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Abstract. Training deep neural networks for scientific computing remains computa-
tionally expensive due to the slow formation of diverse feature representations in early
training stages. Recent studies [37] identify a staircase phenomenon in training dy-
namics, where loss decreases are closely correlated with increases in e-rank, reflecting
the effective number of linearly independent neuron functions. Motivated by this ob-
servation, this work proposes a structured first-layer initialization (SFLI) pre-training
technique to enhance the diversity of neural features at initialization by constructing
e-linearly independent neurons in the input layer. We present systematic initialization
schemes compatible with various activation functions and integrate the strategy into
multiple neural architectures, including modified multi-layer perceptrons and physics-
informed residual adaptive networks. Only needing to add one line of code to con-
ventional stochastic gradient descent algorithms, extensive numerical experiments on
function approximation and PDE benchmarks, demonstrate that SFLI significantly im-
proves the initial e-rank, accelerates convergence, mitigates spectral bias, and enhances

prediction accuracy.
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1 Introduction

Neural networks have become a cornerstone of modern machine learning, achieving re-
markable accuracy in both classical machine learning tasks and emerging areas such as
scientific computing and partial differential equation (PDE) modeling. Despite their suc-
cess, training such models remains computationally intensive, often requiring large-scale
resources and prolonged optimization. This has motivated a broad range of efforts to ac-
celerate the training process, including architectural innovations, advanced optimization
techniques, and improvements in loss function design.

Among these efforts, particular attention has been paid to the learning dynamics of
neural networks [6,/10,{17,/18,122,40]. A key observation in training dynamics is the so-
called frequency principle (F-Principle) or spectral bias [24,34-36|39]], which states that
neural networks tend to fit low-frequency components of the target function earlier in
training. To address this, multiscale network designs like MscaleDNN [19,[20] have been
proposed, which incorporate hierarchical frequency encodings. The performance of such
architectures strongly depends on the behavior of the first hidden layer, particularly the
diversity of its initial activations, a critical aspect that remains insufficiently studied.

A standard multi-layer perceptron (MLP) can be formulated as follows:

Yo=X,
yl:H<yl—l)91)/ lzl/"'/L/ (11)
y=B-yL,

where x € R? is the input, y; € R™ is the neurons of the I-th hidden layer, and g € R
is the coefficients in the output layer. Each layer mapping H represents the structure
of the hidden layer, and a fully connected layer can be explicitly given by H(y;_1;60;) =
c(Wyy;_1+b;), where W, € R"+1%™ | b € R"+1, are trainable parameters. The activation
function ¢ is applied element-wise. The neurons yr(x) in the final hidden layer can be
viewed as a collection of scalar neuron functions defined on the input domain, and the
final output y of the network is a linear combination of these functions. This perspective
aligns with interpretations in the deep finite element method [32] and the finite neuron
method [33], where y1 (x) serves as a set of basis functions.

The training dynamics of deep neural networks have attracted significant interest,
particularly in understanding how low-dimensional representations are formed during
optimization [1,23]. Recent work [37] has identified staircase phenomenon: In training
dynamics, the loss function often decreases rapidly along with a significant growth
of linear independence of neuron functions. A consistently low e-rank of y; during
training indicates a lack of functional diversity among neurons, which in turn limits the
expressive power of the network. Such limitations pose a critical challenge for problems
in scientific computing, where resolving fine-scale or high-frequency structures is essen-
tial.

Motivated by these insights, this work introduces a novel pre-training strategy
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termed structured first-layer initialization (SFLI), designed to increase the e-rank of neu-
ron functions at initialization. By enforcing e-linear independence through carefully con-
structed weights in the first hidden layer, the method enhances feature diversity and ac-
celerates convergence, while preserving numerical stability and incurring no additional
computational cost.

The main contributions of this work are summarized as follows:

1. We propose a novel structured first-layer initialization pre-training strategy, which
enhances initial feature diversity of neural functions and accelerates the training
process. The method is activation-function agnostic, compatible with a wide range
of neural architectures, and incurs negligible computational overhead, making it
broadly applicable and easy to integrate into existing frameworks.

2. We demonstrate the effectiveness of structured first-layer initialization across vari-
ous function approximation and PDE-solving benchmarks, where the method con-
sistently improves prediction accuracy, convergence speed, and numerical stability
under different training scenarios, while also mitigating spectral bias through im-
proved feature diversity.

The remainder of the paper is organized as follows. Section 2 reviews the concept of
e-rank and introduces the staircase phenomenon. Section 3 presents the proposed struc-
tured first-layer initialization and discusses its implementation across various network
architectures. Section 4 provides numerical results to illustrate the effectiveness of the
method. Conclusions and future works are summarized in Section 5.

2 Staircase phenomenon

In this section, we will first present a short recall on the e-rank, which is introduced to
quantitatively measure the linear independence of neuron functions, as formally defined
below:

Definition 2.1 ( [37]]). Let u(x;60) denote a neural network with neuron functions {(/)]-}7:1
in its final hidden layer. Define the Gram matrix (My);j = [ ¢i(x;0)¢;(x;0)dx. Then the
e-rank of M, is given by

re(My) =#{A€A(M,)| A >¢}, 2.1)

representing the number of eigenvalues A(M,,) exceeding a threshold .

Tracking e-rank reveals the staircase phenomenon in training dynamics (Fig. [I): the
loss function £(u,) decreases sharply when r.(M,,) increases significantly. This behavior
has been observed consistently across different tasks and architectures in [37].

This phenomenon is theoretically justified by the following lower bound on the loss:

c(un)zcl (\/dist(u®, 7y) ~C(p+1) (n—p)%e), 22)

S
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Figure 1: Staircase phenomenon in a regression task with target function f(x)=sin20x.

where u, € F, is a neural network of width n, p is the e-rank of u,, i.e., r.(M,, ) = p, and
Fp denotes the function class with p neurons in the last hidden layer. This inequality
shows that meaningful reduction in loss requires an increase in the e-rank.

Taken together, these observations suggest that a sufficiently large e-rank is a prereq-
uisite for significant loss decay. Empirical evidence in [37] further supports this claim:
training curves often exhibit prolonged plateaus when r,(M,) remains stagnant, fol-
lowed by decreases only after e-rank jumps.

Standard initialization schemes, such as Xavier initialization [8], typically result in a
low initial e-rank, thereby requiring extended training to overcome the rank bottleneck.
Fig. 2| demonstrates the observation that within the same deep neural network, the e-
rank of the subsequent layer is higher than that of the previous layer. These insights
have inspired pre-training strategies that directly construct e-linearly independent neu-
ron functions in the first hidden layer using deterministic weight initialization [37]. This
approach effectively elevates the initial e-rank to 11, bypassing the early-stage stagnation
and accelerating convergence in practice.

This unified perspective, linking e-rank to training dynamics, provides actionable
guidelines for improving neural network performance. In the next section, we build
on this foundation to propose a general, structured first-layer initialization strategy that
systematically improves the initial representational capacity, with a focus on accelerating
the training dynamics.
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Figure 2: Layer-wise staircase phenomenon within the same neural network. The width is fixed n; =n, =n3 =

7’14:50.

3 Structured first-layer initialization

3.1 Pre-activation method

Following the findings in , the first hidden layer plays a critical role in learning mean-
ingful feature representations. Consider the neurons in the first hidden layer defined by:

F(x)=0c(Wx+D),

(3.1)

where x € Q CR? is the input, b=[by,-+,by] " €R", W= [w1,---,w,]" € R"*? are trainable
parameters, and ¢ is an element-wise activation function. The vector-valued function
F(x) €R" represents the output of the first hidden layer, where F(x):=[F (x), -, F,(x)] "

and each F;(x) is a scalar neuron function.

The objective of structured first-layer initialization is to construct a set of neuron func-
tions that are approximately e-linearly independent at initialization. This is achieved by
strategically designing the weights and biases in the first hidden layer so that the neural
functions {F;(x)} are well-separated in the input domain. The motivation stems from
classical numerical methods such as finite element schemes, where basis functions are

spatially localized and evenly distributed.
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Specifically, we reparameterize each neuron function in the first hidden layer as:
E(xwi,bi)=0(w;-x+b;)=0(y(a;j-x+c;)), i=1,--,n, (3.2)

where w;=a;, bi="yc;. ¢;>0 is the shift distributed uniformly in an interval with respect
to (), and «; determines the orientation of the hyperplane. The parameter >0 controls
the localization of the neural function, with a recommended practical choice:

nl/d _1

RRIE Ce05,2]. (3.3)

y=C

For d =1, this choice is consistent with piecewise linear basis functions in the finite
element method, where = ’g%; A similar scaling parameter has also been used in batch
normalization techniques [12] and adaptive activation functions [14]. However, in these
methods, the scaling factor is a trainable quantity that dynamically changes during train-
ing and affects multiple layers, whereas in SFLI it is a fixed initialization hyperparameter
applied only to the first layer to enhance the initial feature diversity.

The overall structure of SFLI is illustrated in Fig. 3l To provide an intuitive under-
standing, Fig. [ visualizes the output behaviors of different activation functions un-
der SFLI with n =5 neurons. Below, we list several typical activation functions along
with their associated weight initialization and structural characteristics used in the SFLI
method:

e Cosine: 0(x)=cos(x). The weight vectors «; are sampled independently from the
standard normal distribution, i.e., a; ~N(0,1;).

e Hyperbolic Tangent (Tanh): o(x)=tanh(x). The weights «; are uniformly sampled
from the unit sphere, i.e., a; €S, ||a;||2 =1, to ensure directional diversity in the
neuron responses.

e Hat: 0(x) =max(0,1—|x]|). Similar to Tanh, the weight vectors are chosen from the
unit sphere: a; € $%. This ensures spatial coverage of the support regions of hat
functions over the domain.

 Gaussian: o(x)=¢ ¥ *. Unlike the previous activation functions, which are based
on linear transformations w;-x+-b;, the Gaussian activation adopts a radial structure
centered at specific locations in the input domain. Specifically, each neuron in the
first hidden layer takes the form:

E(x;y,ci)=exp (=7 ||x—cil?), i=1,n,

where v > 0 is a shape parameter that controls the sharpness of each Gaussian
bump, and ¢; € R? denotes the center of the i-th neuron uniformly distributed in
Q.
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Figure 3: Architecture of the neural network with Structured First-Layer Initialization (SFLI).
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Figure 4: Visualization of the first-layer outputs using different activation functions under SFLI with n =5
neurons.
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Importantly, SFLI modifies only the initialization of the first layer and does not change
optimization, i.e., optimize w;,b; directly rather than the decomposed parameters «;,c;
and . The activation function and parameter settings are applied exclusively at initial-
ization and do not affect subsequent layers, ensuring compatibility with standard train-
ing pipelines and incurring negligible computational cost.

The goals of the SFLI pre-training strategy can be summarized as follows:

¢ Promote the diversity of the neurons over the input domain Q).

 Ensure that the e-rank of the initial feature set {F;} approaches n with high proba-
bility.

* Maintain full compatibility with standard architectures without introducing addi-
tional training cost.

These principles underpin the design of the SFLI strategy and are further validated
through empirical studies in the next section.

3.2 Integrating with various neural network architectures

The proposed structured first-layer initialization strategy can be seamlessly integrated
into a wide range of neural network architectures, including Residual Neural Network
(ResNet) [11], modified MLP [30], and Physics-Informed Residual AdapTivE Network
(PirateNet) [27]. These models are representative of architectures commonly used in sci-
entific computing and physics-informed learning.

The modified MLP enhances the standard architecture by introducing dual encoders
and adaptive gating, which improves convergence and residual minimization in PDE
applications. PirateNet extends this by incorporating adaptive residual blocks, allowing
for deeper networks with stable training dynamics.

PirateNet incorporates adaptive residual connections to mitigate the issue of patho-
logical initialization, enabling stable and efficient training of physics-informed neural
networks with deeper architectures.

As representative cases, we describe the network structures used in our numerical
experiments. First, we introduce the modified MLP architecture:

U=c(WHx+b™), V=c(W@x+p®)), (3.4)
followed by L hidden layers:

Yo=x,
z1=0(Wiy;_1+by), (3.5)
y=z60U+(1-z)oV, 1=1,--,L.

The final network output is also linear combinations of the last hidden layer

y=pB-yL.
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Here, ® denotes an element-wise multiplication, and
0 — {W(”),b(“),w(v),b(”),(Wl,bl)lel,,B}

are all trainable parameters.

PirateNet builds on this structure by adding L residual blocks. The architecture starts
with the same encoders and first-layer MLP as above. For [ =1,---,L, the residual block
Y1 =H(y;0;,U,V) is defined as:

fl oWy +bY),
=fioU+(1-f)OV,
glza(W() ()+b 2,

) (3.6)
77 =gioU+(1-g)oV,
hlza(W( ), (2 )+b(3))
]/l+1=0ézhl+(1 )y,
and the full forward pass is:

U=c(WH* x+b")

V=0(W®x+b®),

Z:(T(Wlx—i—bl), 3.7)

y1=z20U+(1-2)0V,
via=H(y;0,Uv), I=1,-L,

The trainable parameters include all encoder and block components:
0= {W(”),b(u),W(v),b(v),(Wl,bl)/(Wz(1/2'3)'bl(1/2/3)’“l)lel’ﬁ}'

Each residual block contains three fully connected layers with gating and an adap-
tive residual connection. Initializing a; =0 reduces the network to a shallow modified
MLP, improving trainability in early stages. Expressivity gradually increases as training
progresses.

To promote a high initial e-rank, we apply SFLI to the encoders U and V defined
in (3.4). Numerical evidence shows that this improves both convergence rate and final
accuracy. Fig.[p|presents a schematic diagram of PirateNet architecture with SFLI applied
to its encoder layer.
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Figure 5: Architecture of PirateNet with Structured First-Layer Initialization (SFLI).

4 Numerical experiments

This section presents a series of numerical experiments designed to evaluate the effec-
tiveness of the proposed structured first-layer initialization (SFLI) strategy in two con-
texts: function approximation and the solution of PDEs using physics-informed neural
networks (PINNs). We focus on evaluating training efficiency, approximation accuracy,
and the evolution of the e-rank.

Unless otherwise mentioned, the default training setup across all experiments is as
follows. The networks are trained using the Adam optimizer with an initial learn-
ing rate of 107>, For one dimensional problems, the dataset is generated in the uni-
form grid points, while for higher dimensional problems, the training dataset is uni-
formly resampled from the input domain every 10 iterations. For function approxima-
tion tasks, each model adopts a fully connected architecture with 3 hidden layers. The
hyperbolic tangent function is adopted as the default activation function for the base-
line models. Xavier initialization is applied as default initialization for all layers. The
threshold for computing the e-rank is set to 107°. More detailed experiment configu-
rations and hyperparameter settings of each example are provided in Appendix|Al The
implementation and all experiment codes are publicly available at our GitHub repository
https://github.com/zyx979/SFLI.

4.1 Function approximations

As discussed in [37], using a large initialization variance can lead to a higher initial e-
rank. In this example, we show that the proposed SFLI method performs better than a
large variance initialization.

Example 4.1 (Comparison with Large Variance Initialization). Consider the target func-
tion

f(x)=cosx+cos2x+cos30x, xe€[—1,1]. 4.1)
We compare the performance of the proposed SFLI method against a large variance ini-

tialization strategy in approximating this function. For a fair comparison, the variance of
the weights for the large-variance initialization is set to 02 =12/3, which is significantly
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Figure 6: Comparison between SFLI and large variance (LV) initialization on Example Left: e-rank dynamics;
Right: Training loss curves. The detailed hyper-parameter settings are presented in Table

larger than the standard Xavier initialization variance of 02=1/n for a layer with n neu-
rons. The test configurations include: (i) default Xavier initialization (Baseline), (ii) large
variance initialization on first layer (LV First Layer), (iii) large variance initialization on
all layers (LV Total), and (iv) SFLI method. Activation function is set to tanh for all layers.

The results are presented in Fig.[6} The left panel shows the evolution of the e-rank
during training, while the right panel displays the corresponding training loss curves.
Notably, the large variance initialization on all layers produces a slightly higher initial
e-rank than SFLI, but its convergence slows substantially after the initial rapid decline in
loss. In contrast, SFLI exhibits a steady and monotonic reduction in training loss through-
out the optimization process. This suggests that, although increasing the initialization
variance can improve the initial e-rank and early-stage accuracy, it reduces training effi-
ciency at later stages. By introducing structured diversity at initialization, SFLI preserves
training stability and achieves superior overall performance.

Example 4.2 (High- and Low-Frequency 2D Function). Consider the following composite
target function that contains both high- and low-frequency components:

f(x) =cos(x1)cos(x2) +cos(10x; ) cos(10x3), x€[—1,1]%.

This benchmark function is designed to test the effectiveness of the SFLI pre-training
strategy under varying frequency conditions. In this example, we assess the impact of
SFLI with different activation functions. The first layer uses various activation functions,
including Gaussian, Tanh, Cosine, and Hat activations. We compare the networks initial-
ized with SFLI against the baseline counterparts (without SFLI) to evaluate their effects
on e-rank and convergence.

As shown in Fig.[7} all SFLI-based methods demonstrate superior performance com-
pared to the baseline. Specifically, the SFLI variants exhibit high initial e-ranks followed
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Figure 7: Comparison of e-rank dynamics (top) and training loss (bottom) across different activation functions
on Example The plots compare the baseline (no SFLI) vs. SFLI with Gaussian, Tanh, Cosine, and Hat
activations. e detailed hyper-parameter settings are presented in Table

by rapid loss reduction during training, while the baseline remains trapped in a rank
plateau with sluggish optimization progress except for the case with the cosine activa-
tion, where the spectral structure of the target function naturally aligns with the acti-
vation pattern. Nevertheless, SFLI still achieves faster convergence in this case. These
empirical results demonstrate that the SFLI pre-training strategy effectively accelerates
convergence and enhances accuracy through e-rank.

Example 4.3 (Discontinuous and Multiscale 1D Function). Consider the following
piecewise-defined target function:

(x*+1)sin(80x),  if —1<x<-—3,
f(x)=14 (—2x+3)cos(10x), if —1<x<],
x3—x, if 1<x<1.
This function exhibits both discontinuities and multi-scale characteristics, making it a

suitable test case for evaluating the spectral bias in neural network training. The Fourier
series representation of f is given by:

To quantify the spectral bias, we compute the spectral error of a neural network predic-
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Figure 8: Spectral analysis on Example [£:3] using different SFLI strategies. The target function contains both
low- and high-frequency components. The top row displays (from left to right): (1) the evolution of e-rank
during training; (2) training loss curves without SFLI; (3) training loss curves with SFLI; (4) spectrum of the
target function, dividing low-frequency and high-frequency components by k=15; The next two rows show
the spectral fitting errors for low- and high-frequency components with respect to four activation functions
(Tanh, Hat, Cos, Gauss), both with and without SFLI. Here, ¢, and Chigh denote the errors on the low- and

high-frequency components, respectively. The detailed hyper-parameter settings are presented in Table [3]

tion y(x) in the frequency domain. The spectral error is defined as:

5 A

Clow = Z (gk_fk)Zr ehigh: 2 (gk_fk)zl (42)

k=—0o |k|>6

where 7 and f; denote the Fourier coefficients of the predicted and target functions,
respectively. For this particular function, the dominant frequencies are located approx-
imately at k=4 and k =25. Therefore, we choose the spectral cutoff threshold § =15 to
separate low- and high-frequency components.

Fig.[§|illustrates how structured first-layer initialization influences the spectral bias of
neural networks. In the baseline training without SFLI, the model exhibits a pronounced
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spectral bias: low-frequency components are fitted quickly, while high-frequency compo-
nents converge slowly and remain underfit for a long duration. Introducing SFLI consis-
tently accelerates convergence across all activation functions, with the most substantial
gains observed in the high-frequency region. Remarkably, the Gaussian- and Cosine-
based SFLI nearly eliminate the frequency imbalance, achieving comparable accuracy for
both low- and high-frequency components. These results indicate that SFLI mitigates
spectral bias by encouraging e-linear independence in neuron activations, allowing the
network to capture fine-scale features more efficiently from the outset.

To further evaluate the effectiveness of SFLI in high dimensions, we consider a
smooth function defined on the d-dimensional hypercube:

Example 4.4 (High-Dimensional Smooth Function). We consider the high-dimensional
function f(x) = cos(|x|?) for x € [~1,1]%. The performance of SFLI is tested for different
dimensions 4.

We compare the test relative errors after 20000 training steps obtained with and with-
out SFLI-Gauss method across different input dimensions d. For SFLI, we report results
using a fixed scaling factor C =1 as well as the best performance achieved through a grid
search of C over the recommended interval [0.5,2]. All experiments use the same net-
work architecture and training configurations to ensure a fair comparison. The results
are summarized in Table (I}, where each result is averaged over five independent runs.
The detailed hyper-parameter settings are presented in Table

As shown in Table[]} the baseline model suffers from a rapid deterioration in accuracy
as the input dimension increases. In contrast, SFLI significantly reduces the test error in
all cases, even when using a fixed scaling factor C=1. Moreover, a simple grid search over
C €[0.5,2] often yields further improvement, indicating that SFLI delivers both robust
default performance and enhanced accuracy with minimal tuning.

These results also validate the recommended choice of the shape parameter

nda—1
ol

which explicitly adapts to the problem dimension d and the layer width 7, allowing SFLI
to maintain stable and effective behavior across varying dimensions. The interval C €

r=C

Table 1: Test relative errors in high-dimensional function approximation.

d Baseline SFLI: C=1 SFLI: C=C*
Test Rel. Error | Test Rel. Error | C* Test Rel. Error
5 1.79x 1072 2.96x1073 09 214x1073
10 | 3.50x1072 310x107% |09 2.86x1073
20 | 896x102 6.89%x10% |12 5.01x10°3
50 | 9.96x10°! 3.11x107%2 | 0.6  1.46x1072
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[0.5,2] provides a practical default range for high-dimensional function approximation
tasks.

4.2 Solving partial differential equations

In this subsection, we demonstrate the effectiveness of the proposed structured first-
layer initialization pre-training method in solving several benchmark partial differen-
tial equations (PDEs). Our experiments are based on the Physics-Informed Neural Net-
works (PINNSs) framework [21},25,226], which has achieved remarkable success in scien-
tific computing and PDE modeling [2,3,/5,9,/13,|15,38]. Numerical examples follow the
training pipeline and hyper-parameter recommendations from [29]. To ensure robust-
ness and competitiveness, we incorporate several state-of-the-art PINN training tech-
niques, including random weight factorization (RWF), periodic boundary condition em-
bedding [4], loss balancing [30,31]], and causal training [28]]. We consider both the mod-
ified MLP and PirateNet architectures to demonstrate that SFLI is easily integrated with
diverse network designs. For simplicity, we present comparisons between baseline mod-
els and those using the SFLI-Gaussian variant, which serves as a representative instanti-
ation of our method.

Model training is conducted using mini-batch gradient descent with the Adam opti-
mizer, where collocation points are randomly sampled at each iteration. Exact periodic
boundary conditions are enforced in all numerical experiments, whenever applicable, to
avoid extra loss constraints. For all examples, we compare the results with and without
the application of SFLI-Gaussian, while keeping all other settings—including network ar-
chitecture and hyper-parameters—identical. Detailed architecture and hyper-parameter
settings of the training pipeline are provided in the Appendix[Al

Example 4.5 (Allen-Cahn equation). The Allen—-Cahn equation models phase separation
in multi-component alloys. We consider the one-dimensional form:

up—0.00011,, +5u° —5u=0,  t€[0,1], x€[~1,1],

u(x,0) = x*cos(7mx), xe[-1,1]. (4.3)

Fig.[9|shows a comparison between the reference solution and the solution predicted
by a trained PirateNet model using SFLI. The agreement between the two solutions
demonstrates the model’s capability to accurately approximate the dynamics governed
by the Allen—-Cahn equation.

To systematically evaluate the effectiveness and generality of the proposed SFLI pre-
training strategy, we consider four experimental configurations under a unified frame-
work:

e Baseline: the standard PINN model based on the PirateNet architecture, without
any advanced techniques.

¢ SFLI: the Baseline model enhanced solely by the SFLI strategy.
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Figure 9: Allen—Cahn equation: Comparison between the solutions predicted by a trained PirateNet with SFLI
and the reference solution.
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Figure 10: Allen—Cahn equation: Comparison of e-rank and the relative L? errors for illustrating the impact
of SFLI across different configurations, including Baseline (standard PINN), SFLI, AT (advanced techniques:
RWEF, loss balancing, causal training), and AT+SFLI. Detailed hyperparameter settings are provided in TabIeEl

¢ AT: the Baseline model enhanced with advanced training techniques (random
weight factorization, adaptive loss weighting, and causal training).

e AT+SFLI: the AT model further augmented with SFLI.

All four experiments are conducted using the same PirateNet architecture and identi-
cal hyper-parameter settings, ensuring a fair comparison across different configurations.
This setup allows us to isolate the effect of SFLI and assess its benefits in two complemen-
tary ways: (i) as a standalone enhancement over the standard PINN (Baseline v.s. SFLI),
and (ii) as a plug-in improvement to an already advanced setting (AT v.s. AT+SFLI).

In both scenarios, the models with SFLI consistently exhibit higher e-rank, faster con-
vergence, and lower final errors, demonstrating the effectiveness of SFLI in improving
both accuracy and training efficiency.

Overall, SFLI serves as a lightweight yet powerful module that can be seamlessly
integrated into various PINN training pipelines to consistently boost performance.
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We now consider a classical benchmark problem in computational fluid dynamics:
the lid-driven cavity flow. This problem models the steady-state motion of an incom-
pressible viscous fluid confined within a two-dimensional square domain. The govern-
ing equations are the incompressible Navier-Stokes equations in non-dimensional form:

Example 4.6. (Lid-driven cavity flow)
1
u-Vu+Vp— R—eAu:O, (x,y)€(0,1)?,
V-u=0, (x,y)e(0,1)2

(4.4)

Here, u= (u,v) denotes the velocity field in x and y directions, and p is the pressure.
The top lid moves with a constant horizontal velocity u= (1,0), while the remaining
boundaries are subject to no-slip conditions. We investigate the resulting speed field at
Reynolds number Re = 3200.

To eliminate corner singularities at the top boundary, we adopt the smoothed auxil-
iary boundary condition from [27]:

_(1_ cosh(50(x—0.5))
B ( cosh(25)

,0>, for x€[0,1], y=1. (4.5)

Due to the known difficulty of training PINNs at high Reynolds numbers, we em-
ploy a curriculum learning strategy to gradually increase the complexity of the prob-
lem [16]. Specifically, the model is trained sequentially at increasing Reynolds numbers:
Re € {100, 400, 1000, 1600, 3200}, with training iterations allocated as 10%, 2 x10%, 5x 10%,
5x10% and 5x 10° at each stage, respectively.

Fig. 11| displays the predicted speed field v/ u2+v? for the lid-driven cavity flow at
Re=3200 using PirateNet with SFLI. The results show close agreement with the reference
solution from [7], with the error primarily localized near the top corners.

To further evaluate the effectiveness of SFLI, Fig. presents a comparison of the
e-rank and relative L? error between models trained with and without SFLL The SFLI-
enhanced model achieves a substantially higher e-rank and a much lower relative error
(3.75% vs. 88.3%), outperforming previous baselines such as JAXPI [29] (15.8%) and the
original PirateNet with random Fourier features [27] (4.21%). Notably, the smoothed
boundary condition introduces an inherent approximation error of 2.59%, suggest-
ing that the observed improvement from 4.21% to 3.75% is a meaningful advance within
the resolution limits imposed by the boundary regularization.

In the last example, we aim to demonstrate the effectiveness of our method in simu-
lating incompressible Navier—Stokes flow based on the velocity—vorticity formulation.

Example 4.7. (Navier-Stokes flow in a torus)
wi+u-Vw= iAw, in QO x[0,T],
Re
V-u=0, inQx][0,T].

(4.6)
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Figure 11: Lid-driven cavity flow at Re=3200: Prediction of speed vu2+v2 by a trained PirateNet with SFLI.
The last graph is the magnified view of the top-right corner of the absolute error, corresponding to the red box
in the third plot.
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Figure 12: Lid-driven cavity flow at Re=3200: Comparison of e-rank evolution and the relative L? errors of

speed V124102 between models with and without SFLI. The final relative L2 errors are 3.75% and 88.3%. AT:
Advanced techniques including RWF, loss balancing and curriculum training. The detailed hyper-parameter
settings are presented in Table [

Here, u= (u,v) represents the velocity field, w =V xu denotes the vorticity, and Re de-
notes the Reynolds number. For this example, we set ()= [0,271]2, T=10, and Re=100. Pe-
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Figure 13: Navier-Stokes flow in a torus: Comparison of the predictions of w at T=10 by a modified MLP with

and without SFLI. The relative L2 errors are 8.99x1072 and 2.96x10~!. AT: Advanced techniques including
RWEF, loss balancing, causal training, and time-marching strategy. The detailed hyper-parameter settings are
presented in Tableﬁ

riodic boundary condition is considered and the initial conditions are data from Python
package jaxpi.

Our objective is to simulate the evolution of the vorticity field up to T =10. To this
end, the temporal domain is divided into five consecutive intervals, and a time-marching
strategy is employed. In each interval, a separate PINN model based on a modified MLP
architecture is trained independently. The initial condition for each subsequent interval
is provided by the predicted solution at the terminal time of the preceding one.

Fig. [13| compares the predicted solutions of the velocity w at the final time T = 10
for the Navier-Stokes flow in a torus, with and without the application of SFLI. The
inclusion of SFLI leads to a significantly more accurate prediction, as evidenced by the
lower relative L2 error of 8.99 x 1072, compared to 2.96 x 107! in the case without SFLI.
This demonstrates that SFLI enhances the neural network’s ability to capture complex
vortex structures and localized flow features more accurately.

To further assess the effectiveness of SFLI in high-dimensional settings, we consider
the following linear reaction-diffusion equation with a known analytical solution.

Example 4.8. (High-dimensional parabolic equation)
w—Au+u=f, inQx|[0,T],

u(x,0)=u*(x,0), inQ, 4.7)
u(x,t)=u*(x,t), onaoQx]|0,T].
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Table 2: Test relative errors in solving high-dimensional PDEs.

Method d=5 d=10 d=20 d=50
Baseline | 3.12x1072 7.92x10~2 1.85x107! 1.11
SFLI 1.73x1072 2.03x1072 3.64x1072 8.26x102

Here, Q= [—1,1]d is the d-dimensional spatial domain and the final time is set to T=0.2.
The source term is f(x,t) =2de 'sin(|x|?) +4|x|>e fcos(|x|?). The corresponding exact
solution is u*(x,t) =e~*cos(|x|?).

We compare the relative errors of baseline PINNs and SFLI-enhanced PINNs across
increasing spatial dimensions d =5, 10, 20, 50. For SFLI, the shape parameter is set ac-
cording to the recommendation choice with a fixed scaling factor C=1. The results,
averaged over five independent runs, are summarized in Table [2} clearly demonstrat-
ing the improved accuracy of SFLI in high-dimensional settings. All experiments use
the same network architecture and training configurations to ensure a fair comparison.
Each result is averaged over five independent runs. Detailed hyper-parameter settings
are provided in Table [/}

As shown in Table 2} the baseline PINNs suffer a severe decline in performance as
the spatial dimension increases, eventually failing to converge at d =>50. In contrast, the
SFLI-enhanced model consistently produces stable and accurate results across all tested
dimensions. This highlights the robustness of SFLI in enabling effective training even
in high-dimensional settings, where standard PINNs may struggle to optimize. Impor-
tantly, all results are obtained using a fixed scaling factor C =1, without any task-specific
tuning.

5 Discussion

In this work, we investigated the impact of neural feature diversity on training dynamics
through the lens of e-rank, a quantitative measure of the effective features in neuron func-
tions. Motivated by the insights of the staircase phenomenon, we proposed a structured
first-layer initialization pre-training strategy that promotes e-linear independence among
neuron functions in the first hidden layer. The method is activation-function agnostic, ar-
chitecture compatible, and computationally efficient, making it easy to incorporate into
existing network designs. Numerical experiments on high-frequency function approxi-
mation and PDE benchmarks, including the Allen-Cahn equation, lid-driven cavity flow,
and Navier-Stokes systems, demonstrate that SFLI effectively accelerates convergence
and improves predictive accuracy.

For future work, one promising direction is to incorporate e-rank tracking into the
training objective via dynamic regularization. Such a loss design could promote fea-
ture diversity throughout the entire training process, rather than only at initialization.



T. Tang et al. / Commun. Comput. Phys., 40 (2026), pp. 61-87 81

Another consideration is to extend the theoretical analysis of e-rank to convolutional,
attention-based, or graph-based architectures. The current framework focuses primarily
on fully connected networks, and its direct extension remains nontrivial.

In summary, this work demonstrates that structural control over the initial represen-
tational capacity of neural networks can lead to substantial improvements in training
efficiency and accuracy. The proposed SFLI method offers a principled, lightweight,
and broadly applicable approach for enhancing neural network performance in scientific
computing tasks.
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A Hyper-parameter configurations

This appendix provides the detailed hyper-parameter configurations used in all numeri-
cal experiments presented in Section[d] These settings include the network architecture,
training strategy, optimization schedules, and shape parameters employed in the SFLI
method.

Table [3{summarizes the experimental setups for the function fitting tasks. Tables |4] to
[7|detail the complete training configurations for PDE benchmark problems, including the
Allen—Cahn equation, lid-driven cavity flow, Navier-Stokes flow in a torus, and the high-
dimensional parabolic equation. These configurations are chosen to ensure a fair and
consistent comparison between the baseline and SFLI-enhanced models across diverse
PDE types and problem scales. For PDE problems, all loss terms are assigned equal
weights of 1, or initialized to 1 and adaptively updated by the weighting scheme (Grad
Norm or NTK).

Table 3: Numerical experiment settings in function fitting examples.

Example Layer width | # Layers | Batch size Shape parameters
Gauss Tanh Cos Hat
Examplef4.1 50 3 201 - 15 - -
Example 12 100 3 250 4.5 45 45 45
Example[d.3 50 3 201 15 15 15 15
Example/4.4 128 3 1000 | Tablell
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Table 4: (Example : Allen-Cahn equation.

Parameter Value
Architecture Parameters

Architecture PirateNet
Number of residual blocks 3

Layer width 256
Activation Tanh
SFLI shape parameter V10

Random weight factorization p=1.0,0=0.1
Learning rate schedule for Adam

Initial learning rate 1073
Decay rate 0.9
Decay steps 5% 10
Warmup steps 5x103
Training

Training steps 3x10°
Batch size 8192
Weighting

Weighting scheme NTK [31]
Causal tolerance 1.0
Number of chunks 32

All function approximation tasks in Table 3| use multilayer perceptrons (MLPs) with
Tanh activation except the first layer. The shape parameters correspond to the localization
scale 7 in the SFLI scheme (see Equation (3.3)). All models are trained using the Adam
optimizer with an initial learning rate of 10~3, unless otherwise specified.

Table 4{summarizes the detailed hyperparameter configurations for Example
(Allen-Cahn equation). The reference solution is obtained from the Python package
jaxpi, which generates the solution by applying a spectral Fourier discretization with 512
modes and a fourth-order exponential time-differencing Runge-Kutta (ETDRK4) scheme
with a time step of 10~°. The validation dataset has a resolution of 201 x 512. The train-
ing points for the initial condition correspond to the 512 spatial mesh points, while 8,192
interior points are randomly sampled from the space-time domain at each training it-
eration. To enforce the periodic boundary condition, the input (x,t) is embedded as
(cos(mx),sin(mx),t) after the input layer.

Table f|summarizes the detailed hyperparameter configurations for Example [4.6] (lid-
driven cavity flow). The training points for the boundary condition correspond to 256
mesh points on each side of the cavity. Interior points are uniformly resampled within
the domain at every iteration with a batch size of 4,096. The no-slip boundary condition
is applied on all walls except for the moving top lid, where the smoothed auxiliary condi-
tion (4.5) is adopted to remove corner singularities. All loss terms are weighted equally,
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Table 5: (Example [4.6)): Lid-driven cavity (Re=3200).

Parameter Value
Architecture Parameters

Architecture PirateNet
Number of residual blocks 6

Layer width 256
Activation Tanh

SFLI shape parameter 10

Random weight factorization p=1.0,0=0.1

Learning rate schedule for Adam

Initial learning rate 1073
Decay rate 0.9
Decay steps 104
Warmup steps 5x10°

Curriculum Training
Reynolds Number
Training steps

Batch size

Weighting
Weighting scheme

[100,400,1000,1600,3200]
[10%,2x10%,5x 10%,5x 10%,5 x 10°]
4096

Grad norm [30]

Table 6: (Example [4.7)): Navier-Stokes flow in a torus.

Parameter Value
Architecture Parameters

Architecture Modified MLP
Number of layers 4

Layer width 256

Activation Tanh

SFLI shape parameter V15

Random weight factorization p=1.0,0=0.1
Learning rate schedule for Adam

Initial learning rate 1073
Decay rate 0.9
Decay steps 2x 103
Time-marching Training

Number of time windows 5
Training steps per window 10°
Batch size 4096
Weighting

Weighting scheme Grad norm
Causal tolerance 1.0
Number of chunks 32

83
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Table 7: (Example [4.8): High-dimensional Parabolic equations.

Parameter Value
Architecture Parameters
Architecture MLP
Number of layers 4
Layer width 128
Activation Tanh

SFLI shape parameter C=1in
Learning rate schedule for Adam

Initial learning rate 1073
Decay rate 0.9
Decay steps 2x 103
Training steps 2x 10
Batch size

Interior domain 512
Initial domain 256
Boundary domain 32d
Loss weight

PDE loss 1.0
Initial loss 1.0
Boundary loss 1.0

and the gradient-norm-based adaptive weighting scheme is employed during training.

Table [f| summarizes the detailed hyperparameter configurations for Example[4.7]
(Navier-Stokes flow in a torus). The training points for the initial condition correspond
to the 128 x 128 spatial mesh points, while 8,192 interior points are randomly sampled
from the space-time domain at each training iteration. To impose the periodic bound-
ary condition, the input (x,y,t) is embedded as (cos(x),sin(x),cos(y),sin(y),t) after the
input layer. Each time window is trained independently using the time-marching strat-
egy described in Example and all loss terms are initialized with equal weights and
updated adaptively via the gradient-norm scheme.

Table[/]summarizes the detailed hyperparameter configurations for Example[4.8|(high
dimensional parabolic equations). The interior, initial, and boundary sample sizes are
listed explicitly in the table, and all corresponding loss weights are set to 1.
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