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Abstract. Physics-informed neural networks (PINNs) have recently gained attention
as a powerful and efficient tool for solving partial differential equations (PDEs). De-
spite their empirical success, the theoretical understanding of PINNs, especially in
the context of over-parameterization, remains incomplete. This paper presents a com-
plete error analysis of over-parameterized PINNS for elliptic equations using projected
stochastic gradient descent (PSGD) optimization. Our analysis rigorously examines
the interplay of approximation error, statistical error, and optimization error, offering
a unified framework for understanding the convergence behavior of PINNSs. By lever-
aging the properties of PSGD, we establish convergence rates and derive conditions on
neural network architecture, training sample requirements, and optimization parame-
ters to ensure specified accuracy.
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1 Introduction

Traditional numerical methods, such as the finite element method [9,12], have proven to
be very effective for solving low-dimensional PDEs. However, they encounter significant
difficulties when applied to high-dimensional problems. The impressive success of deep
learning in handling high-dimensional data has paved the way for employing deep neu-
ral networks in solving high-dimensional PDEs [1,[8}16,17,|19, 31,35/ 45,47, 52]. Due to
the excellent approximation power of deep neural networks, several numerical schemes
have been proposed for solving PDEs, including the deep Ritz method [16], PDE-net [34],
PINNSs [45] and weak adversarial networks [52]. Among the various techniques devel-
oped, PINNs have emerged as a particularly powerful approach [45]. PINNs not only
leverage the robust approximation abilities of deep learning but also seamlessly incorpo-
rate the underlying physical laws of the PDEs, making them highly effective for solving
high-dimensional problems [25,43,144]. The success of PINNs has spurred deeper theo-
retical analysis, highlighting the need for comprehensive error analysis in deep learning,
including approximation, generalization, and optimization errors.

While several studies have investigated the theoretical mechanisms of PINNs [13,
2123} 26, 32,136, 38,39, 41} 146, 49, 50], these analyses exhibit two key limitations. First,
they are typically conducted in scenarios where the number of neural network param-
eters is smaller than the number of training samples. Second, these analyses often do
not address optimization errors, which are crucial for a comprehensive understanding of
model performance. Specifically, over-parameterized deep neural networks, where the
number of parameters significantly exceeds the sample size, are frequently employed in
real-world applications due to their computational efficiency during training. Although
extensive research has examined the role of over-parameterization in linear and kernel
models, particularly in relation to the double descent phenomenon [2-7,20,33,42], the
underlying reasons for the effectiveness of over-parameterized deep neural networks re-
main unclear. Providing theoretical guarantees in such regimes continues to be a fun-
damental yet challenging problem. Recent studies have reported convergence results
for over-parameterized norm-controlled neural networks in both regression and PDE
settings [11,129,30,51]. However, these analyses typically assume that optimization al-
gorithms such as gradient descent (GD) or stochastic gradient descent (SGD) yield the
empirical risk minimization (ERM) estimator, the theoretically optimal solution, thus ne-
glecting the influence of optimization errors introduced during the training process.

In this work, we establish a complete error analysis of PINNs for elliptic equations
in the over-parameterized setting using projected stochastic gradient descent (PSGD) op-
timization. Our analysis accounts for all three key error components: approximation
error, statistical (generalization) error, and optimization error. By integrating these er-
ror components within a unified theoretical framework, we derive explicit convergence
rates and precise conditions for achieving specified accuracy levels when solving elliptic
boundary value problems. This represents a significant advancement in the theoretical
understanding of PINNs.
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This paper is structured as follows. Section 2] introduces the problem setup, describes
the neural network structure, and outlines the PSGD algorithm for optimization. Section
presents a comprehensive end-to-end error analysis for solving second-order elliptic
equations with PINNs. Our main result, presented in Theorem provides a complete
characterization of the convergence behavior under suitable choices of network architec-
ture and optimization parameters.

1.1 Notation

We establish notation for this paper as follows. Bold-faced letters denote vectors, while
capital letters represent matrices or fixed parameters. The symbol C denotes an absolute
constant, whereas C(a,b) or C;(a,b) represent constants that depend only on parameters a
and b. For positive functions f(x) and g(x), we write f(x) =0O(g(x)) when f(x) <Cg(x)
for some C >0, and use O(-) to omit logarithmic factors.

Let N denote the natural numbers and N*:={x€IN|x>0} the positive integers. For
x€R, |x|:=max{ke N:k<x} and [x]:=min{k €IN:k>x} denote the floor and ceiling
functions. For NeIN*, [N]:={1,2,---,N} represents the set of integers from 1 to N. Given
a vector x = (x1,---,x4)T € R?, its £2-norm and ¢*-norm are defined as ||x||2:= /%%, X2
and ||x||e := maxj<;<4|x;|. For a multi-index « € NY, we define ||&||; :=a;3+---+a; and
ali=aq!---- ogl.

For an open set D CR? and a function f:D — R, we define the L? (D) norm as:

1/p
Ilwwy=( [1F@Pdx) , pe©w) Il =suplfl.

x€D
The derivative of order « of f is denoted by:
ollellx f
& fr.__
b f o axl‘"] 8x2“2 . -axd”‘d ’

We denote by C*(D) the set of s-times continuously differentiable functions on D for
s€INU{co}. When D is compact and f € C¥(D), we define:

1 fllcs(py=_max_sup|D*f(x)|.

0<lell1<s yep
For se€IN and 1 < p < co, the Sobolev space W*” (D) is defined as:
WP (D):={feLP(D):D*f € LP(D), Va € N* with ||a||; <s}.

When p=2, we denote H*(D) := W*2(D) for any s € N. For f € W3 (D) with 1 < p < 0,
the Sobolev norm is given by:

1/p
1 fllwsr(py = ( Z HD"‘inZp(D)> :

0< el <s
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For p=o0, we define:

5,00 = max D 0o
1 fllwss () o Ax_ ID* fll o

For f € L?(D), we define:

o= (1 oy f, [ P ey )

2 Preliminaries

In this section, we establish the mathematical foundation for our analysis. We begin with
the problem setup by introducing the PINNs formulation for elliptic equations, followed
by the neural network architecture, and conclude with the projected stochastic gradient
descent algorithm used for optimization.

21 Problem set-up

We first recall the PINNs proposed in [45]. Within the d-dimensional unit cube [0,1]¢,
let D be a bounded convex domain with boundary 0D. Consider the following linear
second-order elliptic equation with Dirichlet boundary conditions:

ZK,]aslas]ijZvla v+pv=f inD,
=1 2.1)

V=1 on oD,

where «;; € C(D), v,y € L*(D), f € L*(D), € L*(9D) with the strictly elliptic condition,
i.e., there exists a constant 1y >0 such that Zi/j kijCiGj>To &2, VseD,& €R?. Assume that
(2.1) has a unique strong solution v, € C"(D) with m > 3. Define the coefficient norms
Re=max {15 |c(p)} and Ry=max{ [ =(p, }. Further, let Ry=| ] 0y, R=| f12(p)
and Ry = [[¢||2(3p)- We set Ro —max{RK,RV,Ry,Rf,Rw}. The residual of (2.1) is defined
as

j(v)::/p( ZK”aSla v—l—Zvla U+ po— 2ds+/aD(v—t/J)2ds. (2.2)

i,j=1
The main idea of PINNSs is to use deep learning techniques to minimize the residual (2.2).
First, it is rewritten as

d

ZKU )95,95,0(S)+Y_i(5)ds,0(S)

i,j=1 i=1

J (v) =|D|Egy(p)

2
+u<s>v<s>—f<s>} T DIEyam) [0(T)—9(T)]2,
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where U (D) and U (dD) are uniform distribution on D and 9D, respectively.
To facilitate numerical computation, a discrete version of 7 is given by

N |'D| N d d
T ()= )3 [_ Y ij(Sk)05,95,0(Sk) + Y vi(Sk)ds,0(Sk)
k=1L i1 i=1
2
Futsn(s) - 50| +220Y. fomo-p(r]’
k=1

where {S¢}Y | and {Ty} , are i.i.d. Monte Carlo sample points following U/ (D) on D
and U (9D) on 0D, respectively. Then, we select a deep neural network class F,, within
which we will minimize 7 (v,,) for v, € Fy.

2.2 Neural network class

Let D,d €N, Hy=d and Hp =1. Consider a neural network function @, : R? — R with
following structure:

D (s)=c(W;_1®" " (s)+¢co_1), ¢=1,---,D—1,
wa(s) =l (S) = WD71¢[D71] (S) +cp_1,

where W, = (w]}) € RM M, ¢, = (c]!) €RM+1 and

_ (0] [D-1] (0] [D-1]
w= (wlll,- Wy €1 Oy ) Q.

We say @, belongs to F,(H,D,R,,) if it satisfies:
max{Hy,--,Hp}=H, ||w|ec<Re.

When solving PDEs with deep learning, the neural network must be differentiable to
satisfy the PDE constraints. In this paper, we let o =tanh, and abbreviate the network
class by F(H,D,R).

For ®, € F(H,D,R,), let ny be the number of its nonzero weights in the first ¢ layers.
It directly follows that np <®(H,D,d), where

&(H,D,d):=(H+1)[(D—2)H+d+1]. (2.3)

Since H typically exceeds d, we will also use the bound np < H(H+1)D. Note that any
weight vector w can be extended to a &(H,D,d)-dimensional vector w’ by zero-padding,
with &, =&, € F(H,D,R,). Therefore, the domain () of neural network parameters can
be formalized as:

Q=[~Ry,Ry|2HPA.
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Further, we introduce a parallel neural network class P F, x(H,D,R,), defined as a linear
combination of several sub-network classes 7 (H,D,R,,). Specifically, any function v, ., €
PF,;x(H,D,Ry) can be expressed as

Vgw(s Z5kq> ), ER,

where & (s) € F(H,D,Ry), ZZ:1 |0k] <K. Let wiqnt:: (w1, ,wy) with

0] 1] o) (D1
(W11 Wi o by Ch1r " Croy) €O

Wi =
parameterizing ®F . Let wl :=(61,-,6;), wl = (wl , wl ) € Q1. The symbol PF serves
both as an abbreviation for parallel network class, and we may write PF instead of
PF,;x(H,D,Ry) when the context is clear.

As implied above, we will select a P.F k class with g sub-networks for implementa-

tion in this paper. Consequently, 7 (v,) is given by

~ |D| N d
j Uqw NZ[ Zle] Sk s quw(sk)“‘Zl v;(Sk)0s Uqaf(sk)
k=1 i,j
19D 3 2
(S50 (50 L MRCARTC) DR

We now introduce some auxiliary function classes, which will play a crucial role in the
subsequent analysis of optimization and statistical errors. First, let us define the squared
residual classes:

&= {ie:D—>]R| 3040 € PFyx(H,D,Ry), 5.t

e(-;w) { ZKU 5 s,UQW+2vlasquw+yvqw f} }

ij=1
={+e:0D—R|3 0,0 EPF s.t.e(;w) = (vgw—9)*}.

The corresponding residual classes without the square operation are defined as:
Sii= { +e:D—R|3 vy €PF x(H,D,Ry), st

e(~, ZKU S; quw+zvzaslqu+Vvqw f}
ij=1 i=1

={+e:0D—>R|JvgwePFs.t.e(-;w)=00—9}.
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Finally, we define the sub-network function classes:

g5 = {ie D—R|3®,€F(HD,Ry) s

e(-50) le]ags w+2vla D+ Py }
ij=1 =1
E":={+e:0D—+R|3 P, € F(H,D,Ry) s.t.e(-;w) =Dy }.

2.3 Projected stochastic gradient descent

To minimize the residual (2.4), we apply the PSGD algorithm, which is well-suited for
large scale optimization problems with constraints.

We start by initializing the network parameters. The linear coefficients w? , are ini-
tialized to zero, i.e., (wl,)® = (41, +,8,)(?) =0; Each sub-network parameter in (wi,)®
is initialized independently following a uniform distribution ¢/ [—U,U]. Overall,

0 1 (0
(wis ) st~ () U], (5@ =0, (2.5)
Then, for positive parameters ¢ and p, we define the constraint sets:

(i) Xg: the (random) collection of weight vectors wi"nt satisfying

wh — (@)@, <8 2.6)

(ii) Y,: all weight vectors w,, such that

q
[well, = Y18k <p- 2.7)
k=1

Since the Monte Carlo samples {Si, T} | remain unchanged during optimization,
J (vg,w) depends only on the network parameters w!,, and we denote it as £(w?))):

1 N

j(vq,w) = E(“)Zu) =N Z au Z Ly(w 1nt’ ext

k=1

Here, £i(w,)) represents the contribution from the k-th Monte Carlo pair {Sg, Ty }.

At each iteration t € [Tier], @ random index k; € [N] is uniformly selected, and the
gradient of £, with respect to “’Zu is computed, followed by a gradient descent step with
step size y. The updated parameters are then projected onto Xz x Y.

Formally, the iteration is given by

y=v o L (@ (wi 7.t= D,wz;(tt_l)) , (2.8)

int

(wlqnt’wat)( : PrO]XéxY { wlnt’wat)(t_l) _’Yy(t) }
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By [14], the projection onto the £; ball Y, can be implemented efficiently with linear
time complexity relative to the dimensionality, while the projection onto the ¢, ball Xz
can be computed in closed form. It is worth emphasizing that the projection step plays a
vital role in our error analysis: by constraining the neural network parameters, it enables
us to bound the Rademacher complexity of the overparameterized PF class and derive
size-independent statistical error.

Finally, we define the numerical PDE solution v 4 of the PSGD algorithm as v, pa-
q

7)), where the optimal stopping time ¢, is defined as

rameterized with (w] ,w

q,(t) q,(f))] )

tyi= argt_rgunT]ESGD [/3 (Wis  Wex

=0,---,

Here, Essp denotes the conditional expectation of the loss, taken over the random indices
{k;} ™, given a fixed training set and network initialization (w{ ). Consequently, .
remains a random variable depending on these conditions.

3 Complete error analysis

Building on the preliminaries above, we conduct a comprehensive error analysis that
includes approximation, optimization, and statistical errors. This analysis provides
guidelines for choosing the neural network architecture and optimization parameters to
achieve an e-accuracy between v 4 and v,. Section 3.1 introduces the error decomposi-
tion, followed by detailed analyses in Sections to and the main result, Theorem
B.5] in Section 3.5

3.1 Error decomposition

We first characterize a specific ‘optimization error” for the PSGD algorithm as:
€opt :=Escp [j(v/\)] _j(5>'

The term @ denotes the best approximation in some parallel network class PF’ that may
not coincide with the algorithm’s PF class, defined by:

5€argminHv—v*Héz(ﬁ). (3.1)
vePF'

This leads to our error decomposition theorem:

Theorem 3.1. Consider the PSGD algorithm solution v 4 from Section 2.3|for solving Eq. (22.1))
via PINNSs, along with o € PF' specified in (3.1). The H'/? error between v 4 and the true
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solution v, satisfies:
Escp [HUA—U* H%{UZ(D)]
<CDAR)| sup |7(2) =T (0)] + [Exco T (0] = T@)] + [o=0.lsip |-

vePF | G ——
Eopt Eapp

Esta

Proof. By Proposition 2.2 in [26], we have

IESGD[HUA_’U*H%_]UZ('D)] SC(D/d/RO){IESGD [j(UA)] —._7(0*)}

<C(D,d,Ro) {2 sup |J ()~ T (v)|+Esan [T (va)] =T (8)+T (3) —J(v*)}

vePF

~

<C(D,d,Rq) {2 Sel;l)p}_’j(v) ~T )|+ [JESGD [T (v4)] —f(ﬁ)]

+61Drd2R%\rﬁ—v*\\éz<D>+ramHﬁ—v*ué@m}
SC(D/d/RO){ sup ‘j(v)—j(v)“f‘ |:1ESGD [j(vfl)} —j(z?)} +HZ7_U*H?:2(@) }

vePF —_———
Eopt €app

Esta

This completes the proof. O

3.2 Approximation error

The approximation error e,y is defined as
— |5 2
€app:=10—0x 2y -

where 7 is given in . The following approximation result in C?(D) follows directly
from a similar argument as in Theorem 3.2 of [28]]. The proof is provided in Appendix[D}

Theorem 3.2. Given any v, € C™ (D) with m >3, for some small €* >0 and any 0<e <e*, there
exists vgo € PF; g (H,D,Rg) with

g= [Cl.e—mfdﬁ}, K:Cz.e—ﬁ, A =2 logy(d+m-1)]+1

_ 2d+42m

D:’Vlogz(d—f—m—l)—‘ +2, R(D:C3€ m=21-2
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such that
lvg0 —v«llc2(py <€,
where 0 <1< 1; Constants Cy, Cy, and C3 depend exclusively on d and m.

3.3 Optimization error

In this section, we provide a complete analysis of the optimization error &,,;. Let 0=
V5,0 €PF q,K(I:I,D,Ra,) in Theorem then g, is defined as

€opt = Escp [j(UA)] —j(vq,az)- (3.2)

Let 7> 0, and let G,] € N with | sufficiently large. Set the number of sub-networks
q=4-G-]. As indicated in (8.2), the weights of v; ¢, are treated as ‘target parameters’. Thus,
we set the sub-network width H in our implemented v, € PF to H, the sub-network
depth D to D, and the uniform distribution range U to Rg. For random initialization

(w] )0 = (ng),' . ,wéo)), we aim to define an event which contains all the “sufficiently
good’ initialization with respect to the target (@;,---,@;).

Let us define the event E; ; g r as follows: For each target parameter @y, there exist at
least G sub-networks among the total g sub-networks, such that their initial parameters
(w.)©) are within a T-neighborhood of @y in the infinity norm, i.e., ||(w.)©® — @/ < T.
In other words, event E, ; G » ensures after initialization, each target parameter @y is suf-
ficiently approximated by a minimum of G sub-networks. We now derive the probability

of E; 5,6,c with the help of its complement E :; 7,6

(i) Consider the case where =G =1 and g=]. The event E ; 11,r occurs when all

initial weight vectors (w;) ©) fori=1,---, J, deviate from @, by more than 7 in the infinity
norm, i.e., || (w;) ¥ —@1||e >T. Given that @; is a fixed vector in [~Rg,Rp]®(HP4), where
®(H,D,d) is defined in (2.3), and the sub-network parameters are initialized indepen-
dently according to U[—Rg,Re|, we have

. - 6(H,D,d) - H(A+1)D
H’[H(wi)( )—d’lHooﬁT} = <2Rw> = <2Rw>

forany i€ {1,---,J}. Thus, we have

, ] D I
P(ES),,) =P [Vz e{lJ}:[[(w) Q= > T] < [1—TH(H+1)D(2R(;,) H<H+1)D] .
(ii) For general 7,G €N, E; 5 6, occurs when each target parameter @y, in the sequence

(@1,-,@;z) is approximated by at least G initial weight vectors from the set { (w;)® }?j]
within a T-neighborhood in the infinity norm. We observe that

G 1
Egger2() ({3 {[G-DFHk-1] - [-1D7+K]} | (@) @, <
j=1k=1
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Thus, it holds that

G 1
EqC,q,G,T - U U {ViG {[(j_l)q_+k_1]]/'"/[(j_l)q_+k]]} : H(wi)(o) _d)kHoo >T}'
j=1k=1
This implies

- R
P(Efy0) SIGP(E5s10) SIG[1-e81410(am,) 17

9,4,G,T

Therefore, we have

J

P(Epq6,:)=1-P(Egzc.) >1- qG[1 LAEFID (o R )= (H+1)D}.

Based on E, G-, we introduce a sequence of random indices ¢ ,,(w) which serve to iden-
tify the ‘well-initialized” parameters: If w € E; ;G 1, let 1, be the index of the u-th sub-
network among g satisfying || (w ) 0) — @]l < T. We also need ry,, # 1y, when k#k’ or
uFu;, f wE Ey gz, wesetry, = (k—1)G+u.

A key subsequent step is to define a set of ‘transition parameters’ that leverage ry ,
and (5_1,- . ,5[7) to establish a connection between v 4 and the target v; . Specifically, we

define wZJ as follows:

wZIT (w?nt’wat) Where w?nt (wq )(O)

For wl;:= (63, -+,07), we set

oF =

1

5 /G ifi=r, fork=1,---,4, u=1,--,G,
0 ifi¢ {r,:k=1,--,4, u=1,---,G}.

Denoting v, ., parameterized by w! 1 as v, we express it as:

.
(@) 0 -5, (02) - (@), 6

ku

with (@) indicating the i-th sub-network @, parameterized by (w;)®). To clarify the

connection between v; and Vg0, We expand the latter as:

V50 (s)= fsk-cp’;.j Z Z -k (s (3.4)
k=1 =lu= 1

where @K represents the k-th sub-network in vs, with weights @;. When the weights
@y and (wrk’u)(o) are close, v; approximates v;e well — a property guaranteed by event

E;,4,6,- The optimization error is then decomposed into two parts through J (07):

eopr =T (V) — T (v4.0) +Esen [T (04)] = T (0]). (3.5)

initialization error iteration error
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As we will see, the two error components exhibit both independence and coupling.
The independence is reflected in the fact that regardless of the initial sub-network weights
(w )© (and consequently, the initialization error), the iteration error can be rendered ar-
bitrarily small through convex optimization techniques, provided that the iteration steps
Titer and over-parameterization index G are sufficiently large. Their coupling manifests
in that controlling both errors at the same prescribed order with high probability neces-
sitates specific conditions on the over-parameterization index J, which in turn constrains

the selection of iteration steps Titer.
Initialization error: As shown in (3.3) and (3.4), we have
* 5k u (0 d _k
vq(s):za(d)zj/ )( )(s ), Vgals Z ZEQD’(‘D(S)

k,u

Denote by ¢;(;w) a function in £, i =1,2. Using Cauchy-Schwartz inequality and
Lemma it holds that

’j( ; —j(vq,w)\
= ‘D‘ Z ’ { 5kf“’£23) —f(Sk)r— [Zé'el(sk}@k)_f(sk)]z‘

2|D| Z (BiR+Ro) [ H le1 (Seiewly)) —ex (S|

ZI?\ID| 2 B,K+Ry)- [Z‘G’ ez kawﬁk?l)—@(Tk""k)”

<2 (]D|+|8D\)(L1+L2)(B1K+B2K+2R0)K-rrk1axH (wr, ) O =@y |-

Since

(@r,)® —ax||, < [AA+1)D] " max | (wy,,) ¥~

ku

we get

T (05) = (0e) < Co- R R max | (0r,) O ...
Therefore, with probability at least

1— qG[l LAFFD (R )~ H(H+1)D]],
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the initialization error in (3.5) is bounded by

~

T (03)—J (03,0) <C4-R*RP 1.
Iteration error: According to Section we have (wiqnt,wzxt)(t) € Xe XY, which means

| (@h) @ <pand [[(wlh)® — (wl,) T <& Also, by

@)@ lleo < (@) @ oot | (o) — (@) e
<[ (wh) @lloo+ (i) = (@] ) V2,

we have ||(w] )| < Rg+E. Thus,
UAGP]:q,p<H/D;Rw+C)-

The following lemma, whose proof is referred to Appendix (C} is useful for bounding the
iteration error.

Lemma 3.1. Let dq,dy €N, and U,V >0. Let X C R4 and Y C R be closed and convex sets.
Consider the function

F(x,y)= ;jiﬁ(x,y) ;. RM"xR2 SRy,
where for each i € [N, F;(x,y) is differentiable and y+— F;(x,y) is convex for all x € R%. Assume
that for any i € [N],
IVyE(xy)|2<V, V(xy)eXxY. (3.6)
Starting from (xo,y0) € X XY, consider the iteration

(xt,yt) :PI‘Oj ny{ (xt—llytﬂ) —A VFit (xt—lzyt—l) } y

where for each time step t € [T, the index i, is randomly sampled from [N] with uniform proba-
bility, and A=T~1. Let y* €Y satisfy

|F(xt,y") —F(x0,y™)| U |ly" |2 [|x: —x0]|2 (3.7)

forall t € [T]. Then, it holds that

min E[F(x;,y:)]—F(x0,y™) <U||y*||2 diam(X)—f—M+V—2 (3.8)
t=0,T ’ = 2 2T’

where the expectation is taken with respect to the random indices iy,---,i.
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Note that ||w?||; <K. If we set p =K, the ’transition parameter wl = (wq( ) w? o)

all — int #Wext
will fall in Xz x Y,. Letting (x;,y:) to be (w ,wl )1, y* to be wl and applying Lemma

B.1} we could d1rectly obtain an estimate for the iteration error in (3.5). However, such
application is valid only when conditions (3.6) and (3.7) are satlsfled

We first obtain an upper bound of Vi ﬁk( mt,wext) to meet . Denote by e;(-;w)
a function in £8, i=1,2. Then, for any k € [ ], we have

HV q Ek( mt' th)“i
:42{\91 e1(Sewi)- [T djen (Skiewy) — F(Sv)]

+10D|-e2(Tisewi)- [ L1y (Tsewy) — $(Te)| }2

M&

{\D[ e1(Si;w;) - [Zyzléjel(sk;wj)—f(sk)]}2

,.
Il
—_

+8i{|aDl -e2(Tiswi)- [2?:1‘5]‘62”5“’1) _¢(Tk)} }2

i=1

<169|DP- sup fler)% (ol sup ller|%+R3)

E]EEbe eleEf“b

+16719DF - sup lleall2- (w3 sup lleal/2+R3)

e Ggsub Ezegzsub
<16-q-K*(|D|*+|0D|?) [B} (K*Bi +R§) + B3 (K*B3 +Rj)]
=C5-q-K2- (R,;,+§)8D,

where we have used the properties outlined in Lemma with R, =Rg+C.

Then, we assure that £(w] ,wl ) satisfies the condition in ( .

\ﬁ( i wl) L (wh” wly)|

< et —f<sk>r—[iére1<sk;wfo>>-f<sk>ri
aD

2

[gé*el i)~ p(10)] [ Lorer (Tow!®) —p(To)

i=1
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By Cauchy—Schwarz inequality and Lemma we further deduce

£ (wih k) - ﬁ(w?r’io),wz;?)}

2’D’ * 2 () (0) 2 12
N Z B1K+Ry)- {Day Z[el Suw;”’)—e1(Spw; )] }
=1
210D N q q 172
e |Z BoK+Ry) {ZW\Z Y [e2(Skiw, —ez(Sk;wa))]z}
k=1 i=1 i=1

q 1/2
gxmumpmu+unm&+&wamemm(Zwﬁtwwﬁ)
i=1

:C6'K'(R¢Z;+€>5D'Hwextuz met _wmt HZ

lla= | lee =L | S -2y s <K
wl |, = P=—= < — | < —=,
57 Ve\ & G VG

according to (3.8), the iteration error in (3.5) is bounded by
Escp [j(UA)] _j(v;)

Since

] : Cs-q-K?-(Rep+E)50
< CorReg (Ro+2) - [l -+ 3 ooy 3+ 0K (Ra D)

2Titer
_CeR(Ra+8)°P-¢ R Cs5-q-R(Ro+§)*P

- VG 2G 2 Titer

G R (Ro )¢ | C5:q- K2+ (Ro+)™

- \@ 2Titer '

Finally, we achieve the following result.

Theorem 3.3. Let T >0, and let G,] € IN with | sufficiently large. Consider the solution

= P}"q,K(I:I,D,Ru—A—C) obtained by the PSGD algorithm after Tiwer steps, under the {q lin-

ear coefficient constraint p =K and step size y = Tltelr If the number of sub-networks is set to
=q-G-], then with probability at least

1— qG |:1 T H(H+1)D (2R ) (H+1)D] ],
the optimization error €qp; in is upper bounded by

C7-K? (Re+¢)°P-¢  C5-q-K?-(Rep+E)®P
\/E 2Titer ’

where ¢ is the projection radius of sub-network weights, while Cy4, Cs, and Cy are universal con-
stants depending only on D, H, D, d, and R,.

gopt §C4‘K2'R?DD'T+
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3.4 Statistical error

We define the statistical error as
esta:= sup |J (v) =T (0)].
vePF
Our goal is to bound &4, with high probability, for which we first analyze its expectation
E[estq). The following lemma is direct.

Lemma 3.2. The expected statistical error decomposes as:

Elewa) =Eq, 1y L;i%’if | (00) ~ T (24.0)]

2

2
< Z:]E{Sk,Tk}i\’:l sup \Ji(?}q,w) - sji(vq,w) ‘ = Z]E[stm] ’
i=1 Uq,wepf i=1

where Jp quantifies the PDE residual over D:

J1(v4,0) = DI Es s (p)

d d
ij=1 i=1

2
+1(5)04(5)~(5)|
J» measures the boundary condition mismatch:

(V) = [P [Er. o) [04,0 (T) — $(T)],

and their discrete counterparts J; are denote by:

. "D| N d d
\71 (Uq,w) - N Z |:_ Z Kij(sk)asias]-vq,w(sk)+ZVi(Sk)asivq,w(Sk)
k

—1L ij=1 i=1

2
(50 (50~ (50
N
Fog0) =221y oo (T0) (T2
k=1

To control each E[¢, ], we use Rademacher complexity as our main analytical tool.

Definition 3.1. For a function class F and a random sample {Z;}Y ,, we characterize
two variants of Rademacher complexity:

1Y _ 1
RN(F)=Ez, y3n ?‘Q}iﬁ,{;""ﬂzk) » RN(F)=E pan [?EEN‘;;WM(Z]{)

where {1}, are i.i.d. Rademacher random variables.
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Our analysis relies on standard tools from statistical learning theory, such as Tala-
grand’s contraction inequality (see, e.g., [40]). The following lemma connects E[¢., ] to
the Rademacher complexity of specific function classes derived from our model P.F.

Lemma 3.3. Let PF=PF,x(H,D,R). Recall the auxiliary function classes defined in Section
Then, it holds that

Elel,,] <16|D|d*RoK?DH?P2R2P . R\ ('),

E[e2,,] <2[0D|[K(H+1)Rew+2Ro| K- Ry (E5™).
Proof. Note that £] and & are exactly the function classes corresponding to the squared

loss terms in [J; and J>. Using standard symmetrization arguments (see, e.g., [48], Chap-
ter 4), we conclude that

Eles) <2|D[-Ru(€1) and  E[ed,] <2[0D|- Ry(&3).

The core of the proof is to relate Ry (E/) to the complexity of the much simpler sub-
network class £5'°. We show the derivation for the first term.

Step 1: From squared loss to linear loss. Let ¢(;;w) € & and &(+;w) =¢(;w)? € &]. The
function ®(x) = x? is Lipschitz on the range of e. Specifically, for any two functions
e1,62 € €1, we have |e? —e3| =|e; +ea||e1 —ez|. The term |e; +e;| can be bounded using the
properties of the function class PF and Lemma This leads to a Lipschitz constant
for ®, which by Talagrand’s contraction inequality (see [40], Lemma 5.7) yields:

Rn(&]) <8d*RoDKR2PH?P=2. R\ ().
A similar bound holds for the boundary term:
RN(E5) <2[K(H+1)R+Ro]-Rn(&2)-
Step 2: From the full network class to the sub-network class. Finally, we relate Rn(&;)

to Ry(E5P). A function e € & has the form e(s) = Z?:léje*(s;wj)—f(s), where e, €

515“b and ), 6;| <K. By the definition of Rademacher complexity and properties of the
supremum, we get:

RN(&1)=Es, 40 [Supifkiﬂk ( ;5]‘@* (Skw;) —f(Sk)>]

q

Wa ]
q 1 N
<Eisny [SUPD(%I : ’ N Zﬁke*(sk;w]-) ‘]
‘UZ]] j=1 k=1

1 N D sul
SK']E{sk,qk}[ sup Nkzlﬂke*(sk)” =K-Rn(E™).

ey 6515“1’

Similarly, Ry (&2) < K-Rn(E5'P). Combining the results from both steps yields the state-
ment of the lemma. O
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Remark 3.1. This conclusion reveals an important fact: the Rademacher complexity of
the full loss function class is controlled by K and the complexity of the elementary sub-
network class £8P, This suggests that the network’s overall complexity may not be af-
fected by the number of sub-networks g, aiding us in managing the statistical error within
the over-parameterized setting, where q can grow arbitrarily large.

Then, we introduce the definition of “covering number” and Proposition[3.1} known as
Dudley’s entropy integral theorem (see [15]), which provides an effective tool to control
R (&), i=1,2.

Definition 3.2. An e-cover of a set T in a metric space (S,7) is a subset T, C S such that for
each t € T, there exists a t, € T, such that 7(t,t.) <e. The e-covering number of T, denoted
as C(e,T,7) is defined to be the minimum cardinality among all e-cover of T with respect
to the metric 7.

Proposition 3.1. For any function class F mapping from D to R that contains the zero
function and ||u||;~(py < B for all u € F, it holds that

Rn(F)< inf (45+/ VlogC(e, 7| ||L°°)d€>

Based on above results, we present the following lemma, providing an upper bound
for each R (E5%),i=1,2 in terms of the covering number of £5U°.

Lemma 3.4. Fori=1,2, we have
RN (EMP) <C(H,D,d,Rg)R*P.N~1/2., /log(R,HDN).

Proof. Using Proposition[3.1} for i=1,2,

RN(EMP) < inf [4(5—}—/ \/logC €,EM, ||| 1) de}

0<6<B;

Applying Lemma 5.6 in [27], we have
C(e, &, | ll=) <C (L |- [12)-

By Lemma 5.5 in [27], it further holds that

H+1
2R, H 1 -L;
CleL; L0, || [l2) < | SV T

The above B; and L; denote the boundedness and smoothness indices of El-s“b with re-
spect to model parameters (see Lemma for details). For instance, to upper bound
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7_21\;(515“]’), we substitute B; and L from Lemma and obtain

B
Ru(er®) <, int [a5+ 7% [ flogCle, e, -1-)e]

T 0<6<B; VN Js
< inf [45+12H\/5 .BlN*”?logl/Z(44d2D3R0H3D+2R3UD5*1)} :
<o<Dq

Choosing 6 = N-Y2<B,/2, we have
RN (E) <36RoH*Pd*D?(3D+2)-R2P.N~1/2., /log(R,HDN).

Likewise, R n(€5%) is bounded similarly to Ry (£51P). O

Leveraging all preceding analyses, we can ultimately establish probabilistic bounds
on &g, with high confidence:

Theorem 3.4. Let PF=PF,x(H,D,Ry,). For 0<{ <1, with probability at least 1—, it holds
that

Estg = SUp ‘j(vq,w) —j(vq,w)‘
Vg,wEPF

< Cs K*REPN V2 ( log(RwHDN) +1/log 1),

where Cg is a universal constant which only depends on D,H,D,d and R.

Proof. By Lemma[3.2land Lemma [3.3) we have that
E[esta] <16|D|d*RoK*DR2P H?P=2. R\ (E5'0) +2|9D|[K(H +1) Ry +2R0o] K- Ry (E5F).
By Lemma fori=1,2,
RN (EMP) <C(H,D,d,R)R*P.N-1/2., /log(R,HDN),

then we can get

E|esta] <Co(D,Ro,d,H,D)-K*R:PN-1/2, /log(R,HDN). (3.9)

Now we define

(P(Slz"‘;SN/le"'/TN):: sup ‘j(vq,w)_j(vq,w”:gstu-
Vg,wEPF

Further, we expand J (v, ) as follows

T (V4,0) = |D|Esyy(p) [8(S;w!y) ] + 0D Eryyop) [6(T; )],
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where &(-;w) and é(-;w) denote a function in & and &}, respectively. Also, we expand
J (v4,0) as follows

D]

~ |0D| N
I (0g0) = W (Sk?“’all +TZ &(T;w all

1 MZ

We then examine the difference of ¢(Sq,--+,5N,T1,-++,TN):

|¢(SllISllITN)_¢(51//S;IITN)|

D ~ ~
§|N| sup ‘ (Si?“’gu)_e(sf;“’Zu)‘

wl €O
’D| d 2 d !/ !/ 2
=5 sup || Yoden(Spw) —f(8)] = | Yodje-(Shwy) —£(SD)]
wy €07 7j=1 j=1

<32|D|N"1@*R3K*D*H*PRID,

where e (+;w) denotes a function in £§%?, and we have used the boundedness properties
outlined in Lemma Similarly, we have

[@(S1,-+, Ty TN) = (S, T}, -, Tn)| <8|9D|N ' RGK* (H+1)?R5,.
Then, by McDiarmid’s inequality (see [37]), we have
Esta S E[Sstu] +e€

< Co(D,Rg,d,H,D)-K>RIPN~1/2, [log(R,HDN) +€

with probability as least

1—2ex {— Ne? }
P\ Crod*(|oD* + |DJ2)REHBD—BREDKIRADS |

This implies that with probability at least 1, it holds that

ésta < Cs(D,Ro,d,H,D) - K*REPN /(1 /log(RwHDN) +1/log{ 1

This completes the proof. O

Remark 3.2. Theorem 3.4 provides a statistical error analysis for general P F classes with
a notable property: the error bound remains independent of the sub-network count 4.
This feature proves valuable in over-parameterized settings where g may grow arbitrar-
ily large. Since Theorem (3.3|establishes that v 4 € PF q,K(H, D,R4+¢), combining these
results yields more refined bounds on E,.
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3.5 Main result

After analyzing the approximation, optimization, and statistical errors individually, we
present our main theorem, which combines these components to establish the total error
bound for PINNS in solving (2.I). This result addresses the question of how to determine
the appropriate number of training samples, key architectural parameters of the neural
networks, step size for the projected stochastic gradient descent optimization, and the
required number of iterations to ensure that the gradient descent process closely approx-
imates the true solution of to a specified precision.

Theorem 3.5. To solve the elliptic PDE using PINNs, we employ the PF architecture
from Section 2.2|which consists of q sub-networks, each with width H and depth D. Sub-network
parameters are initialized uniformly on [— B, B] via (2.5)). We optimize using the PSGD algorithm
from Section 2.3 with projection radii & and p defined in and (2.7). Let the Monte Carlo
sample size in be N. Let v 4 be the solution of the PSGD algorithm with iteration steps Titer
and step size 7y. For any 0 <e <1, set

g= ”C_efél(l,d,gOrm)w . H=2Mlgd+m-11+1  p_ [log,(d+m—1)]+2,

2d4-2m

d
B:C.e_m—Zz—Z, g:e’_g, p:C.e_zn—21—2,

Titer — C . eiCZ(l/erO/m) , r), — C . eCZ(l/dxg[)/m) N — ’(C . 6763(l/dr§0/m)~| 3

7

Suppose that v, € C™(D) for m >3 is the target solution of Eq. (2.1)). Then, with probability at
least 1—2-e%3(:450m)  the total error

where

¢>0, c¢o=max{g, (2d+2m)(m—21—2)"1},
_ C'-(d+m)3log*(d+m—1)

Ci(r,d,go,m) P Y +1960log, (d+m—1)+60go,
- C"-(d+m)3log*(d+m—1
Ca(t,d,go,m) = ( m)—Ztg—(2 ) +27¢olog, (d+m—1)+84go,

- 4d
Cs(,d,60,m) =8golog, (d+m—1)+ 55 +24¢0+2.

2

Meanwhile, C denotes a universal constant which is defined place by place and only depends on
D,H,D,d,Ry and m; C" and C" are positive constants; 0 <1 <1 is an arbitrarily small positive
number.
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Proof. Reviewing the error decomposition in Theorem we have
Escp [HUA_U* H%{UZ(D)]

gC(D,d,RO){ sup |7 (0) = (0) |+ Esen [T (0.4)] —f(5)+||z7—v*H?:z(@)}-

veEPF ——

Eopt Eapp
Esta

We can divide the proof of the theorem into the following three steps:

Step 1: According to Theorem we know that for any € > 0, there exists a neural
network v o € Pfq,K(H,D,Ra—,), with

= [Cl-e’ﬁ} , K:Cz-e*ﬁ, H =2Mlogp(d+m-1)]+1

_ 2d+42m

D=[logy(d+m—1)]+2, Ro=Cye 2%,

such that the approximation error ¢, < Ce2 < Ce.
Step 2: By Theorem 3.4] with probability at least 1—(, the statistical error satisfies
esta < Cs K (R +€)'"N"12 - {log'?[(Ro+£) HDN] +log' (¢ ™) }.

Setting
N — |VC . 6_63(l'd1901m)—‘ , g — C . €C3(t,d,g0,m)

with
co=max{g, (2d+2m)(m—2:-2)"1},

- 44
Cs :8g010g2(d+m—1)—I—ﬁ—l-%go—l-z,

m—2
it follows that, with probability at least 1—{, 5, < Celog!/?(Ce 1) = (e).

Step 3: In order to bound the optimization error e,,; < Ce with probability at least 1,
we need to determine parameters G, ], T, Titer, 0 such that the following inequalities hold

IR i)
1—qG[1—TH<H+1>D(2R(;,)*H<H+1>D} >1-¢, (3.10)
_ 2 _ 5D 2 _ 8D
C4K2RE(}]DT+C7K (Ro+6)*"¢ | C5qK*(Ra+¢) <Ce. (3.11)
\/é 2Titer

To ensure the first and third terms in (3.11)) are bounded by Ce, we require

10(d+m)logy (d+m—1)423d+20m
T S C-e 2m—21—2 +1

4

G > (C_eflologz(d+m71)§0732gof#‘i_272-‘ )
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Since 1—x <exp(—x), and exp(—x) < x~2 for x>0, we could solve for | as follows:

_ —H(H+1)D B loa2 (dtm
> E T =]> (Ce——co(d+ ,),,,12%,(2“ D —9golog2(d+m—1)—28go‘|
—\ ¢ \2Rs - ’

where Cj is a positive constant. Then, g=7-G-J>[C -efcl("d'go'mﬂ . Finally, we turn to the
second term of (3.11). To ensure that

Cs-q-K?(Rg+¢)*P

<
2 Titer - Ce’
we require
Titer > (C'(—:*CZ(‘/szo,m)} )
By Theorem v= Tit’elr. Thus, we complete the proof. O

Remark 3.3. The projection radii in our method, ¢ and p, diverge with the target accuracy
€, permitting significant parameter updates during optimization.This behavior is distinct
from both the minimal parameter changes inherent to NTK theory [24] and the static,
frozen inner-layer parameters of random feature models [10].

Remark 3.4. Our convergence analysis relies on a sufficiently large number of subnet-
works, g (over-parameterization), to guarantee that with high probability, a randomly
initialized subnetwork is close enough to the target function for optimization to succeed.
This leads to a theoretical requirement where g scales polynomially with the inverse ac-
curacy, € L. It is crucial to recognize this as a ‘worst-case’ sufficiency condition that may
be looser than what is needed in practice. In line with the broader deep learning litera-
ture, practitioners should view this bound as a foundational guideline for model scaling,
not a strict prescription. A dedicated empirical study of this scaling relationship remains
a valuable direction for our future research.

4 Conclusion

In this paper, we provide the first complete error analysis for PINNs that includes the
approximation error, statistical error, and optimization error in the scenario of over-
parameterization. Our analysis is based on the PSGD algorithm and does not require
constraining the neural network weights near their initial values during the optimization
process. This marks a milestone in the field of theoretical understanding of solving PDEs
via PINNS.
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A Some properties of the neural networks

Lemmas establish several properties of 7(H,D,R,,) and & be defined in Section
Lemmas|A.1land[A.2]can be found in [27], and the proof of LemmalA.3]is provided in
Appendix Bl Below, we always assume that w and @ are two arbitrary parameter vectors
satisfying

w,@€0=[—Ry,R,|®HPA R, >1.

Lemma A.1. For any &, € F(H,D,R,) and s € D, we have |®,(s)| < (H+1)R,,. Moreover,
for any @, Pg € F(H,D,Ry,) and s€D,

|®(s)—Pa(s)| <2HPVD-RY|w—a |,
Lemma A.2. For any @, € F(H,D,R) and s € D, we have
|05, P (s)| <HP'RE.
Moreover, for any &, Py € F(H,D,Ry,) and s€D, x €[d|,
105, Do (5) =05, Do (5)| <4H?P ' D2 R2P || w— @
Lemma A.3. For any @, € F(H,D,R,) and s € D, we have
195,055 Po (s)| < DH?P?RZP.
Moreover, for any @, Py € F(H,D,Ry,) and s€D, a,p € [d],
105,055 Peo (5) — 95,05, P (s)| <18H*P T DY2.RP || w — @ |-
As a direct result of Lemmas to we have

Lemma A4. Let ¢;(;w),ei(@) € SZ-SUb fori=1,2. Then for all s € D, they satisfy both bound-
edness and Lipschitz conditions with respect to parameters:

lei(s;w)| <Bi, |ei(s;w)—ei(s;@)| < Li||w—@

2/
where the constants are given by:

By =3d*RoDH?P~2.R?P, By=(H+1) Ry,

Ly =22d*RoD*?H*P+1.R3P, [,=2HPVD-RD.
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B Proof of Lemma

Note that the activation function ¢ = tanh, which is 1-Lipschitz and has a 1-Lipschitz
continuous gradient. For /=1,2,---,D,

Hyq

q)[é <Zw£ 1}q)[£ 1]+ [z 1])
j=1

By Lemma we have
Hy 4
(4] [¢-1] [e-1] (1] g=1] | [¢—1] (—1 70
0,0l =| Y vl V, 0! U(Zwij oMt >'<H R
j=1 j=1
Then, it holds that
95,0 q)[z‘ i =15 5. @lt-1, H{’lw[zfl]q)[efluc[uu
SaUSp Sasp | . ij i i
j=1 j=1
= Uy gl e =115 le=1] o = 1] =11, Jle=1]
T w9, ,Zwif 5P Yowy B
j=1 j=1 j=1
Hy_ 1 Hy 4 f 1
<Re Y 95,95,® { Zasp }
=1
Hy
—R Z as“ R2€H2€ 2

<. < R€+1H€ 1+R€+2H€+ . +R2€71H2573+R2€H2572
= w w w
< ZRZKHZE 2
Note that Hy=d, Hp =1. For /=1, we have
105,95, @1 95,05, B |

’w[o]w o <Zw s]+c ) [O] ”(Zw si+ >’
(Zwv SJ+C[O]) ‘
<Zw s]+c[0]>‘
=1
Hp
U”(Z;wl[?}sj—kcl[o}) <Zw” s]+c[0]>‘
]:

< Jawy, — vy, || ig ||

o

+ [y i [y ||

+|a) @
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[0] m}Rwﬂw[O] "fg]\R

(Zw” s]—l—c[o]) <Zw[o]s]+~[0)

ny
g(sz+2R§U)Z\wk— G

<|w;, —

R,

k=1
where we use {wy };L, to denote all the parameters wl[?] 0] . For 2</ <D, it holds that
105,95, @.'1 85,95, B |
EET 1) s R et o)
Z w asaasﬁcpj < X; w;; qu +c; >
]:
“44—1}8 5. Gl Hf‘1~[E—1]q>[z—1] [e 1]
o ij 905 0 Z ij i
j=1 j=1
R 1y @l EE T 5. @l e =111, [e=1]
T [ Wi 95, D) sz 95, P, } ngj ;o ta
j= j=
N1, gl 0 ST i1 (N -1 gl e
_['1 9, ® Hzl 9, @ o’ <21 ® e >‘
j= j= j=

For the first term, we have

H,
[/ 1]850685/5@][5 1] /(tlwe 1<I>V 1]+C[/ 1])
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where in the final step above, we apply the natural extension of Lemma [A.1]to the inter-
mediate layer, and we use {wy }, i todenote all the parameters from the first /—1 layers.
Similarly,

= -1l (=15 @lt=11] o = [=1) ple=1] 1]
[Zwij 95, P sz 5P } ]Z%wzj i T
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then, it holds that
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And by Y2, |wy—a@| < /H(H+1)D
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C Proof of Lemma

Note that y* €Y. For any i € [N], by convexity of y+— F;(x:,y), and (3.6), we have

E,  (xt,y1) —F,  (x0,y") <(VyF,., (xe.y:),y:—y")

1
2/\ <)\V Flt+1(xt/yf)/yf_y*>
1 |2 * (|2 2
=L lwe=AVE L o) = [+ =y B+ AV (o)
1 . .
<5yl llyen—y 13+ lye—y*I3+A*V?], Vt=0,---,T—1.

Taking conditional expectation E[-|iy,---,i;] on both sides, we get

F(xt,yt) —F(x1,y") {Hyt v E—E[llyr1—y*l5|ir, - ir] +A*V?}.
By further taking the full expectation, we obtain

B [F(eoy)] ~E[Fay)) < o (B [lye—y° 18—y —y7 3] +22v2).

Since A T =1, this implies

72{115[ (xt,91)] —E[E(x; ]}<H!/0—2!/||2+2T

Using above results, we have

t=0,---
1 ly* —yoll?
<= )] 4 1Y Y0l
—TEIE[F(’CW )] 5 +2T
1= ly* —yoll3
<F(xoy*)+= Y E[|[F(xey") —F(xoy")|] + "2 +*
T & 2 2T
Finally, by (3.7) we get

min E[F(,y0)] <Foy")+ Uy adiam(x) ¢ 12002 72

D Proof of Theorem

The proof follows the constructive approach detailed in Theorem 3.2 of [28]]. We establish
an approximation bound in the C?(D) norm for a target function v, € C"(D).
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Step 1: Preliminary Lemmas.

We first state two preliminary lemmas that are essential for the error analysis in the W2
space. The first lemma establishes that shallow neural networks can approximate basic
monomials in the W2® norm, see Proposition 4.7 in [18].

Lemma D.1. Let M >0, and let o(x) = tanh(x). Suppose xo € R is a point such that
o (xg) #0 for r € {1,2,3}. For any € € (0,1), there exist ®,, € F(1,2,C;(M)e") and
Dy, € F(2,2,Co(M)e™ 1) such that

%= Pay () oo (—pay € and [|x% = Pe, (%) [lwes (—pa, vy <€
The second lemma provides necessary calculus rules for functions in the W2 space.

Lemma D.2. Let dy,d, €N, and let D; CR%, Dy CIR% be open, bounded, and convex domains.
Then there exists C; = C(dy,d2) >0 and C, =C(dy) >0 such that:

1. (Chain rule). Let f € W2 (Dy;R%) and g € W2 (D,) be Lipschitz functions with
range(f) C Dy. Then go f € W**(Dy), and

Igo Fllwass(py) < Crmax{ gl wres oy L Fllwem o,y 18I wes o) LIy ey -
(D.1)

2. (Product rule). Let u,o € W>*(D;). Then uv € W»*(Dy), and
[uv|lwae(py) < Callttllwaee () 10l waes (py) - (D.2)
Proof of the Chain Rule. Let h(x) = g(f(x)). The zeroth-order term is bounded by

|1l (py) < I8z (p,)- The first-order derivatives, given by dy,h=3;((dy,8)of)-(9x,f;),
are bounded by Ha hHLoo <da|gllwre(p,) | fllwr(p,)- Further, we have

axkaxih:jdg; [(ldzzl(aylang)of'axkfl> a f] ] +Z{ Yj 8 of) (axkaxif]'):| ’

which leads to

[0x0x; | == S;”ay;angffLw(D2) 19, f1ll oo () 19, £ | Lo ()
1
+Z||a]/jg||L°°(Dz) 10x,9%, fjll L= (D))

<d2||g|!wzw @) | F iy (py) + 218 lwim () L fllwzes () -

Note that the bound for the second derivative dominates the lower-order terms. This
proves the chain rule equation
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Proof of the Product Rule. Let h(x) =u(x)v(x). Directly, we have
1] < [ull=l[ol[L= < |[ullwze D)) [0l w2e(py) -
For the first-order derivatives, 9;i1 = (9;u)v+u(9;v), it holds that
19if]| = < (|91 = ([0 Lo+ |[1tl] = 950 | = <2 el [ ywzco iy 0l w2eo iy -
For the second-order derivatives, 0;0;h = (9;0;u)v+(d;u)(9;v)+(9;u)(9;v)+u(9;0;v).
Then, we have
10j0ih]| L < (|90 | L [[0]| o 4+ -+ ||l [ o [| 0070 | L < 4[|z (py) [0l w2ee ) -
Since [|uv||y2e(p,) = MaX|jy||, <2 [|0* (40) || =, taking the maximum over all derivative or-
ders allows us to choose C; =4 to satisfy the inequality equation (D.2).
Step 2: Local Polynomial Approximation.

We first approximate the target function v, with a function vy composed of localized
polynomials, in direct analogy to Proposition 4.1 of [18]. The function vy has the form:

— S
ON = Z Z Cv*,m,a‘me ’
me {0, N} |lafy <m—1

where the functions ¥;, constitute an tanh-related exponential partition of unity as spec-
ified in Lemma 1 of [28]. Also, we have

[0 = onllwe(p) < Cllos onp) - N~ 272
for a sufficiently large N and s = N', where ¢ > 0 is an arbitrarily small constant. The
coefficients are bounded by [co, ma| < Cl[v]|cm(p).-

Step 3: Neural Network Approximation of Localized Polynomials.

With the help of Lemmas and the construction of sub-networks to approximate
Y9, (x)x* and its error analysis can be established directly following the methodology
of Lemmas 4-6 in [28]. While the network architecture remains unchanged, the error
analysis must be adapted to the W2® norm, which introduces a factor (sN)? in the error
bound attributable to the second-order derivative terms. This result is formalized in the
following lemma:

Lemma D.3. Let d,N,s>1, m>2. For any 0<enn <€*, where €* >0 is sufficiently small, there
exists a neural network ®1%* € F(H,D,R,,) with architecture parameters

H=2llegd+ll)1+1 D= og, (d+||a|[1)]+2, Re=max{3Ns,(3d+3/2)s,C(d)ex},
such that for some constant C(m,d) >0,
[ x* =D (%) || waeo(py < C(m,d) (sN)?enn,

forallme {0,---,N} and w € N with ||| <m—1.
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Following Theorem 6 of [28], we construct the final parallel network by combining
these sub-networks with their corresponding coefficients c,, ., as shown blow:

Lemma D.4. For any 0 <enn < €*, where €* > 0 is sufficiently small, there exists a parallel
neural network vz € PF; g (H,D,Re) with parameters

g=Ci(m,d)(N+1)!, R=Cy(m,d)(N+1)4, H=2Mog(dtm=1l+1
D=log,(d+m—1)]+2, Rg=max{3Ns,(3d+3/2)s,C(d)exx},

such that
lon —0gallwes (o) < Clmd) (N+1)(sN)enn.

Step 4: Final Error Bound.

To achieve a total approximation error |0, —vge/c2(p) <€, we first have
[0+ —v5.0llc2(p) < [0 —ON l[waes (p) +[oN — V7.0 [ w2 (D) -

Then, from Step 1, to ensure ||v. —vn||w2(p) <€/2, we choose N such that N—(m=2-21) —
O(e). This gives:

N:O(e’ﬁ) and s:N‘:O<e’m>.

From Step 2, to ensure ||[vn —0g.e||w2~(p) < €/2, we need to choose the sub-network ac-
curacy ey such that C(m,d)(N+1)4(sN)2enn < €/2, which yields:

€ d+24+2
= _— = 1+ —2—2]
ENN O(Ssz+2> 0(6 m l).

These choices directly determine the complexity of the resulting parallel network v 5, as
summarized in the following result which is exactly Theorem [3.2|in the main text:

Theorem D.1. Given any v, € C"(D) with m >3, for some small €* >0 and any 0 < € < €*,
there exists vgo € PF;g(H,D,Rg) with

g= |7C1-€_ mJZisz—I, K:Cz.e_ m—gtfll szﬂogz(der—lﬂ-&-l,

2d+2m

D=[log,(d+m—1)]+2, Re=Cs-e na2,

such that
[vg0 —vsllc2(py <€,

where 0 <1< 1; Constants Cy, Cy, and C3 depend exclusively on d and m.
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