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Abstract

A time multipoint nonlocal problem for a Schrodinger equation driven by a cylindrical
Q-Wiener process is presented. The initial value depends on a finite number of future
values. Existence and uniqueness of a solution formulated as a mild solution is obtained.
A single-step implicit Euler-Maruyama difference scheme, a Rothe-Maryuama scheme, is
suggested as a numerical solution. Convergence rate for the solution of the difference
scheme is established. The theoretical statements for the solution of this difference scheme
is supported by a numerical example.
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1. Introduction

Typically, phenomena evolving in time in various fields such as natural sciences, engineering,
and finance are described in terms of differential equations. In models for which uncertainty is
needed to build into the model, inherent randomness is a natural additional ingredient.

The most well-known differential equations subjected to randomness are stochastic ordi-
nary differential equations of which among the most profound example model stock prices,
see e.g. [28]. Partial differential equations with uncertainty can also be handled as stochas-
tic partial differential equations, see e.g. [26] where applications to environmental pollution
models and bond market models appear. In the above examples the initial value is typically
independent of the time-evolving random noise. For backward stochastic differential equations,
suitable for stochastic control and option pricing, the final value is a random variable adapted
to the filtration at the final time point where the solution is nevertheless non-anticipating, see
e.g. [23, Section 3]. In [22, Chapter 3.3] a stochastic two point boundary problem is considered.
It is a finite-dimensional linear Stratonovich stochastic differential equation where the initial
value depends linearly on the final value and is therefore anticipating, existence and uniqueness
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of a solution is shown. For a shooting method as a numerical solution to a stochastic two-point
boundary value problem, see [6].

Existence and uniqueness of solution to evolution equations with nonlocal bondary condi-
tions, formulated as abstract nonlocal Cauchy problems, are typically shown by fixed point ar-
guments, see e.g. [2,3,11,16]; in [3] an application is given by a diffusion of a small amount of gas
in a transparent tube which allows measurements at different time points and not just at time
zero. In [8], a deterministic Schrédinger equation is studied where the initial value is a linear
combination of future values, i.e. there are non-local boundary conditions in time. Existence,
uniqueness, as well as stability of a numerical approximation is obtained. Also in [17,18], infinite
dimensional time-nonlocal problems for deterministic Schrodinger type equations is considered.
In [33] various applications of deterministic time-nonlocal dynamical systems are reviewed, also
including Schrodinger equations. Time-nonlocal dynamical systems allow couplings of the ini-
tial conditions with the system in a nonlocal manner, rather than at a single point [33]. Note
that time-nonlocal problems are generalisations of for instance periodic conditions, see e.g. [32].
The most applications refereed to are in quantum mechanics where for instance it can be seen
as a way to mitigate the influence of initial conditions, or include the ability to impose initial
and final boundary conditions on the evolution of a quantum system. For nonlocal in time
problems applied to radionuclides propagation in Stokes fluid and problems of predicting the
state of a medium see e.g. references in [9)].

A stochastically dispersed Schriédinger equation with a linear diffusive term is known as
the Belavkin equation; for a rigorous treatment of such equations see e.g. [25]. For analysis of
stochastic Schrodinger equations with cubic nonlinear drift subjected to a multiplicative finite-
dimensional Wiener process and standard initial value condition, see for instance [1,10,15,30];
in [30] and its references, applications appear in optical fiber communication; in [15] stability
of finite element approximation in space combined with various time discretization schemes
such as explicit and implicit Euler and Crank-Nicolson schemes is obtained where the noise
is of Stratonovich type and the equation is formulated in a variational weak form; for more
references of numerics of stochastic nonlinear Schrodinger equations with given initial value
see for instance the references in [15]. In [5], an infinite-dimensional Q-Wiener process is
allowed where for the case of linear stochastic Schrédinger equation, temporal discretization
convergence of an exponential integrator scheme is obtained of order one for additive noise and
1/2 for multiplicative noise. In [12-14] strong and weak convergence rates of several numerical
schemes for stochastic nonlinear Schrédinger equations with non-monotone coeflicients and
multiplicative noise with given initial value are derived. In [31], numerics for deterministic
nonlocal-in-time Schrodinger equations is considered.

In this paper, a stochastic Schrodinger equation with a time-dependent Gaussian excitation
and time non-local initial condition is considered, which, to our knowledge, is novel in combining
temporal discretization of a stochastic Schrédinger equation subjected to a cylindrical Q-Wiener
process with time multi-point initial condition. Since the initial value is a linear combination
of future values, the solution is not adapted to the given filtration. Here the drift is linear and
the dispersion is non-anticipating. That makes it possible to formulate a solution within the
framework of Ito-integrals in infinite dimensions, here in a mild form, which can be compared
to the finite-dimensional linear two-point boundary stochastic differential equation [22] where
a mild form is not needed.

The involved operator in [7] is self-adjoint positive definite while in [8] and in this paper
the operator is only assumed to be self-adjoint. In [7], writing the equation in a mild form, the
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equation is driven by a one-dimensional Wiener process. In this paper the solution is also in
a mild form driven by a noise of the type f(t)dW where W is a cylindrical Q-Wiener process
and f(t) fulfills a Hilbert-Schmidt boundedness making stochastic integrals fot f(s)dW (s) well-
defined. Existence and uniqueness is shown together with stability and convergence of a Rothe-
Maruyama difference scheme which is an implicit scheme of Euler-Maruyama type, here adapted
to the time multi-point boundary condition.

In Section 2, the stochastic Schrodinger problem is formulated. In Section 3, existence and
uniqueness result are obtained. In Section 4, the Rothe-Maruyama time multipoint boundary
together with convergence of the scheme is shown. In Section 5, the numerical scheme is applied
to a non-trivial example, including a spatial discretization scheme, supporting the convergence.
The paper ends with conclusions in Section 6.

2. Formulation of The Stochastic Shrodinger Equation

Let (Q, F, P) be a probability space with filtration {F;}icj0,r) C F and U and H sepa-
rable Hilbert spaces. Let (-,-) denote the inner product and ||.| denote the norm of H. For
an F-measurable random variable X with values in H let || X ||z2q,m = (E[||X||?])*/2.

Following [19,27] we introduce a cylindrical Q-Wiener process which is said to be in U as
follows: Consider a linear self-adjoint, positive semidefinite operator @ : U — U, not necessarily
with a finite trace. Then U := Q?(U) can be Hilbert-Schmidt embedded into a Hilbert
space U; by a linear map J : Uy — Uy, for which

o0
> I3ellE, < oo,
i=1

where {e;}$2; denotes an orthonormal basis of Uy and || - ||y, is the norm in U;. We let
throughout W = {W(t) }+cjo,7] be a cylindrical Q-Wiener process in U adapted to the filtration
{Fi}repo,r)- More explicitly, it means that the cylindrical Q-Wiener process can be represented
in the form -
W(t) =Y Bi(t)Jei, Vtel[0,T],
i=1

where {8;}52, is a sequence of standard one-dimensional Wiener processes and the series is
convergent in U; almost surely (which in fact means that W(t) takes values in U; and not
necessarily in U). If @ has finite trace we can select J = I and Uy = U, [19,27].

Let, as in [19,27], L(Uy, H) denote the set of linear maps Uy — H and Ny be the set of
predictable processes ¥ : Qx [0, T|—L(Up, H) such that the probability P(fOT H\Il(s)|\%gds<oo)
is one, where

12 (s)lI7g = Z 1@ (s)ei|?

the squared Hilbert-Schmidt norm of ¥(s) = W(:,s). For stochastic processes ¢ in Ny, the
H-valued It6-integral

/OT U(s)dW (s) := /OT U(s) o3~ LdW (s)

with respect to the cylindrical Wiener process W is well-defined.
Denote by L(H) = L(H, H) the set of linear continuous maps G : H — H with norm

1GllLay = sup{lIG(@)] - [l = 1}



4 R. PETTERSSON, A. SIRMA AND T. AYDIN

In this article, the time multipoint nonlocal problem for the stochastic Schrodinger equation
idu(t) + Au(t)dt = f(t)dW(t), 0<t<T,
P
u(0) =Y amu(Am) + (W), , W (X)), (2.1)
0< A 7<n:)\12<---<)\p§T

is considered, where ¢ : R? — H is a map on H such that [[o(W (A1), -, W(Ap))|l L2 (0,m) < o0,
i? = —1,a1, -+ ,q, are constants, and f € Ny . A is a linear not necessarily bounded self-

adjoint operator on H, domain of A is dense in H and p is a positive integer.

3. Time Nonlocal Problem

Since A is a self-adjoint operator on the Hilbert space H, by Stone’s theorem together
with [4, Example 4.12], the operators

iAt — (iAt)*
=3 !
k=0

form a strongly continuous semigroup where e4? is unitary and the adjoint of e*4* is

QA _ (iAtN=1 _ —iAt
()" = (") = et

The sum Y - ((iAt)* /k!) is uniformly convergent if A is bounded and strongly convergent if A
is unbounded. The operator iA is the infinitesimal generator of a strongly continuous semigroup
S(t) := e'*. The domain of A, D(A), is dense in H and for any f € D(A),
d
i 8S(1)f = AS()f = S(1)AF,
see [4, Example 4.12]. Using the spectral representation of self-adjoint operator (see [4, p. 153]),
we have

”eiAtHL(H) = sup |€i/\t| S 1,
A€o (A)

where o(A) is the spectrum of the a self-adjoint operator A. See also [24] for a suitable reference.
Assume throughout that

¢
sup / E {HeiA(t_s)f(s)Hio} ds < oo. (3.1)
te[0,7]J0 2

Note that (3.1) implies that fot e At=3) £(5)dW (s) is a well-defined element in H, cf. [27]. Fur-

thermore, by the Ité-isomorphism [27],

t 2 t ) )

/ eZA(tis)f(S)dW(S) ) — / E (HezA(tfs)f(S)HLo) ds.
0 0 2

Definition 3.1 (Mild Solution). A solution to (2.1) is an H-valued process {u(t)}sejo 1]
such that

u(t) = e (0) — i/t A3 f(5)dW (s), te[0,T),
P 0 (3.2)
w(0) = D amu(hm) +o(Wh), -, W(X,))

is satisfied.
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Theorem 3.1. Assume Y. | |ay,| < 1. Then there exists a unique solution u(t) of the prob-
lem (2.1) and the following stability inequality is satisfied:

sup ||u(t)]| .2 < (1= o]
tel0,T] LHo.H) 1
t 3
—1A(t—s)
X sup (/ ( e f(s ) s)
(2 ([ =0 iy

VO O s ) 33)

Note that u(0) ¢ Fo which means the proof of Theorem 3.1 is somewhat different from stan-
dard proofs of existence and uniqueness of solutions of infinite dimensional stochastic differential
equations.

Proof. Firstly, existence of a mild solution will be shown. Since

p p p
H <I Z OémeiA’\"‘> -1 < Z | "2 | Loy < Z loum| < 1,
m=1 L(H) m=1 m=1

the operator I —>°F _, ame A . H — H is bijective and has an inverse

p -1 0o p k
J = <I Z amem)‘"‘> = Z < Z oemeiA)‘"‘>
m=1

k=1 m=1
with
%) k %) P k
[z < Z Z ame < Z < Z |cvm | |€iA’\m|L(H)>
k=1 = L(H) k=1 \m=1
< Z ( Z |am|> (1 - Z |am|>
k=1 -1
Since

there exists a unique element ug in H such that
P Am
ug = J( - Z am/ QZA()\mis)Z.f(S)dWS + @(W(Al)a e aW(/\P))> ) (34)
m=1 0
ie.
P ) P Am
(I - ame“‘“m)uo =-> am / A= f($)dW (s) + @ (W (A1), -+, W(Ap)).
m=1 m=1 0

Consequently,

P Am
Uy = Z O {em/\mﬂo — /0 6“4(/\7"75)1']"(5)dVVS + gD(W(Al), i ,W()\p)).
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For this unique g, we define v : Q x [0,T] — H by
u(t) = e Mg — z/ e A=) £(5)dW (s). (3.5)
0

In particular, u(0) = @y. Hence,

u(t) = e *u(0) — i /0 A=) £($)dW (s), (3.6)

and
P _ Am
u(0) = 3" am {e““mu(o) - /0 eZA“’"”if(s)dW(s)] +o(W), -, W) (37)

can be written as

u(0) = Y amu(Am) + (W (A1), -+, W(A)).

It means that (2.1) has a mild solution.

Now assume that u is a solution of (3.2). The estimate (3.3) will be established of which
uniqueness follows. By applying the Ité-isomorphism to the second line of (3.2) in which we
have put the first line of (3.2), i.e. (3.7),

D i Am
HU(O)HLZ(Q,H) < Z |am| ||€ZA/\”LU(O)||L2(91H) + H/O €ZA(/\m_S)’L'f(S)dW(S)
m=1

_ LQ(Q,H)‘|
e (WO, s WO |y

P A _ 3
< > o [ 1u(0) | 2o, + </0 E [||€ZA(Am’S>f(s)Hig} ds> ]
m=1

Flle WD, WO s

Hence,

P Am ) 2
()| gy < (Z |am|( | Eeon f(s)||igds)
m=1

+ HSD(WOH% e 7W(>‘p)) ||L2(Q,H)> <1 - Z |am|> . (3'8>

m=1
Similarly, for u(t) given by (3.6),

1
2

7 2
sup [[u(®)llga,m < sup (113 ) B u(0)]?)
t€[0,T) t€[0,T)

+ sup
te[0,T)

/ A=) )y (s)

L2(QL,H)

[

t
< [0l 2, + esup]</0 B [[|e 4 1(s)]7] ds> . (39)

te[0,T

)
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Using (3.8) and utilizing

p p -1 p -1
Z|am|<12|am|> +1= <1Z|am|> ,
m=1 m=1 m=1

we write

sup |lu(t)|z2c0,m)

te[0,T)
p A ) ) % » 1
< (Z |ozm|</0 EHezA(ts)f(S)HLgds> +lp(Wy,, - - ,WAP)||L2(Q7H)> (1 Z Iam|>
m=1 .
A iA(Am —s) 2 3
+11Sn7%)§(p</0 E||eiA0Gm=s f(S)HLgdS)
A ) % p -1
TA(Am—s
= <<1I<n’r%)<(p/0 EHe ( )f(S)HLgdS) +H<P(W(>‘1)a 7W(>\p))||L2(Q,H)> (1 Z_1|am|> )
i.e. (3.3). Uniqueness of a mild solution follows directly from (3.3). ]

Observe that for the proof of Theorem 3.1, >-* _ |a,,| < 1 is a critical condition. However,

in [21,32], a more general condition of the type

p

Z |t |ePm < 1

m=1

is allowed for a deterministic time non-local Schrodinger equation for a certain constant d > 0.

4. The Rothe-Maruyama Time Multipoint Boundary Scheme

To find an approximate solution for the time multipoint nonlocal boundary value problem
for stochastic Schrodinger equation (2.1), on the time interval [0,7] we consider the uniform
grid space

0,7 ={tr=Fkr, k=0,1,...,N, NT =T} (4.1)
with step size 7 > 0 and N an arbitrary but fixed positive integer.

Let us associate the time multipoint non-local problem for the stochastic Schrédinger equa-
tion (2.1) with the corresponding first order implicit Rothe-Maruyama difference scheme

i(up — up—1) + TAuL = f(te—1) (Wi — Wi—1), 1< k<N,

wo =Y amur, + oW, . W),

m=1

(4.2)

Nt =Tty = kr,W), = W(tg). Here l,, = | /7], the integer part of Ay, /7 for 1 < m < p.
Note that (4.2) is equivalent to

k
ug = RFug — iy REITLF(t 1) (W(t5) — W(tj-1)),
=1 (4.3)

Uo = Z amuy,, + @(W(Al)a T ’W(AP»

m=1



8 R. PETTERSSON, A. SIRMA AND T. AYDIN

For deterministic differential equations the implicit Euler difference scheme is known under the
name Rothe scheme, [7,8]. The Euler type finite difference scheme, adapted for stochastic differ-
ential equations is known under the name Euler-Maruyama scheme, [20]. The Euler-Maruyama
scheme considered here is also implicit and is therefore named as the Rothe-Maruyama scheme
as in [29], where u(0) was given which is different from here where «(0) depends on a finite
number of future values. Since A is a self adjoint operator, all eigenvalues of A are real numbers.
Therefore, for 7 > 0 the complex number 47 cannot be an eigenvalue of A. Hence I — iTA is
invertible. Furthermore, for its inverse R = (I —i7A)~!, with o(A) its resolvent set,

|IR|| = sup |1—dru|” 1<sup|1—z7',u| Lo 14720272 <1 (4.4)
peo(A)

Theorem 4.1. Assume Y. _ || <1 and

max ZEHleﬂJrlf j—1 HLUT<OO

1<m<p

Then there exists a unique solution of (4.2).

Proof. Similar to the proof of Theorem 3.1, we first show existence of a solution. The

assumption
N
S EIf ()27 < oo
k=1

implies that the expression

WE

N o
> fltr-1)dW(s) = > flte—1)(W(tr) — W(tx-1))

k=1"1tk—1 k=1
is well-defined in H. Since, by (4.4),
P P P
H (I— > alem> — < D Nl IR < Y laml <1,
m=1 L(H) m=1 m=1

P ! :
I-3%" | anR™ has an inverse

(1= S o) =5 (o)

with

[e.°]

P B P k P -
1Dl Ly < (Z |ovm| HRHILWEH)) <> < > |0<m|> = <1 - |am|>
m=1 k=1 \'m=1 m=1

k=1
Hence, there exists a unique element ug in H such that

l

uoD< P> an SR >(W(t]—>W(tjn)w(W@n,m,W(Ap))), (4.5)

m=1 j=1
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i.e.

P P lm
(I _ Z alenL> Ug = —1 Z O, Z RlnL_]Jrlf(tJ_l)(W(tJ) _ W(t_]_l)) + SD(W)\I’ e WAp)’
m=1 m=1 j=1

so that
P lm
ug = am [Rmug — iy RTIFUR( ) (W(t) = W(tio1)) | +e(W(A), -+, ().
m=1 j=1
(4.6)
For this ug we define uy, as
k .
U = Rkuo — ’LZ Rk_J+1f(tj_1)(W(tj) — W(tj_l)). (47)
j=1
Hence, (4.6) can be written as
P
up =Y amur, + (W), -, W(X)). (4.8)
m=1

From (4.7) we get for 1 <k < p,

k
U = R Rk_luo — ’L'ZRk_l_j—i_lf(tj_l)(W(tj) — W(tj_l))
k—1
= R|R* ug — iy REIILE(t ) (W(t5) = W(t5-1)) = if (Be—1) (W (tk) — W (tk-1))

= Rlug—1 —if(te—1) (W (tr) = W(tx-1))],
(I — iTA)uk = Uk—-1 — Z.f(tkfl)(W(tk) - W(tkfl)).

We have shown that {uy}_, satisfies (4.2). The uniqueness of (4.3) follows since uq is uniquely
defined as well as {uj}2_,. O

Theorem 4.2. Assume thaty " . |am| < 1. Then the unique solution of the difference scheme
(4.2) obeys the following stability inequality:

P -1 k %
OISI}CELSXN lukll 20,1y < <1 — Zl |am|> <lr<1}ca<xN (ZE {HkajJrlf(tjfl)Hig} T)

Jj=1

+ ||<,0(W(>\1>,"' ’W(Ap))HLZ(Q,H))' (4'9)
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Proof. By (4.6) and the It6-isomorphism,

P
uoll L2, ) < Z |ovm|

m=1

ZRZ _J+1f J 1( ( ) W(tj—l))

|

’leUOHLZ(Q,H)

LZ(Q,H)]
+ H@(W(/\l)v e 7W(>‘P )HL2(Q H)

p
< D loml | lwollz2(.m) + max (ZEHleﬁlf -1 HL“T>
m=1

+le(W (A1), -+, W(A

=

» )Hmm,m-

Hence,

NI

(E||uo|?)? < <Z |am|< max ZEHR“L‘J“J“ i1 ||LUT>
+ HSD(W(Al)v T 7W(>\P))HL2(g27H)> <1 - Z |Oém|> : (410)

Similarly, for uy given by (4.7),

k
Og}&XNH%HLz(n H) S mAX [ R uol| 120 o)
k—j+1 .
OI<I}Ca<XN ZR Fti—) (W (tj) — W(tj—1))

L2(L,H)

k=it
< HuO||L2(Q H) +01<nax (ZEHR —J t j—1 ||L°T> .
Using the boundedness (4.10) of uy and
P P -1 P -1
3 ol <1_ 3 |am|> f1o <1_ 3 |am|> |
m=1 m=1 m=1
we obtain

og}&XN HUkHLZ(Q,H)

1
2

< <Z Iaml(iEHRl”_j“f(tj—l)HigT) + [ (W), - aW(AP))HLZm,H))
m=1 p]zl -
x <1mz—1|am|> +  max (ZEHRk Tty HLOT>
, “1 3
<1mz_1 |am|> <<1g}€a<XNZEHRk It HL07'> +H<P A1), ’W(/\P))HLZ(Q,H)>'

The proof is complete. O

2
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4.1. Error analysis

11

Now we will show that the Rothe-Maruyama difference scheme approximation (4.2) for the
time nonlocal problem for the stochastic Schrodinger equation (2.1) has a strong convergence
of order 1/2. For this, we need some related estimates which will be stated in the following

lemma with the convention 0° = 1.

Lemma 4.1. Let A be a self-adjoint operator. Then the following estimates hold:
|A“R¥|| ) < @ (VET) ™, E>1, 0<a<k,
HAkRkHL(H) <77k k>1,
|42 (RF = %) |,y < B2 = B)F (VED)®, B#0, 1-k<B<2,

in particular this holds for k > 1 and 0 < 8 < 2. Moreover, for any v € [0,1],

HA—V(eitA _ I)HL(H) S 21+th/.

(4.11)
(4.12)
(4.13)

(4.14)

Proof. To prove (4.11) and (4.13), we modify the proof in [29], where the case of 0 < a < 1

and 1 < 8 < 2 was shown.
Proof of (4.11). We have
(TA)* e

A)*RF < —_ = —_
|(rA) HL(H) = i‘ég (1 + 72A2)R/2 ilelﬁ (1 + p2)k/2

With f(u) = p*(1+ p?)7/2, for 0 < a < k,

f'(u) = =(k —a)p! (/f —7 - a) (1+p2)7175,

which gives maxima of f for u* = (a/(k — a))*/? with
oo _(Valk=a)"  (k—a\T ja\E _a\E_ 4 e
(u)(lJroz/(ka))k/Z( k > () S() =a* (VB
implying (4.11). For a =k, f'(11) > 0 so

v

Flp) < lim gk (14 p2)F =1,
H—> OO
which means that (4.12) also holds.
Proof of (4.13). With RF(s) = (1 —iTsA)~*,

1
||A*ﬁ (Rk o ezk'rA) ||L(H) — HAﬁ/O = (Rk(s)ezk‘r(lfs)A)dS

L(H)

1
= HA_B/ ikt ARF Y (5)e (=94 r5 Ads
0

L(H)

1
_ kTQ / AQ—BSRk+1(S)€ikT(1—s)AdS

0

1
< kT2/ sHAQfﬁRkJrl
0

L(H)

(S)HL(H)dS.
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For0<2-p8<k+1,ie for 1 —k < <2, in particular 0 < 8 < 2, we get by (4.11),

1
HAiﬂ(Rk B ezk'rA)HL(H) < sz/O SHA%[BRkH ds

(S)HL(H)

1
2 5
<(2-8)7kr /0 WETE ds

8 k !
= (2 — > v B B_ld
( B) (k+1)1*5/27- /0 S s

The proof of (4.14) is a minor modification of [19, Lemma B.9(ii)].

H(tA)‘”(e”A — I)HL(H) < sup (t)\)_”|eit’\ -1

AeR\{0}
= sup p V[ 1
HER\{0}
—2 sup p|sin(u/2)
pHER\{0}
=2-27 sup 7y Y|siny| =2,
yER\{0}
from which (4.14) follows. O
Theorem 4.3. Assume that
| Ap(W (t1), - ,W(tp))HN(QH) < M, (4.15)
k
E[ ARMI ()| } . 4.1
s s S E[JAR -] < (116
Assume furthermore for 0 <t; <ty <T,
ta ) .
/ E[Hem(trs)f(s)”ig} +E{HAQZA(trs)f(S)Hig}ds < Mslty — ty], (4.17)
ty
/ |eft2m)4 () — e“t?—tl)f“f(tl)||iz(Q,Lo)ds < Li(ty — )% (4.18)
t1 2

Then the Rothe-Maruyama difference scheme (4.2) for the stochastic Schrodinger equation (2.1)
has a strong convergence of order 1/2 at the initial point to. That is, at the initial point the
convergence estimate

[u(to) — ol L20,m) < M3 (4.19)

holds. Here the positive constants L1, My, Ms, M do not depend on T.

The temporal convergence order of 1/2 is in line with that of semilinear stochastic differ-
ential equations with Lipschitz assumptions on the drift and dispersion and a standard initial
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condition, see e.g. [19, Theorem 3.14]. Recall however that temporal discretization conver-

gence of an exponential integrator scheme for a stochastic Schrédinger equation with Cauchy

condition is obtained in [5] of order one for additive noise and 1/2 for multiplicative noise.
Clearly, (4.16) holds if

N
sup ZE{HAf(tj,l)H%g}T < 0. (4.20)
T€[0,T] =1
Similarly (4.17) holds if
s (B[IlF(0)13,] + B[147®)I13,]) < oo (4.21)
t€[0,T]

It is also clear that (4.18) holds under the Hélder-continuity of e =4 f(s) with exponent 1/2 in
the sense
—isA —itA 1
lle 4 f(s) —e f(t)||L2(Q,Lg) < Lo|t — 5|2 (4.22)

for a constant Ly. It is furthermore obvious that (4.22) holds if

swp (B [I£(1)]12y]) < oo,

te[0,T]
e = I\l < Ct2, [IF(t) = ()]l ng < Lalt — s|> (4.23)
for constants C' and L3 since
654 ) — e A F 0] g < e (1~ 1) () + e G5) — 0

Proof. Using the expressions (3.4) and (4.5) we have

p Am )
w(0) — o = (J = D)p(Way, -+, Wa,) = Ji 3 am / (A=) £(5)dIV,
— 0
p lm !
+Di Y » RTITf( ) (Wy - W)

m=1 j=1
=T +---+1Tx,

where

Ty = (J = D)p(W(ty), -+, W(t))

p
=DJ Y am(e™m = Rm)o(W(t), -, W(ty)), (4.24)
m=1
P . P Am
Ty =—iDJ Y an(e — Ri) > am/ e Om=)A £()dW (s), (4.25)
n=1 m=1 0
p Am )
T3 =—iD Z am/ eOm=9)A £()dW (s), (4.26)
m=1 lin T

p lnT ) )
Ty=—iD Y am/ [eiAm=9)A _ illnT=)4] £ (5)dW (s) (4.27)
m=1 0
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p Im JT )
Ts = —iD Z am<2/ eUmT=9)A £ (VAW
m=1 j=17/ =D
L g .
— Z/ lejez(”S)Af(s)dW(s)> : (4.28)
=1 -7
P L T o
Ts = —iD Z am<2/ Rlm=3tUT=9)A £ (5)dW (s)
m=1 j=1/ =D
L T o
- Z/ le_Je”Af(tj—l)dW(S)) (4.29)
j=170G-D7
P Im
Tr=—iD Y  am » R (7 = R)f(t;—1) AW, (4.30)
m=1  j=1

Using (4.14) with v = 1 and (4.13) with g =1,

p
1Tl 20,0 = |DJ Y am (e = R p(W(t), -, W(t,))
m=1 L2(Q,H)
p
<D Y lam[|AT e AmT (40—t — D) Ap(W (t1), -, W (1)) || 201,
m=1

p
DI Y laml[|ATH (€47 = R Ap(W (t1), -+, W () || 12
m=1

p
< IDIIII Y lewml (|Am = b7 | My + /17 M7)

m=1

p
<UD DS len (w20 + VTrE b)) < Mh.
m=1

We use the same approach to Ty — viz. (4.14) with v = 1 and (4.13) with § = 1, the
inequalities A, — I, 7 < 7,1,7 < T and (4.17) to get an estimate for Ty as follows:

P P Am
T2l 2(0,m) = DJZOcn(ezAA" — Rl") Z am/ e Om=9)A £()dW (s)
n=1 m=1 0 LZ(QaH)
p
<D Y lanl||ei 4 A7 (40—t — 1)
n=1
p A'V'VL A
X Z am/ AetCm =34 () d W (s)
m=1 0 L2(Q,H)
p . .
DTN fan|||e 42 A7 (40T — RI)
n=1
p Amo
X Z am/ AetOm=39)A £ () dW (s)
m=1 0 L2(Q,H)

p Am
Z am/ AetCm=3)A () d WV (s)
0

m=1

p
<IDIHITID lenl(An = 1n7)
n=1 L2(9,H)
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p Am
Z am/ Ae?Om =) A £ (§)dW ()
m=1 0
p p %
APl D fonl ([ B[4 04103 ] as)
n=1 m=1
P P 3
DI a7 S fonl ([ B [0 5(5) 2] as)
n=1 m=1

SMT%.

p
DI lan|Vinr
n=1

L2(Q,H)

By (4.17) and using |\, — L, 7| < 7,

Bl <191 o] [ 40 oy

L2(Q,H)
1
2 1
|D||Z|am|</l B (|40 1(5)) ds) < e,
m=1 mT

By (4.14) with v = 1,|\,;, — I,y 7| < 7 and by (4.17)

ITullzaomn < 1D Z |am|H / =514 _ gill=4] §(5)aTV (s)

L2(Q,H)

IinT
_ ||DH Z |Oém|</ HA—I I:ei(km—lm,T)A o I] Aei(lmT—S)Af(s)HiodS)
m=1 0 :

p I T 2
<D fanl ([ O = 410

m=1

P I %
s||D|Z|am|</ [ Aeinr=294 £(s)| 12, )TSMT.

m=1

By (4.13) with 8 =1,(;, —j)T < T for j =1,...,1L,, and (4.17),

N

P b it o ,
|75 22(0.m) < || D lea“(;/(j_m |A=L(eilim =) A _Rzm—J)Hi(H)
m= ]1=

2

[l o

P lm
§|D||Z|am|< /( ,, (Vo= in)E 1466724 (s)|I7, ] @ )
J =T

m=1 j=1

1
2

1
2

/(] . |:HA€1(JT sAf ||L°:| s) JT

T) \/FgMT%.

Jj=

L

3

14
<D Y lam VT
m=1

~

(>
(

p
<D lam VT
m=1

[
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y (4.18) and that l,,7 < T,

1Tsl| 2. < 1D Z || Z " R I f (s) = A f (t-1)) AW (s)

tjl

L2(Q,H)
1

< ||DH |am|<2/ Hel(tj s)Af( )_ei(tj—tj—l)Af(tj_l)Hig} ds)
<Dl Z |am|<z — - 1)2>

< |D| Z lam|VT/T < M3,

m=1
By the use of (4.13) with 8 =1 and (4.16),

Im

p m
1Tl 2,y < IDIY laml|| D R™7(e™ = R) f(t;-1) AW,

L2(Q,H)

p lm,
<UD Y fom Z A7 = B o | AB T 1150 | 7
= a (1) g

N

2

Jj=1

=

Im

D lm
<1513 o (z e [Jar=10-l) )
=[D|> |04m|<

B [|[AR" 7 1(t;1)] ] T> 7 < Mr.

Jj=1

The proof is complete. O

Remark 4.1. (¢) An alternative way to show convergence of Ty, here with convergence rate
1/2,is

T4l 22,y < 1D [ =) A HImT=)A] £ (5)dW (s)
m=1 L2(Q,H)
— ||DH Z |am ( HA [ i(Am—lmT)A_ I]Aez(lmr s)Af HLO) S) 2
S ||DH |am ( m _ (HAel(lnLT é)Af HLO) S)

lJT %
<||D|\Z|am ( B (et )y s )
snDHme@ )F < Mr75.
m=1 j=1
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(e) An alternative way to show convergence of T7, here with convergence rate 1/2, is

D lm
1Tl 2o,y < IDI Y aml D N[ATHET™ = R o [|AR™ 7 £ (t5-0) AW || 2, 1)
m=1 j=1

[

4 lm 1
<IDI Y lowl D (BIAT ™ = R ) (EIAR™ 11,1 ]1347)
m=1 j=1

-

<Dy |amli ((VIn)?)* (E[Jar sty )

p lm 1
= DY ol Y- 7# (B[| AR £its-1)|[5,]) " < Mrt.
m=1 j=1

Here we may assume that

s, (B[l 10-0l])” <o

or assume the weaker condition

Im

s X (B[R - y])” <o (431

N

Theorem 4.4. Assume that the assumptions of the previous theorem hold. Then the Rothe-
Maruyama difference scheme (4.2) for time nonlocal problem for the stochastic Schrédinger
equation (2.1) has a mean-square convergence of order 1/2. That is, for 0 <k < N,

1
lu(ts) — ukllL2,m < MT2
holds for T < 1. Here the positive constant M does not depend on T.

Proof. For k = 0, the result follows from the previous theorem. For 1 < k < N, we can
write
u(te) — ux = Tar + Tor + Thor + Thik + Tiok,

where

TSk — (eikTA o Rk>J

- Z om /O O {(5)W (5) + (W (). W (Ap»] :

Tor = RF (u(0) — uo),

k oo
Thok = fiz [ei(k*j)TA - Rk*j] / e t=A £(5)dW (s),
j=1 tji-1
b ot .
Tip=—i)y R / IR L (s)dW (s) — A F (1,0 AW, | |
j=1 tj—1
k

T12k = —1 Z[eiTA - R]Rkijf(tjfl)AWj.

j=1
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We will estimate these five terms separately. By (4.15), (4.17), (4.13) with 8 = 1 and (4.14)
with v =1, and k7 < T,

| Tskll 220, m) < ||J||HA71(GHCTA *Rk)HL(H) [ (W), - ’W(/\p))HLZ(Q*H)

p Am )
#3 Janl| [ iagsan e
m=1

LZ(Q,H)]

< | JlIfA” e ~ R [Ap(W (), -+, W(A)

)HL(H) HLZ(Q,H)

p Am
7 —s 2
+ Z |0<m|/ He AQm )Af(S)LZ(Q,H)H dsl
m=1 0
< || J|VET(M; + Ma),) < Mr2.

Estimate for Ty follows from the previous theorem. Now let us obtain an estimate for Tog.
Using the triangle inequality, inequality (4.13) with 8 = 1, It6 isometry and estimate (4.17),
we have

koo
Bl < (30 [ I GO = R a0y
|

N[

S<Z/Wﬁ) A ) Py )
</(’“ ) ey >%ﬁ
(Z/ = f@,@g%) >

(

V([ sy ) VR,

IN
A/

By (4.18),

1T11kll 2200, m) =

ZRk ’ / T [emA f(s)aW, — A f (1 )AW,]

tj—1

L2(Q,H)

(Z/t Hel(tj s)Af( ) — ei(tj—tj—l)Af(tj_l)Hig) dS)

2

2

< (ZLl(tk - tj1)2d5> < Mr3.
j=1

By (4.14) with v =1 and (4.16),

k

Z iTA Rk Jf(] 1)AW

Jj=1

-

1 Tvokll 20,1y =

L2(Q,H)
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N

k
<Z ¢’ — R|RF- If(tj ‘112((2711)7)

N[=

k
< (S i [l 0 )

< < 3 E MAR’“*jf(tk—l)Hig} T) B

>
j=1
k 2
< <ZE [HARIC—Jf(tk_l)HLO} 7‘) T < Mr.
=1 ’
Or in an alternative way using the assumptions of Remark 4.1(:¢), namely (4.31), we can obtain

k
||T12kHL2(Q,H) S Z H[eiTA - R]Rkijf(tjfl)AWjHLQ(QyH)
j=1

< i (IA=1e™ = BRI gy B (AR £ti1) 5 T)%
<Z( 2B (|| AR f(ti-1)| 7] T)% < M

Hence, the result follows from the estimates of Tk, Tox, T10k, T11k, and Tiog. O

5. Numerical Verification

In this section, numerical experiment of the time nonlocal problem

idu(t, z) + (um(t,x) + (wQ — % + 1) u(t,x)) dt

= ie't sin(rx)eV D aW (t), 0<tz<l,
u(O,x):lu (l,x) —l—(p(ac,W(l)) , 0<z <1, (5.1)
3 \3 3
u(t,0) = u(t,1) =0, 0<t<l,

o <:c,w (%)) = sin(nz) <1 _ %egem >)

for the Schrodinger equation by using first order Rothe-Maruyama difference scheme is in-
vestigated. The Eq. (5.1) can be formulated in the mild form (3.2). Here W = {W(t)}1>0
is a standard one-dimensional Wiener process with values in U = Uy = R; for fixed ¢,
ft):Usuws f(t,)u € H=L*([0,1]) with

f(t,x) = ie" sin(mz) exp (W (t)),

for which

1F)13

1
. 1
50 g = [ sin?(raldoe® = 2,
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hence, by the use of E[e®W ()] = exp(a?t/2),

t t t t
/ B [Hemsmf(s)uio} ds < / E [Hf(s)nio] ds < / E[e2V()]ds = / 23 ds,
0 2 0 2 0 0
and (3.1) is valid. Furthermore, ¢ : R 3 u > o(-,u) € H = L*([0, 1]) with

oz, u) = sin(7z) (1 - %e% eXp(u)) ,

(v (3))

1
:/ sin?(rx)dzE
0

for which
1 2
ele(w(3))],-#
3 H

2

L2([0,1])

1-— %e% exp <W (%))

Agp(x) = <7r2 — % + 1) O(x) + Pua(z), @€ 030((0, 1)),

2
< 0.

Besides, A is defined by

where C§°((0,1)) is the set of infinitely differentiable real-valued functions on (0,1) with com-
pact support. For ¢ € C§°((0,1)), define

6l = (/01 [p(y)I” + |¢z(y)l2dy)%-

The domain D(A) of A is the completion of C§°((0,1)) in H = L?((0,1)) with respect to || -|

By applying the It formula to t — e*e(®) it is easy to see that

1,2-

u(t,z) = e sin(rz)eV'® (5.2)

is the unique mild solution to (5.1). Concerning the convergence conditions (4.15)-(4.18), we
recall that for (4.16) it is sufficient to show (4.20), for (4.17) it is sufficient to validate (4.21),
and for (4.18) it is sufficient to show (4.22). We have for (4.15),

o () == o G 2o B
=FE /01 <w2%+1+a—;>¢<x,w<%)> 2dz]
=FE /01 <7r2 - % +1+ aa—;>[sin(7r:c)]
. (

2
dw] < 00,
and for (4.21),

IAFOI 20,09 = B 147 8) 30,0
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2
dx]
2
dw]

(w —-+14 8—2) ie" sin(mz) exp (W(2))

2 0x?
2
dx]

1 2

_ 2_ 1 9
=F (w 2+1+6$2)f(t,x)

S—

|
|

|
=

(_% + 1) ie" sin(mz) exp (W(2))

1
/ sin?(rx) exp(2t)dx = gexp(Qt).
0

| ot

For (4.20),

N
> 2 [IAr 0l 7

I
M=
=

r 1 . 82 2
/O <w2§+1+82>f(tj1,x) dx]T

- 5 |
/0 (7‘(‘ ——+ +W) ie'~* sin(mz) exp (W (tj-1))

2
dw] T

<.
I
—

IA
] =
=

2
dx] T

<.
Il
—_

IA
] =
=

[\

:/01 (_l' 1) ie'i=1 sin(mw) exp (W (tj—1))

<.
Il
—_

/0 sin®(mz) exp (2(tj_1))dar

IA
’ Z
V- 1

~
Il
—

<
I

exp (2(tj—1))7 < gTexp(2T).

IN
ool ot

Furthermore, where we recall f(t,z) = ie' sin(rz) exp(W(t)), for 0 < s <t <1,
le=45 £(5) — A O} 2000,
= B[l £(s) = (1)1 7, 0
- B [Hef(%Jri)Sf( ) — e~ Gt p(p) HLZ(O 1)}

= | Sin(ﬂ‘-)||%2(011)E U —(3+i)sis exp (W(S)) —(3+i)t it exp (W(t)) ‘2}

IN
=

:exp(ngWs exp(EJrW(t))‘Q]

t—s
2

&

(W) - W(s)) ﬂ

&

(s))
:exp(—g—l—W ) 1—exp(
)]

E[eXp(s+2W(s))}E{1 —Qexp(—

‘1exp(

[ s
exp (*5

N~ N~ N~ N

+exp(— (t—s)+2(W(t) — W(S)))}

=3l (o) (1o (50 1) rew (e o2
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1 t—s 1 t—s
= —es/ e?dp < —es/ e!75dh < el (t — s),
2 Jo 2 Jo

hence (4.22). For the approximate solution of problem (5.1), the set [0, 1], x [0, 1], of a family
of grid points depending on the small parameters 7 and h,

0,1], % [0,1]p = {(tx,2n) : tx =kr, k=1,...,N —1, Nt =1,
Tp=nh,n=1,...,.M -1, Mh=1}

is defined. For problem (5.1), the Rothe-Maruyama scheme including a spatial discretization
can be formulated as follows:

o :
i(ub —ul) + ( ntl :2 + U +(7T2—%+1)UZ)T
(

= f(th_1,Tn) AWy _1, k:l,...,N:;, n=1,...,.M—1, (5.3)
1 1
= guL }w(xn,gw), n=1,...,M—1, uf=0, uk,=0, k=0,...,N,

where AWjy,_1 = W (ty) —W (t)—1) and [N/3] is the integer part of N/3. With a = 7/h?, b= —i,
c=1i—27/h®+ 7?7, d = 71/h? we have for k =1,..., N,

auf .+l cul +dub ) = f(to1, 2)AWgZ1, n=1,..., M — 1.

By also taking into consideration the non-local initial condition we can write

AUp+1+ BU,+CUp—1 =Dpn, n=1,....M —1, (5.4)
where
ud 0
ul 0
Uy=1| |, n=1,....M—1, Uy=Uy , (5.5)
uN-1 0
N
Up, (N+1)x1

and A, B,C and D are (N + 1) x (N + 1) matrices with
AGi+1)=a, B(i,i)=b, B(i,i+1)=c, Cl,i+1)=d, D(i,i)=1

with all other entries zero, and

o f(to, z,) AW,
n=1 vl = ., on=1,...,M—1.
4 o JEN—1,2,)AWN_1
5091 <,0(:Cn,W)

To solve (5.4) together with (5.5) we apply the modified Gauss elimination method for the
difference equation with respect to n with matrix coefficients as in [8]. It means that we seek
a solution of the matrix in the following form:

Upn=cani1Upg1 + Bnyr, n=M-1,...,2,1,0, (5.6)
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where o (j = 1,..., M) are (N + 1) x (N + 1) square matrices and 8; (j = 1,..., M) are
(N +1) x 1 columns. By plugging (5.6) into (5.4) we get

AUn+1 + B(an+1Un+1 + ﬂn+1) + C(an(an+1Un+1) + ﬂn) = DQOn,

ie.

(A + Bopg1 + C'anO‘n+1)Uvn+1 + Bﬁn—i—l + Canﬁn-i—l +CB, = Doy,

which for each n has a solution iteratively given by
i1 = —(B+Cap) 'A, Buy1 = (B+Can) (Do, —CBr), n=1,23,...,M—1.

Note that for obtaining an41, Bpy1,n = 1,..., M — 1, first we need to find a; and ;. Since
Uy = a1Uy + B1, where Uy is a zero vector we let, as in [8], ay be the zero matrix and 51 also
be the zero column vector. We thus obtain «,, and 3, forward and U,, backward by n.
Numerically verifying Theorem 4.4, supported by Figs. 5.1-5.3, the numerical solution of the
difference equation (5.3) is compared with the analytical solution of the differential equation

Re(u(t,z)) Re(ie™" W sin(7z))

im (u(t, =) im (7' sin (7))

Fig. 5.1. Visualization of one simulation of the approximative Rothe-Maruyama solution (5.1) and the
exact solution (5.2). Real and imaginary part of computed values are on the left, and that of exact
values are on the right. Here M = 100 and N = 400. Note the slight deviation of the approximative
solution and the exact solution for the imaginary part of the solution at the initial time point ¢ = 0.
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(5.1) with the L* error ||u(tn) — un||L2(o,m) at the final time point approximated by
| Neim M-1 ) 3
Ef = <N— Z Z [u(tn,zn) —ug] h> , (5.7)
sim 51 n=1

where u(ty, z,) is the exact solution at the final time point ¢y = 1 given by (5.2) and u? is
the numerical solution (5.1) at (tn,2,) = (1,zy).

Exact and Computed values at z = 0.5
T T

Approximated values
Exact values

Fig. 5.2. A simulated time-evolutionary trajectory of the real part of the approximative (5.1) and the
exact solution (5.2) also here with M = 100 and N = 400, N = 100 at = 0.5. Note the typical Wiener
process type trajectory in time which is not apparent from Fig. 5.1.

L? Error vs T
T

T
fitted (slope:0.502) |

0.06 B

0.05 1

2
L? error
£

0.03 - b

0.02 P B

0.004 0.006 0.01

Fig. 5.3. Loglog plot of the L?-error estimate (5.7) of the numerical scheme for large M (M = 1000) and
N = 25,50, 100, 200,400 based on 1000 number of simulations. The solid line is the fitted regression
line with slope 0.502. The empirical convergence rate as the rate of the regression line slope seems to
be in line with Theorem 4.4 stating the convergence 1/2.
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6. Conclusions

In this paper, existence and uniqueness of a solution to a time multipoint Schrédinger
equation with values in a Hilbert space driven by a cylindrical Wiener process is obtained. Mean
square convergence rate of order 1/2 of an implicit Euler-Maruyama scheme, which should be the
main contribution of the paper due to more intricate calculations, is also achieved. Numerical
experiments for a non-trivial example corroborates the convergence rate. Convergence rate of
temporal-space discretization will be investigated in future studies.

Acknowledgments. The authors would like to thank the anonymous referees for valuable
comments.
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