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Abstract
This paper is concerned with the inverse problem of scattering of time-harmonic acous-
tic waves by an inhomogeneous cavity. We shall develop a modified factorization method
to reconstruct the shape and location of the interior interface of the inhomogeneous cavity
by means of many internal measurements of the near-field data. Numerical examples are
carried out to illustrate the practicability of the inversion algorithm.
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1. Introduction

Consider the inverse scattering problem of recovering the shape and location of the interior
interface of an impenetrable inhomogeneous cavity from many internal measurements. This
kind of interior scattering problem may occur in many industry and military applications such
as in material science, non-destructive testing and so on (cf. [14,32] and the references therein).

In contrast to the typical exterior scattering problem, where the incident field and the
associated measurements are taken outside the objects, the interior scattering problem allows
the incident point sources and measurements taken inside the cavity. In the current paper we
consider the scattering of incident point sources by an inhomogeneous cavity, which is modeled
by an inhomogeneous Helmholtz equation with various boundary conditions on the exterior
boundary. Our goal is to study the inverse problem of numerically reconstructing the shape
and location of the interior interface of the inhomogeneous cavity from the near-field data
measured inside the cavity.

There are lots of investigations consisting of theoretical results and numerical methods for
the exterior scattering problems in the past decades. We refer to the monographs [6,9,18] and
the references quoted therein for detailed discussions. In the mean time the interior scattering
problems also attracted many researchers’ attention, where the studies are mainly focused on
the numerical methods in recovering a homogeneous cavity. For example, the factorization
method can be found in [19,21], the linear sampling method has been developed in [7,13,32,33]
and a nonlinear integral equation method was established in [23]. It was also noticed that the
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inverse scattering by large cavities embedded in an infinite ground plane has been well studied,
see, e.g. [2—4] and the references quoted therein. However, there are few results available in
the literature for reconstructing an inhomogeneous cavity. For the case when the refractive
index of the inhomogeneous cavity was described by a piecewise constant function, the authors
in [24] obtained a uniqueness result on the identification of the interior interface as well as the
piecewise constant refractive index, the technique can date back to the work [30], which focused
on the shape reconstruction of the exterior inverse scattering problems.

In this paper, we intend to establish a modified factorization method as an analytical and
numerical tool of reconstructing the interior interface of the inhomogeneous cavity with different
kinds of boundary conditions on the exterior boundary. The factorization method was proposed
by the work [15], which can provide a sufficient and necessary computational criterion for
characterizing the shape and location of the scatterers. Therefore, it has been widely studied
for various inverse scattering problems (cf. [5,10,11,16-18,25,29] and the references therein).
Recently, based on a technique of the detailed description of the kernel space of the related
solution operator, the factorization method has been justified in [26] for the inverse problem
of reconstructing the interior interface of a two-layered cavity in the case when the solution is
discontinuous across the interior interface, that is, u|+ = u|—, d,u|+ = Ad,u|— on dD for X # 1.
Unfortunately, the method developed in [26] is not capable of dealing with the inverse problem
under consideration since the solution of our model problem is continuous across the interior
interface, which means, u|; = u|—, dyuls+ = AJyu|- on OD for A = 1. This actually yields
that the middle operator of the factorization in [26] is only compact for the problem setting we
are considering. So, we need to develop a novel numerical algorithm, which is an approximate
factorization method constructed depending on both the refractive index in the inhomogeneous
medium and the boundary conditions on the exterior boundary, to solve our inverse problem. To
be precise, we shall establish a series of perturbation operators N,,, of the near field operator N,
which is defined on a curve located inside the cavity. It can be proved that for sufficiently large
mo € N4, the operator V,,,, which can be viewed as a sufficiently small perturbation of the near
field operator N, has a suitable factorization satisfying the Range Identity in [18, Theorem 2.15].
Moreover, Np,, 4 can also be viewed as a sufficient small perturbation of the noisy operator Nf#
with the noise level 4. Then the target interior interface of the inhomogeneous cavity can
be approximately determined by means of the spectral data of N,,, » and Ngé. Numerical
examples provided in Section 4 indeed illustrate the practicability of the proposed approximate
factorization method.

The reader is also referred to [5,15,27,28] for the justification of the factorization method
for the exterior inverse medium scattering problems, to [1,12,31] for the iteration method, and
to [8,22] for the linear sampling method.

The paper is organized as follows. In Section 2, the formulations of the model problem will
be presented. Some necessary properties on the solution operator are also provided. Section 3
is devoted to the mathematical establishment of an approximate factorization method for the
inverse problem of reconstructing the interior interface of the inhomogeneous cavity. In Sec-
tion 4, some numerical examples are carried out to illustrate the efficiency of the developed
inversion algorithm.

2. Formulations of the Scattering Problem

We begin with the formulations of our scattering problem. Let D C R? d = 2,3, be
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an inhomogeneous cavity with a C? smooth boundary ¥. Assume further that D = Dy U D,
with Dy N Dy = @, where Dg, D; denote the interior and annular part of the inhomogeneous
cavity, respectively. See Fig. 2.1 for the geometry of the scattering problem.
Consider the incident point source located at y € Dy taking the form
| SHP(klz — ) in B2\ {y},
u'(z) = P(z,y) =9 piklz—yl (2.1)
in R*\ {y},

4z |z —y|

where ®(x,y) is the fundamental solution of the Helmholtz equation A® + k*® = —§, in the
free space R?. Then the scattering problem can be formulated in determining the total field u
such that

Au+k2n(z)u =0 in D)\ {y},
R + >\ u = on Z, (2.2)

v

u=u +u’ in D,
where u® = u — u! is the scattered wave and n(z) represents the refractive index, which is equal
to 1 in Dg. Here A # 1 is a complex constant, which denotes the transmission coefficient on
¥ satisfying that Im(A) < 0 and v is the unit normal on ¥ directed into D;. Assume further
that 0 < Re(n) < 1 and Im(n) > 0 in D;. For convenience, we only consider the case when
an impedance boundary condition is imposed on the exterior boundary ¥. The same results
can be extended in a similar way to other cases such as a Dirichlet boundary condition or
a Neumann boundary condition.

Eliminating the incident field ' in D, it is easily seen that the scattered field v = u® satisfies
the following boundary value problem:

Av+ E*n(x)v = —qf1 in D,

2.3
@+)\U=—f2 on X, (2:3)
ov
where 5y
q:k2(”($)—1), f1=ui, fa= 8113 + Al

By applying the variational approach or the integral equation method [24], one can obtain
the well-posedness result of the problem (2.3), which is presented in the coming theorem.

D,

Fig. 2.1. Geometry of the scattering problem.
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Theorem 2.1. For f; € L*(Dy) and fo € H=Y/%(X) the problem (2.3) admits a unique solution
v € HY(D) satisfying that

el < € (Il + 1l 3 )

with a positive constant C > 0.

Based on Theorem 2.1, we define the solution operator G : X + L?(Tg) by

CTV(flaf2)—r :U|F0a (24)

where v is the solution of the problem (2.3) with the given data
(fr,f2)7 € X == LA(Dy) x H™%(%).

Here I'g is a closed cure in Dy, which is chosen to be the boundary of a connected open domain
Dr, satisfying that Dr, C Dy, and that k? is not a Dirichlet eigenvalue of —A in Dr,. We
then have the properties of the operator G.

Lemma 2.1. The operator G is compact with dense range in L?(Ty).

Proof. The compactness of the operator G follows from the interior regularity results of
the elliptic equations. To prove the denseness of G, it is sufficient to show that its adjoint
operator G* : L?(T'g) — X* is injective. We first deduce the formulation of G* and then prove
its injectiveness. For ¢ € L?(T) consider the following boundary value problem:

A’LU—FI{?Q’LU:O in DQ\Fo,

Aw + k2nw =0 in Dy,

wls = w|_, ow|  Ow —3 on Ty, (2.5)
5 ovliy Ovl-

aw +Aw =0 on X.

ov

Here |4, |- on Iy indicate the limits to the boundary I’y from inside Dr, and Dg \ Dr,, respec-
tively, and v is the unit normal in I'y directed into Dr,. Let v be solution of problem (2.3) with
the data (f1, f2) € X. Then we obtain

ow ow
G T = —| — = )ds. 2.6
< (fl?fQ) )¢>1"0 /Fov(ay + al/ ) &) ( )
Applying Green’s theorem in Dr, and using the boundary conditions on I'g yields
/ (va—w — @w|> ds = 0. (2.7)
ro \ ovl+ Ov

It then follows from (2.6), (2.7), the applications of Green’s theorem in Dy \ Dr, and Dy,
respectively, and the equations in (2.3) that

ov ow ov ow
T _ ov 1 _ — 9w — 2%
(G(f1, f2) ,¢>FO/FO <8uw VS > ds /9DU <8uw U(’)u>ds
ov ow
= [ (o) oo [ ar

/Efgwds/Dl qfrwdz. (2.8)



Near-Field Imaging of an Inhomogeneous Cavity with a Modified Factorization Method 5

So we conclude from (2.8) that
G*¢ = (—qulp,, ~wls). (2.9)

Now let G*¢ = 0. Thus w = 0 in D;. Hence the Holmgren’s uniqueness theorem ensures that
w=01in D\ Dr,. This means w|; = w|_ = 0 on Iy, which further implies that w = 0 in Dr,,
since k? is not a Dirichlet eigenvalue of —A in Dr,. Then one has ¢ = 0 from the transmission
conditions on I'g. This ends the proof of the lemma. O

3. The Approximate Factorization Method

This section is devoted to the studies on the approximate factorization method in recon-

structing the interior interface of the inhomogeneous cavity from many measurements taken
on I'g. We first introduce the near-field operator N : L?(Tg) + L?(I'g) defined by

Ng(z) ::/F v(x, 2)g(z)ds(z), x €Ty, (3.1)

where v is the solution of problem (2.3). In order to derive a factorization of the near field
operator N, we define the incident operator H := (Hy, Hs) : L?(Ty) — X by

Hig ::/F ®(z,y)g(y)ds(y), z € Dy, (3:2)
Hyg := (8%(36) + )\) /1“0 O(x,y)g(y)ds(y), =€ X. (3.3)

For (¢1,¢2) " € X*, it can be derived that

T T = T s(y) b1 (z)dx
(1 )70, 01,69 ) = [ | / ) )10}

+/< 8(36) +A> /FO¢(x,y)g(y)d8(y)%(w)d8(x)
/F 0 /D B )0r(e)drg(y)ds )
v 0 / ( - )@(x,m%(w)ds(x)g(y)ds(y)

= <gaH*(¢la¢2) >X><X*'

It follows that H*(¢1,¢2)" = wl|r,, where the function w is given by

w) = [ Famoman+ [ (G +2) enmeise. ceD. (@4

Notice that v is the solution of problem (2.3) corresponding to the incident wave ®(x,y). Hence,
it is deduced from the definitions of the operator G defined in (2.4), H given in (3.2) and the
near-field operator N defined by (3.1) and the superposition principle that N = GH. Before
going further, we introduce the following operators, which will be frequently used in the rest of
the paper. Define

(Vé)(z) = /D 5@ 9)o(y)dy, @< Dy,
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®o)0) = [ (o +2) Bamelasty). o€ Dy
and the single- and double-layer operators and their normal derivative operators
(S0)a) = [ B ois) )
(K¢)(z) == g %qﬁ(y)déf(y), T €,
(K'6)@) = g [ Fwmiomistu), e
T8)@) = o [ BED 105, sex

It is known from [6,9] that the operators S : H=Y/2(X) + HY/2(X), K : H/2(X) — HY2(%),
K': H7Y2(%) s H™Y2(X) and T : HY?(X) — H~'/2(X) are all bounded and the operators
S, K, K" are also compact in the corresponding Sobolev spaces. We also define the restriction
operators

Ve = (Vé)lz, V= %(W»

By [20] and the boundedness of the trace operator, we deduce that the operators V : L?(Dy)
H2(Dy), P : HY2(X) — HYDy), V : L*(Dy) — H3?(X), V : L*(D;) — HY?(%) are all
bounded. Therefore, the factorization of the near-field operator N is stated and proved in the
following theorem.

Theorem 3.1. The near-field operator N has the factorization
N = -GA*G",

where the matriz operator A : X* — X is given by

_ —qll + V ]P
T\ V4N THAK +AK +A%5)°
Proof. Tt is noted that the function defined by (3.4) satisfies the problem (2.3) with the data

1
fi=aqp1 — Vo1 —Poa, q1 = 7

—f2 =V + AV + Ta + AK' ¢y + AK o + A2S .

This can be rewritten as the form of

fl _ —NQ1I+V ]P) ¢1 _A¢
£2) T T\ VAV THAK +AK +225) \gn) ~ 7

By the definition of the operators G and H*, we have G(f1, f2) " = w|r, = H*$, which means
—GA = H*. We thus deduce that H = —A*G*. This together with the fact that N = GH
yields the desired result that N = —GA*G*. This ends the proof of the theorem. O
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Theorem 3.2. The operator A defined in Theorem 3.1 is invertible and

1 0
A71 :A71 Acom A = q1
Lt roo < 0 -T@))’
and the operator T (i) is the derivative of the double-layer boundary operator with the wave
number k = 1.

Proof. Obviously, the operator A can be decomposed into the form of

fwl 0\ [V P B
A(o T(i)) (f/mv TT(i)+)\(K’+K+>\S))A1+A2'

It is easily seen that A, is invertible on X, since Re(n) < 1 and —7'(i) is invertible on H/?(X).
Clearly, A, is compact due to the compactness of the element operators. So one obtains
A = Ay + As is a Fredholm type operator. Next we shall show that A is injective. Let
A(¢1,¢2) " = 0 for some (¢1,¢2)" € X*. This yields that the function w(x) defined by (3.4) is
a solution of the problem (2.3) with the data (f1, f2) = 0. Thus w(z) = 0 in D follows from the
uniqueness of (2.3), which combined with the fact that Aw + k?>w = —¢1 in D; immediately
leads to that ¢ = 0. Noting that w(z) defined by (3.4) satisfies the Sommerfeld condition and
Helmholtz equation Aw + k?w = 0 in R?\ D with the boundary data w = 0 on dD. This
gives that w = 0 in R?\ D . Therefore, we derive that ¢ = 0 by employing the jump relations
on ¥. Moreover, by a direct calculation one can easily deduce that A~! = A;l + Acom with
the operator Ao = —A‘lAgAfl. This completes the proof of the theorem. O

Since N = GH and H* = —GA, we obtain that N = —H*A"'H. In what follows, we
attempt to develop a series of perturbation operators N, of the near-field operator N. Define

Ny = N + pp Hi Too (i) Ha,

where p,, > 0 satisfying that p,, — 0 as m — oo, and

) 00(z,y,1i) 5 -
Tonli) = gus [ T lowisty). « < o0

Here ®(x,y,1) is the fundamental solution to the Helmholtz equation with the wave number
k =i and Q is chosen satisfying that Dy C Q € D and the operator Hy : L*(T'g) — H'/2(0Q)
is defined by

o) = [ @@)o)dsts). = <00,
0
It is easy to see that Hy is well defined and bounded. Therefore, we find that
[N = Nll2(rg) = lomH3 Toa (i) HallL2(rg) = pm — 0 as m — oo
We now state some properties for the operator Tho ().

Lemma 3.1. The operator —Tpq(i) is self-adjoint and coercive as an operator from H'/?(0Q)
onto H=1/2(09), i.e.

- /6  Ton(i)édds = el6lfa ooy

for all ¢ € HY?(9Q) with some constant ¢ > 0, and the difference Tooq — Taa (i) : H/2(0Q) —
H='/2(0Q) is compact.
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Define the operator L : H'/2(0Q) s H~1/?(X

where w satisfies

Aw+k*w=0 in R4\ Q,

w=h on 01}, (3.5)
a—w—ikw—O 1 as || — oo

Ol — el

with h € H'/?(0Q). By the well-posedness of the problem (3.5), it can be easily checked that
the operator L is well-defined and compact. It is noted that w := Hs¢ is the solution to the
problem (3.5), which in combination with the definitions of the operators L, Hy and Hy yields
that LHQ = H,. Moreover,

we (M) = (1 0) (5 p o)

0 0
I = N
(0 pmTo0 (1))

pmH3Too(i)Hy = H* Jp H.

Define the matrix J,, by

It thus follows that

This in combination with Theorem 3.1 and (3.6) yields the factorization for the operators N,
that
Ny =N + ppH3Too(i)Hy = H*A™'H + H* J,, H = H*[P*A™'P + J,, | H

— i [P* ((“I v ) P+ P* Ay P + Jm] H

0 —T71()
(T 0N (ol 0 I 0 . ~
[ BN ) (o 8o en] o
~ (a1 0 ~ E 0 0 N .
=H H+H P*AomP| H
< 0 pmToali )) * Ko L*Tl(z')L> + }
=H* (MDY + M2 )H = H* M, H. (3.7)

In view of the fact that 0 < Re(n) < 1 in D; and the operator —Tyq(i) is self—adjoint and
coercive as an operator from H/2(9Q) onto H~/2(98), one derives that —Re(M. (1)) is coercive
on X := L?(D;) x HY/?(99). Since the operators L, Acom are all compact, which leads to that
the operator Re(Mc(.g,)n) is compact on X. Recalling Lemma 2.1, the fact that H* = GA and
the invertibility of the matrix A implies the coming theorem.

Theorem 3.3. H* is compact with dense range in L*(S?).

Proof. With the aid of the fact that H* = GA and the invertibility of the matrix A, we
obtain that H*A~! = G. Recalling H = PH yields H* = H*P*. Then we deduce that
H*P*A~' = H*A~! = G. Whence the desired result follows from Lemma 2.1. This ends the
proof of the theorem. O

Furthermore, we have the following theorem.
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Theorem 3.4. For z € R?, it holds that
zeRI\Dy < ®(,2)|r, € R(H"),
where H is given by (3.6).

Proof. For z € RY\ Dy, we choose a ball Bs(z) with the center z and the radius § > 0

satisfying that Bs(z) C R%\ Dy. Define a cut-off function y € C*>(R%) with x(t) = 1 for [t| > §
and x(t) =0 for |t| < 6/2. Let

v(z) = x(|z — 2|)®(z,2), zeR™L
Clearly, v(z) € C*°(R?) and v = ®(-, 2) for |x — z| > §. By direct calculations, it is found that

Av + E*nv = DAY + YAD 4+ 2V Y.V + k’nxy® = —¢f; in Dy,

ov
<5 + A’U> ‘E = f2.

It is obvious that f; € L?(D;) and fo € H~/2(X). Then v is the solution to the problem (2.3)
with the data (f1, f2)T € X. So we have that G(f1, f2) " = v|r, = ®(-, 2)|r,, which means that
®(-,2)|r, € R(G). Making use of the fact that H* = GA and the matrix A is invertible, we
obtain that ®(-, 2)|r, € H*. This together with H* = H*P* yields that ®(-, z)|r, € R(H").

For z ¢ R%\ Dy, let ¢* = (¢%,$3)" € X* be such that H*¢* = ®.|r,. Hence, we arrive at
that

and

o = /D B )% (y)dy + /8(2¢<-,y>¢;<y>ds<y>=<1><-,z>|r0 in Do\ {z}.

From the above equality, we find that the left-hand is continuous at z whereas the right-hand
is singular at z, which leads to a contradiction. This ends the proof of the theorem. O

To justify the approximate factorization method we need to show the following theorem.
Theorem 3.5. Let M, = M\ + M2, be defined by (3.7), then

(i) My(#) is coercive and Még}n s compact.

(i) Tm(M,, ¢, ¢) > 0 for all ¢ € R(H) with ¢ # 0.

Proof. The assertion (i) follows from the properties of M,(Ti ) and M£§2n, see the discussions

below (3.7).
(ii) We first show that Im(M,,$, ) > 0. Since the operator T'() is self-adjoint, we find that

for ¢ € R(H),

Im(M¢, ¢) = Im{(P*A™'P + J5,) ¢, ¢) = Im(P* A~ P, ¢)
= Tm(4™ P, Pg) = Im(Pg, (A1) Po)
= Im(A" (A1) Po), (A7) Pg) := (A, ),

where ¢ := A~ P¢. For ¢ € R(H), since H = PH one derives that P¢ € R(H). Recalling
H* = GA yields G* = A~ H, which further implies that 1 := A=1*P¢ € R(G*). In order to
prove assertion (ii), it suffices to show that

Im(y, AY) >0 for o € R(GY).
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Let ¢ = (¥1,12). Define the function

0
wiw) = [ s+ [ (G0 +2) o)
= wy +wy, x€R? \ X (3.8)

It is easily seen that w is the solution to the problem (2.3) with the data

0
fi=atr—w, fa=-— (8_+)\> ws.
14
Noting that

on X,

0 0 0 0
Yo =wly —wl—, Ao - v = w2‘_* 2

:%;wu’mfa“wh

where |, |- on ¥ indicate the limits to the boundary ¥ from inside D and outside R? \ D,
respectively. One then obtains

<A1/}a 1/}>X><X* = <(f15 fQ)Tv (’l/)la wQ)T>X><X*

= (@1 —w,Y1)p, — <<g_1yu + )\w) ‘+,1/12>E

= (@1, Y1) p, — (w1, Y1), — (wa2,¥1)p, — <<Z_w a¢2>

= Mwil4,¥2)s — Mwa|+,¥2)s
= Il +12+13+I4+I5+16

It is obvious that Im(f;) < 0 since Im(n) > 0. For the term I, we have

I2 = _<w13w1>D1 = / w1y (Aw_l‘f' ka_l)dx
D

= (/ —/)wl%ds—/ |Vw1|2dx+/ kw1 |?dz.
oD, Jx v D, D,

Making use of the Green’s theorem in Dy and B \ Dy, respectively, we deduce that

0
Im(IQ) = — <’LU17 %>Z .

For the term I3, it is found that

I3 = —(w2,¢1)p, = / wa (AW + kw1 ) dx
Dy

:/ wg%ds<w2|+,%’ > 7/ (VwTleflfwgwl)dx.
8D 81/ aV + ) D

For the term I, we have

ow ow
(1), (),
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We next deal with the term ((Ow/0v)|_,2)s:

%0 ) = {2 wly—wls) = (2 ) (24wl
81/—’22_ vl /s N\ovlo T/ vl )
a_w‘ | — %‘ | 4 %’ |
ay 7,'LU+ Ei 81/ 77w1+ . al/ 7,'LUQ+ -
Owa Ows

+<E”w1'+>;<wl’w2'+>zv
ow _ [ Ow _ _ Ow_ 2 _ 12,2
<61/"w|>Z 7/2 ay‘w|ds/aBR auwd8+/JE;R\5 (7l = Kul)da.

It then follows that

ow owy owy
—Im(I4) = Im —wds + { — _ +( —
(4) </19BR al/w 5 < 31/ ‘—’w1| >E < 81/ ‘—’w2| >E

+ %‘ | + %‘ |
ov |t 5 ov | s/

By using the jump relations on X, we obtain that

ow ow
B = Munle s = (ol 2] ) = (e 2] )
/2 b))

For the term (w1|4, (Ows/0v)|+)s, applying the Green’s theorem in Dy yields

w1|+, %’ == / wl%ds - / (Vw1 . VEQ - kQ’LUle)dSC.
ov +/ 5 8D ov D

This in combination with the term I3 and the applications of the Green’s theorem in Dy imply
that

_ Ows Owy
Im(13+15)1m<w1|+, al/ ’>E+Im<w2|+, 81/ ’+>Z.

It is further found that

ow ow
—Is = Mwa, o) = <w2|+, 8—;’> o <w2|+, 6—1/2‘+>

Therefore, making use of the fact that

Owa Ows 7
fm <w1'+’5 >E“m<ﬁ'v“’1’+>z =0
Owy owy
I — I —|_ =
m<w2|+, ov —>2+ m< ov | ,w2‘+>2 N

OQws Ows
I . 1= ) I a—‘ :Oa
m< ov - + >2+ m<w2|+ ov —>2

we conclude from the above analysis for the terms I; — I, the fact that Im(A) < 0 and the
Sommerfeld radiation condition that

T (A, ) xxx+ = / O s + (M) (o, o)

OBrRr (91/

g [ 0 s () ) <0, Y0 e RGT., 6 £0,

where w™ is the far-field pattern of w defined by (3.8).
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Let Im{Av, ¥) x x x~ = 0 for some 1 € R(G*). Thus, one immediately obtains that w™ =0
and 12 = 0. So, w = 0 in R%\ D follows from Rellich’s Lemma. Since —1) € R(G*), there exists
a sequence {g;} C L?(Tg) satisfying that G*g; — —1 as j — oo.

It is known from (2.9) that

(qpjlpy,pjle) — ¥ as j — oo, (3.9)

where p; is the solution of the problem (2.5) associated with the boundary data ¢ = g; on I'y.
Define w; to be w as in (3.8) with ¥ := ¢p;|p, and 2 := pj|s. It then follows from (3.9) that
lwj —wl| g1 (p,) — 0 as j — oo. Since

w;(r) = /D @ (2, y)q(y)p;(v)dy Jr/Z (((ﬁ/i(y) + A) ®(z,y)p;ds(y), zeRI\Z, (3.10)

it is easily seen that Aw; + k*w; = —gp; in Dy. Moreover, applying Green’s representation
theorem leads to that
9p;(y) 0% (z,y) }
pw:/ { Oz, y) —pi(y)— 7~ ¢ ds(y
J( ) oD, ﬁu(y) ( ) J( ) ay(y) ( )

" /Dl @ y)awp;v)dy + /E (i + A) ®(,y)p;(y)ds(y), = € Di.

ov(y)

This in combination with (3.10) and the transmission conditions on I’y in the problem (2.5)
implies that

e [ (W )
i) —uy(o) = [ { P g) =) G sty
(

-/ 0 {%’;‘y) 4B (z,y) —pj<y>|+M} ds(y)

() ov(y)
- i)\ Bl ) — o 02(z,y) 1
- [ (Y -5w) o) ol G sty
:—/F ®(x,y)g;(y)ds(y) =: v;(x), x € Dy. (3.11)

From (3.11) it is seen that p; — w; can be extended into R? \ D by v; and

v; — L L*(Dy), (3.12)

q

as j — oo. Since 12 = 0 and w = 0 in R?\ D and 9p;/0v + Ap; = 0 on %, we conclude that
v; = v, as j — oo, where v satisfies the following boundary value problem:

Av+ kv =0 in RY\ D,

ov

%V +Av=0 1 on X, (3.13)
v .

M—zkv:O(W) as || — oo.

The uniqueness of the problem (3.13) gives v = 0 in R?\ D, which together with the unique
continuation principle yields that v = 0 in D;. On the other hand, it is deduced from (3.8) and
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(3.13) that w satisfies the equation that Aw + k?w = —qv = 0 in D;. So that, w is a solution
of the Helmholtz equation Aw + k?w = 0 in D with the boundary data Ow/0v = w = 0 on dD.
Hence we conclude that w = 0 in D, which further means that ¢, = 0 since Aw + kw = —n
in D;. This completes the proof of the theorem. ]

Relying on Theorems 3.4 and 3.5, we are now in a position to provide a sufficient and
necessary computational criterion for reconstructing the interior part Dy of the inhomogeneous
cavity.

Theorem 3.6. For z € R%, let ¢, := ®(-, 2)|r, with ®(-,z) be given by (2.1). Then
1

ze€RI\Dy = W(z):= Zw =0 (314
i

j
where {\j; ¢, }jen is an eigen-system of the self-adjoint operator Ny := |Re(N)| + |Im(N)].

Proof. The proof follows from the range identity [18, Theorem 2.15] in conjunction with
Theorems 3.4 and 3.5 and Picard’s range criterion. ([l

Remark 3.1. Theorem 3.6 can be similarly extended to the Dirichlet boundary value problem,
that is, v = 0 on the exterior boundary ¥ or the Neumann boundary value problem, i.e.
Ou/Ov = 0 on the exterior boundary X. It is remarked that the similar results as that of
Theorem 3.6 can also be derived for the case when Re(n) > 1 with different kinds of boundary
conditions. The numerical experiments carried out in Section 4 also show that the inversion
algorithms are valid.

4. The Numerical Implementation of the Reconstruction of D,

In this section, the practicability of our developed reconstruction method is studied by
carrying out several numerical experiments in R?. In all numerical examples, the measurement
curve I'g is chosen to be a circle. The scattered field data u®(z,y) is discretized for a finite
number of measurement points z; € I'g and source points y; € I'g for 4,5 =1,2,..., M, which
are equidistantly distributed on the chosen curve I'y. In what follows, we shall use the integral
equation method with the Nystrom algorithm (see, e.g. [9]) to generate the synthetic scattered
field data. Hence, the measured data can be derived as the matrix Ny, = (u®(z;,y;)) € CM*M,
So that the indicator function W (z) defined by (3.14) could be approximated as follows:

Mo 27! ,
W (z) = Z)\_ for zeR”. (4.1)

p=1""

M
> eqlna
g=1

Here {),; 7/’10}]]0\4:1 is the eigen-system of the self-adjoint matrix
Narg = [Re(Nar)| + [Tm(Nas)|

with 1, = (Vpq)aLy and {¢.o}2L, is the discretization of the test function ¢.. Based on
Theorem 3.6, it is expected that Wys(z) is much smaller for z € Dy compared with that
for z ¢ Dy.
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In all numerical examples, we shall also show the viability of the developed numerical method
from the view of noisy data. The noisy data uj is simulated by
us (@i, y5) = u®(i, y;) + 0(&1 +i&2) |’ (@4, )|

for i,j = 1,2,..., M, where § > 0 is called the noise ratio and £;,& are random numbers
normally distributed in [—1, 1]. Therefore, the perturbed matrix with noisy level § is given by

Niy = (uj(@i,y;)) € CMXM,

(N3)# = [Re(N3,) | + [Im(N7,) |
By using the similar arguments as that in the formula (4.1), the truncated indicator function
W3, (2) can be computed from the eigen-system of the perturbed matrix (N§;)4

In the following examples, we set M = 64 or M = 128 and use the test curves given in
Table 4.1. And Wy, (2) is for (b) and Wi, (2)° for (c), (d) in Figs. 4.1, 4.3, 4.4, 4.6.

Table 4.1: Parametrization of the curve.

Curve type Parametrization
Circle shaped z(t) = R(cost,sint), t € [0,27], R >0
Ellipse shaped z(t) =(5cost,dsint), t € [0, 27]

=(3/4)(cos®t + cost,sin®t +sint), t € [0, 27]

= +/cos2t + 0.25sin? t(cost,sint), t € [0, 27]

Rounded square (small) | z(¢

(t)
(t)
Rounded square (large) | x(t) =(3/2)(cos®t + cost,sin®t +sint), ¢ € [0, 27]
(t)
(t)

Peanut shaped T

"
N /

(a) Phys1ca1 conﬁguratlon (b) No noise

©

~

(c) 2% noise (d) 5% noise

Fig. 4.1. Reconstruction of circle-shaped interface ¥9. The circle-shaped boundary ¥ is sound soft.
The wavenumbers are k1 =2,k =1 and M = 64.
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Example 4.1. In this example, we consider the case when the Dirichlet boundary condition
is imposed on the exterior boundary ¥, that is, ¥ is a sound-soft, circle-shaped boundary with
radius R = 4 and center at (0,0), and the interior interface ¥ is circle-shaped with radius R = 1

and center at (0,0). See Fig. 4.3(a) for the physical configuration. Here the wave numbers are
k1 = 2 and k = 1. For the inverse problem, the measurement curve I'y is chosen to be the
circle with radius R = 0.5 and center at (0,0). The reconstruction results of the interface X
are presented in Fig. 4.3 by using the scattered-field data without noise, with 2% noise and
with 5% noise, respectively. In Fig. 4.2, we also provide the comparison of the imaging function
Wi (2) defined by (4.1) at = = 0.4,0.8,3.2 for Fig. 4.1(b).

4 2 [ 2 4

(a) Physical configuration

(c) 2% noise (d) 5% noise

Fig. 4.3. Reconstruction of circle-shaped interface ¥o. The circle-shaped boundary ¥ is sound soft.
The wavenumbers are k1 =2,k =1 and M = 128.
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Example 4.2. In this example, we consider the case when the Neumann boundary condition
is imposed on the exterior boundary X, that is, ¥ is a sound-hard, rounded square-shaped
boundary, and the interior interface Xo is peanut-shaped. See Fig. 4.4(a) for the physical
configuration. Moreover, the wave numbers are k1 = 1+ 27 and k = 2. For the inverse problem,
the measurement curve I'g is chosen to be the circle with radius R = 0.3 and center at (0,0).
The reconstruction results of the interface ¥ are presented in Fig. 4.4 by using the scattered-
field data without noise, with 2% noise and with 5% noise, respectively. In Fig. 4.5, we also
provide the comparison of the imaging function Wi (z) defined by (4.1) at = 0.4,0.8, 3.2 for

Fig. 4.4(b).
a '

4 2 0 2 4 -4 2 0 2

(a) Physical configuration (b) No noise

22
20
18
16
14
12
10
- 8
5
4
B

(¢) 2% noise 5% noise

Fig. 4.4. Reconstruction of peanut-shaped interface ¥9. The rounded square-shaped boundary ¥ is
sound hard. The wavenumbers are k1 =1+ 2¢,k = 2 and M = 64.

25 T
——x=0.4

—E—x=0.8
—®w—x=32

B v ”
e W — W — A - F T

Fig. 4.5. Comparison of the imaging function Wy (z) defined by (4.1) at © = 0.4, 0.8, 3.2 for Fig. 4.4(b).
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Example 4.3. In this example, we consider the case when the impedance boundary condition
is imposed on the exterior boundary ¥, that is, X is ellipse-shaped boundary, and the interior
interface X is rounded square-shaped. See Fig. 4.6(a) for the physical configuration. Moreover,
the wave numbers are k1 = 0.8 4+ 57 and £k = 1 and the impedance coefficient is given by
B(z(t)) = 2+cos(t),t € [0, 27]. For the inverse problem, the measurement curve I'y is chosen to
be the circle with radius R = 0.7 and center at (0,0). The reconstruction results of the interface
Yo are presented in Fig. 4.6 by using the scattered-field data without noise, with 2% noise and
with 5% noise, respectively. In Fig. 4.7, we also provide the comparison of the imaging function

W (z) defined by (4.1) at x = 0.4,0.8, 3.2 for Fig. 4.6(b).

0 5 -5 0

L S S T S S S

&

(a) Physical configuration (b) No noise
5
4 -
25 25
3 4
g f 20 20
1 \ L
0 i 15
4 €
10 10
2 3 \
-3 5 o v 5
4 - 4
5 -
5 0 5 5 0 5

(¢) 2% noise (d) 5% noise

Fig. 4.6. Reconstruction of rounded square-shaped interface 3. The ellipse-shaped boundary ¥ is
imposed with impedance boundary condition. The wavenumbers are k1 = 0.8 + 5i, k = 1, M = 64 and
the impedance coefficient is given by B(z(t)) = 2 + cos(t),t € [0, 27].

25 T
—#—x=04

—S—x=0.8
—%*-x=32

Fig. 4.7. Comparison of the imaging function W, (z) defined by (4.1) at z = 0.4, 0.8, 3.2 for Fig. 4.6(b).
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5. Conclusion

We have presented the numerical results of some preliminary examples for approximately
reconstructing the interior part of the inhomogeneous cavity with different kinds of boundary
conditions imposed on the exterior boundary ¥. From the above four numerical examples and
the other cases carried out but not presented here it is shown that the inversion algorithm
based on the developed approximate factorization method obtains satisfactory reconstructions
of the interior part Dy. It is also seen from the numerical Example 4.1 for different truncation
numbers M = 64 and M = 128 (see Figs. 4.1 and 4.3) that the reconstructed result does not
seem obviously better for case when M = 128 than that for the case when M = 64. This
allows us to choose the truncation number M = 64 in the following numerical experiments,
which also needs less time to be carried out. In fact, the truncation number M is related to
the computational result of the scattered wave field u®. Usually, if the truncation number
M is larger, the corresponding computational result is more better. So we conclude that
if the reconstruction result is satisfactory for some fixed M, we can not obtain more better
results even for the larger M. Moreover, it is found from the mathematical analysis and the
numerical experiments that the physical property (i.e. the boundary conditions) of the exterior
boundary ¥ is not needed to be known in advance. In the future, we plan to extend the method
to the cases of inverse elastic scattering or inverse electromagnetic scattering which are more
challenging.
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