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Abstract. Full-waveform inversion (FWI) is an effective method for obtaining high-
resolution images of subsurface structures. Conventional full-waveform inversion,
which uses the least-square norm L, to measure the mismatch between observed and
synthetic seismograms, frequently suffers from cycle-skipping and local minimum
problems. Derived from optimal transport theory, the Wasserstein metric has been
proposed to mitigate cycle-skipping issue. However, due to the requirement for mass
conservation, the classical quadratic Wasserstein metric is not ideally suited for FWI
applications. In this study, we introduce two unbalanced optimal transport (UOT) dis-
tances for use in FWI: the regularized UOT and the unbalanced Sinkhorn divergence.
An entropy regularization approach and a truncation approximation are employed to
guarantee the efficiency of calculating distances and gradients. These unbalanced opti-
mal transport distances preserve the desirable properties of the quadratic Wasserstein
metric, particularly its convexity and insensitivity to noise, while overcoming issues
related to mass conservation. We compare the unbalanced optimal transport distances
with the L, distance and the classical quadratic Wasserstein metric using the Camem-
bert model and the crustal root model. Our numerical experiments demonstrate the
superiority of the unbalanced optimal transport distances over traditional methods.

AMS subject classifications: 65K10, 86-08, 86A15, 86A22
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1 Introduction

Full-waveform inversion (FWI), first proposed by Lailly [21] and Tarantola [41], is a data
fitting procedure to obtain high-resolution information of subsurface structure. Different
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from ray-based methods [1], FWI estimates subsurface properties by solving the wave
equations, thus it can acquire comprehensive information of seismic waves. It is now
widely used in seismic tomography [3,24,32,44,47,51].

Mathematically, FWI is a nonlinear optimization problem constrained with partial
differential equations. The model is iteratively updated by minimizing the misfit func-
tion of synthetic data and observed data. Because of the high-dimensionality of model
space, FWI is typically solved using gradient-based optimization methods in practice.
The gradient of the misfit function is updated using the adjoint-state method [34,42]. In
conventional FWI, the least-square objective function L, is used for measuring the data
misfit [5, 14, 40, 44, 47]. However, the inverse problem is ill-posed and the L, norm is
only a point-by-point measurement of the amplitude difference. When the initial model
is far from the true model, i.e., the travel time error between synthetic and observed data
is more than a half period, an incorrect velocity model will be generated [31]. In other
words, the optimization falls into a local minimum. This phenomenon is called cycle-
skipping [15, 44], resulting in not to converge to the global minimum. Therefore, FWI
employing the L, distance requires an accurate enough initial model, which is generally
impossible in actual situations.

In the last decades, several approaches have been developed to modify the misfit
function to overcome the defect of the L, distance. Luo and Schuster [27] first proposed
to use the cross-correlation function of synthesis and observations to estimate the trav-
eltime residual as the misfit function. This method is more robust and widely utilized
in finite-frequency tomography [42]. However, the cross-correlation measurement re-
quires that the signals have approximately the same shape. To address this issue, a
misfit function based on deconvolution has been developed [26,46]. In this approach,
the traveltime misfit is computed by deconvolving the synthetic data with the observed
data, rather than relying on cross-correlation. Another strategy is the envelope mis-
fit [25,50], which measures the instantaneous phase and amplitude envelope using the
Hilbert transform. More recently, Dong and Yang [8] have redefined the traditional L,
norm by incorporating a time shift determined by cross-correlation within the synthetic
waveform, resulting in phase-sensitive full-waveform tomography. These strategies aim
to improve the posedness of the FWI problem by constructing more convex misfit func-
tions. However, these misfit functions essentially measure the L, distance between pre-
processed data. Although these methods relax in some manner the dependency on the
accuracy of the initial model, cycle-skipping may still occur [28]. Recently, Engquist and
Froese [11] first applied optimal transport (OT) mapping to seismic tomography. The
Wasserstein metric, derived from OT [43], is defined as the misfit function for FWI. The
optimal transport problem was proposed by Monge in 1781, in order to search for the
optimal way of transporting sand. Kantorovitch [16] relaxes the original nonlinear prob-
lem into a linear optimization problem with convex constraints. The objective function
of the problem is known as the Wasserstein metric. Because OT-based techniques can
incorporate differences in spatial information, OT-based measures have recently gained
widespread use in various applications, including image retrieval [23], signal and image
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representation [18, 19], inverse problems [11,37], and machine learning [10,18,39]. The
Wasserstein metric exhibits inherent convexity with respect to time-shift and dilation,
and it is insensitive to noise [12]. Therefore, OT-based distances become appealing in
FWI [9,29-31,36,47,48].

Three primary categories of OT-based distances are applied to FWL. The first category
is balanced OT [11], i.e., the classical quadratic Wasserstein metric. This method is the
most commonly utilized due to the closed-form solution for one-dimensional OT. How-
ever, the balanced OT-based distances can only be applied to probability measures, which
indicates that the predicted and observed data should be positive and have the same
mass equal to one. Consequently, a nonlinear transform and a normalization should be
applied to convert raw seismic data to a probability distribution. In this context, several
encoding methods are discussed, including linear [48], quadratic [4], exponential trans-
forms [35], softplus encoding [13,36], and splitting the signals into a positive and a nega-
tive part [11]. The conversion may disrupt the convexity with respect to large time-shift
and alter the phase and amplitude information. The other two categories are proposed
to avoid signal transformation and normalization. The first of these two techniques is the
Kantorovich-Rubinstein (KR) metric [31,49], which is derived from the dual formulation
of the optimal transport problem with the L; cost function. The KR metric is defined for
signed measures, allowing its direct use in FWI. Métivier et al. [31] proposed a simulta-
neous direction method of multipliers iterative algorithm to compute the KR metric in a
multi-dimensional case. Thus, the KR metric can compare the seismic data source gather
by source gather, which can enhance the convexity of the FWI, rather than trace by trace.
The main drawback of the KR metric approach is the lack of guarantee on the convexity
with respect to large time-shift. Graph-space OT [28,30] is another category. The discrete
graphs of the data are compared instead of the raw data itself. Each one-dimensional
time signal is transformed as a point cloud in a two-dimensional time-amplitude space,
ensuring that the compared data is a probability measure. This transformation preserves
the phase and amplitude information of the data, and the resultant misfit function ex-
hibits promising convexity with respect to time-shift. Nevertheless, this method extends
the dimensionality and significantly raises the computational cost.

To overcome the mass balance limitation of the classical quadratic Wasserstein metric,
Benamou [2] proposed an unbalanced optimal transport (UOT) problem. Chizat et al. [6]
designed an efficient numerical solution for it. The data compared using the UOT-based
distances do not need to adhere to mass conservation. Furthermore, the UOT-based dis-
tances retain convexity with respect to time-shift and insensitivity to noise. In this study,
we introduce two UOT-based metrics to FWI. Entropy regularization promises the com-
putational efficiency of the regularized UOT distance. Nonetheless, the solution to the
entropy UOT problem is only an approximation of the true solution, and the regularized
UOT distance is typically non-zero for two identical signals. This could result in a slow
or even impossible inversion in certain unique cases where the relative error decreases
by a small amount. Accordingly, we consider an unbalanced Sinkhorn divergence [7,38],
which is essentially a modification of the regularized UOT metric. While its minimum is
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zero, the unbalanced Sinkhorn divergence inherits the convexity and smoothness of the
regularized UOT distance. Therefore, we also employ the unbalanced Sinkhorn diver-
gence in FWL

In this study, we firstly recall the basic concept of FWI and the OT theory. Then, we
introduce the regularized UOT distance and the unbalanced Sinkhorn divergence. The
distances and their gradients are evaluated under the entropy regularization method. To
decrease the computational costs, we create a truncation approximation method. Sub-
sequently, we use the Camembert model and the crustal root model to demonstrate the
benefits of the UOT-based metrics. Finally, we discuss the differences between the OT
and UOT in terms of mass transport, as well as the parameter choices for the UOT-based
metrics.

2 Method

2.1 Formulation of full-waveform inversion

The goal of FWTis to minimize the misfit function of synthetic seismograms and observed
data so that we can reconstruct the subsurface geologic structures. The FWI problem can
be written as [14]

min J (m) =D (dca (m),dops), (2.1)

meM

where m denotes the model parameters, such as density and velocity. d.; and d,;s are
the synthetic data and observed data, respectively. The function D is the misfit function
that measures the difference between d.;; and d,;;. The optimization problem (2.1) is
constraint by

L(m)u=s, d.;(m)=Ru(m), (2.2)

where L(m) is a wave propagation operator, s is the source term, and u(m) is the solution
to the wave equation. The extraction operator R maps the incident wavefield u(m) to the
receiver locations.

The gradient of an objective functional with respect to the model parameters is cru-
cial for updating the model. However, computing the gradient of 7 (m) by definition is
computationally expensive and is practically impossible for the large number of model
parameters. This is where the adjoint-state method comes into play [34,42]. The gradient
can be given by

Vj(m):<§1iu,v>, (2.3)
where v is the solution of the adjoint equation
LY(m)v=s". (2.4)
The adjoint source s' satisfies
st— _Rt ( aadil ) . (2.5)
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Through the above formulation, one observes that only the adjoint wavefield v depends
on the specific form of the misfit function 7. Furthermore, when the misfit function is
altered, only the adjoint source s' needs to be modified in the framework of the FWL.

In the conventional FWI with L, misfit function, we can obtain its adjoint source

"= —R"(deqr —dops)- (2.6)
Once the gradient V 7 is determined, Eq. (2.1) can be solved by gradient-based optimiza-
tion methods.

2.2 OT theory

The optimal transport problem seeks the minimum cost of rearranging one distribution
into the other. For two probability distribution functions f and g, the OT problem can be
formulated as [43]

Tiél/f/l Qc(x,T(x))f(x)dx, (2.7)

where M indicates all maps that rearrange f into g, and c¢(x,T(x)) denotes the cost of
transporting one unit mass from x to T(x). The solution of Eq. (2.7) is called optimal
transport map, and the infimum of Eq. (2.7) is called the Wasserstein distance, which
can measure the distance between two distributions. Because f and g are probability
distributions, they should satisfy mass conservation

/Xf(X)dxzfyg(y)dyZL (2.8)

When the cost function c(x,y) = ||x—y||3, the infimum WZ(f,g) is so-called the quadratic
Wasserstein distance.

W3(£,g)= inf [ [lx=T(x)[3f(x)dx. 29)

Especially, Eq. (2.9) has a closed form in one dimension case [43]. Denote the cumulative
distribution function of f and g as follows

F(x)= /_ xoo F(HALG(y) = /_ yoo 2(t)dt. (2.10)
Then the optimal map from f to g is
T(x) =G Y(F(x)). (2.11)

Thus, if f and g are supported on [0, Ty], the Wasserstein distance can be written as

W)= [ oG )P (), @12)
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which is the most commonly used OT-based distance in FWI [9,12,48]. The Fréchet
gradient of W2 ( f,g) with respect to f is [4]

W3 (f.8) _, [*
L= /O (t—T(t))dt. (2.13)

Because F(x) and G(y) are monotone increasing, Eq. (2.11) can be efficiently calculated
in O(n) complexity by binary search, and 7 is the number of data samples [48].

In high dimensions, the simple formulation does not work. We should solve the
Monge-Ampere equation numerically to compute the optimal map, which is more dif-
ficult than solving the wave equation (2.2) sometimes. Therefore, one-dimensional OT
has a more extensive application than high-dimensional form in FWI.

In seismology, the Wasserstein metric cannot be applied directly. The seismic signal
f(t) and g(t) should be positive and satisfy the mass conservation. Thus, a preprocessing
of the seismic signals is needed to assure that the signals are strictly positive and have
unit mass. The signals should be normalized as

- P(f) . P
I=2pin> £ <R 219

where P is a function that transform f into positive and < f>= [ f(x)dx denotes the total
mass of f. Several approaches have been proposed to convert signals into distributions
[13]. However, the mass of f and g are generally unequal, resulting in the signals being
normalized on different scales, which leads to a loss of amplitude information.

2.3 Unbalanced optimal transport

Traditional optimal transport requires prescaling seismic data that satisfy the mass con-
servation, which changes the amplitude information of the data. Different from the
OT, the unbalanced optimal transport avoids the rigorous constraint. This section will
briefly introduce the UOT problem and the scaling algorithm for the numerical evalua-
tion, which is mainly based on the work of Chizat et al. [6].

Assume that X = {x1,---,x,} € (R))" and Y = {y1,---,y»} € (R?)" are discrete finite
spaces. Two discrete probability measures f and g are defined as the sum of Dirac masses

fx)=Y_fid(x—x:),8(y)=)_&i6(y—y;). (2.15)
i=1 =1
Define the cost matrix C € R"*" as
Cij=c(xi,y;) = ||xi—y;ll3- (2.16)

The unbalanced optimal transport between f and g is [6]

min (C,P)+AKL(P1,|f)+AKL(P"1,4|g), (2.17)
PeERY"
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where <C,P> = Zi,]- CijPij, A is the parameter controlling the cost of unbalanced mass re-
laxation and KL is the Kullback-Leibler divergence defined by

n .
KL(r]s):Zrilog(g)—ri+si, r,seR. (2.18)
i=1 i

Let A — +oco, the UOT problem degenerates to classical OT. The value of Eq. (2.17) is
the quadratic unbalanced optimal transport distance W,. The entropy regularization is
implemented to evaluate the UOT distance, which yields

min (C,P)+¢Ent(P)+AKL(P1,|f)+AKL(P'1,|g), (2.19)

PER™"
where &£ >0 is the regularization parameter and the entropy function is defined as

Ent(P) :Zpij(logpij_l)- (2.20)
i

A scaling algorithm [6], which is similar to the Sinkhorn algorithm, is proposed to solve
(2.19):
A/ (A A/ (A
NI G T RSO G I 1)
i (Kv(k))i T (KTu(kJrl))], ) ’

The components of the kernel matrix K are Kjj=e . The initializations are u(?) =v(0) =
1,. When the iteration is terminated, we can obtain optimal transport plan

—Cij/e

P =diag(u*)Kdiag(v*). (2.22)
The regularized UOT distance is computed as
We(f,8) = (C,PF) +AKL(P; 14| f) +AKL(PiT1,|g). (2.23)

The Fréchet gradient of W, (f,g) with respect to f is

(T W)= (1= ) < (1= ) (1o ). eaw

The convergence of the iteration (2.21) becomes slow as ¢ — 0 [6]. Besides, storing the
dense kernel K and computing matrix multiplications during the iterations (2.21) requires
a lot of memory and time, especially since we need to repeat this process for each receiver
in FWI. Therefore, some remedies are needed to reduce computational complexity, oth-
erwise it will be almost impossible to use for practical calculations. In actuality, the sets
of sample points X and Y are time series with a fixed time step in FWI. When ¢ is small,
most of the elements in the kernel matrix K have extremely small values, indicating that
K is approaching a sparse matrix. Since sparse matrices are more advantageous in terms
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Figure 1: One-dimensional densities f and g.

of storage and computational efficiency, we propose a truncation approximation of the
Sinkhorn algorithm based on sparsity.

The cost matrix C is defined as a symmetric Toeplitz matrix in FWI. Thus, only one
column of C needs to be stored, as does K. For a threshold parameter # >0, we introduce

K= {g’f’ ? 21, (2.25)
, ij <1.

The first column of K is (ky,kz,- -+ ,ki,0, - ,O)T, indicating that only an m-dimensional vec-
tor needs to be stored. The matrix-vector operation in the iteration (2.21) is now trans-
formed into an nth vector-vector operation, reducing its computational complexity from
O(n?) to O(mn). i can be assigned a very small value, such as 7 =1/n?, and ¢ is also
small. Therefore, m < n always holds, meaning that the computational complexity of the
iteration (2.21) is close to O(n) in this scenario. The error inflicted by the truncation is
negligible, which is easy to prove.

Consider two density functions as shown in Fig. 1, the CPU time required for calcu-
lating W, 1 (f,g) at different numbers of sampling points is listed in Table 1. The approxi-
mation algorithm reduces the CPU time to approximately 1/8 of the original. Moreover,
the scaling iteration (2.21) can also be accelerated with GPUs. Thus, although calculat-
ing the UOT distance involves solving an optimization problem, only a small additional
computational burden occurs compared to L, and W, after truncation approximation.

Similar to the balanced OT, preprocessing is needed to extend the UOT distances to
seismic signals. In this case, the normalization is unnecessary, so the amplitude informa-
tion of the data is maintained. The signals are transformed as

f=P(f), &§=P(g) (2.26)
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Table 1: The CPU time required for calculating W, 5 (f,g) before and after applying the truncation approxi-
mation algorithm.

Sampling points 1000 2000 3000 5000
Origin(s) 0.41 25 56 176
After truncation(s) 021 036 0.70 2.15

2.4 Unbalanced Sinkhorn divergence

The entropy regularization introduces a bias increasing with e. The regularized UOT
distance W, is an approximation of the UOT distance W,. It is worth noting that
Wea(f,f) #0 for e >0 in general. When W, , is selected as the objective function of the
optimization, the convergence may become slow or even terminate early in certain cases
where the relative error decreases only by a small amount. To handle it, we consider the
unbalanced Sinkhorn divergence [7,38]

5e(£,8) = Wen(£,8) 3 Wen (£ f) — 5 Wea (g.8). 2.27)

The unbalanced Sinkhorn divergence can be viewed as a modification of the regularized

UOT distance. It is obvious that S\ (f,f) =0 for any € > 0. Apart from it, S, , is a better

approximation of W, than W, ,, while preserving both convexity and smoothness [38].

Different from the unbalanced Sinkhorn divergence presented in [38], we eliminate the

term that calculates the mass difference between signals to avoid destroying convexity.
The Fréchet gradient of S, (f,g) with respect to f is formulated as

(V¢Sea(f.8)i= (VfWg,A(ffg>)i—%(VfWg,A(f/f))iz (2.28)

where V (W, 1 (f,g) is the same as (2.24) and

(Vfws,)\ (frf))l =2A (1 - (u;'k)s/A> : (2-29)

u* in Eq. (2.29) is the optimal vector generated when computing W, ,(f,f), which is dif-
ferent from u* in (2.24).

Each calculation of the unbalanced Sinkhorn divergence requires two calculations of
the regularized UOT since g is observed data and W, ,(g,¢) only needs to be computed
once in the inversion.

3 Numerical experiments

Three numerical experiments are provided in this section. We compare the numerical
results generated by L, distance, classical quadratic Wasserstein metric W2, regularized
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UOT distance W, ,, and unbalanced Sinkhorn divergence S, , to demonstrate the effec-
tiveness of the UOT-based distances in FWI. The softplus encoding method [36] is used to
preprocess signals for both W2 and UOT-based distances. In the calculation, we consider
the isotropic medium. We use SPECFEM2D [20, 32] to obtain the numerical solutions of
the wave equation and the associated adjoint-state equation. In the following, we will
use OT, RUOT, and USD to indicate W2, W, , and S, ), respectively.

3.1 Shifted Ricker example

First, we consider a simple 1D test case similar to that proposed by Engquist and Froese
[11]. In Fig. 2a, two Ricker wavelet signals with a peak frequency of 10 Hz are presented.
We regard these two signals as observed data g(t) and synthetic data f(t;s) =g(t—s). To
evaluate the UOT-based distances, we set A=1 and e=10"3. The misfit functions between
two signals as functions of time shift s in different metrics are shown in Fig. 2b. For better
comparison, we normalize the misfit using its maximum value. The result illustrates that
the L, distance has some local minima and is constant when the time shift is large. On
the contrary, the other three distances are uniformly convex with respect to the time shift.
The OT-based distances transfer the mass from the synthetic data to the observed data
to correct the phase difference between two signals [48]. However, the L, norm is only a
point-by-point measurement of the amplitude difference, which leads to cycle-skipping.
We observe that the minimum of W, , is non-zero and S, , is more convex than W, ,,
which is mentioned in the previous section. In this example, two signals have the same
mass, so the behavior of W22 is similar to two UOT-based distances.

N
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Figure 2: (a) Synthetic signal f and observed signal g. (b) The normalized misfit function with the L,
distance, the classical quadratic Wasserstein metric, the regularized UOT and the unbalanced Sinkhorn di-
vergence.
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3.2 The Camembert model

We perform the FWI with direct waves in a Camembert model [15] to investigate the
behavior of four misfit functions. The computational domain is 2km x 2km. The back-
ground velocity is 3km/s and an abnormal velocity of 4km/s inside the circle with a
radius of 0.4km. Fig. 3a shows the true model. A homogeneous initial model is built
with the background velocity. In Fig. 3a, the triangles and stars indicate the receivers
and sources, respectively. 21 equally spaced sources on the bottom at a depth of 1900m
and 101 equally spaced receivers on the top at 100m depth are fixed. A Ricker wavelet
with a peak frequency of 10 Hz is used as the source time function. We set A =0.2 and
¢=10"* for the RUOT and the USD. The PML boundary conditions are used outside the
computational domain. The L-BFGS method is used as the optimization method for the
inversion. We select a source and receiver pair located in the middle of the computational
domain and plot the synthetic and observed waveforms in Fig. 3b. The synthetic and ob-
served waveforms exhibit a significant phase difference, which could potentially lead to
cycle-skipping.

Fig. 4 displays the inversion results obtained with L, distance, OT, RUOT, and USD,
respectively. The convergence curves are depicted in Fig. 5, where the data misfit is the
objective function of the inversion, and the model misfit represents the error between the
reconstructed model and the true model. The result obtained by the L, misfit is incorrect
and is trapped in a local minimum because of cycle-skipping. The other results are close
to the true model. The associated data misfits are reduced by more than 90% within
ten iterations. Table 2 presents the total computational cost of the inversions and the
model error after 40 iterations. Since the RUOT inversion converges after 29 iterations, its
execution time is much smaller than the others. In this example, the inversions using the
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Figure 3: (a) True velocity for the Camembert model with a high-velocity anomaly. The triangles and stars
indicate the receivers and sources, respectively. (b) The synthetic and observed waveforms.
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Figure 4: Inversion results of (a) Ly, (b) W22, (c) W x and (d) S, for the Camembert model with a high-
velocity anomaly.

Table 2: The total execution time and the model misfit after 40 iterations for the Camembert model with a
high-velocity anomaly.

Method Ly OT RUOT USD
Time(min) 549 552 365 439
Model misfit 5.933 0.2736 0.3168 0.2755

OT and the UOT-based measures both yield good results, but the inversions employing
the UOT-based methods perform better in computational efficiency.

Next, we modify the high-velocity anomaly to a low-velocity anomaly. The velocity
inside the circle is 2.4km/s. Fig. 6a shows the true model. The initial model and other
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Figure 5: Convergence curves of the Camembert model with a high-velocity anomaly.
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Figure 6: (a) True velocity for the Camembert model with a low-velocity anomaly. The triangles and stars
indicate the receivers and sources, respectively. (b) The synthetic and observed waveforms.

parameters are set the same as before. The synthetic waveforms using the true and ini-
tial velocities are shown in Fig. 6b. The difference between the two waveforms is larger
compared to Fig. 3b, and these two waveforms have a significant disparity in amplitude.
The inversion results generated by conducting different methods are shown in Fig. 7.



142 L. Wang, X. Dong and D. Yang / Commun. Comput. Phys., 40 (2026), pp. 129-152

3000 0 3000

2900 2900

500 f 500
2800 2800
—_ - — -
£ £ E £
<
£ 1000 2700 £ £ 1000 2700 £
@ ° [ °
o s Q s
2600 2600
1500 1500
2500 2500
2000 2400 2000 2400
0 500 1000 1500 2000 0 500 1000 1500 2000
Distance(m) Distance(m)
(a) (b)
0 3000 0 3000
2900 2900
500 500
2800 2800
_ - — -
£ £ E £
=
£ 1000 2700 2 £ 1000 2700 £
@ ° ) °
a 2 a g
2600 2600
1500 1500
2500 2500
2000 2400 2000 2400
0 500 1000 1500 2000 0 500 1000 1500 2000
Distance(m) Distance(m)
(c) (d)

Figure 7: Inversion results of (a) Ly, (b) W2, (c) W, and (d) S¢ ) for the Camembert model with a low-
velocity anomaly.

Table 3: The total execution time and the model misfit after 50 iterations for the Camembert model with a
low-velocity anomaly.

Method Ly OT RUOT USD
Time(min) 680 623 646 550
Model misfit 16.75 0.7812 0.2700 0.2737

Fig. 8 show the convergence curves. The result produced by the L, misfit is still inaccu-
rate. However, the OT fails at this time, even though its data misfit decreases sufficiently.
The total computational cost of the inversions and the model misfit after 50 iterations are
listed in Table 3. The execution time for the USD inversion is faster than for the others.
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Figure 8: Convergence curves of the Camembert model with a low-velocity anomaly. (a) Data misfit, (b)
model misfit and (c) model misfit without L.

The inversions based on the UOT-based distances display better performance than the
inversions using the L, distance and the OT.

In these examples, the inversion mainly involves the direct wave, so the impact of
phase information on inversion results is absent. Therefore, the inversions using the
OT and the UOT-based metrics yield similar results when the anomal velocity is high.
However, the mass conservation may result in the loss of the amplitude information of
the wavefield, leading to the failure of the OT in the low-velocity anomaly model.

3.3 The crustal root model

Let us consider the crustal root model (Fig. 9a) [45] obtained by slightly modifying the
S-wave velocity of the 1D IASP91 model [17]. A dipping and discontinuous Moho is con-
structed in this model. The computational domain is 100km x 75km. The model has three
layers divided by the Conrad discontinuity at 20km depth and the Moho discontinuity
whose location (x,z(x)) is a piecewise quadratic function:

1 5
— <x<
2(x) = 35+121x km, Okm<x<55km, (3.1)
35km, 55km < x < 100km.

The velocities are 3.36km/s, 3.75km/s and 4.75km/s in the upper crust, lower crust,
and mantle, respectively. The initial model shown in Fig. 9b is obtained by smoothing
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Figure 9: (a) True velocity and (b) initial velocity for the crustal root model. The triangles and stars indicate
the receivers and sources, respectively. (c) The synthetic and observed waveforms.

the three-layer model without crustal root. In Fig. 9a, the triangles and stars indicate
the receivers and sources, respectively. 201 equally spaced receivers are deployed on
the surface. 29 sources are randomly distributed in the crust, and 6 sources are equally
spaced at the bottom. The source time function of the sources is a Ricker wavelet with
a peak frequency of 2 Hz. We set A =20 and ¢ =103 for the RUOT and the USD. The
L-BFGS method is used as the optimization method for the inversion. We select a source
and receiver pair located in the middle of the computational domain and plot a portion of
the synthetic and observed waveforms, as shown in Fig. 9c. This example includes both
direct waves and reflected waves, along with multiple phases. The location of the sources
in our setup limits the proportion of direct waves in the inversion to a small percentage.
Two discontinuities are mainly recovered by reflected waves.
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We present the inversion results obtained with L, distance, OT, RUOT, and USD in
Fig. 10. Obviously, the inversions with L, distance and OT do not accomplish correct
results, although their data misfits (Fig. 11a) reduce rapidly to a small value. Not only do
they fail to capture the crustal root construct, but the Conrad interface is not clear either.
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In contrast, the results based on the RUOT and the USD basically reconstruct the wave
velocity. The USD inversion result exhibits a better resolution at the edge of the Moho
surface than the RUOT inversion result, and its model misfit (Fig. 11b) thus decreases
even further.

One of the ideal properties of the OT-based metric is its insensitivity to noise [12,38].
We conduct the previous experiment again with a noisy reference by introducing normal
random iid noise to the data from the true velocity (Fig. 12). The signal-to-noise ratio
(SNR) is -3.29dB, indicating that the noise power significantly exceeds the signal power.
Other settings remain consistent with the previous experiment. We perform the inversion
without applying any filtering to the waveforms. After 65 iterations, the inversion results
obtained with RUOT and USD are presented in Fig. 13. Despite the lower resolution
compared to Fig. 10, these results still recover the main structure of the crustal root model,
highlighting the insensitivity of UOT-based distances to noise.

4 Discussion

FWI with the L, distance is effective when the initial model is close to the true model.
However, when the initial model has a large perturbation relative to the true model,
the L, misfit may suffer from cycle-skipping. Unlike the point-to-point comparison of
the traditional L,-norm waveform difference, OT-based distances derive sensitivity ker-
nels by comparing the mass of the waveforms, specifically their energy, which provides
a more global perspective. Consequently, OT-based distances have greater potential to
address cycle-skipping issues. The classical quadratic Wasserstein metric alleviates the
cycle-skipping problem in some cases [12]. When the inversion involves a single seismic
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Figure 13: Inversion results of (a) W, , and (b) S, for the crustal root model with the noisy data.

phase, the classical quadratic Wasserstein metric can overcome the defect of the L, dis-
tance and acquire reliable inversion results in most cases. When the seismic phases used
in the inversion are complex, the classical quadratic Wasserstein metric may transport
the mass between different seismic phases, leading to an unacceptable result as shown
in Fig. 10b. Two UOT-based distances we introduced can overcome the flaws of the clas-
sical quadratic Wasserstein metric. Consider two mass distributions with a total mass
of 100, as shown in Fig. 14a. The red line represents the original mass, and the blue
line represents the target mass. Both mass distributions have two sections, which can
be considered distinct phases. The mass of each part is shown in Fig. 14a. UOT can di-
rectly transport the mass between them, while OT should first rescale them to unit masses
(Fig. 14b). Fig. 15 shows the two classes of mass transport. The mass transport of UOT
exists only within the corresponding phases, whereas the illegal mass transport between
different phases occurs in the mass transport of the balanced OT. In terms of UOT, the
surplus mass will be retained if the mass exceeds the target mass, and the deficient mass
will be disregarded if the mass is less than the target mass. Consequently, only 80% of the
mass is transported in UOT. The additional cost resulting from the unequal mass is offset
by the mass balancing terms. In contrast, the insufficient mass will be complemented by
the transportation between different phases in OT. As a result of mass conservation, the
balanced OT may lose the amplitude and phase information in FWI. In FWI, different
seismic phases correspond to distinct waves or subsurface structures. The properties of
the UOT facilitate comparison of corresponding seismic phases, enabling the accurate
determination of the sensitivity kernels. In contrast, the balanced OT may permit illegal
transport between different seismic phases, potentially resulting in incorrect sensitivity
kernels. Therefore, in scenarios involving multiple seismic phases or significant atten-
uation, inversions utilizing the balanced OT are more likely to yield erroneous results.
Selecting seismic phases carefully and applying the multiwindow method [9], which re-
quires the operators to have sufficient experience, can avoid the aforementioned draw-
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back of the balanced OT. Nevertheless, the UOT-based methods can achieve good results
without tedious operations. Therefore, the UOT-based methods are more practical in
FWIL

As previously discussed, the inversions employing UOT-based distances can provide
more appropriate gradients, resulting in lower costs compared to the inversions using



L. Wang, X. Dong and D. Yang / Commun. Comput. Phys., 40 (2026), pp. 129-152 149

the L, distance and the classical quadratic Wasserstein distance in line search for deter-
mining the step length. However, the calculation speed of the regularized UOT inversion
will slow down because of the regularization when the data misfit is close to the mini-
mum. Therefore, the FWI with the unbalanced Sinkhorn divergence demonstrates higher
computational efficiency than the other three methods.

The UOT distances introduce two new parameters ¢ and A, which have been empir-
ically determined. We generally recommend that A be set between 0.1 and 50. Small A
produces poor inversion results, while large A leads to slow calculations. ¢ is always set
to a small value to ensure the accuracy of the regularized UOT. On the other hand, if ¢ is
too small, the computational burden would be intolerable. Pham et al. [33] mentioned the
ideal value of € to balance computational accuracy and efficiency, but it is not practical in
our experiments. Li et al. [22] set € as a small value multiplied by the maximal element of
the cost matrix. As for the unbalanced Sinkhorn divergence, due to the aforementioned
favorable properties, it offers a more flexible choice of e.

5 Conclusion

In this study, we explore the FWI using two distinct UOT-based distances. We intro-
duce a regularized UOT distance approach to address the limitations imposed by mass
conservation. To compute the regularized UOT distance and its gradient, we employ an
entropy regularization and scaling algorithm. Besides, we propose a truncation approx-
imation method aiming at reducing computational costs of UOT-based distances. How-
ever, entropic penalization introduces a bias into the regularized UOT distance. To miti-
gate this bias, we first introduce the unbalanced Sinkhorn divergence. Numerical results
demonstrate the superiority of UOT-based distances over both the traditional L, distance
and the quadratic Wasserstein distance. Moreover, UOT-based distances circumvent the
issue of cycle-skipping, even in scenarios where the classical quadratic Wasserstein dis-
tance proves ineffective. Therefore, the unbalanced optimal transport distances are more
appropriate and dependable for the FWI problem. The unbalanced Sinkhorn divergence-
based FWI is more accurate and cost-effective than the regularized unbalanced optimal
transport-based FWI, while the regularized UOT distance is less expensive to calculate.

Notably, UOT-based distances can be easily extended to higher dimensions through
a convolution approach [22], without significantly increasing computation burden. In
this situation, the inter-receiver coherences are taken into account, and the misfit can
be calculated source gather by source gather. Thus, theoretically, more accurate results
are achievable. However, establishing the ground metric becomes challenging due to the
simultaneous measurement of the cost in both time and space. One strategy involves nor-
malizing the cost to achieve dimensionlessness [31]; however, this does not consistently
generate favorable outcomes. This topic requires further investigation.
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