 + 23)) + 4rt cos (7 (2] + 23)) + (F(t) — 4x°t (a7 + 23)) sin (7 (2] + 23)).
The exact state and co-state are given by
y = sin (r(2f + 23))3(t), ¢ =sin(n (2] +23))t,

and the exact control is calculated by the formula (2.5) and (2.6).

First, we validate the results obtained in Section 4. For the spatial discretization of the
state and co-state variables the continuous piecewise linear polynomials are utilized, whereas
the piecewise constant functions are used for the control variable. With a uniform time step
size of k = h?® with s = 0.6, the backward Euler scheme is employed to approximate the time
derivative. Table 6.1 displays the order of convergence for various degrees of freedom (Dof)
together with the errors computed in the L?(0, T; L?(Q2))-norm at final time 7" = 1. We observe
that near the L-shape corner, the regularity of the state, co-state and control variables is not
enough to get the linear rate of convergence. Table 6.1 demonstrates that the error decreases
as the Dof rises and we obtained the convergence rate matches with the results obtained in
Section 4. The exact and discrete control profiles are depicted in Fig. 6.1.

Next, we verify the findings from Section 5 of our studies. The error estimators derived in
Section 5, are utilized as the error indicator in the adaptive loop

SOLVE — ESTIMATE — MARK — REFINE.

The development of the space-time algorithm is based on [31]. To see the performance of
a posteriori error estimators, we set the time step size k,, ~ h% with s = 0.6. The space and
time tolerances are taken to be 1072. Table 6.2 shows the error and convergence rate for the
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state, co-state and control variables in the adaptive meshes. It has been noted that the local
refinement of the meshes improves the convergence rate. In Fig. 6.2, we present the adaptive
meshes at different level of refinements. Fig. 6.2 demonstrates how effectively the mesh adapts

in the vicinity of the L-shape corner and a large number of nodes is distributed along this
corner.

(a) Approximate control (b) Exact control

Fig. 6.1. The profiles of the control variable at 7' =1 with 11785 Dof.
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Fig. 6.2. Adaptive meshes for the state at different level of refinements at time 7" = 1.

Table 6.1: Errors of the state y, co-state ¢ and control u variables on uniform meshes.

Dof | N | |ly = Yall£2(0,7502 () | Order | [|¢ — ®nllL2(0,1:L2 () | Order | [[u — UnllL2(0,1;2(0)) | Order
25 | 4 0.43224 x 1071 - 3.52156 x 1071 - 1.96823 x 107!
81 | 8 6.58948 x 10~* | 0.6101 2.37896 x 10~ ¢ 0.6672 1.32783 x 1071 0.6695
289 [16| 4.39783 x 10~* | 0.6359 1.57783 x 1071 0.6457| 8.75573 x 1072 0.6549
1089 32| 2.82896 x 107!  |0.6652 9.98987 x 1072 0.6891 5.64994 x 1072 0.6604
4225|64| 1.79678 x 10~'  |0.6696 6.37896 x 1072 0.6617| 3.62287 x 1072 0.6555
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Table 6.2: Errors of the state y, co-state ¢ and control u variables on adaptive meshes.

Dof | N ||y - Yh||L2(O,T;L2(Q)) Order ||¢ — (bh”LQ(O,T;LQ(Q)) Order ||U - Uh”LZ (0,T;L2(Q)) Order
36 |4 8.26735 x 1071 - 1.39846 x 107! - 9.35682 x 10! -

209 | 8 3.29768 x 10~ * 1.0451 5.95639 x 1072 0.9705 4.17895 x 10~ ¢ 0.9166
417 [16]  2.25869 x 1071 1.0957 4.19460 x 1072 1.0153 2.96932 x 107! 0.9894
615 |32 1.86984 x 107! 0.9725 3.39783 x 1072 1.0844 2.43673 x 107! 1.0175
1445(64| 1.19182 x 107! 1.0570 2.15249 x 1072 1.0714 1.56695 x 1071 1.0363
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