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Abstract

This paper presents three regularized models for the logarithmic Klein-Gordon equa-
tion. By using a modified Crank-Nicolson method in time and the Galerkin finite element
method (FEM) in space, a fully implicit energy-conservative numerical scheme is con-
structed for the local energy regularized model that is regarded as the best one among the
three regularized models. Then, the cut-off function technique and the time-space error
splitting technique are innovatively combined to rigorously analyze the unconditionally op-
timal and high-accuracy convergence results of the numerical scheme without any coupling
condition between the temporal step size and the spatial mesh width. The theoretical
framework is uniform for the other two regularized models. Finally, numerical experiments
are provided to verify our theoretical results. The analytical techniques in this work are
not limited in the FEM, and can be directly extended into other numerical methods. More
importantly, this work closes the gap for the unconditional error/stability analysis of the
numerical methods for the logarithmic systems in higher dimensional spaces.

Mathematics subject classification: 65N30, 65N06, 65N12.
Key words: Logarithmic Klein-Gordon equation, Finite element method, Cut-off, Error
splitting technique, Convergence.

1. Introduction

In this paper, we consider the Klein-Gordon equation with the logarithmic nonlinear term
(LogKGE)

w(x,t) — Au(x, t) + u(x, t) + du(x, t) f(Jux, t)*) =0, (x,t) € Qx(0,T], (1.1a)
u(x,0) = ¢o(x), ue(x,0) = d1(x), x € Q, (1.1b)
u(x,t) =0, (x,t) € 90 x [0,T], (1.1c)

where u(x,t) is a real valued scalar field, X is a parameter measuring the force of the nonlinear
interaction, ¢o(x) and ¢(x) are given sufficiently smooth functions, @ C R? (d = 1,2,3) is
a bounded convex polygonal or polyhedral domain fixed on a Lipschitz continuous boundary
012, and

f)=Inp, p=lulx,t) > 0. (1.2)
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The LogKGE (1.1) admits the law of energy conservation defined by
E(t) = /Q (Jue(x, 0)]* + [Vu(x, t)]* + Ju(x,t)[* + AF (Ju(x,t)[?)) dx = E(0), t€[0,T], (1.3)
where u(-,t) € H*(RY), u,(-,t) € L?(R?) and

F(p)/Opf(s)ds/oplnsdsplnpp, p>0. (1.4)

The logarithmic nonlinearity is widely used in various physical models for different fields of
research, such as the logarithmic Schrédinger equation (LogSE) established in quantum me-
chanics or quantum optics [15,16], the logarithmic Korteweg-de Vries equation and logarith-
mic Kadomtsev-Petviashvili equation applied to characterize oceanography and fluid dynam-
ics [22,45], the Cahn-Hilliard equation with logarithmic potentials [18,20] studied in material
sciences, and so on. Additionally, the LogKGE is regarded as the relativistic version of the
LogSE [13], which has been introduced into the quantum field theory by Rosen [37]. This
equation has attracted widespread attention due to its fundamental importance in the study of
quantum field theory and its connection to various physical phenomena.

In the past decades, many scholars have devoted themselves to studying the well-posedness
of the Cauchy problem for LogKGEs. Bartkowski et al. [13] proved the existence and uniqueness
of weak solutions and classical solutions for one-dimensional LogKGE. Later, Natali et al. [35]
gave the orbital stability results of periodic standing waves of one-dimensional LogKGE. By
employing the auxiliary equation method, Alzaleq et al. [2] found new bounded and unbounded
exact traveling wave solutions for LogKGE with three different forms. In [46], the author
indicated that LogKGE possessed Gaussons: Solitary wave solutions of Gaussian shape. Since
the analytical solutions of most nonlinear Klein-Gordon equations are not easy to find, a series
of numerical methods have been considered, including finite difference methods (FDMs) [8,
11,12,14,30,50], FEMs [17,24, 44], spectral methods [9], exponential wave integrator [8] and
operator splitting [10] Fourier pseudospectral methods, and so on. However, due to the blow-up
of the logarithmic nonlinear term near the origin, these numerical methods cannot be directly
applied to logarithmic equations.

In order to avoid the blow-up, Bao et al. [5,6] proposed a regularized FDM and a regularized
splitting method for LogSE, and established their error bound. Li et al. [27] applied the FDM
to solve the numerical solutions of the regularized LogSE in an unbounded domain. Later,
for the LogKGE, two energy-conservative regularized FDMs were employed and their error
estimates were obtained [48,49]. It is well known that logarithmic function will only appear
numerical blow-up when p — 07, and this phenomenon will not occur when the value of p is
large. Therefore, Bao et al. [7] recently presented an energy regularized logarithmic Schrédinger
equation (ERLogSE) through local energy regularization (LER) technique, that is, a sequence
of polynomials approximation to the interaction energy density F(p) at near origin. Inspired
by above works, Yan et al. [47] extended the LER technique to the LogKGE. A conservative
Crank-Nicolson FDM and an explicit FDM were raised for the obtained ERLogKGE. Through
the above analysis and our knowledge, it is found that there exists no research focusing on
the FEM for the LogKGE. However, we must emphasize that the finite element discretization
allows us to work in a very low regularity states, which cannot be done by spectral methods
or FDMs. Additionally, the FEM exhibits excellent adaptability to complex geometric regions
and boundary conditions. In this work, we aim to bridge this gap by developing an energy-
conservative FEM for the LogKGE (1.1).



Crank-Nicolson Galerkin Approximations for Logarithmic Klein-Gordon Equation 3

Conservative numerical schemes have been widely studied because they can capture more
detailed physical processes by preserving some invariant properties (see [1,3,4,39,41,47] and
references therein). And the existence of these conservation properties is crucial to ensure the
stability and convergence of numerical schemes [19]. In addition, through extensive numeri-
cal experiments, Sanz-Serna et al. [39] have found that conservative schemes perform better
than nonconservative ones, as the latter may be prone to linear blow-up. A classical energy-
conservative method for the some nonlinear PDEs is the modified Crank-Nicolson scheme stud-
ied by Sanz-Serna [38]. Unfortunately, it is always a full-implicit scheme that presents signif-
icant challenges in error analysis, especially for the FEM. In both classical papers [1,39], the
optimal L?-norm error estimates for modified Crank-Nicolson FEM were analyzed, but they
need a time-space ratio constraint. Bao et al. [3,4] established uniform error estimates for the
modified Crank-Nicolson FDM, and similar coupling condition was obtained. For the LogKGE
(1.1), Yan et al. [49] studied the optimal H'-seminorm error estimates of the Crank-Nicolson
FDM in one-dimension space. However, if one wants to generalize the analytical methods to
high-dimension space, the time-space ratio constraint must be required.

With the purpose of eliminating the time-space ratio restrictions of the error estimates,
a time-space error splitting technique was proposed in [25,26], which has been widely utilized
in error estimates of numerical schemes for a large number of nonlinear models [28,29,40,43].
Indeed, removing the time-space ratio constraint for a numerical scheme can lead to significant
improvements in computational efficiency, making it possible to solve larger and more complex
problems with greater accuracy and efficiency, and better agreement with experimental data.
However, the most applications of the time-space error splitting technique are always limited to
the linearized numerical schemes, which may be not enough to analyze the unconditional error
estimates of a full-implicit numerical scheme. From [1,3,4,28,40], we learn that cut-off function
technique is an effective method to deal with general nonlinear numerical schemes, which can
truncate nonlinear terms into global Lipschitz functions with compact support in d-dimensions
(d=1,2,3). The cut-off function technique can ensure that once the continuous solutions or
the time discrete solutions are bounded, the numerical solutions will not be too far away from
them.

In this work, we present an energy conservative numerical scheme for the LogKGE (1.1),
which uses the Galerkin FEM for space discretization and the Crank-Nicolson scheme for time
discretization. Subsequently, we innovatively combine the time-space error splitting technique
with the cut-off function technique to obtain the optimal error estimates of Crank-Nicolson
FEM, which not only eliminates any coupling condition between the temporal step size and
the spatial mesh width, but also overcomes the difficulties of the fully implicit scheme in error
analysis. Moreover, we point that the error analytical method in this work can be naturally
applicable to the cases of any dimension spaces, which can be regarded a great improvement
compared with the existing references [47,49]. In addition, in order to achieve the similar H!-
norm error convergence order as in [47,49] under the condition of low regularity, we devote to
the study of methods to improve the accuracy of finite element solutions. At present, one of the
methods to improve accuracy is to adopt postprocessing technology, which involves performing
some kind of processing on the numerical results obtained using FEMs. The seniors have already
done a lot of excellent work in this regard, please refer to [23,33,36] and references therein. Lin
et al. [31,34] improved the global convergence order by using rectangular grids and combining
interpolation postprocessing techniques. Shi et al. [29,40] utilized interpolation postprocessing
technique to obtain the global superconvergence results. Motivated by their works, we apply
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the interpolated postprocessing technique to study the numerical scheme of the ERLogKGE,
resulting in significant improvements in the accuracy of finite element solutions in H!'-norm,
while keeping the computational complexity within reasonable limits. This contribution is one
of the key highlights of this work.

The overall structure of the paper is as follows. In Section 2, three regularized models of
LogKGE are introduced. For the ERLogKGE, we propose its Crank-Nicolson FEM and prove
the energy conservation of the numerical scheme in Section 3. In Section 4, the main results of
this paper are stated, including unconditionally optimal and high accuracy convergence results.
Section 5 is devoted to the proof of the convergence results by using the cut-off error splitting
technique. In Section 6, we provide numerical experiments to verify the accuracy and validity
of the theoretical results. Finally, some conclusions are drawn in Section 7.

2. Several Regularized Models for LogKGE

In order to avoid the blow-up phenomenon of the logarithmic nonlinearity at the origin,
three regularized models [7,47] for LogKGE (1.1) were established, which all rely on a small
regularization parameter ¢, 0 < ¢ < 1. Their specific forms are as follows:

RLogKGE I:

ug (%, t)—Au®(x, t)+u®(x, t)Jr)\ug(x,t)jf\g (|u5(x, t)|2) =0, (x,t)€Qx(0,T], (2.1a)

u®(x,0) = ¢o(x), u;(x,0) = ¢p1(x), x €, (2.1b)

u(x,t) =0, (x,t) € 9Q x [0,T7, (2.1¢c)
where

2 (Ju (x, 0)?) = 2In (e + |u (x,1)])

with

ﬁg(p):/op?g(s) ds = pln(e + /p)*> +2e\/p— p—e’In (1—}—\/5) . op=ut(x, )%

€

RLogKGE II:
(3¢, 1) — Au (x, 1)+us (x, 8) 4 A (x, 1) 2 ([uf(x,1)]?) =0, (x,¢) € Q x (0,T], (2.2a)
u®(x,0) = ¢o(x), u;(x,0) = P1(x), x € Q, (2.2b)
u®(x,t) =0, (x,t) € 00 x [0,T], (2.2¢)

where .
fe (|u8(x,t)|2) =In (52 + |u8(x,t)|2)
with

—~ P
Ff(p):/ fe(s) ds = (2 + p)In(e? + p) — p— 2% Ine, p = |u(x,t)|%
0

The LER technique is that we regularize the energy density function F(p) only locally in
the region {p : p < €2} by a sequence of polynomials, and keep it unchanged in {p : p > 2},
ie.

Fo(p) = F(p) X{pze2y + Pria1(p)Xqp<ery, n 22, (2.3)
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where x4 is the characteristic function of the set A, and Py, is a polynomial of degree n + 1,
and the specific expression is as follows (please refer to literature [47] for the detailed derivation
process):

Pi(p)=p <1n<s2> -3 (1- g)k) . (2.4)

k=1

Differentiating (2.3) with respect to p and utilizing (1.4) and (2.4), we get
! !
fﬁ(p) = (F;i) (P) = lnp X{p>e?} + (PriJrl) (p) X{p<e?}

n—1
=Inpx(p>e2)+ <ln(52)_n +1 (1—£) - Z % (1_5%)k> X{p<e2}, p>0. (2.5)

n g2

Therefore, the ERLogKGE is given as follows:

ERLogKGE:
ug (X%, 1) — Au®(x, t)+us (%, t)+Au®(x, t) fr (|u€(x, t)|2) =0, (x,t)eQx(0,7T], (2.6a)
u®(x,0) = ¢o(x), ui(x,0)=¢1(x), x €, (2.6b)
u®(x,t) =0, (x,t) € 9Q x [0, T, (2.6¢)

where f£ is defined by (2.5).

Remark 2.1. In ERLogKGE, we demand F:(p) € C"([0,+00)), and F:(0) = F(0) = 0 that
allows the regularized energy to be well-defined on the whole space. Meanwhile, as the derivative
of F(p), we observe that f<(p) € C" ([0, +0)) for n > 2.

Remark 2.2. Notice that RLogKGE I and RLogKGE II are global regularized models for
LogKGE (1.1), involving a direct regularization of f(p) in (1.2). In theory, however, logarith-
mic functions only blow-up when p — 0% | not when p is large. Therefore, the ERLogKGE
regularizes F(p) only locally in the region {p: p < €2}, and keep it unchanged in {p : p > £2}.
Moreover, some numerical experiments have shown that the ERLogKGE is better than other
two global regularized models [47].

Remark 2.3. For convenience, we only focus on the numerical method of the ERLogKGE
(2.6) with A = 1. In what follows, we will build an energy-conservative numerical scheme of the
ERLogKGE (2.6), and carry out a series of theoretical analyses on the constructed numerical
method, including conservation, and unconditional optimal and high-accuracy convergence. It
should be noted that all theories are equally applicable to the other two models, and we only
verify them through some numerical examples.

3. Energy-conservative Finite Element Numerical Scheme

Let © be a bounded and convex polygon in R? (or polyhedron in R?). We define 7}, as a
quasi-uniform partition of €, dividing 2 into M elements by triangles or rectangles in R? (or
tetrahedra or hexahedra in R?®). Define h = maxr,c7, {diamT;},i = 1,2,..., M, as the maxi-
mum diameter of the element. Let W), C H}(Q) be a finite dimensional subspace, which consists
of continuous piecewise polynomials of degree r (r > 1) on Tj,. Below we give specific definitions
about some finite element spaces in R%. For Q; finite element space, let f::[fl, 1] x [-1,1] be
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the reference element on T — ¥ plane with the vertices /All::(fl, -1), Ay = (1,-1), Ay = (1,1)
and A4 := (—1,1). Then, the conforming finite element {T, P, ¥} can be defined as

P =span{1,7,5,75}, >={0(4),i=1,2,3,4}.
For P; finite Element space, let T be an isoscAeles right triangle on A\; — Ay reference plane with
thAe vertices Ay = (1,0), A2 := (0,1) and A3 := (0,0). Then, the conforming finite element
{T',P,X} can be defined as
P =span{ii, Ao, 1 =\ — Ao}, = {5(4),i=1,2,3}.
Define the Ritz projection operator Ry,: H}(Q) — W), by [42]
(V(v — th),th) =0, VYwpe€ Wy, (3.1)
which satisfies for any v € H*(2) N Hg (),
lv — Rpv||r2 + B||V(v — Rpv)||re < Coh®||v||gs, 1<s<r+1, (3.2)

where Cq is a constant independent of h. For bilinear elements, there exists a constant C7,
independent of h, which satisfies [42]

| Inv — Rpollgr < Cr, B2 |v|lgs, Yo € Hy(Q) N H3(Q), (3.3)

where I, : v € Hl(Q) — Inv € Wy, be the associated interpolation operator. Recall the inverse
inequality in the finite element space, where there exists a constant Cj,, independent of h such
that

lwhllze < Cinoh™2|lwnllz2, Vwn € Wh. (3.4)

It should be noted that if the mesh partition is quasi-uniform, then (3.2) and (3.4) are always
valid in finite element space.
Let {tx| tx = k7,0 <k < N} be a uniform partition of [0, 7] with the time step 7 = T'/N.

For convenience, we let u* := u(-,t;),k = 1,2,..., N, and define the following operators:
s WhHL 9k 4 k-1 stk R ok ok L
W = 2 ’ t W = ’ t W = )
T T T
B Las R —~ Wkt | k-1
S = 0 wh=2_1=
2T 2

Based on the above preparations, the Crank-Nicolson FEM is defined for ERLogKGE (2.6) to
seek UZ’kH € W, such that
(S2U% wn) + (VUE™, Vn) + (USF, wn)
+ (G (U U wn) =0, Yy € W, (3.5)

for k=1,2,..., N — 1, where the initial and first step finite element solutions are determined
by

2
US® = Rugo, US' =R, (q§o T+ % (Ao — do — dof5 (I90]?)) ) (3.6)
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Here, G% (#1, 22) is defined for z1, 23 € R as

Zl+2’2

G; (21, 22) ::/ fE 0 |,21|2 +(1—6) 2] )d9

_ B (Iz1%) = Fg (|22]?) 21t 2
|21]2 — |22|? 2

with F¢ is defined by (2.3).
Theorem 3.1. The fully discrete scheme (3.5) satisfies the energy conservation law, i.e.
EE,N—I — EE,N—2 — .= EE,O

)

where

B = SV + o

1
= (10 o + 0 ) + 5= (0 15 + 0552
+ E/ Fr \U;’k“f) +F (JUp*")) ax, 0<k<N-1.
Q
Proof. Taking wy, = 6:US" in (3.5) gives

(G2UZ* 6UE) + (VUTF, Vo UE®) + (U, 6,07 )
(G5 (U UREY), 6,U5) = 0. (3.8)
By using

1 _
SUT = ﬂaju,j’“wju,j’“ B, aUKt = S (Ut o U,

N | —

we can easily get
(U 0U*) = o (6 VR — 6P U 00U 4 61U

(It vt~ v ). 39)

¥~ 5]~

It is obvious that

(VU *, v, Us") = (VUE SRR v/ /S v/ /R VI /A

4Tt
1

47
(Ua,k—i-l + Ui’k_l, UZ,k-{-l _ Ui,k—l)

(‘UE k+1’H1 _ ‘Uz,k—l‘il) ’ (3.10)
1
E

= = (o1~ o) (3.11)

Meanwhile, according to the definition of G¢ in (3.7), we have

(U 6U7") =

(G (UF U, 607

-0 U dx

[ ERQUE) = F U vt et
“h [

N % (25 (1) = B (o)) ) o (3.12)
Q
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Substituting (3.9)-(3.12) into (3.8) gives
1 _ 1 _
L (Ist s I - 160 12.) + & (10 - [0 )
1 _
o (I = o2

L (£ (Jui* 1) = s (') ) ax =0, 1<k<N-1,
4t Q

which completes the proof. 0

Remark 3.1. In Theorem 3.1, the law of energy conservation has been proven. However,
the energy here is not a discrete version of the energy (1.3) of the original equation and it
corresponds only to the energy of the ERLogKGE. Thankfully, we have learned that the energy
of ERLogKGE converges twice to the energy of the original equation depending on the small
regularization parameter ¢, i.e O(e?), which has been proven in reference [47].

4. Main Results
Suppose that the solution of system (2.6) exists and satisfies

160l 77420 + 1wl 2w 0.7z () + 145l 20,7, 112000
+ ||u§t||L2(O,T;HT+1(Q)) + ||u§ttt||L2(O,T;H1(Q)) <G (4.1)
Under the regularity assumption (4.1), we define

Ko := max [[u®"||p~ 1 4.2
0= max |lu"|z=(o)+1, (4.2)
where K is a constant independent of 7, h and N.

Next, we will state the first main result of this paper. Under the assumption of regularity
(4.1), the unconditional optimal error estimates of the modified Crank-Nicolson finite element
scheme under the L2-norm and H'-norm are presented.

Theorem 4.1. Assume that the system (2.6) has unique solution u® satisfying (4.1). Then the
fully discrete scheme (3.5)-(3.6) has unique solution U,i’k. Moreover, there exist 7y > 0,h; > 0,
such that when 7 < 11 and h < hy, there are

|usk — U || < CE*+ Y, V(s = U || . <C(r2+h7), 0<k<N, (43)

Iz I1

where C' is a positive constant that is independent of T and h but related to u®. In addition, it
could be different in different places.

Remark 4.1. The optimal error estimates in Theorem 4.1 are established without the re-
striction of time-space ratio, which is different from the work in [49] that must require 7 <
O(|In h|=1/2) in two-dimensions.

In the following theorem, we shall show such a phenomenon that when the rectangle meshes
are used for quasi-uniform partition of @ C R? and bilinear finite element is selected for
Wi, C HY(Q), the error between finite element interpolation and finite element solution is much
smaller than that between analytic solution and finite element solution in H'-seminorm sense.
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Theorem 4.2. Assuming (3.3) and (4.3) hold. Then, the superclose results are obtained

|V (Ihus® = U], < C(r* +h?), 0< k<N, (4.4)
where the interpolation operator Iy, is the same as in (3.3).

Remark 4.2. By comparing (4.4) with the second inequality of » = 1 in (4.3), it can be seen
that the convergence order of (4.4) is one order higher in space under H!-seminorm, which is
the phenomenon of superclose.

Under the premise of (4.4), we can further obtain the following high-accuracy convergence
results by using interpolated postprocessing technique, which is another main contribution of
this paper.

Theorem 4.3. Under the assumptions of Theorem 4.2, we have

IV (s = LU ") || < C(* 4+ 82), 0< k<N, (4.5)

I

where the interpolation postprocessing operator Iap, is defined in [32].

Remark 4.3. Take r = 1 in (4.3). Comparing (4.3) with (4.5), we find that the accuracy of
the processed finite element solutions is improved by one order in space, that is, the global
convergence order is developed from O(72 + h) to O(7% + h?) under H'-seminorm. In addition,
at the same rate of convergence, the result in Theorem 4.5 allows us to use lower regularity
compared to the Crank-Nicolson finite difference scheme [49].

Remark 4.4. At present, there are roughly two ways to improve the accuracy of finite element
solutions: one is to encrypt the mesh or increase the number of piecewise polynomials in the
finite element space, and the other is to adopt postprocessing technique. Using the first method
will greatly increase computation, but the speed of computer technology development always
cannot keep up with the demand for FEMs. However, the second approach only needs to add
the postprocessing process to the finite element solutions, which improves the accuracy while
the computation increases little. Therefore, we adopt interpolated postprocessing technique in
this paper to improve the global accuracy of finite element solutions.

The proof of Theorems 4.1-4.3 will be given in Section 5.

5. Error Analysis

In this section, we will consider unconditional optimal error estimates for the fully discrete
scheme. Then combine this result with interpolation postprocessing technique to obtain our
high-accuracy convergence results.

5.1. Error estimates for the time discrete system

Now, we consider the following time discrete system for the modified Crank-Nicolson finite
element scheme (3.5)-(3.6):

S2USK — AU=F + U=k 4+ GE(USH+L U1y =0, k=1,2,...,N—1 (5.1)
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with the initial and boundary conditions
2
-
US0(x) = ¢po(x), U='(x) = ¢o(x) +7¢1 + 5 (Ao — do — dof5 (I0]?)), x€Q, (5.2)
UsF(x) =0, x€d9Q, k=01,...,N. (5.3)

According to (5.1), we have

S2ust — Ausk 4tk 4 GE (u L skl = RE gk =1,2... N — 1, (5.4)
where
REF = (B — i) — Ak — )+ (uF — )
+(sz( g,k+1 ua 1)_uekfa(|uek| )) (5.5)
Denote
e-Er’k —usk Ua,k’ 0<k<N. (5.6)

Since the fully discrete scheme (3.5)-(3.6) is a full-implicit scheme, the boundedness of the
numerical solution Ui’k under the L*-norm cannot be obtained directly. To solve this problem,
we establish an auxiliary problem to handle the nonlinearity G% using the cut-off function
technique. This is the core of our theoretical analysis. Choose a smooth function u(s) € C*°(R)
such that

1, |s| € [0, 1),
uis) = IR, 8| € [1,2), (5.7)
0, [s| € [2,+0).

Define
da = (3 )+ Fal) = £ (53) 5.9

where s > 0,s € R. The function f;; ,(s) will be used as a truncated function of f;(s). More-
over, f 4(s) and g5, 4(s) are global Lipschitz functions with compact support in d-dimensions
(d =1,2,3), and the following properties are valid [3]:

|g5.a(s )—QZA( 2)| < Ck, |51 — 52l (5.9)
| fr.a(s1 a(82)] < Ok V5T — V32|, Vsi1,82 >0, (5.10)

where C, is a positive and bounded constant that is related to Ky and independent of 7 and h.
In the following lemma, we will give the error estimates of the time discrete system and the
L>-norm boundedness of the time discrete solution U*.

Lemma 5.1. Suppose that u® is the solution of the system (2.6) satisfying the reqularity of
(4.1), and the time discrete system (5.1)-(5.3) have unique solutions Us* 0 < k < N. Then
there exists 7o > 0 such that when T < o

Je# 1l + 9, < i )
IUS* g2 < C5,  |[USF|| L~ < Ko, (5.12)

where C7 and C5 are positive constants independent of 7 and h.
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Proof. Let us introduce the following auxiliary problem:

S2USF — AUSF 4 USF 4 G AU U =0, k=1,2,...,N -1, (5.13)
U (x) = U0(x), Uj’l(x) =U%'(x), x€Q (5.14)

with UZ’k(x) =0on 0 for k=0,1,...,N. Here, G}, 4(21,22) for 21,220 € R is

! 21+ z
Grualer,a) = [ Fia (P + (10 ) db 50 (252)
0

_Faa (l1?) = 7 4 (122) g (Zl + 2:2) (5.15)
|21]? — |22 w2 ) '
From (5.13), we get
ut — Ausk 4 usk 4+ G5 (u T uF ) = REE 1<k < N -1, (5.16)
where
RG* = (02us% —uS) — A(uF — usk) 4 (uek — uoh)
(G;A(us,lﬂrl, us,kfl) o ug’kf§(|u5’k|2)). (517)
From (4.2) and the definition of G}, 4, we find that R‘Z’k = R®*. Define
el =ut—U", 0<k<N.
Using Taylor’s expansion and the definitions of UZ’O and UZ’I, we obtain
ei’& =0, e }4 =t U < o7t (5.18)
For k > 2, subtracting (5.16) from (5.13), the error equation is given
6t2 ilj4 Ae'r A + e‘l’ A + GE ( E,k+1a u87k_1) - fz,A (Uijrl’ Uiﬁkil) = Rik (519)
Multiplying (5.19) by 5tei’f4, and then integrating it over ) arrives at
7£k+1 — &,k e,k+1 e,k—1
> (H5 172 = 1187 <5017 ) + 5 (HV 172 = IVe571172)
k+1 k—1
+ (H S = e )
_ (Ri‘,k, 6156-,—:,4) - (GZ’A(UEJCJFl, us,kfl) . th (Ujk-l-l, Uj’k_l)a‘stei:il)' (520)

Next, we estimate the two terms on the right-hand side of (5.20). Using Taylor’s expansion
for u® at t = ti, the following results are derived:

3 tht1
N A (R o (5.21)
k—1
o 3 tht1
NI %/t 1 || i, (5.22)
k—1

o 3 tet1
e A L G 529
k—1
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Reviewing the definitions of the truncation function f;; 4(s),g;, 4(s) and (4.2), we have
I a(w™) = fo () = FLwS0), L (lMP) = £ (et ) (5.24)
According to (5.15) and (5.24), we derive

Gs sk+1 usk 1) skfs(|usk2)HL2

|
-| / Fooa (B2 4 (1= )1 2) db g5 (w0 ) — ot (jue?)

2

.2
= H/ fr&; (9|ua,k+1|2 + (1 — 9)|u€,k—1|2) . f;:; (|ue,k|2) ]d@ 175-7\16
0
=:1I
1 —
+/ fr (|u€k|2) do (usk — ua,k)
0

=:1I

’ (5.25)

L2

By the differential mean value theorem, Taylor’s expansion and f € C"~1(]0, +00)) for n > 2,

we get
1
r<| [ [P 00 R = g () oo
1
S '/ (fs)/(fl(e)) [9 |ua,k+1|2 T (1 _ 9) |ua,k—1|2 _ |U87k|2i|d9’
0
1
< g | (72) (@ @)I| [ [0 1641 41 )12 — a2
. k412 e,k—12
< max () (60 (0) || e
, 1 tht1 1 th—1
< g | (72) @[5 [ 000 (0P e g [ 0000 () x|
tr ty
T , th+1 trt1
< T max| () (51(9))\‘/ B (1u12) (x, t)dt‘ <Cr / () (x,Dt|,  (5.26)
th—1 th—1
1 —_—
II< / fs(|us,k|2)d9(us,k _ us,k)
T th+1 trt1
§Hf€HL°° / uft(x,t)dt’ <Cr / uft(x,t)dt‘, (5.27)
tre—1 th—1

where ¢1(#) is a bounded function between |u®*|? and 0 [us**12+(1—0) |us*~1|2. Substituting
(5.26) and (5.27) into (5.25), we have

HGfL,A(uE7k+1’ U/E’k_l) - Ue’kf',&; (|U’E,k|2) Hiz
3 bt 2\ |12 2
<or [ ([ 2 + o2 e 29
tr—1

Combining (5.17), (5.21)-(5.23) and (5.28), we obtain the estimate of the first term on the right
side of (5.20)

(5.29)

1 1 1
(RS 0zl | < GIIRG L + 510l < Cr*Pr 4 S loe e
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where

k s € 2 e 12 €12\ |2
Pr= [ (ual e+ e + e 2 )
k

-1
Now, for the convenience of writing, we denote
na,k(g) -0 |ua,k+1|2 + (1 _ 9) |u8’k_1|2,

) ) L (5.30)
777:,]31(9) :GIUA’]CH’Q"'U _9)’[],4]C 1‘2-

For the second term on the right side of (5.20), we use the Cauchy-Schwarz inequality, Young’s
inequality, (5.15) and (5.30) to get

(Gt ust — 6 (Uz’k“, UFE) aesh )|

1 _ 1
< §||G;7A(us,k+l,us,k71) o (Us Jk—+1 Ui,k 1)||2L2 + 5”5756?];1”[;

1 ! 5 e,k € —k ! € e,k € /‘;‘\k ? 1 e,k (12
<3| [ alr @) a6 - [5G 50|+ gl

2

1 o —

< §H/0 fﬁ,A(Ua’k(@)do {QZ,A(UE’k) *gfz,A(Uf{k)}
— 2 1
/ [fa (7" () - E,A(niji(e))}dé’ 9, a(UR") |+ 510l (5.31)
N——— || 1.2
=:VI
=V

According to (5.8), (5.9) and fS € C"71([0, +00)) for n > 2, we can easily obtain

111<‘/ 1o a (5 (9)) de‘ ‘/ 15 (7 ))d9‘<C (5.32)
ek+1 Us Jk+1 ek—1 Us,kfl
(usk)_gnA(UZk ‘<CKOU . A +u > A
< CKO (I8 + i) (5.33)

Similarly, by utilizing the properties of f; 4 in (5.10), we have

V<

1 E,A(Ug’k(e)) sz(UTA(@)) do
0

1
< x| [ (ko) - uzho)an
/1 9(|us,k+1|2 _ |Us,k+1|2) + (1 _ 9)(|us,k71|2 o |Uz,k71|2)
0

V1 E k + \/ 777' A
S |Uz”““|)<|u&k+l| + wz'““n a0
- VOlusk+1| + \/§|U2’k+1|

/1 (1= 0) (Jus* =1 = U ) (w1t + [US1)
0 VI=0lusk=1 + VT —0|UsF

< Ck, do

+ Ck, de
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I /\

(/ Vol 8’“+1]d9+/ VI=0lest 1\d9)

o (557 + 125

IN
O-’)INJ

Next we are going to discuss the boundedness of the term VI. From (5.8), we have

V<l (0oky = |gok, Ua"
<|ona(UL")] = A P s
0

When [US"| € [0, K2), we get

ak
UA

K2 =1, VI< |U/i7€‘ SK&'

When [US"| € [K2,2K2), we set
U k
|c| = L

)

which satisfies 1

lel €1,2), 1— ———— € (—00,0].

1= (1 —e)?
Then, according to the definition of (5.7) and (5.36), we obtain

0< pu(e)=e T0? <1, VI<|UT"||u(e)| <2KZ.

When |US¥| € [2K2, +00), we get from (5.7) that

ak
UA

ngr =0, VI=

Based on (5.35), (5.37) and (5.38), we infer that

VI < 2K3.

(5.34)

(5.35)

(5.36)

(5.37)

(5.38)

(5.39)

Substituting (5.32)-(5.34) and (5.39) into (5.31), we derive the estimate of the second term on

the right side of (5.20)

‘(G;A(ua,k—kl’ua,k—l) . Ga (Ue,k-i-l Uz,k—l)’étei:i)‘

< (e s + e 152) + S Il

Thus, using (5.20), (5.29) and (5.40), we have

oz (167 e 1 = o esliza) + o= (19 s — 19es )3

g (s s~ s )

< P O[T + e T ) + ldet

(5.40)
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Summing above the inequality for time step 1,2,...,m, 1 <m < N — 1, the following result is

given:

o7 e e + I esa* e

m—+1
S PR YN Sl (=01 A [0t v BRCH TS
k=1 k=0

Furthermore, we obtain from (4.1) and (5.41) that

H5t‘ Syl PR\

_ Ccrt C e _
e o X R A A Y (L PR L 9 G )
k=0

By applying the discrete Gronwall inequality to (5.42), there exists positive constants 77 and
C7 such that when 7 < 77,

o e | . + | Ves ™ Cir?, 1<m<N-1 (5.43)

I <

Multiplying (5.19) by Aei’fz and integrating the result over €2, we obtain

|Aacthllye = (57l Aeth) + (24, Acth) — (BIF, At

+ (G;A(u‘f’k“, ushl) — G (UM USTY, Aei;’;). (5.44)

By utilizing the Cauchy-Schwarz inequality, (5.29), (5.40), and (5.43), we deduce from (5.44)
that

Al < 1o2esl o + el

+HG;A (W wsk =y — g (U US| e+ RG] . < O (5.45)

alle <

According to (5.45) and (5.18), we get

o+ 135 < 23 1A s + Al

< CT+ Cr? < OT +1, (5.46)

when 7 < 75 = /1/C. Furthermore, using (5.18), (5.43) and (5.46), we obtain

el e < Nzl e + IVl e + AShN . <€ 0<k<N, 5.47)
[UZ 2 < a4+ (€50 e < iz +C <G5, 0< k<N (548)

Based on Gagliardo-Nirenberg inequality, we can easily conclude
lexll e < Cleshllialleshll s + Clleshll s s ortrer <ot (5a9)

when 7 < 75 = C~*. Tt further implies that

5] < e + el e < lus* e + 75

< JutF|pe +1 < Ko, 0<k<N, (5.50)
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when 7 < 7j = 1. Obviously, by the definitions of f; , and g5, 4, and thanks to (5.50), we have
the following results:

—

s A2h0) = fE(2h ), g a(USY) =UTE. (5.51)

From (5.51), we find that the auxiliary problem (5.13)-(5.14) is totally equivalent to the time
discrete system (5.1)-(5.3), which implies

Usk=vuy*, k=o0,1,...,N.
Taking 72 = min{ry", 75,75, 74 }, we have when 7 < 75,
ezl + [IVeT®[l 2 < CT7% ez < €
|0l < C, JUH e < Ko, k=0,1,...,N

Therefore, the proof is complete. O

Although we have obtained the boundedness of the solutions of the time discrete system
in the sense of L°°-norm, we notice that the convergence order of ||AeS*||12 is only O(1).
Then, in order to obtain error estimates for fully discrete numerical scheme, we need to use the
conclusion of Lemma 5.1 to raise the convergence order of ||AeS*|| 12 to O(72).

Lemma 5.2. Suppose f¢ € C?([0,+00)). Under the assumptions of Lemma 5.1, there exists
73 > 0, when T < 13 the following results hold:

ex¥| 2 < C37°, ||6US* ||, < C3y ||67U°]] o <Ch, 0< Kk <N, (5.52)
where C5 and C} are positive constants independent of T and h.

Proof. Subtracting (5.1) from (5.4), we get the error equation

—_—

6t2€‘sr,k _ Aei’k + ei,k + Gi(us’k+1,us’k71)
—GE(UskL pek-ly = Rk 1<k <N -1, (5.53)
By the definitions of U%? and U%!, we have
e =0, et =u"' Ut <O (5.54)

T T

Multiplying (5.53) by AdzeS*, and integrating the result over €2, we deduce
1 1
5 (1980 e 5 = V8 e 15.) + o= (lae* 15 — ae"|I7.)
1 2 _1y12
4= (Ve = ves |13,
= (VR**,Ve2®) — (V (G5 (uoF 1 ush 1) — GE (U= U=k 1)) [ Vae2k) . (5.55)

Now, let us estimate the two terms at the right of (5.55). Similar to the estimate of (5.29), we
can easily conclude

1 1
|(VRF, Vaelt)| < SIVRS|Z: + Ey\vateivk\];

< OPQ 4 g ||VoiesH 2, (5.56)
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where

k b € 2 e |12 £12 2
Q= [ (el + il + 001 ) )
k—1

Denote 2% (0) = 0 |[USF1 2+ (1-0)

Us*=1|2, Using the Cauchy-Schwarz inequality, Young’s
g
inequality, (3.7) and (5.30), we get

‘ (V (Gi(us’kJrl, ’U,E’k71> o GZ(UE’kJrl, Us,kfl)) 7V5t€f—7k)’

< 29 (@ ) G e ) |, et

<) [ e oy v oy an - [y ot 0) v o) w

=:VII

2

/fe F(0)) dO Vusk — /fe =k (0)) do VU=
L

=:VIII

Jr%HV&ei’kHQLQ. (5.57)

For VII, we need to make the following deformations:

VII < ‘ / () (7 (0)) = (£5) (n2" (6))] Vi % (6)d0 ush

) ) Vet (0)d6 (uk — U=F)

(ff) (124(0)) (V= (0) — Vn2(0)) do Uh| =

> E; (5.58)

j=1

Assume that f5 € C?([0,400)). Utilizing the differential mean value theorem, (4.1), (4.2) and
(5.30), we derive

E < [<ff> (P4 (0)) — (£2) (n*(0))] Vi (0)do us+*
< Joll=| [ G (€00) (17 0) — ) vmk(e)de\
< e 75 r\ / SR(9) — gR(0)) (OVTuE P+ (1 — )V [uA ) do

< ufll e[V Lo maX\ ()" (& 9))\
1

% / {9 (|u5,k+1|2 o |U5,k+1|2) + (1 o 9) (|ua,k—1|2 . |Ua,k—1|2) }d@
0

1 _ _
< I e IV o max [ () (€(0)) | [l 2 — U2 4 k12— Ukt

—

< S Kollu® || poe V| oo maxc [(£7)" (€2(0)| ([ez ™| + [e2*71])
C(’eak+1‘+’eak 1‘)

[\

(5.59)
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where &(6) is a bounded function between 7°*(0) and 1=* (). From (4.1) and (5.30), we have
1
X
0
1 —_— —_—
|2 )| [ 9oyt - 5o
0

max‘(fz)/(ni,k(e))’ ’(v|us,k+1|2 + vlus,k71|2) (ef_’kJrl + ei,kfl)’

B> < £2) (2% (0)) Yk (0)d6 (usk — U=F)

IN
£

IN

IN
N — | =

ol VUl maxc [(£2) (07" (0)] (=] + [e* 1)

(’€€k+1‘+’ e,k— 1‘ (560)

| /\

Similar to the estimate of Es, we get

By < <ff> (n5(0)) (V" (0) — V2 (0)) doU=F

1
< U= mgX\(fﬁ)’(ﬁi’kW))\‘ / (Vi™*(0) — V™ (0)) d@‘
1
S §||U6||Loo meax‘(f:;)l( e )| | ( | g, k+1 2 V|U6 k+1|2) (vlua,k—1|2 _ lea,k—1|2) |

1
< SNl zoe max [(£3) (7" (0)) || (2lus* 40| W]us ] = 2U= v |U=t*1)

(2|ue,k—1|v|ua,k—1| _ 2|Ua,k—1|v|Ue,k—1|) ’
< Kol[Vur [ |UF[ L max [(£2)" (07 (0)) | (|e2"7H| + [Ver | + [e257 1 + [Ver ")

SO (e + et + | Ve H | + | Ve ) . (5.61)
Substituting (5.59)-(5.61) into (5.58), we obtain
VII < C ([ + |7 + [ Ve | + [Vest 1) . (5.62)

Utilizing (5.12) and (5.30), we have

—

VIII < ‘/0 L2 (n=F(0)) — f2 (n2* (0 ))}dovusu/ £ (n25(0)) do(Ver™)

1
(f2) (&3(0)) (05 (0) — 125 (8)) dO Vussk| + C | Ve ! 4 Ve |
0

S %HV’UJEHLOO Hleax‘(fg (53 )| H’UJE k+1|2 o |Us,k+1|2 + |us,kfl|2 o |U€’k71|2‘

+C Vet + vefw’Hy
<K0||VU8||L001’I13.X‘ €3 ’(’€Ek+1’+‘66k 1‘)+C‘V€Ek+1+v€6k 1‘

<O (| + [e2F 1 + |Ve2F ] + Ve ), (5.63)

where £3(6) is a bounded function between 7°*(0) and n5*(6). Substituting (5.62) and (5.63)
into (5.57), we derive

‘(V (Gz(ue,k-i-l, ua,k—l) _ GZ(UE,IH-I’ Ue,k—l)) ,V(Ste,e,_’k”

<0 (et 12, + [l 2, + [ Fet 12, + Ve Y2.) + 2 Taest L (5.6
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Furthermore, substitute (5.56) and (5.64) into (5.55), and replace k by ¢, and sum up from 1 to k,

1
I
1
+ o (Ve 2~ [1Ves [+ [VesH|)

1
5 (V8 e 5 = 1967 e (7. + o (laes 15 — llaes 7. + lacs*(.)

k k+1
<oy Q0 (el + Ves(l. + [IVor ez, (5.65)
1=1 1=0

By utilizing (4.1), (5.54) and Poincaré inequality, we obtain

Va7 et s + aes L
2 A P12 il12
< 2| Vor st + Ot + Or Y (| aes7. + [1Voresl7) (5.66)
=0

Next, according to the discrete Gronwall inequality, there exists positive constants 75 and C3
such that when 7 < 77, we have from (5.66) that

Vo e o + ||Aes* |, <C57°, 1<k<N-1. (5.67)

Furthermore, combining (5.11) and (5.67), we have the following series of conclusions for
0<k<N:

1A ]z < N2z + 1V 2 + (A2l < G572

16:U= | g2 < 196 + (100 | < [|60u™* ] o + Cr < €,

ISFT= N g2 < 1076 g2 + (1072 |2 < [J67u"]] 2 +4C < G-

Therefore, taking 73 = min{7s, 7'}, when 7 < 73, the proof of Lemma 5.2 is complete. O

Remark 5.1. Since n in (2.3) is an arbitrary constant, and n > 2, we can ensure that
fe € C?([0,+00)) when we take n = 3. In other words, we use the piecewise quartic poly-
nomials to approximate F'(p) near the origin to obtain the desired convergence results.

Remark 5.2. In this part, we provide the existence and uniqueness proof of the solutions to the
auxiliary problem (5.13), and the proof process is slightly different from that of reference [21].
Since this proof process is very complicated, we have not shown the details here. For simplify
of presentation, we only give a general analytical framework:

1. Using the Brouwer’s fixed point theorem, show the existence and uniqueness of the solu-
tions for the auxiliary problem (5.13) in the following finite-dimensional space:

XN ={¢m,1 <m < N},
where {¢,, m € N} denotes a countable basis of Hg ().
2. Prove the H'-norm boundedness of the solution in Hg () as Lemma 5.1.

3. Using Rellich embedding theorem and Vitali’s theorem, prove the strong convergence of
every terms of the infinite-dimensional system, and thus the existence of the solutions of
the auxiliary problem (5.13) in H}(Q) is obtained.
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4. The uniqueness of the solutions for the auxiliary problem (5.13) can be derived similar as
the error analysis in Section 5.1.

Remark 5.3. From the proof process of Lemmas 5.1 and 5.2, it can be seen that the auxiliary
problem (5.13) and the time discrete system (5.1) are equivalent, so the existence and uniqueness
of the solutions of time discrete system (5.1) is also naturally established.

5.2. Error estimates for the fully discrete scheme

In this section, we will give the L>-norm estimates for the numerical solutions Ui’k.

Lemma 5.3. Assume that u® is the solution of the system (2.6) satisfying (4.1), and the fully
discrete system (3.5)-(3.6) has unique solutions Ui’k, 0 < k < N. Then, there exists 74 > 0 and
hi > 0 such that when 7 < 14 and h < h, there hold

IV (RaU=* = U M) || o < G372 +80%), [JUR"]] < Ko,
where C is a positive constant independent of T and h.

Proof. Similar to the error analysis of the time discrete system, we need the following

auxiliary problems based on cut-off techniques for k =1,2,..., N — 1,
(07U wn) + (VUL Ven) + (Up 7 wn)
+ (G AU U o) =0, Yy, € W, (5.68)

with Uy = Ru¢o and

2

Define
Opk = RUSF —URY, 0<k<N. (5.69)
By the definition of U%°, U*! and U;:%, U;:}L‘, we have
050 = RyUS — U =0, 935 = RUS Uy =0. (5.70)

Subtracting (5.68) from (5.1) with wp, = 5,519;’712, we get the error equation for k > 2,
g (17550 = o A0 ) 3 (1995~ 1935
+ (||19€ s — 95 )
= (B3 (USF = RyU=Y), 8,05%) — (UsF — RyU=*, 6,95
— (GLUMTL U = 6L A (URRT U 0003, (5.71)
By utilizing the Cauchy-Schwarz inequality, Young’s inequality, (3. 2) and (5.52), we derive
(U= RU),5,732) | < CHAISU=[2, + Ll

< Ch*+ 5“@9;314\] (5.72)

L2’

— — — 1
(T — RuT, 8,025 < CHAITF e + 2.

< Ch*+ %Ham;:’;”iz. (5.73)
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In order to estimate the third term of the right-hand side of (5.71), we need to do the following
processing:

‘ (GZ(UE’kJ'_l, Ua,k—l) . ;31114 (UZZZ-H’ UZ:Z_l)a(StﬂZ:Z) ’

1 _ NI 1 2
< gl et o - G gl
1
<3 fE( S (0))d0 (0 — g5 (U75)
=:IX
! € e,k e, ek ? 1 e,k 12
| o) = st )] a0 g, (@ ] I Lt PR A
=X
where
M) = VR + (- o)|ui
Using the estimates methods similar to IIT and VI, we have
st @)| < 1l 10i 0G5 <268 (5.75)

Due to ||[U*||~ < Ko, we can obtain by the definition of 9.4 and fr 4

—

G a(U=F) = U=k, fo ,(n2%(0)) = f2(n*(0)). (5.76)

Based on (5.76), (5.9), (5.10) and (5.69), we deduce

IX < |U5F — g5 A (USR)] = |95, 4 (U=F) — g5 4 (UER) | < O |U=F — U

< lCKO(‘UE’k—H o RhUE,k+1| + ‘Ue,k—l — Ry, Ue Jk— 1‘ + |198 k+1‘ + |198,71f471|)7 (577)

[fe( 2R0) = Fra (i 0) de‘ ‘/ wa(ns” ;iA(nhA(e))}de‘

<CK0/’\/777E']€ \/77h,4 ‘d@

Ck, /O (\/5|U5’k“ U +VI—e|usht - U;;fj;l}) do

IN

< 5, (JUSH = RUPH 4 [U=F = RO 4 057 4 0557) . (67®)

N =

Substituting (5.75), (5.77) and (5.78) into (5.74), and then using (3.2) and (5.12), we get
’ (G«Z(U&,k—i-l7 Ue,k—l) . fz,A (U;:ZJrlv U}izzil)aétﬂ;zg) ‘
=C (HU”“ = RAUSH, 4 U4 = RO+ 055 + 1975 )

382 < om0 (W55 e + 955 132) + S 005 (5.79)
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Then, based on (5.72), (5.73) and (5.79), the following equation can be obtained from (5.71)
that:

1 _ 1
> (H5 G = 10roRhll.) + = (VRS 1. = V9511 )
+- (||198 S = IR )
4 e,k+1 e,k—1 3 e,k |12
< O+ C (05517 + WA ) + Sl0s

Replacing k& by ¢ in the above inequality, and summing up from 1 to k, and then utilizing
95°% = 0,95, = 0 and Poincaré inequality, we have

k+1
o7 055 5 + 199757 150 < Ont 07> (1905l + 07 07l5:) - (5:80)

i=1

Thus, by discrete Gronwall inequality, there exists constants 75 > 0 and C¥ > 0 such that

67055 | e + VO . <G5 R2, 1<k <N -1, (5.81)

I
when 7 < 7¢. Furthermore, we can derive the following estimates result:

||Us Jk+1 Hﬂs Jk+1

+ ||RhUs,k+1 o Us,kJrlHLoo + ”Us,kJrl . us,kJrl”Loo + ||’u,€’k+1||Loo
_d k+1

< Ch Hﬁe + HL2 + HRhUE Jk+1 Ug,k-',-lHWL4 + CHe'Er’kJ’_lHHz + Hue,k-i—llle

< Ch™5h? + CR 5 |US* Y| 2 + C7 + s 1o

< Chi +Cr2 + ||u8’k+1||Loc

<1+ [t Y L < Ko, (5.82)

I < [P

when h < h} = (2C)~* and 7 < 77 = (2C)~1/2. At the same time, it implies

—

< A 0) = f2(n75(0)), gi,A(UZ:,’Z):U/Z:\,’Z- (5.83)

Therefore, (3.5) and (5.68) are equivalent, that are, U,i:i = U,i’k and

Jor (Ra™* — U)o+ [V (a0 03 < 5 534
[0, < Koo 0=k, |
Taking 7 < 74 = min{73, 7, 7 } and h < hj, the proof of Lemma 5.3 is complete. |

Remark 5.4. Under the assumption of Lemmas 5.1-5.3, the solutions of fully discrete scheme
(3.5)-(3.6) with r = 1 satisfying

[0 U < e+ 0% — R+ [V~ U] 062 402,

[V~ U)o < IV o+ V@S — B+ [V — U

Iy <
< C(T* + h).

I1.
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5.3. Proof of Theorem 4.1

In this section, we will give the proof of Theorem 4.1 based on the series of analyses in
Sections 5.1 and 5.2. The unconditional optimal error estimates for the fully discrete scheme
under L2-norm and H'-seminorm will be demonstrated and it plays an important role in the
proof of Theorem 4.2. For convenience, we define ¢ = RhusﬁkaZ’k. Obviously, we notice that

=0 =0. (5.85)
Subtracting (3.5) from (5.4), the error equation is obtained
(676, wn) + (Vs=k, Vwn) + (5%, wn)

= —(B2(u = Rputt),wn) — (u5F — Ryus,wp) + (RS, wy,)

— (G5 sy — G (U UM w), 1<E<SN -1, (5.86)

where RS* is defined in (5.5). Letting wy, = 6;¢>* into (5.86), we get

1 _ _ 1 _
o (H(St gs,k+1HiQ ~ |5 gs,kHiZ) n - (IVe=F 12, — [ Ve=k—1)|2,)

1 _
+ 2= (s Ze = e 172)

= —(1;\’6 - Rhu/sv\k, 5t§8’k) — (67 (ue’k - Rhua’k),(;tga’k) + (Re’k, 5t§8’k)

o (Gz(ue,kﬁ-l’ue,k—l) o sz (U;,kJrl7 Ui,kfl),(stge,k)

i
M-

L, 1<k<N-1. (5.87)

i=1

By using the Cauchy-Schwarz inequality, Young’s inequality, (5.5), (3.2) and (4.1), we get
L < ’ — (u/av\k - Rh;‘f’\k,(sﬂs’k)‘ < Oh* 2 + iH(StCE’kHiza (5.88)
Iy < = (B2 — Ry 5,6)
1
< €157 (u™* = Ruu*) ||, + 1100
1
1
< Ch27‘+2/ (1 —|s])||us, (x, 75 + tn)Hiﬁﬂds + Z||§t§€,kH2L2
-1
1
< Oh2+2 4 ZH(gtga,kHiz’ (5.89)
o < (B, 6674)] < CIRH 2 + 10|50 <t ™[50 (5:90)

Next, we estimate the last term on the right hand side of (5.87). According to the Cauchy-
Schwarz inequality, Young’s inequality, the L*°-norm boundedness of Ui’k

fre C"_l([O, +oo)), n>2,
we derive

14 S | o (G;(us’k+l,u€’k71) o sz (U;,kJrl7 U}?kil);étgs’kﬂ
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1
+ gl 1

! e( ek U/E’\— € Ek
<c| [ seersonan— [ szoqtonani?|

2

<ol [ et - it o s [ st o)wqE - )|

1
a2,

1
e,

< | [ sy orr ot onancis [ szoitoai-o) | )

§C<mng}(f€ '(€4(0))| ||U€k||L°°erax|f8 )

o R e e AR L
< CRPT ¥ 4 O 41+ O~ + 567 (5:90)
where

i (0) = U+ (1= 0 U
and &(0) is a bounded function between 7°*(6) and ni’k(é'). Substituting (5.88)-(5.91) into
(5.87), we have

1 _ _
5= (107 115 = llor <17, +
o (I s — o 32)

_ 2
S Ch2r+2+c7_4+c||§s,k+1”%2 +C||§E’k 1||%2 + Hé‘tgs,kHLT (592)

1
2= (Ve e = Ve 72)

Denote

1
Wek — H(St—ga,kﬂuiz + 5 (||V<E’k+1||2L2 + ||V<E,k||2L2)

1
+ 5 (™7 + l5M172), 1<h<N -1, (5.93)

From (5.92) and (5.93), the following inequality is achieved:
Wk — Wkl < Crh*™+? + O 4+ Cr(WoF + Wk, (5.94)

Then replacing &k by ¢ in (5.94), summing the result from 1 to k, we derive

k
Wk <Wel 4 Ch> P2 4 Ot 4 Oy (W 4 Wei ), (5.95)

i=1
Applying the discrete Gronwall inequality to (5.95) gives the result
wek < Ch* 2 4 or, (5.96)
where 7 < 75. From the definition of W¢*, we obtain
VS5 2 + ||¢5* |2 < CR™H + C12, 0<k<N-—1. (5.97)
Thus, by the triangle inequality, (3.2), (5.85) and (5.97), the optimal error estimates are deduced
s - U,i’ka < ||us® - Rh“&kup F[leSk ]| < O(2 4+ 7Y,
|V (= U] o < |V (S F=Rpus®) || o+ V¥ || < C(r2+h7), 0<k<N.  (5.98)

Taking 7 < 7y = min{74, 75} and hy < hj, the proof of Theorem 4.1 is complete. O
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5.4. Proof of Theorems 4.2 and 4.3

In this section, we need to clarify that the two Theorems 4.2 and 4.3 are derived based on
quasi-uniform rectangular partitions and bilinear finite elements (r = 1) for Q. The specific
proof process of Theorem 4.2 is as follows:

IV (1 = U5 | o < IV (I = B )|+ |9 (B = U)
< CR? [u™M|gs + V<=2
< O |Ju=* s + C (7 + 1)
< C(T% + h?), (5.99)

Iz Iz

where using the triangle inequality, (3.3) and (5.97). The proof of Theorem 4.2 is complete. [J
Next, we introduce the interpolated postprocessing operator Iop structured by [32], which
possesses the following four properties:

Lpu® |z € Qa(K), Vu € O(K),
LpIhyu® = IQhuE, Yu® e C(I?),
[ Tonu — w0 < CR2[[u|gs, Vs € H3(Q),
HIQhwhHHl < C||wh|\H1, YVwyp € Sh(Q),

where K is the element formed by merging four adjacent elements on Ty, (2 is a biquadratic
polynomial space, C’(f( ) is continuous function space on K , and S"() is the finite element
space. Based on Theorem 4.2 and the interpolated postprocessing operator Iy, we derive the
Theorem 4.3.

1V (™ = n U)o < [V (0 = Bon D) || o + (|9 (Lo ™ = U ) |

< [V 0 = T )| o+ [V I (T = U5 |

< CR2|usF || s + C||V (Inus* = U ") |

< CR*||u¥|| gs + C(7° + h?)

< C(T* +h?). (5.100)

Therefore, the high-accuracy convergence result under H!-seminorm of the finite element solu-
tions is obtained by using interpolated postprocessing technique. The proof of Theorem 4.3 is
complete. 0

Remark 5.5. By the numerical results in [47], we learned that three regularized models in
Section 2 converge linearly to LogKGE under L2-norm, L>-norm and H'-norm, with a conver-
gence order of O(¢). Based on the above conclusions, triangle inequality and Theorems 4.1-4.3,
we can obtain

Huk - UZ’ka <C(T?* +h%+ o),

|V (Znu” — U,f’k)HL2 <O(T* + h? +¢),

|V (u* — LpUs™) | . < C(7% + B2 +¢).

When ¢ is small enough or ¢ < 72 and e < h?, the energy-conservative Crank-Nicolson FEM for
LogKGE (1.1) has the following unconditional optimal and high-accuracy convergence results:

[ = U5t < OO+ 1), |V (T = Ui < O3 +12),
[V (uF — LaU")|| 2 < C(r2 + h2).

I1.

Iz
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6. Numerical Results

In this section, we will provide some numerical examples to confirm our theoretical results.
For the purpose of comparison, the energy conservative Crank-Nicolson finite element numerical
scheme proposed in Section 3 is applied to three regularized models to test energy conservation,
unconditional optimal and high-accuracy convergence. Denote {Uflk [0 < k < N} as the
numerical solutions for the LogKGE of time division 7 and space division h at time 7T'.

Example 6.1. Consider the following LogKGE (A = 1):

w(x, ) — Au(x, t) +u(x, t) + Au(x, ) f(Ju(x,t)]*) =0, (x,t) € Qx (0,7, (6.1a)

u(x,0) = sin(mz) sin(my), w(x,0) =0, x €9, (6.1b)

u(x,t) =0, (x,t) € 02 x [0, T, (6.1¢)
where

F(lu( ) = In (Ju(x, 1)),
and Q = [0,1] x [0,1]. The corresponding three regularized models with a small regularized
parameter (0 < € < 1) can be summarized as
ug, (%, 1) — Aut(x, 1) + u(x, 1) + A (x, 1) fo, (Ju°(x,8)*) =0, (x,t) € Qx (0,77,
u®(x,0) = sin(mz) sin(my), wui(x,0) =0, x €,
u®(x,t) =0, (x,t) € 9Q x [0,T7,

where fr., represents three forms f¢, f and f7.

Take n = 3 and & = 1e-08. Define error and convergence order [51]

[le(T, W]

, OrdeT(T, h) = 10g2 m

h
e(r h) = 0SRw U’?k(T’ h) = U;% (%’ 5)

For this example, we mainly conduct the following tests:

o We first verify the error estimates under L2-norm and L>°-norm, as well as the convergence
orders for the Crank-Nicolson FEM with three different nonlinear terms. Errors and
convergence orders at 7' = 1 are shown in Tables 6.1-6.3. From the data in tables, we
see that there are only slight differences of ||e(r, h)||z2 and ||e(, h)|| L~ for three different
regularized models. This is because our ¢ is small enough to be negligible, we get

F(0) = T5(p) = f(p), p>0.

In addition, the convergence orders of |le(,h)||z2 and |le(, h)|| L~ are close to 2, which
are accordance with the theoretical results.

e Next, we test the discrete energy conservation law for the Crank-Nicolson FEM of three
different nonlinear terms fixed h = 1/16. The values of discrete energy E%(t) and its
relative error AES (t) are provided in Tables 6.4-6.6, where AE¥ (¢) is defined by

o) = RSO

Furthermore, we also plot Ef(t) and AE;, (t) in Figs. 6.1-6.2.
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Table 6.1: Errors and convergence orders at 7' = 1 for F (Example 6.1).

h T lle(T, h)|| L2 Order(, h) lle(, h)|| oo Order(r, h)
1/8 1/16 | 1.7636766504e-02 1.9092 3.6333017120e-02 1.9307
1/16 1/32 | 4.6957790812e-03 1.9608 9.5305403668e-03 1.9532
1/32 1/64 | 1.2062621591e-03 1.9825 2.4610757068e-03 1.9870
1/64 | 1/128 | 3.0525038502e-04 * 6.2084334130e-04 *
1/128 | 1/256 * * * *
Table 6.2: Errors and convergence orders at T' =1 for 3”\5 (Example 6.1).
h T lle(, )| L2 Order(t, h) lle(7, h)|| Lo Order(t, h)
1/8 1/16 | 1.7636766424e-02 1.9092 3.6333016982e-02 1.9307
1/16 1/32 | 4.6957790461e-03 1.9608 9.5305403291e-03 1.9532
1/32 1/64 | 1.2062621441e-03 1.9825 2.4610756768e-03 1.9870
1/64 | 1/128 | 3.0525037787e-04 * 6.2084332838e-04 *
1/128 | 1/256 * * * *
Table 6.3: Errors and convergence orders at T'=1 for f; (Example 6.1).
h T lle(r, h)|| L2 Order(r, h) lle(, h)|| oo Order(r, h)
1/8 1/16 | 1.7636766424e-02 1.9092 3.6333016982e-02 1.9307
1/16 1/32 | 4.6957790461e-03 1.9608 9.5305403291e-03 1.9532
1/32 1/64 | 1.2062621441e-03 1.9825 2.4610756768e-03 1.9870
1/64 | 1/128 | 3.0525037786e-04 * 6.2084332836e-04 *
1/128 | 1/256 * * * *

Table 6.4: The values of discrete energy and its relative error for F (Example 6.1).

T B (1) AE; (1)

0 2.377502005986851e+02 0

5 2.377502005986806e+02 | 1.876847367252277e-14
10 | 2.377502005986738e+02 | 4.769822290023303e-14
15 | 2.377502005986769e+02 | 3.466788130593379%¢-14
20 | 2.377502005986860e+02 | 3.705876967186025e-15

Table 6.5: The values of discrete energy and its relative error for f¢ (Example 6.1).

T E; (1) AE; (1)

0 2.377501997885252e+02 0

5 2.377501997885268e+02 | 6.933576284813681e-15
10 | 2.377501997885267¢+02 | 6.335854191295260e-15
15 | 2.377501997885291e+02 | 1.649712978110841e-14
20 | 2.377501997885426e+02 | 7.328072866535838e-14

27
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Table 6.6: The values of discrete energy and its relative error for f;; (Example 6.1).

T Ei(t) AE;(t)

0 | 2.377501997885250e+-02 0

5 | 2.377501997885240e+02 | 4.303599073332631e-15
10 | 2.377501997885222e4-02 | 1.195444187036842e-14
15 | 2.377501997885263e4-02 | 5.259954422962105e-15
20 | 2.377501997885369e+02 | 4.985002259943632¢-14

350 T
—f(p)
) f(p) 1
---falp)
AZSO’ 1
~
N~—
[OF
200 [ b
237.750201
| 237.7502 |
10 237.750199
100 | . 10 11, 12 13
0 5 10 15 20

Fig. 6.1. The discrete energy conservation of Crank-Nicolson FEM with three different nonlinear term
(Example 6.1).

14 14 14
10210 20 210 0 210

Fig. 6.2. The relative errors of discrete energy for f, fand /v (Example 6.1).

Example 6.2. Consider LogKGE with the following exact solution (A = 1):

up(x,t) — Au(x,t) + u(x,t) + du(x, t) f (Jux, 1)) = g(x,t), (x,t) € Qx (0,7, (6.2a)

u(x,0) = ¢o(x), u(x,0) = ¢1(x), x € ), (6.2b)
u(x,t) =0, (x,t) € 02 x [0,T], (6.2c)
where

F(lu(x O)7) = In(Ju(x, 1)),
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2 =0,1] x [0, 1] and the function g(x,t) is determined by the given solution
u(x,t) = e~ 'sin(rx) sin(7y).

The corresponding three regularized models with a small regularized parameter (0 < ¢ < 1)
are presented as

uf, (x, ) — Aus(x, 1) + u(x, 1) + s (x,t) foo, (Ju(x,8)%) = g°(x,t), (x,t) € Qx (0,77,

reg
u®(x,0) = ¢o(x), u;(x,0) = ¢1(x), x €,
u®(x,t) =0, (x,t) € 90 x [0,T],
where f7., means the same as in Example 6.1.
In the calculation process, let n = 3,7 = 1 and ¢ = 1e-08. We employ the Crank-Nicolson
FEM with three different nonlinear terms to (6.2) to verify the unconditional optimal and
high-accuracy convergence results. For this example, we make the following works:

e The unconditional optimal error estimates of L?-norm, high-accuracy results, and conver-
gence orders of the numerical scheme with three different nonlinear terms are shown in
Fig. 6.3. Moreover, we observe the convergence orders of ||u* — UZ’kHL?, | Ipu® — UZ’kHHl
and |lu® — IQhU;JC”Hl in both time and space are close to 2, which are consistent with
our theoretical results.

e Let 72 = h/2, we check the error estimates and convergence orders of ||u* — U;’k”Hl with
three different nonlinear terms. We see the convergence orders in time are close 2 and
in space are close 1, as exhibited in Fig. 6.4. These are accordance with our theoretical
results.

S
— [l — U H{;

o - || Tyt — U Nn’
lu¥ — I U ||

— I = Uz
102 - | Tyt — v, l\ m ] 10
¥ = I Uy ¥ ||

R

10°

0.0078 0.0156 0.0313 0.0625 0.0078 0.0156 0.0313 0.0625

h h

ek
—|lu* - U; Hf’

P - Wt = U
llw* = Ln Uyl

Ry et

Error

10°

0.0078 0.0156 0.0313 0.0625
h

Fig. 6.3. The error estimates and high-accuracy convergence results for ﬁ fand fr. (Example 6.2).
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7 0.05 [~

o
o
=
\
\
Error

£ 001p ~

g 0.02650004
- 7 -
0013055604 -

Error

0.013055603 o 0.02650003

0013055602} "

0.013055601 - 002650002
0.08500061 0.085000615 0.08500062 0.0300110010.0300110030.030011005

0.0625 0.0833 0.125 0.1667 0.0078 0.0156 0.0313 0.0625
T h

Fig. 6.4. The error estimates and convergence orders in time and space of Hu'C — U;’kHHl for 1?7 fand
fr (Example 6.2).

7. Conclusions

In this paper, we first proposed three regularized models for LogKGE. Then a fully implicit
energy-conservative Crank-Nicolson Galerkin FEM was designed for one of the regularized mod-
els, namely ERLogKGE. By innovative combination of the cut-off function technique and the
time-space error splitting technique, we strictly proved the discrete energy conservation law,
unconditional optimal and high-accuracy convergence results of the numerical scheme. Finally,
two numerical experiments which both test three different nonlinear terms were provided to
verify the correctness and effectiveness of our theoretical results.
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