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Abstract

In this paper, we analyze two classes of spectral volume (SV) methods for one-dimen-
sional hyperbolic equations with degenerate variable coefficients. Two classes of SV meth-
ods are constructed by letting a piecewise k-th order (k > 1 is an integer) polynomial to
satisfy the conservation law in each control volume, which is obtained by refining spec-
tral volumes (SV) of the underlying mesh with k Gauss-Legendre points (LSV) or Radaus
points (RSV) in each SV. The L-norm stability and optimal order convergence properties
for both methods are rigorously proved for general non-uniform meshes. Surprisingly, we
discover some very interesting superconvergence phenomena: At some special points, the
SV flux function approximates the exact flux with (k+2)-th order and the SV solution itself
approximates the exact solution with (k+ 3/2)-th order, some superconvergence behaviors
for element averages errors have been also discovered. Moreover, these superconvergence
phenomena are rigorously proved by using the so-called correction function method. Our
theoretical findings are verified by several numerical experiments.

Mathematics subject classification: 65N30, 656N25, 65N15.
Key words: Spectral Volume Methods, L? stability, Error estimates, Superconvergence.

1. Introduction

Hyperbolic equations have wide applications in chemical reactions, combustion, explosions,
and multi-phase flow problems, transmission of electrical signal in the animal nervous system
and so on. Numerical simulation becomes more and more important in the study of hyperbolic
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equations. Recently, high-order (or high resolution) numerical schemes attracted a lot of at-
tention in the study of numerical simulation for hyperbolic equations. An incomplete list of
high-order schemes include the high-order k-exact FV method [1,9], the essentially nonoscilla-
tory (ENO) method [4,10], the weighted ENO (WENO) method [14,19], and the discontinuous
Galerkin (DG) method [6-8,11,17], and the spectral volume (SV) method [26-30]. Among all
the above methods, the SV and the DG are two comparable high-order methods which share
many common advantages such as: Both are capable of achieving arbitrary high-orders, both
can be established on nonuniform and/or unstructured grids, both have compact stencils, both
only require the information of the immediate cell neighbours to evaluate the residuals of one
target cell and thus are easily parallelizable. Compared with the DG method, the SV method
enjoys some advantages such as sub-element-level local conservation property, high-resolution
for the discontinuity. We refer to [20,31] for more comparisons between the SV and DG methods.

It is known that the mathematical theory for the DG method, including the stability and
convergence properties (see, e.g. [5,12,13,16,18]), has been heavily studied. To our knowledge,
the theory for the SV method is far less developed, however. The SV method was first intro-
duced and studied by Wang and his colleagues [15,21,22,26-30]. Van den Abeele et al. [23,25]
investigated the influence of the partitioning approaches which divide a spectral volume into
control volumes and the wave propagation properties of the SV method for 1D and 2D hy-
perbolic equations. By studying the wave propagation properties, they showed that the third-
and fourth-order SV schemes based on the Gauss-Lobatto distributions are weakly unstable.
Later, Van den Abeele et al. [24] proved that the second-order SV scheme on 3D tetrahedral
grids was stable while a two-parameters family of third-order scheme on 3D tetrahedral grids
was unstable. Zhang and Shu [31] used Fourier type analysis to show the stability of p-th
order (p < 3) SV schemes derived by uniform subdividing of spectral volumes in 1D uniform
grids. All the above analysis are for lower-order SV schemes upon uniform grids. All the above
analysis are case-by-case and are based on lower-order SV schemes over uniform meshes. To
our best knowledge, there is no stability analysis of any high-order SV schemes on non-uniform
meshes in the literature. Moreover, it seems that no theoretic analysis for the convergence
order and superconvergence phenomenon has been reported in the literature yet, even for 1D
constant-coefficient scalar equations.

In this paper, we will extend the analysis in [3] to the following variable-coefficients problem:

u + () = g(z,t), (x,t) € [0,27] x [0,T],
u(z,0) = up(x), x € [0, 27], (1.1)
(0, ) = u(2m,t), te€0,7],

where ug(z),a(z) and g(x,t) are given smooth functions. We emphasize that a might be
degenerate in the sense that it has a finite number of zero points in [0, 27]. Instead of case-by-
case studies for low-order SV schemes, we will propose a unified approach to analyze two classes
of any order SV schemes, which are constructed by dividing each SV (an interval element) with
Gauss-Legendre points (LSV) or Radaus points (RSV) into control volumes (CVs).
Essentially, the SV method is a Petrov-Galerkin method. Its trial space is the standard
discontinuous finite element space with respect to SVs, while its test space is the piecewise
constant space with respect to CVs. Therefore, standard analysis tools for a Galerkin method
can not be applied directly to a SV method, novel tools need to be developed for the unified
analysis of the SV method. To overcome this difficulty, we first introduce a special from-trial-
to-test-space mapping, and then with the help of this mapping, we represent the SV method as
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a special Galerkin method, of which the SV bilinear form can be regarded as a perturbation or
numerical quadrature of the corresponding DG bilinear form. Based on the analysis approach
for the Galerkin method and the estimates of the difference between the SV and DG method,
we then establish a uniform analysis framework for the stability and convergence properties of
any order SV schemes. Finally, we prove that both the LSV and RSV are stable and can achieve
optimal convergence orders (i.e. (k + 1)-th order) in L? norm, even the underlying meshes are
non-uniform and the coefficient « is degenerate.

The superconvergence phenomena on the SV methods have been not reported in the liter-
ature. Our numerical evidences indicate that the SV method does have some very interesting
superconvergence phenomena, even the coefficient « in (1.1) is degenerate. For instances, our
numerical experiments show that the RSV solution is superconvergent at Radau points, while
the LSV solution is superconvergent at Gauss points. Moreover, we find out that the conver-
gence rates and the location of superconvergence points depend on some specific properties of «
(e.g. the multiplicity of zeros of o and the sign of the coefficient ). To figure out a mathemati-
cal theory behind, we first develop a correction technique to improve the error order between the
SV solution and a special interpolation operator of the exact solution. With this supercloseness,
we then establish the superconvergence of the SV solution at some special points. Finally, we
prove that, for the solution itself, the superconvergence order can achieve (’)(hk+3/ 2) at Radau
points for RSV and at Gauss points for LSV, for the flux function approximation, the super-
convergence order can be improved to O(h¥*2), and for the derivative of the SV solution, the
superconvergence order achieves O(h**1) at some special points which will be specified later.

We would like to point out that the coefficient « here might be degenerate, the wind direction
will change according to the sign of the coefficient o. Consequently, suitable numerical fluxes
and dividing points should be wisely chosen to match the wind direction change. Moreover,
our correction function should also be constructed accordingly, which makes the analysis for
degenerate coefficient problems very sophisticated.

The rest of the paper is organized as follows. In Section 2, we present two classes of SV
methods for linear conservation laws with degenerate variable coefficients. In Section 3, we
study the stability of the RSV and LSV methods, where inequalities in energy norm and flux
function norm are established. In Section 4, optimal error estimates in the L?-norm for both
RSV and LSV are proved. Sections 5 is dedicated to the analysis of the superconvergence
behavior of the SV solution itself and flux function approximation. We show that the super-
convergence phenomenon exists for general variable coefficient hyperbolic equations, and the
superconvergence rate may depend upon specific properties of the variable coefficient function.
In Section 6, we provide some numerical examples to support our theoretical findings. Finally,
some concluding remarks are presented in Section 7.

2. RSV and LSV Methods

Let Q = [0,27] and 0 = 29 < 1/3 < 3/2 < *-- < Tn41/2 = 27 be N + 1 distinct points
which split  into N elements. For any positive integer I, we denote Z; = {1,2,...,1} and
7} ={0,1,...,1}. For i € Zy, we denote V; = [Ti—1/2,Tiy1/2], and hi = Tip172 — Ti_1)2-
Let h; = h;/2 and h = max;ez, h;. We also assume that the mesh is shape-regular, i.e.
h < hi,i € Zy. Here and in the following, the notation x < y means that z can be bounded
by y multiplied by a constant C, which is independent of the mesh size. Let —1 = 59 < 51 <
S9 < -++ < 8g+1 = 1 be k+ 2 distinct points in the reference element [—1,1]. We get a partition
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of each element V; via the following linear transformation:

h; 1 ) .
xi,j:ésj+§($i_%+xi+%), 1€ Zn, 36Z2+1. (2.1)

Denote V;; = [z;;,%i+1],j € Z{, and define the finite element space Vj, and the piecewise
constant function space V}, by

Vi = {’Uh cunlv, € Pe(Vi),i € ZN},
Vh = {’U;; : ’Umvid S Po(Vi,j),i €Zn,j € Zg},

where Py is the space of polynomials of degree at most k. Let
Hy={v:vlv, e H,i€Zy}.

Here and throughout this paper, we adopt standard notations for Sobolev spaces such as

W™P(D) on sub-domain D C 2 equipped with the norm || - ||,y p and semi-norm | - |m. p -
When D = Q, we omit the index D, and if p = 2, we set W™P(D) = H™(D) and || - ||mp,0 =
I llm,p and | - [mp.0 = |- [m,p-

The SV scheme for (1.1) read as: Find up, € V}, such that

Tt Tij41
/ (up)ede + aliplij+1 — QUi = / gdz, (2.2)
xT xT

iJ 2y

where u|; ; = u(x; ;) and U, is the numerical flux. In this paper, we choose the upwind flux.
That is,
u}:|i+%a O‘|i+% >0,

nliss = (2.3)

U;|i+%; a|i+% <0,
where umiﬂ/g and uy, |;41/2 denote the right and left limits of u;, at the point x;, /9, respec-
tively.

We observe that the choice of the partition points {z; }fié of V; has a great influence on
the SV scheme (2.2). By taking different s; or z; ;, we get different SV schemes. In this paper,
we will consider two classes of SV schemes. One is constructed by using Radau points while the
other is using Gauss-Legendre points. We call the corresponding schemes as Radau spectral
volume (RSV) method and Gauss Legendre spectral volume (LSV) method.

LSV Scheme: {s; }?:1 are chosen as Gauss-Legendre points, i.e. s;,j € Zj are k zeros of
the Legendre polynomial Lj of degree k.
RSV Scheme: {s; };?:1 are chosen according to the sign of o on the element boundary, i.e.
o If aw;_1/2) > 0,(2i11/2) > 0, {s]}fill are chosen as right Radau points, i.e. zeros of
the right Radau polynomial Ly — L.

o If a(zi_1/2) <0,a(xit1/2) <O, {sj}é?zo are chosen as left Radau points, i.e. zeros of the
right Radau polynomial Ly, + Lg.

e Otherwise, either of the left Radau points or right Radau points can be used.
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We close this section by writing the above two SV schemes into a Petrov-Galerkin method.
Define the SV bilinear form on Hj X Vj, on each spectral volume V; by

k Tij41
ap,i(v, w* Z / veda + Zw av|”+1 — av|”) Yo € Hp, w* €V (2.4)
j=0 Tin
Here w} ; represents the value of w* on V; j, (i, j) € Zn x ZY. Let the global bilinear form
= Zah,i(v,w*), Yo e Hy, w* eV (2.5)

The SV scheme (2.2) can be rewritten as: Find wj, € V}, such that
ap(up,wy) = (g,wy), Yw; € V. (2.6)

Remark 2.1. The SV scheme (2.6) is consistent in the sense that the exact solution u of (1.1)
also satisfies
ap(u,wy) = (g,wy), Ywy, € V. (2.7)

Consequently, there holds the following Galerkin orthogonality:

ap(u —up,wy,) =0, Yw; € V. (2.8)

3. Stability of RSV and LSV

We begin our analysis of stability by relating the SV schemes to some quadratures.
For any f € L'([—1,1]), we let

k+1

1= 3" Aif (), RIS = / s =il (3.1)

where .
Aj = / i(s)ds, j€Ziyy
-1
with /; the Lagrange basis function at s;.
The SV method in the paper is related to the following three types of quadratures:

1. For the Gauss-Legendre quadrature, {sj} _, are k Gauss points and Ay = Ax41 = 0. This
quadrature is exact for polynomials of degree not more than 2k — 1, and its remainder is

22k+1[k|]

e TR 2k B
(2k + 1)[(2k)1? f (E)a EE( 1,1). (3.2)

R[f] =

2. For the right Radau quadrature, {sj};cill are k + 1 right Radau points and Ag = 0. The
quadrature is exact for polynomials of degree not more than 2k and its remainder is

FR1( 1=k
R[f]: @] /qssj)2(s1)ds, £e(~1,1). (3.3)
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3. For the left Radau quadrature, {sj};?zo are k + 1 left Radau points and Ax11 = 0. The
quadrature is exact for polynomials of degree not more than 2k and its remainder is

(2k+1) 1 Jj=k
- f(2k7+1(/)£')/_1 [L(s=5)(s+Dds, €€ (=1,1). (3.4)

We introduce a transformation 7' from V}, onto V}, as follows:

N k
w* = Tw:ZZw;‘,jXViwj(x), w € Vp, (3.5)
i=1 j=0

where y4,A C [0,27], is the characteristic function defined as x4 = 1 in A and x4 = 0

otherwise, and wy ; can be obtained by the following recurrence formula:

w; o = w;r_% + Ajows(Tio), wi;=wyi;_y + Aijwe(ij), J € Ly, (3.6)

where A; ; = EiAj, (i,7) € Zn x Z3. By a direct calculation, we have

k k+1
wi =Y (wi;—wi; ) +wh,= wl, + DA jwe(wig) = Aikprws (1)
=0 =0

Noticing that numerical quadrature is exact for w,, we get

Wiy = Wips — Ai 1wy (Cﬂ;r%)- (3.7)
Remark 3.1. The values of w},, w;, are closely related to the choice of the points s;. Specif-

ically:

e If the partition points are chosen as Gauss-Legendre points, then w}, = wi and

i—1/2
Wi = Wiy /2°
e If the partition points are chosen as right-Radau points, then w}, = wj_l /2

e If the partition points are chosen as left-Radau points, then w;, = w; /2
Lemma 3.1. Suppose that the partition points are given by the quadrature abscissae described

in (3.1), then the transformation T defined in (3.5) is bijective and bounded, i.e.
[Tw| < [lwll, Vw € V. (3.8)

Proof. We first show that the transformation 7" is injective. We assume that Tw = 0, then
we have w; ; = 0,j € ZY, and thus w,(x; ;) = 0,j € Zj and either w;:l/Q Or Wy gy = 0. As
w, € Pr—1(Vi), we obtain that w, = 0. Therefore, we deduce that w = 0. Suppose {;;}5_,
is a basis of V},, it is easy to prove that {Tgoi7j}§:0 is linear independent, which yields that
{Tgpiyj}fzo is a basis of V},. Then T is bijective. By using the inverse inequality, (3.8) follows,

which indicates that T is bounded. O

Remark 3.2. The SV scheme (2.2) is equivalent to the Galerkin scheme: Find up € V3, such
that

ah(uhvw;) = (gaw;)v Ywy, € th (39)

where wj = Twp,.
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Theorem 3.1. Suppose ap i(-,) be the SV scheme defined by (2.4) with the partition points
given by the quadrature abscissae described in (3.1). For any v,w € Vj,, let V. = 0, v; and
w* = Tw be the piecewise constant defined in (3.5). Then

ap (v, w*) = (vt + (aw)g, w)i + R;[(V + av)w,]

+ wj o (av™ —a?)];_1 +wi (ol —av” )| (3.10)

Proof. Both v € V}, and « are continuous at the interior points implies a?|; ; = adl; ; for
all j =1,...,k, then by (2.4),

ani(v,w*) = (ve, w"); +wj (av|i70 — aﬁ|i_%)

k Ti 1
a0l —arle) + > ui, [ oo
=0 @iy
= (v + (av)z, w*), + wj o (avt — av)];_1 +wi (ot —av” )| (3.11)

On the other hand, a direct calculation from (3.6) and (3.7) yields

k Tij41 k
(v,w*); = Z/ vwijde = wi (05 oli 1 — 05l )
j=07%e.j j=0

k+1
_ _ _ + _
=wy (070) gz —wl, (9710) iy - D0 olig Aiwe (@i g)
7=0

= / 2 (8;10w)zdz — / ik 8;10wmd:c + R; [Q;lvwm}

:/ vwdz + R; [0; 'vw,]. (3.12)
T3
Substituting (3.12) into (3.11) leads to the desired result (3.10). O

We next compare the SV scheme (2.6) and the discontinuous Galerkin (DG) scheme, which
is of great importance in our later stability analysis. The bilinear form of the DG method is
defined by

N
aP% (v, w) = Zaf,?(v,w), Vv, w € Hy,
i=1

where
aﬂ?(v,w) = (v, w)i — (oW, wg )i + VW™ |1 — aﬁwﬂF%. (3.13)

Here the numerical flux v is chosen as upwind flux. Applying integration by part yields

aﬁ?(v,w) = (v + (av)m,w)i + w;'_l(aer —av)|;_1 + w;rl(aﬁ— av”)|ipa- (3.14)

Consequently,

ap (v, w*) = aﬂ?(v,w) + R[(V 4+ av)w,] + Ri[v,w], v € Vp, (3.15)

where V = 9, 'v; and

+

Riv,w] = (w} o — 11)1.7%)(c)mJr —av)|;_1 + (wip — w;%)(aﬁ— av”)ip1-

Now, we are ready to discuss the stability for both the RSV scheme and the LSV scheme.
We first estimate the remainder terms appeared in (3.15).
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Lemma 3.2. If a € CY(V;) for all i € Zy, then for both the LSV and RSV methods, there
hold

‘Ri[aU’UIH 5 HUH%,Via Vv € Vha (316)

|Ri[v, v]] < [vllov (

|UH0,V«; + HU||07V1'+1 + Hv”O,VFl)v Vv € V. (317)

Proof. We first show (3.16). Denoting by &; the cell average of a in V; for all ¢ € Zy, we
rewrite the residual into

R;[avv,] = Ri[a;vv,] + Ri[(a0 — &; )vvg].

Since vv, is a polynomial of degree 2k — 1 in each V,, the right or left Radau numerical
quadrature is exact for polynomial of degree of 2k, and the Gauss quadrature is exact for
polynomial of degree of 2k — 1, we conclude that

Ri[divvm] =0.

Therefore,
R;[avv,] = Ri[(a — @;)vvy)
21 1
= / (Oé — di)vvzdx — Z Ai,j [a(mi,j) - @i] U(mi,j)vm (-Ti,j)
Ti-1 3=0
= Ri71 - Ri,g. (318)

By the Cauchy-Schwartz inequality and the inverse inequality, we obtain that

|Ria| S hillel1,00,v,

vllov.llvellov. < [1VIIE.v,- (3.19)

Similarly, we use the inverse inequality to obtain
|Riz2l S (hi)*llall.c0v. [V]l0.00v. [0z l0,00,v, S RIVIG v, - (3.20)

Substituting (3.19) and (3.20) into (3.18), we obtain the desired result (3.16).

Next we show (3.17). We observe that if a(z;_1/2)a(z;41/2) > 0, then Ri[v,v] = 0, if
a(z;—1/2)a(xi41/2) < 0, then there exists at least one point 7; € V; satisfying a(n;) = 0 and
thus ||a]/o,00,v; S k. Consequently, we have from (3.6) and (3.7) that

[Rilv, ]l S Allvellocov ooy, (10ig ] + [ 4 1)

5 HU||07V1'(HU||07V¢ + HU' 0,Vit1 + HU' OaVi71)a
where in the last step, we have used the inverse inequality again. The proof is complete. ]

To study the L?-norm stability, we need the following equivalent norm defined by:

N
lolz =Y llolie, vlis = (v,07) Vo€ Vi, (3.21)

=1

where v* = Tw. In light of (3.12), we have that

(v,v); = (v,v); + R; [0; 'vO,v] (3.22)
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with the residual
Ri[0; 'v0,0] =0

for the right or left Radau quadrature, and
22k+1 (k')4 d2k
(2k + 1)[(2k)1]3 22+

gk 2ZMTR(RY? (08,09
T O T NCTSTIEAS

R; [8;11)8zv] = l_z?kﬂ (8;11)%)

for the Gauss quadrature. Therefore, in both cases 0 < R;[0; 'v9,v] < ||v]|o,v, and thus
[vllo < llvlle < [lvllo, Vo € Vi
Now we are ready to show the L?-norm stability of both the LSV and RSV methods.

Theorem 3.2. Suppose o € C*(V;) for alli € Zn. Let ap(-,-) be the SV bilinear form defined
in (2.5), and up, the solution of (2.6). Then for both RSV and LSV methods,

1d
2 dt
Consequently, both RSV and LSV are stable in the sense that

lunllz < NunllE + llgll - llunlle- (3.23)

[un(- )llo < llun(-, 0)llo, ¢ € (0,T]. (3.24)

Proof. First, we use the energy inequality of the DG method in [2] to get

1
(v, 0); < aﬂG(U,v) - §(amv,v)i, Yo € V. (3.25)

%

Secondly, choosing w = v in (3.15), we have

ap,i(v,v") = aﬂ?(v, v) + R; [(8;11)t)v] + Rilavv,] + Ri[v,v], v € V. (3.26)
Therefore,
1
(ve,0); + R; [(8;11),5)1)] < aﬁ?(v, v) + R; [(0;11),5)1)] - §(amv, v);
_ 1
< ap,i(v,v") — R;loawvvg] — Riv,v] — 5(0@1},1})1’.
Since 1d
(ve,v)i + Ri[(ax_lvt)v] = (vt,v"); = __HUH?,E’
2dt
we actually obtain
L2 5 < an(,v) — Rilave) = Rifo,o] - 5 (a0, 0) (3.27)
5 g IVlie < ani(v,v [avvg i[v,9] = 5 (awv,v)s. )

Summarizing the above estimates for all i, and noticing a € C*(V;) for all i € Zy, and the
estimates (3.16) and (3.17), we have that
1d

5@”?}”% < an(v,v") + |llf5- (3.28)
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Choosing v=uy, in the above inequality and noticing that ap(un, u})=(g,u}), we obtain (3.23).
Since ||v]|o < ||v||g for all v € V4, we have

1d

5 7lunls S lunlls + llgllellunll e

Then by the Gronwall inequality,
lun(D)lle S llun(,0)lle, te€(0,T].

The stability result (3.24) follows directly from the norm equivalence between || - ||z and || - ||
in V3. The proof is complete. O

4. Optimal Order Error Estimates

We begin with an introduction of some interpolation functions. For ¢ € Hj;, we denote by
I ,f o, 1, 9,1, hiqﬁ € V}, the standard Lagrange interpolation of ¢, which respectively satisfy the
following k + 1 conditions on each volume-element V(i € Zy):

Lrg(z ) = d(zij), 7=0,1,... .k, (4.2)
IEp(xi ;) = ¢lxij), j=0,1,....k—1,k+1. (4.3)

The standard interpolation theory implies that
12z @ = ollo + 1176 = llo + 1556 = @lly S h**Hdlksr. (4.4)
We define a special interpolation I}, ¢ of ¢ as follows:

Iy ¢, if al_1 >0, ali1>0,
Ing = I];r(b, if a|-7% <0, a|z-+% <0, (4.5)

I higb, otherwise.
Lemma 4.1. The interpolation Iy, is flur exact in the sense that for all ¢ € C°[0,27],
Ih¢|i+% = ¢($z+%)) Vi € Zn, (4.6)
where I/h?,b is the upwind flux function of In,¢ defined in (2.3).
Proof. By the definition (2.3), if a(x;41/2) > 0,1, = I, or Ihi at x;4q/2, then

Ingliys = Ih(b(x;r%) = (zi11),
if a(wip1/2) <0,In = I} or IF at Ty 1, then

Ingliys = Ih‘b(x;;%) = d(iy1).

This ends the proof. U
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Recalling (2.4), ap,i(-,-) can be divided into two parts. That is, for all v € Hp, w* € Vp,
1 € Zn,ani(v,w*) = b;1(v,w*) + b; 2 (v, w*), where

k i k
bi1(v,w*) = ijj/ wdzr, bi2(v,w") = Zw;j (o], j41 — aDli5).
im0 Je i=0

Lemma 4.2. Let u(-,t) € WETL(Q) the solution of (1.1) for all t € [0,t]. Then

k+3
[bi2(w = Inu, )| S hy 2 [lullir,o0,v

vlo,vi, YU EVh, i€Zn. (4.7)

Proof. Rearranging the items of b; 2 (v, w*), we get

k
bi2(v,w*) = w;%aﬂﬁé - w;%aﬂi—% - Zl (@i )v(wi ) Aijwa (wi5)- (4.8)
‘7:
Choosing v = u — Ipu in (4.8) and using (4.6) yields
bio(u — Tnu,v*) = =Y alwi ) (u— Inuw) (@i ) Ai jve (i 5)- (4.9)

j=1

If I, = I, or I,j, we get immediately that (v — Inu)(z; ;) = 0 for all j € Zj, which implies
bio(u—Ipu,v*) =0. If I, = Ihi, then a1 /204172 < 0, which implies that there exists at least
a n; € V; satisfying «(n;) = 0. Therefore,

bio(u — Ipu,v*) = (a(ziﬁk) — oe(m))(u — Tpu) (i) Ai ks (T k).
By the approximation properties of the interpolation and the inverse inequality, we get
b2 (w = Inu, )| S B2 Jlullir,oo - [10]l1,00,v

o, (4.10)

k+3
S by llullbr,00vill0]
This finishes our proof. ]
Now, we are ready to give the optimal error estimate for ||up — Inullo.

Theorem 4.1. Let u(-,t) € H**2(Q) for any t € [0,t] be the solution of (1.1), Iyu be the
interpolation function of u defined in (4.5), and uy, be the solution of the scheme (3.9) with the
initial solution up(x,0) = Iyug. Then for both the RSV and LSV methods

=)0l S P sup 7 (4.11)
T€[0,t

Proof. In each V;, we have

ani(w— Ipu,vy) = bi1(u — Inu,vp) + b o(u — Ipu, vy)
= (u¢ — (Inw)e, ) + bi2(u — Inu, v}). (4.12)

By (3.8), (4.7), and the fact that (Iyu): = Inus, we obtain that for vy, € V3, and i € Zy,

0.vi + W3 |1 00,v, |0]

|an,i(w — Inu, vp)| < llue = Tnuello,v, vy 0.v;
1
S W (luellerov, + 07 ulli.oovs ) ollo,v,

S ullkgz,v oo (4.13)
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Here in the last step, we have used the identity u; = —u, and the inequality ||u|/r+1,00 S ||6]lk42-
Choosing v = up, — Inu in (3.28) and using the Galerkin orthogonality (2.8), we get

1d *

EE”uh — Iyullf < a((un — Inw)e, (un — Iyw)*) + |lun — Inulld
S W ullksollun = Inullo + [lun — Tnul3.

By the Gronwall inequality and using the initial value of uy, we have

I Cun = ) (-, O)lo < Ml (un = Inw) (O]l 5 S B v

The desired (4.11) follows from the triangle inequality and the standard interpolation inequal-
ity (4.4). The proof is complete. a

5. Superconvergence

In this section, we will investigate the superconvergence of both the numerical flux and the
numerical solution of the SV method. The basic idea of our superconvergence analysis is still
based on correction function, which is to construct a correction function w € V}, such that

ap(u — Ipu,v™) + ap(w, v™)

is of higher order for all v* € V}. Note that if w = 0, which indicates that no correction is
done, then we obtain the optimal convergence rate, just as we did in Theorem 4.1. Different
from the construction of the correction function for constant coefficients, as the wind direction
may change for variable coefficients, then the correction function could be different in different
elements. Therefore, we first divide the whole domain into three parts 2 = 23 U, U3, where

Q= {VZ— : a(zi_%)>0,a(zi+%) > 0},
Qy = {Vi : a(xi_%) < O,a(xiJr%) < 0},
Q3 =0\ (2 UQa).
In the following, we construct the correction function w; corresponding to the domain €2;,7 < 3,

respectively.

5.1. Construction of correction functions

In the element V; C i, noticing that Ipu = I, u and ap;(u — Iyu,v*) = (us — I, us, v*),
then we construct the correction function w; as follows. Let

@i = max|a(z)l, P-(Vi) := Pe(Vi) \ Po(Vi). (5.1)

We define the correction function wy € Vj, in each V; C Q1 by
w1 (%;;) =0, (w1, vg);= ((%(u — 1, u), v*)i, Yv € P_(V;). (5.2)

We have the following properties for ws.
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Lemma 5.1. Let V; € Qq, w1 € V, be defined by (5.2) with @; given by (5.1). Then for both
RSV and LSV methods,

ahi(u—l_u—i—wl,v*)
= (Qpwy,v” Z A; j(al@iy) — ) va (@) wi (i), Yo e P_(Vy). (5.3)

Furthermore, if u € Wk3:°  then
pits

lwillo,v; + [0wiov; S H [l 43,00,V - (5.4)

a||07007Vi

Proof. First, for any V; € Qy, noticing that w1;41/2 = wWili—1/2 = 0, and thus we have
from (4.8) that

k
ap,i(wy,v") = w1, v*)i = Ai jalwi j)va (i )ws (i ).
j=1
Noticing that the partial points x; ; are chosen as Gauss or right Radau points and wi v, € Par—1

for all v € V3, then we use the property of Gauss or right Radau numerical quadrature to derive
that

k k+1
ZA”vz xij)wi(z; ;) ZA V(i j)wr(245) = (v, wi)s, v E Vp,
Jj=1 Jj=1

which yields, together with (5.2) that

k
ahﬁi(u — 1, u+ws, v*) = (8t(u — I,:u),v*)i + (Qpwr,v*); — Z A, ol 5)va (24 5 )wi (24,5)
j=1
= (w1, vz) + (Opwr, v* ZA 503 )z (@i 5 )wr (2,5)
k
= (8tw1, U*>i — ZAi’j (OZ(ZL'Z'J') — ai)UI(SCZ‘J')'UH (zi,j)v RS P,(VZ)
j=1

This finishes the proof of (5.3).
To estimate w;, we denote wg = u — I, u and suppose w; has the following Legendre
expansion in each element V;:

k
wilv, =Y cij(t)Li (@)
=0

Here L; ; denotes the Legendre polynomial of degree j in V,;. Thus we have ||L; j0.00,v; S R
Denoting
¢i7j+1 = / Liyj(8>dS
zi7%
and choosing v = ¢; yp11(m € ZY_,) in (5.2) leads to

2m + 1 *
|Cim] = %‘(atwo;d)i,m-ﬂ)i‘ S

Hat'LUOHOV

i N = HatwOHOooV
a;
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Using w1 (z = 0, we obtain that

i_+1/2)

|ci| = Zcz,] S = HatwO”OooV (5.5)

Similarly, there holds for all m € Z9,

h.

tCi,m _Z HattwO”O,oo,Vi-
Orcim] <
4

Consequently,
k

lwillv, Shid el S —2 \atwol\cmv ;
j=0 i

k
h3
)2
18rwrl[§ v, < hzz Frcij)” S ?llattwOHOOOVf
] K3
Then (5.4) follows from the approximation property of the interpolation function. This finishes
our proof. O

Similarly, we can construct the correction function ws in each element V; C 5. Note that
Inu — I,J[u and ap ;(u — I,ju,v*) = (Op(u — I,ju),v*)i in V; C Qy. We define wy € V3, in each
element V; € Q5 by

wg(:c;%) =0, (ws,vg);= (8t(u - I,j'u),v*)i, Yv € P_(V;). (5.6)

Here «; and P_(V;) are the same as in (5.1). Following the same argument as that in
Lemma 5.1, we have the following results for ws.

Lemma 5.2. Let V; € Qq,wy € V3, be defined by (5.6) with &; given in (5.1). Then for both
RSV and LSV methods

a;”-(u — I+u+w2,v*)
= (Qywa, v* Z Aij(a(mij) — @) va(zijwa(zi;), Yo e P_(Vy). (5.7)

Furthermore, if u € W’H‘?”"O, then

k+35
hi

lw2llo,v; + [Owz2llov; S H [l 43,00,V - (5.8)

||07007 i
Remark 5.1. As we may observe from (5.4) and (5.8), in the element where a(z) achieves
its zero, we have ||a|lo,.c = O(h) and thus the error bounds 1/||a||0,00,v; can not be bounded
uniformly, which indicates the convergence rate in (5.4) and (5.8) may decrease. This is the
essential difference between the constant and degenerate variable coefficients problems, which
makes the superconvergence analysis for variable coefficients problems more sophisticated.

We are ready to construct the global correction function w € V}, over the whole domain as
follows:
wy, if af,_1
2
w= < wy, if a|- 1 s Oé|i+% <0, (5.9)
0, otherwise.

Here w; and wy are defined by (5.2) and (5.6), respectively.
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5.2. Superconvergence of the SV flux

In this subsection, we study the superconvergence result for the flux function auy. We shall
prove that the flux function of the SV method is superconvergent towards the flux alpu in the
L?-norm.

Define

& = o (i y) o (i), vla ZdQHvllov, V]2, fza v, 0"

Note that
la(un — Inu)llo < llun — Inulla + hllun — Ihullo
S lun = Inulla + B¥2 [l o

In other words, to study the supercloseness result for the flux function approximation, we may
turn to analyzing the error ||up — Ipul|o. Towards this end, we first define a new bilinear form

Api(v,w™) = d?ahﬂ-(v,w*), Ap (v, w* ZA;” v, w*

and then we set up a stability result for the norm || - ||o. Note that it has been proved in [2] that

S lol2 S 4P w,0)] + ol v e Vi,

where N
Aﬁ?(v,w) = d?aﬁ?(v,w), A?G(U,w) = ZAth(v w
i=1

Then by the same argument as what we did in Theorem 3.2, we have the following stability
result for the norm || - |-
Lemma 5.3. Both the RSV and LSV methods are stable in the flux function norm. That is,

1d
2dt

Theorem 5.1. Let u(-,t) € W*3(Q) be the solution of (1.1), and w be the correction
function defined by (5.9). Then

— o2 5 < [An(v,v")| + 0ll2, Vv € Vi (5.10)

Bl;y1 =0, i€ Ly,

fto (5.11)
[wlla + 10wlla S B |ullk+s,00-
Moreover, there holds for all v € Vy,
A (u = Iyu+w,0)| S B2 Jujers,00 0] - (5.12)

Proof. First, (5.11) follows directly from (5.2), (5.6), (5.4) and (5.8). As for (5.12), we first
note that

Ap(u— Ihu 4+ w,v*) = Z &Zan.i(u— Inu+w,v*)
V;€Q1UQ;
+ Z &Fan,;(u— I;:u,v*). (5.13)

V€03
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As a direct consequence of Cauchy-Schwarz inequality and (5.3) and (5.4),

Z &api(u— Inu+wy,v*) < || 0w |
Ve

o, V]| a,0,

+ D @kl

Ve

0,00,V [W1l[0,00, v,

S [vllae (lwiller + 100wi]lag:)

< B2 ullks 00|00 04

Here in the second step, we have used the inverse inequality. Similarly, there holds
Y @ani(u—Inu+w,v") S [[vllaes (lwella,os + [0sws2lla0.)
VieQo
S 02 s 0]l v a0
Consequently,

S @ana(u— L+ w,0%) S W ulgs ool 0] o (5.14)
Ve UQe

For any V; € Qs, since a(x;_1/2)a(x;_1/2) < 0, then there exists at least one point 6; € V;
such that «(f;) = 0, and thus,

letllo,o0,00 = lle’ (&) (x = 05)ll0,00,05 < hllatll1 00,04 S P (5.15)

Then the combination of (4.13), (5.15) and Cauchy-Schwartz inequality leads to

‘ > afani(u— T, v))| SEFYYT G2 (|fullka, + BE [ullkircov,) vllo.v,
V,€Q3 V,;€Qs
SE 2 ullkszllvlla; Vo € Vi (5.16)
Then (5.12) follows for any v, € P_(V;) from (5.13), (5.14) and (5.16).
For all v € Py(V;), a direct calculation (3.12) yields that
Ap(u— Inu +w,v") = Z &2 [(ur — Tnug, v)i + (Opw, )]
V;eQ1UQ
+ Z az (up — Inug, v);. (5.17)
VieQs

For any V; € Q7 Uy, the interpolation points are either Gauss points or right/left Radau
points. By utilizing the Newton-interpolating-remainder representation, we get

k+1
u—Ihu=ulxi1,...,Tikt1,) H(:c —2;5) = w(x)L; g1 (),
j=1
where
N k+1
U(x) = ufrin,. w7l Liga (@) = [[ (@ —aiy).
j=1

Using the properties of Legendre polynomials or Radau polynomials, we have

(Likt1,1), =0,
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and thus
Tivd o~
|(ur — Tnug,v)i| = / * (@ — o) L1 (2)v de| € AT |ullkszv, [0 ]o,v, - (5.18)
mi7%
Here ug denotes the cell average of @ in V;. Combing (5.17), (5.18) and (5.16), we conclude
that the (5.12) is also valid for all vp, € Py(V;). The proof is complete. O

Corollary 5.1. Let u(-,t) € WF3°(Q) be the solution of (1.1), and up be the SV solution
of (2.6) with initial solution up(-,0) = Ipug with Inu the interpolation function of u defined in
(4.5). Then for both the RSV and LSV methods,

lan = nw) ()l S B2l s, co- (5.19)

Proof. Let uy = Inu — w. By choosing v = uj, — uy in (5.10) and using (5.12), we have

d
Zllun = willa 5 S A = wr, (un = ur)) | + flun = w3
S WD ulRy g 00 + lun — w2
Due to the special choice of the initial solution, the equivalence between || - ||o.z and || - ||, and

the Gronwall inequality, we get
lun(8) = ur(t)lla S lw(- 0)lla + 2 (fullkss,c0,
which yields, together with the triangle inequality and (5.11), that
1 Cun = Inw) (s O)lla S Mo O)lla+ lun(t) = ur(t)lla S A2l krs,o0-
This ends the proof. U

Now we are ready to present the superconvergence results for the flux function approxima-
tion.

Theorem 5.2. Let u(-,t) € W*+3 be the solution of (1.1), and up, be the SV solution ob-
tained by (2.6) with initial solution up(-,0) = Iyug. Then for both the RSV and LSV methods,
the fluxz function auyp, has the following superconvergence property:

7 = lawn — aurllo S H+2 [t 0o (5.20)
Consequently,
efntefeterr S ullbrsoo,  era S A ks oo, (5.21)

where

1
3
1 .
€fm = <N E (au—auh)Q(xH%)) )

1L /1 2
€fc = (N Z <h—Z /V.(au - auh)da:) ) ,
=1 g
A 3
Efr = <N Z (au — auh)Q(yi,j>> )
i=1 j=1

=

N k
el = <% Z > (adyu — a@muh)Q(zm—)>
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Here {y; j}k+11 are the interpolation nodes of the interpolation operator I, defined in (4.5), and
{z”}J 1 are the roots of Oy (Hk+1( —Yij))-

Proof. Firstly, a direct calculation yields that

2
laun — a2y, < / (0= ;1) (un — ur)?da

2
[ (@ any) - unPde + -l
V;

< hillun — willg v, + llun —url? v,

The estimate (5.20) follows immediately by using Corollary 5.1 and Theorem 4.1.
Secondly, we show the first inequality of (5.21). On the one hand, by applying (4.6) and
the inverse inequality, we have

|€f,n|2 Za Ihu—uh) ( Z+%)

2

D S EE [l 43,00

i=1
On the other hand, by choosing v =1 in (5.18), we for all V; € Q; U Qs have

/a(uflhu)d:c:/ (ozfaiJr;)(u—Ihu)d:chaH;/ (u — Ihu)dzx
' Vi 2 A

i

S R ullhers, v oo (5.22)

As for V; € Q3, we have a(z;_1/2)a(r;_1/2) < 0 in Q3. Then there exists at least one point
0; € V; such that a(6;) = 0, indicating that (5.22) still holds in V; € Q3. Therefore,

N 2 N
1 1 1
N 2 (h- /V alu - Ih“)dx) SN DRl v 00 S PP s 00
i=1 v i

i=1

By applying (5.20) and Cauchy-Schwarz inequality, we derive that

2
N2 (i ] ot i) 5 b=l £ 54l

Thus, the application of triangle inequality yields that

efC_NZ</ Ihuud:c)2 i(/ Ihuuh)d:c)2

k
Sl s o0

We next estimate the error ef . Using the inverse inequality, we get

N k+1

efrfNZZa yzj Ihufuh) (ylj)

=1 j=1
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k+1

o (yi ) nw — unllg v,
1

+

A
WE

.
Il

1J

WE

<D (R hu = unllg v, + [Hnw — unll? v,)-

<.

)—h)l

Therefore, the first inequality of (5.21) follows from the conclusions in Corollary 5.1 and The-

orem 4.1.
Finally, by using the Newton-interpolating-remainder representation, we obtain that
k+1

u(z) — Ipu(z) = Y- Yik Yikt1, X H(z — ;) = u(x)w(z),

which indicates that at the roots of w(z), there holds
102 (w = Inu) (213, 1) S B H10:0(2) o,v, 00 S AP el 42,00

In addition, by using (5.19) and the inverse inequality, we get

1 N k
> a?(2i)0x (un — Inu)*(zi 5, t)
i=1 j=1

N k
ZZ (20,3100 (un — Inw) 3 v,
i=1 j=

S h7 P lup — Tnul|2 + [Jun — Tnullg.

Therefore,

e}, = sza 2i,5) 02 (4 — Tnu + Inu — up)®(2i 5, 1) S P22 ul|7 45 00
=1 j=1

The proof is complete. O

5.3. Superconvergence of the SV solution

Since the smooth function «(z) has only a finite number of zeros on 2, for simplicity, we
suppose that « only has one zero point x = 0 and there exists a positive integer m such that

a(0) =a’'(0)=---=a™ D(0)=0, a™(0)+#£0. (5.23)

Note that if m=1, then =0 is the single root of «a, while if m>1,z = 0 is a multiple root of «.
To study the superconvergence of the SV solution approximation, we follow the similar idea
of [2] and modify the correction functions w; and wy defined in (5.2) and (5.6), i.e

0, V,cA=]|0, iotd s
lv, = g 0:2i014] (5.24)
W;, VjCA+:Q\A,

where i € Zz, the positive integer ig satisfies that z; _1/» < pt/m < Tio4/1/2, and m' =
min{m, k + 3}. Then we define the global correction function w by
’[171, if Oé|i7% >0, O‘|i+% > 0,

’LE|Vi = q wo, if Oéli_% <0, a|i+% <0, (5.25)

0, otherwise.
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Lemma 5.4. Let u € WF3° be the solution of (1.1), a(x) be a sufficiently smooth function
satisfying (5.23), and w;(i € Z2) be the modified correction functions defined by (5.24). Then

2
> (lwillo + loeillo) < PR T k5,00 (5.26)

i=1
Furthermore, there holds that

lan(u — Iyu + w,v")| S R+ 3 llullk+3,00|V]l0s v € Vi (5.27)

Proof. Here we omit the proof of (5.26) and refer to [2] for more detailed information and
discussions. We focus our attention to prove (5.27). Replacing wy in (5.3) by w1, and following
the same argument as what we did in (5.3) yields

‘ Z ahyi(ulhujL{Dl,v*)‘

Ve
S’ Z (at(u—lgu),v*)i—i— Z (Opwy,v™);
VieA Vi;eAt
- > Z i5) = W) va (@i )un (@)
V,eAt j=1

< 2 00 (l@1llo + l19ew1 flo) [vllo

io+3
S PR |[ullgys 00 l0llo, Vo € P (V).

Here in the last step, we have used z;,11/2 < hY/™ and (5.26). As for v € Po(V;), we have
from (5.18) and (5.26) that

’ Z ah,i(u —Ih_u—i-ﬁl,v*)’

Ve

S‘ Z ((%(uflh_u),v)lﬁr Z (Orw1,v);
V;,eA V,eATt
< PP 3 | 3,00 |0

Therefore, for all v € V},, v = v + v1, where vg € Po(V;) and v1 € P_(V;), we have

’ S anilu—Iyut @, 0%)| B ullgs collo]lo (5.28)
Ve
Likewise, we get

’Z ani(u— Lut @2, 0")| S W07 ulligacollolo, Vo€V (5.20)

V,;€Q2

Noticing that
an(u— Iyu+w,v*) = Z an,i(u— Iy u+ wy,v*)

Ve
+ Z ahyi(ufl,fquﬁg,v*)
VieQa
+ Z ahyi(uflfu,v*). (5.30)

VieQs
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By using the fact that |Qs] < h, the inequalities (5.15) and (4.10), we obtain

‘ Z ahyi(ufl,?:u,v*)

VieQs
:‘ Z (6t(u—l u) Z ZA”a x” u—] u) (@i j)v(wi )
V,€Qs V,i€Qs j=1
< T lullk+3,00|U]l0, YU € Vi (5.31)
Then the inequality (5.27) follows from (5.28)-(5.31). O

Theorem 5.3. Let u € W*3 be the solution of (1.1), and uy, be the solution of (2.6) with
the initial solution ul = Inug, where I, is defined by (4.5). Suppose a(x) is a sufficiently
smooth function satisfying (5.23). Then for m’ = min{m, k + 3},

eu = l[un — Inullo < HFF1% 20 [|uf ks oo (5.32)
Moreover, there hold

Cu,n + Cu,c + Cu,r < hk+1+2m Hqu+3 00

~

(5.33)
Cut S BT ([ 543,00,
where
1N 3
Cu,n = (N ;(u up)*( i+ )) )
N 1 2\ 2
Cu.c <N2<h—z/\h(uuh)dz>> ,
1
N k+1 3
< > (u—up)? yw)> ,
=1 j=1
LA 3
cuti= (NZZ(“WQ(%)> ,
i=1 j=1
where the nodes {y; ; kil and {z;, j}J 1 are the same as in Theorem 5.2.

Proof. By the definition of @ in (5.25) and the property (5.11), it is easy to verify that the
numerical flux of w satisfies w|; 11/, = 0 for all i € Zy. Consequently, choosing v = up — I,u+w
in (3.28) and applying the property (4.6) and (5.27), we obtain that

g llun = Ihu+ @[3 S Nun = Inu +@§ + Jan (u — Inu + @, (up — Iyu+@)*)|

S lun = ur + @5 + B2 |l iy ocllun — wr + @lo-

Then (5.32) follows from the Gronwall inequality and (5.26). The proof of (5.33) is similar to
that of Theorem 5.2 and we omit it here. O

Remark 5.2. For hyperbolic equations with fixed wind direction (i.e. the variable coefficient «
does not change its sign), the highest superconvergence rate of the RSV method can be improved
to 2k + 1 and that of the LSV method can achieve 2k, which have been reported numerically
n [3]. We refer to [3] for more detailed analysis and information.
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6. Numerical Results

In this section, we present some numerical experiments to verify our theoretical findings.
Uniform meshes of N elements are used in our numerical experiments. We use the fourth-
order Runge-Kutta method with time step At = 0.01/N to reduce the time discretization.
Denoting e = u — up. In our numerical experiment, we will test various errors including
lellos €y €f.cs €f.rs € F.ms €£.1 €us Cuses Eury €uyn A1 €4, 1, Which are defined in Theorems 5.2 and 5.3.
We use “r” to denote the convergence order. To test the difference between the SV methods
and DG methods, we denote by uj the numerical solution calculated from the upwind DG

1L /1 2
€fc = (N; <h—Z /\/7_ aup, aﬁh)d:c) ),
N
1 1
v (i

(
Ey,c i= ( ( /Vi(uh—uh)dxf);.

Since the numerical results of the two examples obtained by DG methods have been reported
in [2], we do not provide the errors and convergence rates calculated from the DG method and

method and define e = uy, — up,

refer to [2] for more detailed information.

Example 6.1. We consider the following equation with the periodic boundary condition:
ur + (sin(z)u) = g(z,t), (z,t) €[0,2n] x (0,7/2], wu(x,0)=sin(z),

where g = g(,t) is chosen such that the solution u(z,t) = €™~ Note that a(z) = sin(z)
has three zeros x = 0, 7, 2, and at these zeros,

Oza(x) = cos(z) # 0,

which implies that Theorem 5.3 holds with m = m’ = 1.

We solve the problem using LSV and RSV schemes with & = 1,2, 3. Listed in Table 6.1 are
L2- and L®-norms of the error e and their corresponding convergence order. We observe that
both LSV and RSV methods have optimal convergence orders of h**1. This fact confirms our
theoretical results in Theorem 4.1.

We report the superconvergence results of SV methods in Tables 6.2-6.5. As for the numer-
ical flux approximation, we observe a convergence rate of k + 2 for the errors ef, ey, €fr,€fn
and a rate of £ + 1 for ey; for both RSV and LSV, which are consistent with the theoretical
findings in Theorem 5.2. As for the numerical solution itself, we observe a convergence rate of
(k + 3/2) for ey, €y,c, €u,r and e, ,, and a rate of (k + 1/2) for e, ;, which are consistent with
our theory in Theorem 5.3. Note that for k£ = 1, no superconvergence phenomenon has been
found for the LSV method.

To demonstrate the difference between our SV methods and the upwind DG method, we
list in Table 6.6 the L? error |&]o and the cell average errors €., e, .. We observe that the
error ||é|lo converges with the order of k + 3/2 for the RSV while k 4+ 1 for LSV, indicating
that the RSV solution tends to the DG solution more closer than the LSV solution. Further-
more, a convergence rates of k + 2 is also observe for the errors €. and €., indicating the
superconvergence phenomenon for the cell average errors.
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Table 6.1: Errors and convergence orders of RSV and LSV for Example 6.1.
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i N RSV LSV
llello r llello,oo r llello r llello,oo r

128 | 4.24E-4 1.10E-3 6.31E-4 1.60E-3
1 256 1.06E-4 2.00 2.73E-4 2.00 1.58E-4 2.00 4.09E-4 2.00
512 2.64E-5 2.00 6.82E-5 2.00 3.95E-5 2.00 1.02E-4 2.00
1024 6.59E-6 2.00 1.71E-5 2.00 9.87E-6 2.00 2.56E-5 2.00

128 | 2.81E-6 8.02E-6 4.42F-6 1.34E-5
9 256 3.51E-7 3.00 1.00E-6 3.00 5.52E-7 3.00 1.67E-6 3.00
512 4.39E-8 3.00 1.25E-7 3.00 6.90E-8 3.00 2.09E-7 3.00
1024 5.49E-9 3.00 1.57E-8 3.00 8.63E-9 3.00 2.61E-8 3.00

32 4.82E-6 1.84E-5 7.66E-6 3.27E-5
3 64 2.97E-7 4.02 1.19E-6 3.95 4.75E-7 4.01 2.09E-6 3.97
128 1.84E-8 4.01 7.50E-8 3.99 2.96E-8 4.00 1.31E-7 3.99
256 | 1.15B-9 | 4.01 | 4.70E-9 | 4.00 | 1.85B-9 | 4.00 | 822E-9 | 4.00

Table 6.2: Errors and convergence orders for the RSV flux function approximation for Example 6.1.

k N ef r €fc r efr r €fn T er T
128 | 2.07TE-7 1.60E-6 3.11E-6 3.13E-6 2.35E-4
b1 256 | 3.02E-8 | 2.78 | 1.94E-7 | 3.04 | 3.97E-7 | 2.97 | 3.98E-7 | 298 | 5.94E-5 | 1.98
512 | 4.05E-9 | 2.90 | 2.38E-8 | 3.02 | 4.97E-8 | 3.00 | 4.98E-8 | 3.00 | 1.49E-5 | 2.00
1024 | 5.23E-10 | 2.95 | 2.95E-9 | 3.01 | 6.22E-9 | 3.00 | 6.22E-9 | 3.00 | 3.71E-6 | 2.00
128 | 8.96E-10 6.68E-10 2.02E-8 2.02E-8 2.46E-6
ki — 9 256 | 3.55E-11 | 4.66 | 2.26E-11 | 4.89 | 1.25E-9 | 4.02 | 1.25E-9 4.02 | 3.00E-7 | 3.03
512 | 1.48E-12 | 4.59 | 8.24E-13 | 4.78 | 7.73E-11 | 4.01 | 7.73E-11 | 4.01 | 3.71E-8 | 3.01
1024 | 6.36E-14 | 4.54 | 3.49E-14 | 4.56 | 4.82E-12 | 4.00 | 4.82E-12 | 4.00 | 4.63E-9 | 3.00
32 | 9.45E-8 2.78E-8 2.11E-7 1.47E-7 4.92E-6
b—3 64 | 2.17E-9 | 5.44 | 5.90E-10 | 5.56 | 5.74E-9 | 5.20 | 4.29E-9 | 5.09 | 3.27E-7 | 3.91
128 | 4.92E-11 | 5.46 | 1.38E-11 | 5.42 | 1.51E-10 | 5.25 | 1.22E-10 | 5.14 | 2.04E-8 | 4.00
256 | 1.12E-12 | 5.45 | 3.25E-13 | 5.43 | 4.08E-12 | 5.21 | 3.66E-12 | 5.06 | 1.26E-9 | 4.01
Table 6.3: Errors and convergence rates for the RSV solution itself approximation for Example 6.1.
k N ey r €u,c r €u,r r €u,n r €u,l r
128 | 2.60E-7 2.51E-5 2.51E-5 2.41E-5 5.30E-4
E—1 256 | 3.82E-8 | 2.77 | 4.43E-6 | 2.50 | 4.39E-6 | 2.59 | 4.24E-6 2.51 | 1.66E-5 | 1.66
512 | 5.36E-9 | 2.83 | 7.84E-7 | 2.50 | 7.71E-7 | 2.55 | 7.45E-7 | 2.51 | 5.42E-5 | 1.61
1024 | 7.58E-10 | 2.82 | 1.39E-7 | 2.50 | 1.36E-7 | 2.53 | 1.31E-7 | 2.50 | 1.83E-6 | 1.56
128 | 1.56E-8 7.55E-9 5.54E-8 5.45E-8 6.20E-6
R 256 | 1.59E-9 | 3.30 | 7.10E-10 | 3.41 | 4.63E-9 | 3.58 | 4.55E-9 | 3.58 | 1.01E-6 | 2.62
512 | 1.50E-10 | 3.41 | 6.67E-11 | 3.42 | 3.97E-10 | 3.54 | 3.90E-10 | 3.54 | 1.71E-7 | 2.56
1024 | 1.36E-11 | 3.46 | 6.12E-12 | 3.45 | 3.46E-11 | 3.52 | 3.40E-11 | 3.52 | 2.96E-8 | 2.53
32 | 6.05E-7 1.47E-7 9.91E-7 6.56E-7 2.11E-5
PR 64 | 2.75E-8 | 4.46 | 6.55E-9 | 4.49 | 4.70E-8 | 4.40 | 2.89E-8 | 4.51 | 1.78E-6 | 3.57
128 | 1.23E-9 | 4.54 | 2.95E-10 | 4.48 | 2.15E-9 | 4.45 | 1.28E-9 | 4.50 | 1.54E-7 | 3.53
256 | 5.48E-11 | 4.52 | 1.32E-11 | 4.48 | 9.66E-11 | 4.48 | 5.66E-11 | 4.50 | 1.34E-8 | 3.52
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Table 6.4: Errors and convergence orders for the LSV flux function approximation for Example 6.1.

k N ef r €fc r efr r €fn T er T
128 | 7.36E-6 9.80E-5 7.77E-6 5.32E-6 3.10E-4
E—1 256 | 1.85E-6 | 1.99 | 2.45E-5 | 2.00 | 1.99E-6 | 1.96 | 1.33E-6 | 2.00 | 8.16E-5 | 2.00
512 | 4.64E-7 | 2.00 | 6.14E-6 | 2.00 | 4.98E-7 | 2.00 | 3.33E-7 | 2.00 | 2.05E-5 | 2.00
1024 | 1.16E-7 | 2.00 | 1.54E-6 | 2.00 | 1.25E-8 | 2.00 | 8.33E-8 | 2.00 | 5.14E-6 | 2.00
128 | 1.41E-9 8.49E-9 3.08E-8 3.08E-8 2.58E-6
k— 2 256 | 1.14E-10 | 3.63 | 5.36E-10 | 3.98 | 1.95E-9 | 3.98 | 1.94E-9 | 3.98 | 3.17E-7 | 3.03
512 | 8.05E-12 | 3.82 | 3.36E-11 | 3.99 | 1.21E-10 | 4.00 | 1.21E-10 | 4.00 | 3.92E-8 | 3.02
1024 | 5.35E-13 | 3.91 | 2.09E-12 | 4.01 | 7.61E-12 | 4.00 | 7.61E-12 | 4.00 | 4.88E-9 | 3.01
32 | 5.24E-8 6.28E-8 2.7T1E-7 2.42E-7 6.36E-6
k3 64 | 1.13E-9 | 5.54 | 1.36E-9 | 5.53 | 7.72E-9 | 5.13 | 6.94E-9 | 5.12 | 4.33E-7 | 3.88
128 | 2.51E-11 | 5.49 | 3.03E-11 | 5.49 | 2.13E-10 | 5.18 | 1.97E-10 | 5.14 | 2.63E-8 | 4.04
256 | 5.62E-13 | 5.48 | 6.79E-13 | 5.48 | 6.24E-12 | 5.10 | 5.95E-12 | 5.05 | 1.61E-9 | 4.03

Table 6.5: Errors and convergence rates for the LSV solution itself approximation for Example 6.1.

k N ey r €u,c r €u,r r €u,n r €u,l r
128 | 9.48E-6 1.17TE-4 3.63E-5 4.36E-5 7.71E-4
E—1 256 | 2.38E-6 | 1.99 | 2.90E-5 | 2.02 | 9.28E-6 | 1.97 | 1.02E-5 2.09 | 2.43E-4 | 1.66
512 | 5.97E-7 | 2.00 | 7.23E-6 | 2.01 | 2.36E-6 | 1.98 | 2.48E-6 2.05 | 7.99E-5 | 1.60
1024 | 1.50E-7 | 2.00 | 1.80E-6 | 2.00 | 5.95E-7 | 1.99 | 6.10E-7 | 2.02 | 2.70E-5 | 1.56
128 | 1.70E-8 3.03E-9 5.65E-8 5.64E-8 6.32E-6
k-9 256 | 1.52E-9 | 3.49| 2.17TE-9 |3.80 | 4.74E-9 | 3.57 | 4.71E-9 | 3.58 | 1.03E-6 | 2.62
512 | 1.34E-10 | 3.50 | 1.65E-10 | 3.72 | 3.96E-10 | 3.58 | 3.94E-10 | 3.58 | 1.74E-7 | 2.57
1024 | 1.19E-11 | 3.50 | 1.33E-11 | 3.64 | 3.39E-11 | 3.55 | 3.37E-11 | 3.55 | 3.00E-8 | 2.53
32 | 2.25E-7 3.21E-7 1.09E-6 9.36E-7 2.33E-5
k=3 64 | 9.46E-9 | 4.57 | 1.45E-8 | 4.47 | 5.01E-8 | 4.44 | 3.81E-8 4.62 | 2.08E-6 | 3.49
128 | 4.06E-10 | 4.54 | 6.50E-10 | 4.48 | 2.27E-9 | 4.46 | 1.61E-9 | 4.56 | 1.85E-7 | 3.49
256 | 1.77E-11 | 4.52 | 2.90E-11 | 4.49 | 1.02E-10 | 4.48 | 7.00E-11 | 4.53 | 1.64E-8 | 3.49
Table 6.6: Errors between the SV and the upwind DG for Example 6.1.
eloN RSV _ _ LSV _
llello T €fc T €u,c T lle]lo T €fc T €u,c T
128 | 5.1E-05 5.8E-06 5.8E-06 6.3E-04 5.6E-05 5.4E-05

256 | 9.0E-06 | 2.5 | 7.4E-07 | 3.0 | 7.4E-07 | 3.0 | 1.6E-04 | 2.0 | 1.4E-05 | 2.0 | 1.4E-05 | 2.0
512 | 1.6E-06 | 2.5 | 9.3E-08 | 3.0 | 9.3E-08 | 3.0 | 4.0E-05 | 2.0 | 3.6E-06 | 2.0 | 3.4E-06 | 2.0
1024 | 2.8E-07 | 2.5 | 1.2E-08 | 3.0 | 1.2E-08 | 3.0 | 9.9E-06 | 2.0 | 9.0E-06 | 2.0 | 8.4E-06 | 2.0
128 | 4.5E-08 1.9E-08 1.9E-08 4.4E-06 2.5E-08 3.4E-08
256 | 3.6E-09 | 3.6 | 1.1E-09 | 4.1 | 1.1E-09 | 4.1 | 5.5E-07 | 3.0 | 1.5E-09 | 4.0 | 1.5E-09 | 4.0

2 512 | 3.1E-10 | 3.5 | 6.8E-11 | 4.0 | 6.8E-11 | 4.0 | 6.9E-08 | 3.0 | 9.6E-11 | 4.0 | 9.4E-11 | 4.0
1024 | 2.7E-11 | 3.5 | 4.3E-12 | 4.0 | 4.3E-12 | 4.0 | 8.6E-09 | 3.0 | 6.0E-11 | 4.0 | 5.9E-12 | 4.0

32 | 1.6E-06 4.1E-07 4.1E-07 7.7E-06 1.3E-07 1.2E-07
3 64 | 6.8E-08 | 4.6 | 9.7E-09 | 5.4 | 9.7E-09 | 5.4 | 4.8E-07 | 4.0 | 4.2E-09 | 4.9 | 4.0E-09 | 4.9

128 | 3.0E-09 | 4.5 | 2.4E-10 | 5.3 | 2.4E-10 | 5.3 | 3.0E-08 | 4.0 | 1.4E-11 | 5.0 | 1.3E-11 | 5.0
256 | 1.3E-10 | 4.5 | 6.4E-12 | 5.3 | 6.4E-12 | 5.3 | 1.9E-09 | 4.0 | 4.2E-12 | 5.0 | 3.9E-12 | 5.0
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Example 6.2. We consider the following equation with the periodic boundary condition:
Ut + (sin2($)u)z =g(z,t), (x,t)€[0,27] x (0,7/2], wu(x,0) =)

where ¢ is chosen such that the solution u(z,t) = (=% Note that at the zeros = = 0, 7, 27
of a = sin? z, there holds

a(r) = Oya(z) =0, O%a(x) #0,

which imply m = m/ = 2.

Listed in Table 6.7 are L? and L™ errors for both the LSV and RSV. Similar to Example 6.1,
both methods achieve optimal convergence orders. Listed in Tables 6.8-6.11 are superconver-
gence properties of two SV methods. Again, we observe that ef,e¢,ef,, e converge with
the order of at least k+2, and ey, converges with order k+1. This confirms the error estimates
in Theorems 4.1 and 5.2. We also find that for the cell average error e., the convergence order

Table 6.7: Errors and convergence orders of RSV and LSV for Example 6.2.

RSV LSV
llello r llello,o r llello r llello,o r
128 | 3.09E-4 9.86E-4 8.59E-4 1.52E-3
256 | 9.94E-5 | 1.97 | 258E-4 | 194 | 215E-4 | 2.00 | 3.72E-4 | 2.03
512 | 2.53E-5 | 1.98 | 6.60E-5 | 1.97 | 541E-5 | 1.99 | 9.24E-5 | 2.01
1024 | 6.39E-6 | 198 | 167E-5 | 1.98 | 1.36E-5 | 1.99 | 220E-5 | 2.01
128 | 3.06E-6 8.50E-6 4.61E-6 1.33E-5
256 | 3.76E-7 | 3.03 | LOSE-6 | 297 | 573E-7 | 3.01 | 1.67E-6 | 3.00

k N

2 512 4.62E-8 3.02 1.32E-7 3.03 7.11E-8 3.01 2.09E-7 3.00
1024 5.70E-9 3.02 1.64E-8 3.01 8.83E-9 3.01 2.61E-8 3.00

32 5.18E-6 1.82E-5 6.97E-6 2.92E-5
3 64 3.03E-7 4.09 1.11E-6 4.04 4.32E-7 4.00 2.11E-6 3.79

128 1.86E-8 4.03 7.15E-7 3.95 2.73E-8 3.98 1.32E-7 4.00
256 1.15E-9 4.01 4.60E-8 3.96 1.74E-9 3.97 8.51E-9 3.96

Table 6.8: Errors and convergence orders for the RSV flux function approximation for Example 6.2.

k N efr r €fc r efr r €fn T er T
128 | 4.97E-6 4.81E-6 8.74E-6 7.21E-6 2.18E-4
256 | 6.24E-7 | 3.00 | 6.03E-7 | 3.00 | 1.10E-6 | 3.00 | 9.06E-7 | 3.00 | 5.36E-5 | 2.02
512 | 7.80E-8 | 3.00 | 7.55E-8 | 3.00 | 1.38E-7 | 3.00 | 1.13E-7 | 3.00 | 1.34E-5 | 2.00

1024 | 9.75E-9 | 3.00 | 9.44E-9 |3.00 | 1.71E-8 | 3.00 | 1.42E-8 | 3.00 | 3.35E-6 | 2.00
128 | 2.85E-9 2.86E-9 3.31E-8 1.29E-8 2.97E-6
256 | 8.91E-11 | 5.00 | 8.52E-11 | 5.07 | 2.07E-9 | 4.00 | 6.61E-10 | 4.30 | 3.74E-7 | 3.00
512 | 2.78E-12 | 5.00 | 2.66E-12 | 5.00 | 1.29E-10 | 4.00 | 3.33E-11 | 4.31 | 4.68E-8 | 3.00

1024 | 8.70E-14 | 5.00 | 8.31E-14 | 5.00 | 8.06E-11 | 4.00 | 1.69E-12 | 4.30 | 5.85E-9 | 3.00

32 | 4.71E-8 4.70E-8 2. 7T7TE-7 9.46E-8 9.03E-6
64 | 8.39E-10 | 5.81 | 8.40E-10 | 5.81 | 8.67E-9 | 5.00 | 2.64E-9 | 5.16 | 5.71E-7 | 3.98
128 | 2.25E-11 | 5.22 | 2.25E-11 | 5.22 | 2.55E-10 | 5.08 | 6.60E-11 | 5.32 | 3.44E-8 | 4.05
256 | 5.91E-13 | 5.25 | 6.01E-13 | 5.25 | 7.97E-12 | 5.01 | 1.68E-12 | 5.30 | 2.15E-9 | 4.00
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Table 6.9: Errors and convergence orders for the RSV solution approximation Example 6.2.

k N ey r €u,c r €u,r r €u,n T €u,l T
128 | 1.58E-6 1.62E-5 5.25E-5 1.51E-4 6.17E-3
E—1 256 | 2.16E-7 | 2.87 | 2.20E-6 | 2.88 | 1.08E-5 | 2.28 | 3.19E-5 2.25 | 2.61E-3 | 1.24
512 | 2.98E-8 | 2.86 | 3.03E-7 | 2.86 | 2.26E-6 | 2.26 | 6.72E-6 2.25 | 1.10E-3 | 1.24
1024 | 4.13E-9 | 2.85 | 4.22E-8 | 2.84 | 4.73E-7 | 2.26 | 1.41E-6 | 2.25| 4.62E-4 | 1.25
128 | 7.97E-8 7.96E-8 6.20E-7 8.37E-7 8.46E-5
k=9 256 | 6.26E-9 | 3.67 | 6.18E-9 | 3.67 | 6.73E-8 | 3.20 | 8.90E-8 | 3.23 | 1.83E-5 | 2.21
512 | 4.75E-10 | 3.72 | 4.71E-10 | 3.71 | 7.22E-9 | 3.22 | 9.41E-9 3.24 | 3.91E-6 | 2.23
1024 | 3.58E-11 | 3.73 | 3.56E-11 | 3.72 | 7.68E-10 | 3.23 | 9.92E-10 | 3.25 | 8.28E-7 | 2.24
32 | 2.50E-7 2.50E-7 4.81E-6 3.87E-6 1.75E-4
k=3 64 | 1.27TE-8 | 4.31 | 1.27E-8 | 4.31 | 2.33E-7 | 4.37 | 1.78E-7 | 4.44 | 1.69E-5 | 3.36
128 | 5.42E-10 | 4.54 | 5.43E-10 | 4.54 | 1.26E-9 | 4.21 | 9.83E-9 | 4.18 | 1.80E-6 | 3.23
256 | 2.37E-11 | 4.52 | 2.37E-11 | 4.52 | 6.68E-10 | 4.23 | 5.27E-10 | 4.22 | 1.93E-7 | 3.22

Table 6.10: Errors and convergence orders for the LSV flux function approximation Example 6.2.

k N efr r €fec r efr r €fn r efl r
128 | 1.34E-4 1.24E-4 1.87E-4 1.31E-4 7.74E-4
b1 256 | 3.30E-5 | 2.01 | 3.08E-5 | 2.01 | 4.63E-5 | 2.02 | 3.26E-5 | 2.01 | 1.93E-4 | 2.00
512 | 8.25E-6 | 2.00 | 7.70E-6 | 2.01 | 1.15E-5 | 2.01 | 8.14E-6 2.01 | 4.78E-3 | 2.00
1024 | 2.06E-6 | 2.00 | 1.92E-6 | 2.01 | 2.87E-6 | 2.01 | 2.03E-6 2.01 | 1.19E-3 | 2.00
128 | 3.36E-8 3.46E-8 8.22E-8 5.03E-8 3.21E-6
b — 9 256 | 2.27E-9 | 4.00 | 2.16E-9 | 4.00 | 5.18E-9 | 3.99 | 3.15E-9 | 4.00 | 3.97E-7 | 3.01
512 | 1.42E-10 | 4.00 | 1.35E-10 | 4.00 | 3.27E-10 | 3.99 | 1.98E-10 | 4.00 | 4.94E-8 | 3.01
1024 | 8.86E-12 | 4.00 | 8.43E-12 | 4.00 | 2.04E-11 | 4.00 | 1.24E-11 | 4.00 | 6.17E-9 | 3.00
32 | 1.29E-7 1.29E-7 5.07E-7 2.02E-7 1.68E-5
PR 64 | 5.17E-9 | 4.64 | 5.17TE-9 | 4.64 | 1.84E-8 | 4.79 | 7.32E-9 | 4.79 | 7.54E-7 | 3.96
128 | 1.95E-10 | 4.73 | 1.95E-10 | 4.73 | 6.00E-10 | 4.94 | 2.31E-10 | 4.98 | 4.66E-8 | 4.01
256 | 5.10E-12 | 5.25 | 5.10E-12 | 5.25 | 1.88E-11 | 5.00 | 7.22E-12 | 5.00 | 2.91E-9 | 4.00
Table 6.11: Errors and convergence rates for the LSV solution approximation for Example 6.2.
k N eu r €u,c r €u,r r €u,n r €u,l r
128 | 3.26E-4 2.80E-4 3.25E-4 3.41E-4 7.51E-3
b1 256 | 8.05E-5 | 2.01 | 6.92E-5 | 2.02 | 8.05E-5 | 2.02 | 831E-5 | 2.04 | 3.07E-3 | 1.29
512 | 2.01E-5 | 2.00 | 1.72E-5 | 2.01 | 2.00E-5 | 2.01 | 2.04E-5 | 2.02 | 1.27TE-3 | 1.27
1024 | 5.03E-6 | 2.00 | 4.28E-6 | 2.01 | 4.98E-6 | 2.01 | 5.05E-6 | 2.02 | 5.34E-4 | 1.25
128 | 1.19E-7 1.21E-7 6.16E-7 6.06E-7 8.38E-5
R 256 | 8.17E-9 | 3.86 | 8.28E-9 | 3.87 | 6.66E-8 | 3.21 | 6.28E-8 | 3.27 | 1.80E-5 | 2.22
512 | 5.63E-10 | 3.86 | 5.77E-10 | 3.84 | 7.16E-9 | 3.22 | 6.58E-9 | 3.26 | 3.84E-6 | 2.23
1024 | 3.90E-11 | 3.85 | 4.09E-11 | 3.82 | 7.65E-10 | 3.23 | 6.91E-10 | 3.25 | 8.13E-7 | 2.24
32 | 3.01E-7 3.00E-7 3.26E-6 2.14E-6 1.68E-5
b—3 64 | 1.77E-8 | 4.08 | 1.77E-8 | 4.08 | 1.85E-7 | 4.14 | 9.17TE-8 | 4.54 | 7.54E-7 | 3.31
128 | 7.31E-10 | 4.59 | 7.31E-10 | 4.60 | 9.81E-9 | 4.24 | 5.25E-9 | 4.13 | 4.66E-8 | 3.22
256 | 3.03E-11 | 4.60 | 3.04E-11 | 4.60 | 5.15E-10 | 4.25 | 2.80E-10 | 4.23 | 4.97E-9 | 3.23
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Table 6.12: Errors between the SV and the upwind DG for Example 6.2.

RSV LSV
llello r €fc r €u,c r lIello r €fc r €u,c r
128 | 5.2E-05 9.6E-07 9.4E-07 6.3E-04 5.1E-05 5.0E-05
256 | 9.1E-06 | 2.5 | 1.2E-07 | 3.0 | 1.2E-07 | 3.0 | 1.6E-04 | 2.0 | 1.3E-05 | 2.0 | 1.2E-05 | 2.0
512 | 1.6E-06 | 2.5 | 1.5E-08 | 3.0 | 1.4E-08 | 3.0 | 4.0E-05 | 2.0 | 3.3E-06 | 2.0 | 3.2E-06 | 2.0
1024 | 2.9E-07 | 2.5 | 1.9E-09 | 3.0 | 1.9E-09 | 3.0 | 9.9E-06 | 2.0 | 8.2E-07 | 2.0 | 8.1E-07 | 2.0
128 | 6.5E-08 4.5E-10 4.2E-10 4.4E-06 2.2E-08 2.0E-08
256 | 4.9E-09 | 3.7 | 1.5E-11 | 4.9 | 1.4E-11 | 4.9 | 5.5E-07 | 3.0 | 1.4E-09 | 4.0 | 1.3E-09 | 4.0
512 | 4.9E-10 | 3.3 | 4.9E-13 | 4.9 | 4.4E-13 | 5.0 | 6.9E-08 | 3.0 | 8.6E-11 | 4.0 | 8.5E-11 | 4.0
1024 | 4.3E-11 | 3.5 | 1.5E-14 | 5.0 | 1.4E-14 | 5.0 | 8.6E-09 | 3.0 | 5.4E-12 | 4.0 | 5.3E-12 | 4.0
32 | 1.3E-06 1.3E-08 1.2E-08 7.7E-06 7.3E-08 7.0E-08
64 | 5.3E-08 | 4.6 | 3.0E-10 | 5.4 | 2.9E-10 | 5.4 | 4.8E-07 | 4.0 | 3.2E-09 | 4.5 | 3.0E-09 | 4.5
128 | 2.2E-09 | 4.6 | 7.1E-12 | 5.4 | 6.9E-12 | 5.4 | 3.0E-08 | 4.0 | 1.0E-10 | 5.0 | 9.8E-11 | 5.0
256 | 9.8E-11 | 4.5 | 1.5E-13 | 5.5 | 1.3E-11 | 5.5 | 1.9E-09 | 4.0 | 3.1E-12 | 5.0 | 2.9E-12 | 5.0

in case k = 2 for RSV is 5, one order higher than the theoretical result. Again, we have not
observed superconvergence phenomenon in case k = 1 for LSV.

Listed in Table 6.12 are the differences between our SV methods and the upwind DG meth-
ods. Again we observe that ||€|lo of RSV and LSV converges with the rates of £+ 3/2 and &k +1
respectively, while the convergence rates of ;. and €, . are at least k£ + 2 for both LSV and
RSV schemes.

7. Concluding Remarks

In this work, we study the L?-norm stability, convergence and superconvergence behaviors
of LSV and RSV for 1-D linear hyperbolic equations with degenerate variable coefficients. We
prove that both two SV schemes are stable and have optimal convergence orders in the L2-
norm. Furthermore, we establish the superconvergence properties for the SV method including;:
the flux function approximation auy, are of (k + 2)-th order superconvergent towards the flux
function alju, of (k+ 2)-th order superconvergent at the interpolation points and at downwind
points, of (k + 2)-th order superconvergent for the cell average, and the derivative of the flux
function approximation (auyp), is of (k + 1)-th order superconvergent to the derivative of flux
function (alpu)., the convergence rate of the SV approximation solution itself u; depends upon
the specific property of a, and the highest superconvergence rate that can be achieved is k+3/2,
which is half order higher than the optimal convergence rate. These superconvergent results
are similar to those of the upwind DG method.

Acknowledgements.

The research was partially supported by the NSFC (Grant Nos. 92370113, 12071496,
12271482). Moreover, the first author was also supported by the Zhejiang Provincial NSF
(Grant No. LZ23A010006) and by the Key Research Project of Zhejiang Lab (Grant No.
2022PE0ACO01); the fourth author was also supported by the Guangdong Provincial NSF (Grant
No. 2023A1515012097).



28

(1]
(2]

M.Q. XU, Y.T. YUAN, W.X. CAO AND Q.S. ZOU

References

T.J. Barth and P.O. Frederickson, Higher order solution of the Euler equations on unstructured
grids using quadratic reconstruction, AIAA Paper, 90-0013 (1990).

W. Cao, C.W. Shu, and Z. Zhang, Superconvergence of discontinuous Galerkin methods for 1-D
linear hyperbolic equations with degenerate variable coefficients, Esaim Math. Model. Numer.
Anal., 51(6) (2017), 2213-2235.

W. Cao and Q. Zou, Analysis of spectral volume methods for 1D linear scalar hyperbolic equations,
J. Sci. Comput., 90 (2022), 61.

J. Casper and H.L. Atkins, A finite-volume high-order ENO scheme for two-dimensional hyperbolic
systems, J. Comput. Phys., 106(1) (1993), 62-76.

B. Cockburn, B. Dong, and J. Guzman, Optimal convergence of the original DG method for the
transport-reaction equation on special meshes, STAM J. Numer. Anal., 46(3) (2008), 1250-1265.
B. Cockburn, G. Karniadakis, and C.W. Shu, The development of discontinuous Galerkin methods,
in:  Discontinuous Galerkin Methods. Lecture Notes in Computational Science and Engineering,
Vol. 11, Springer, 2000.

B. Cockburn and C.W. Shu, TVB Runge-Kutta local projection discontinuous Galerkin finite
element method for conservation laws II: General framework, Math. Comp., 52(186) (1989), 411—
435.

B. Cockburn and C.W. Shu, The Runge-Kutta discontinuous Galerkin method for conservation
laws V: Multidimensional systems, J. Comput. Phys., 141(2) (1998), 199-224.

M. Delanaye and Y. Liu, Quadratic reconstruction finite volume schemes on 3D arbitrary unstruc-
tured polyhedral grids, ATAA Paper, 99-3259-CP (1999).

A. Harten, B. Engquist, S. Osher, and S.R. Chakravarthy, Uniformly high order accurate essen-
tially non-oscillatory schemes, III, J. Comput. Phys., 71(2) (1987), 231-303.

P. Houston, C. Schwab, and E. Suli, Discontinuous hp-finite element methods for advection-
diffusion-reaction problems, SIAM J. Numer. Anal., 39(6) (2002), 2133-2163.

C. Johnson and J. Pitkaranta, An analysis of the discontinuous Galerkin method for a scalar
hyperbolic equation, Math. Comp., 46(173) (1986), 1-26.

P. Lesaint and P.A. Raviart, On a finite element method for solving the neutron transport equation,
in: Mathematical Aspects of Finite Elements in Partial Differential Equations, Academic Press,
33 (1974), 89-123.

X.D. Liu, S. Osher, and T. Chan, Weighted essentially non-oscillatory schemes, J. Comput. Phys.,
115(1) (1994), 200-212.

Y. Liu, M. Vinokur, and Z. Wang, Spectral (finite) volume method for conservation laws on
unstructured grids V: Extension to three-dimensional systems, J. Comput. Phys., 212(2) (2006)
454-472.

T. Peterson, A note on the convergence of the discontinuous Galerkin method for a scalar hyper-
bolic equation, SIAM J. Numer. Anal., 28(1) (1991), 133-140.

W.H. Reed and T.R. Hill, Triangular mesh methods for the neutron transport equation, Tech.
Report LA-UR-73-479, Los Alamos Scientific Laboratory, 1973.

G.R. Richter, An optimal-order error estimate for the discontinuous Galerkin method, Math.
Comp., 50(181) (1988), 75-88.

C.-W. Shu and S. Osher, Efficient implementation of essentially non-oscillatory shock capturing
schemes, J. Comput. Phys., 77(2) (1988), 439-471.

Y. Sun and Z. Wang, Evaluation of discontinuous Galerkin and spectral volume methods for scalar
and system conservation laws unconstructured grids, Int. J. Numer. Meth. Fluids, 45(8) (2004),
819-838.

Y. Sun, Z. Wang, Y. Liu, Spectral (finite) volume method for conservation laws on unstructured
grids. VI. Extension to viscous flow, J. Comput. Phys., 215(1) (2006), 41-58.



Two Spectral Volume Methods for 1-D Linear Hyperbolic Equations 29

(22]

Y. Sun, Z. Wang, and Y. Liu, High-order multidomain spectral difference method for the Navier-
Stokes equations on unstructured hexahedral grids, Commun. Comput. Phys., 2(2) (2007), 310-
333.

K. Van den Abeele, T. Broeckhoven, and C. Lacor, Dispersion and dissipation properties of the
1D spectral volume method and application to a p-multigrid algorithm, J. Comput. Phys., 224(2)
(2007), 616—636.

K. Van den Abeele, G. Ghorbaniasl, M. Parsani, and C. Lacor, A stability analysis for the spectral
volume method on tetrahedral grids, J. Comput. Phys., 228(2) (2009), 257-265.

K. Van den Abeele and C. Lacor, An accuracy and stability study of the 2D spectral volume
method, J. Comput. Phys., 226(1) (2007), 1007-1026.

K. Van den Abeele, C. Lacor, and Z. Wang, On the connection between the spectral volume
method and the spectral difference method, J. Comput. Phys., 227(2) (2007), 877-885.

Z. Wang, Spectral (finite) volume method for conservation laws on unstructured grids. Basic
formulation, J. Comput. Phys., 178(1) (2002), 210-251.

Z. Wang and Y. Liu, Spectral (finite) volume method for conservation laws on unstructured grids:
II. Extension to two-dimensional scalar equation, J. Comput. Phys., 179(2) (2002), 665-697.

Z. Wang and Y. Liu, Spectral (finite) volume method for conservation laws on unstructured grids
III: One dimensional systems and partition optimization, J. Sci. Comput., 20(1) (2004), 137-157.
Z. Wang, L. Zhang and Y. Liu, Spectral (finite) volume method for conservation laws on un-
structured grids IV: Extension to two-dimensional systems, J. Comput. Phys., 194(2) (2004),
716-741.

M. Zhang, C.-W. Shu, An analysis of and a comparison between the discontinuous Galerkin and
the spectral finite volume methods, Comput. Fluids, 34(4-5) (2005), 581-592.



