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Abstract. In this paper, we propose an efficient numerical implementation of Network
Embedding based on commute times, using sparse approximation of a diffusion pro-
cess on the network obtained by a modified version of the diffusion wavelet algo-
rithm. The node embeddings are computed by optimizing the cross entropy loss via
the stochastic gradient descent (SGD) method with sampling of low-dimensional rep-
resentations of green functions. We demonstrate the efficacy of this method for data
clustering and multi-label classification through several examples, and compare its
performance over existing methods in terms of efficiency and accuracy. Theoretical
issues justifying the scheme are also discussed.
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1 Introduction

Networks and graphs provide versatile and intuitive representations for many real world
situations. A wide variety of relational data, e.g., social networks, protein-protein inter-
actions, bio-chemical reacting systems, citation networks, and many others, can be repre-
sented as graphs and networks. As a result, methods for analyzing these networks have
consistently garnered much interest. Network Embedding, or Feature Learning for Graphs,
which provides a major framework for network analysis, seeks to map each node in a
given graph to a point in a low-dimensional vector space such that proximity informa-
tion from the original graph is preserved. In particular, the embeddings of nodes that are
closely related in the original network through edge or path connections, mutual neigh-
bors, overlapping proximities, will be close to each other in the embedding space.
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In many machine learning applications, the lower dimensional vectors representa-
tions are more convenient to exploit for downstream tasks than the original network.
In this paper, we focus on node embedding methods, instead of embedding edges or
whole networks, for their benefit of being more adaptive and applicable for a variety of
practical situations such as node classification, clustering, and link prediction [5]. Node
classification assigns class labels to unlabeled nodes based on samples of labeled nodes,
while clustering algorithms group representations of similar nodes together in the target
vector space, and link prediction is used to predict edges based on data containing edge
information.

Most node embedding methods can be categorized according to the general tech-
niques used to compute the embedding function including 1.) matrix factorization, 2.)
random walk sampling and 3.) deep learning [12]. Matrix factorization methods, such as
Laplacian Eigenmaps [3]], Locally Linear Embedding [23] and Graph Factorization [1f, in-
volve factoring a matrix representation of the network (e.g. adjacency matrix, Laplacian,
transition probabilities) by eigenvalue or singular value decompositions to determine
embedding maps. Due to its ability to model nonlinear structural information, Deep
Neural Networks have also been used recently in Network Embedding, in which the
embedding and decoding functions consist of multiple stacked neural network layers.

Random walk methods collect information about conditional probabilities of node
observations by running short random walk trials on the network, then obtain embed-
dings via Stochastic Gradient Descent (SGD) minimization of cross entropies. Like many
of the Monte Carlo techniques, random walk methods apply to large high-dimensional
networks with few limitations. In DeepWalk [20], based on the SkipGram language
model [18}[19]], closely correlated nodes are embedded near each other according to the
frequency of co-occurrence within unbiased, fixed length random walks on the graph.
Node2Vec [13] replaces the simple unbiased random walks with walks controlled by
adaptive parameters to either backtrack and stay near the starting node, or explore higher
degree neighbors. A recent generalization for directed networks was proposed in [7]
with applications to the study of transition pathways of metastable chemical reacting
networks.

In this paper, we propose an improved implementation of random walk methods for
node embeddings preserving the commute time [14], based upon a sparse approximation
of random walks on the graph. The approach achieves efficiency by avoiding Monte
Carlo simulations of finite time random walks, and takes into account statistics of paths
of arbitrary length between different nodes. The commute time is defined as the expected
time for a random walk to travel from one node u to another node v, and then back to
the starting node u. It can also be viewed as a time integration of the diffusion distance
introduced in [9]], which is defined through the probability of the random walk traveling
from u to v in fixed time t. One advantage of utilizing the commute time, rather than
the diffusion distance, is that it removes the need to choose an appropriate value for the
parameter of time .

Numerically, the commute time between two nodes can be computed from the Green
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function, for which using the Schultz method [4], one can obtain an efficient approxima-
tion via an iterative product involving dyadic powers of the random walk’s transition
matrix. The Diffusion Wavelets Algorithm (DWA) [10] offers one way to compute in-
creasingly low-dimensional, compressed representations for these dyadic powers. By
construction, at each scale represented by a dyadic power of the diffusion operator, the
DWA produces a basis of scaling functions that span the same space as the eigenvectors
corresponding to the largest eigenvalues. As a result, these scaling functions can be used
to produce embeddings that are equivalent up to a rotation to those generated by kernel
methods [27]].

Different from DeepWalk and Node2Vec, rather than directly minimizing the cross
entropy, we begin by finding a sparse, low-dimensional approximation of the random
walk. Specifically, we take inspiration from diffusion wavelets, by adopting an alter-
native approach that numerically approximates the Markov matrix and its powers with
truncated Singular Value Decomposition (SVD) algorithms, from which we can produce
multiscale embeddings similar to the scaling functions generated diffusion wavelets. To
achieve robustness and overcome the error induced by the sparse approximation, we in-
troduce scaling parameters on each coordinate of the sparse approximation according
to their contribution to the loss function. SGD is employed for the minimization of the
cross entropy to obtain optimal embeddings. We show that such obtained embeddings
compare favorably to those produced by existing methods, with classification accuracy
measured by the F1 Macro scores.

The rest of the paper is organized as follows. Section 2 provides some necessary back-
ground on random walk and SkipGram model based node embeddings, commute time
embeddings and an introduction to random walk sparse approximation techniques. In
Section 3, we introduce the proposed method for learning Network Embeddings and its
relationship to other kernel based embedding methods. In Section 4, we show that the
algorithm using truncated SVD for computing the sparse approximation of the random
walk improves performance and accuracy on larger graphs over the DWA implemen-
tation. Section 5 provides numerical experiments on several networks, comparing the
proposed method with some existing feature learning methods from the literature. Fi-
nally, Section 6 addresses some theoretical issues regarding the scheme.

2 Network Embedding methods based on random walks

We first want to introduce basic notations and definitions of Network Embedding tech-
niques based on random walks. The basic setup is an undirected graph G(S,E), where
S denotes the set of nodes, and E the set of edges. Generalization to directed graphs is
straightforward. Let |S| =N and AN*N be the weighted adjacency matrix of the graph
with weight a;; > 0 between nodes v; and v;. The output will be a map

zi=f(v;): S—»R?, with d<N. 2.1)
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Certain proximities are preferred to be conserved. For example, edge weights {a;;} are
also called first order proximities, since they are the first and foremost measures of sim-
ilarity between two nodes. The vector r; = {a; }1\_; denotes the first order proximity
between node v; and other nodes. The second order proximity between v; and v; can be
determined by the similarity between r; and r;, which describe the pair’s neighborhood
structures. Higher order proximities can be defined likewise.

A general framework of Network Embedding consists of 4 major components: an
encoding function, a decoding function, a loss function and a proximity function. The
encoding function (2.1), which maps nodes to vector, contains a number of trainable pa-
rameters that are optimized during the training phase, while a decoding function, which
usually contains no trainable parameters, reconstructs pairwise similarities from the gen-
erated embeddings. Once a proximity function is chosen for the network, a loss function
that determines the quality of the pairwise reconstructions is minimized in order to train
the model.

2.1 Network Embedding using Monte Carlo simulations

The class of algorithms compute vector embeddings by minimizing the loss function

L=)" Y  —log(P(vjlv)), (2.2)

Vi vicw(v;)

in which v;,0; are nodes in the network, w(v;) represents a random walk of finite length
starting at node v;, and P(v;|v;) denotes the conditional probability that w(i) will include
node v;. The SkipGram language model, originally proposed for word embedding of
natural languages, adopts softmax units as the following:

exp(zi-zj)

Yrexp(zi-zg)’ 23

P(vjlvi) =
where z; denotes the vector embedding for node vx. The encoding function, referred
as direct encoding, is simply z; = Ze;, where Z € R¥*N contains the embedding vectors
for all nodes v; € S with ¢; being an indicator vector. The set of trainable parameters is
the lookup matrix Z. For large networks with many nodes, this denominator in (2.3)
becomes numerically impractical. To overcome this, negative sampling [19] replaces the

softmax units with .

P(vjv;) =0(z;-z; HO’ —z;-2y), (2.4)
=1
where o(x) =1/(1+e"*) and L is the chosen size of negative samples drawn from the
3/4 power of the unigram (empirical) distribution that allows less frequent words to be
sampled more often.
The first SkipGram-based method for Network Embedding is DeepWalk [20], in
which an unbiased random walk is simulated on the graph to generate w(i) in (2.2).
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Essentially, the walk has an equal chance of stepping to any node connected by an edge
to the current node, since the transition matrix is the row normalized adjacency matrix.
SGD is then used to minimize the cross entropy to obtain the embedding function.
The Node2Vec [13] method adopts a similar approach, but with a slightly more complex
choice of random walk. In particular, two parameters p and q are employed to bias the
random walk simulations. The return parameter p is used to control the probability that
a random walk will backtrack to immediately revisit the previous node. The in-out pa-
rameter g controls the likelihood that the walk will advance to a node within the one-step
neighborhood of the current node that is different from the previously visited node. That
is, for larger q, the random walk will be more likely to explore parts of the graph that
are further away from the starting node. Notice that this random walk depends on the
two previous steps, therefore is not Markovian. These parameters can be used to find the
ideal balance between breadth-first sampling, which tends to stay nearer to the source
node and get a more accurate picture of its immediate neighborhood, and depth-first
sampling, which tends to visit parts of the graph further away from the source. By find-
ing optimal values of p and ¢, one can engineer a new random walk that will provide
superior node embeddings. The method we want to introduce here resembles that of
Node2Vec in finding a modified of random walk that will lead to better node embed-
dings.

2.2 Network Embeddings with commute times

For a network G(S,E), with the adjacency matrix A= (a;;), let the degree matrix D be the
diagonal matrix with D(i,i) =d; =) ;a;;. The volume of the graph will be given by vol =
Y.id;, and the random walk Laplacian is defined as L=1—D~'A. The normalized Laplacian
has the form £=D'/2L.D~1/2 with eigendecomposition £L=®A®T, where A denotes the
diagonal matrix of eigenvalues ordered so that 0=A; <A, <--- <Ay, and the eigenvectors
are given by columns of ® = (¢1|¢P2]|---|Pn)-

The discrete Green function is the left inverse of the operator L and can be given as

N 1 /d; 1/2
Gli=Y 5 (3) oo @5)
k=2"'k \ i
Here, we assume that the graph is connected. Otherwise A =0 for some k > 2, and we
can instead consider the Moore-Penrose pseudoinverse, L* = (LTL) L7, to which the
methods and results can be easily extended.

We can further define the commute time CT(i,j) to be the mean time for the Markov
process on the graph prescribed by L to travel from v; to v; and back, which satisfies

. G(i,i)  G(,j) G(ij) G(;}i))
CT(i,i)=wvol- + - — . 2.6
(i,j)=wo ( B d i d (2.6)

It is shown in [14] that the coordinate matrix for embeddings that preserve commute
time is then given by ® = v/vol A~1/2®TD~1/2, which leads to @T® =vol-GD~!. Thus,
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commute time embeddings are equivalent to those produced by the kernel PCA on a
constant multiple of the matrix GD 1.

The commute time embeddings are also closely related to DeepWalk embeddings.
In [21], it is found that as the length of the random walks approaches infinity, the Net-
work Embeddings produced from DeepWalk with adjacency matrix A are equivalent to
factorizing the matrix

w
Q=log (vol <Z(D1A)f> D1> —log(wL), (2.7)
r=1

where the window size w is the maximum steps for a given random walk trial to explore
neighbors of a given node, and L is the sample size of the negative sampling. To see the
connection between ® and (), we use the fact that G=Y7>; TF =Y (D 'A)F. Asw
approaches oo, then, the first term of approaches the elementwise logarithm of ®7©.
Commute time embeddings can therefore be interpreted as the elementwise exponential
of a DeepWalk embedding with infinite context size.

3 Network Embedding methods based on sparse
approximations

We now propose a method to produce Network Embeddings that asymptotically pre-
serve commute times while minimizing the cross entropy loss. The idea is to first obtain
a sparse approximation of the random walk on graphs with a multiscale approach, which
will be used as a basis for approximating commute times. The embeddings are then gen-
erated by minimizing cross entropy loss with respect to weights on these basis vectors
using SGD.

Let T=D"!A denote the transition matrix for the random walk on a network with N
nodes. We here assume that T is local in the sense that its columns have small support
(i.e, that the number of nonzero entries is small), and that high powers of T will be of
low rank. These are the same assumptions required for DWA [10], and the diffusion op-
erators and Markov chains that arise in applications frequently have these properties. In
particular, in our network embedding setting, most real-world graphs are sparse in the
sense that they have far fewer edges than is possible, which leads to sparse adjacency
and transition matrices. Additionally, taking k powers of the transition matrix is equiv-
alent to running the random walk on the network forward k steps in time, which often
corresponds to lowering the rank: two nodes that are not connected within one step of
the walk may be connected within k steps. In terms of the node embeddings, increas-
ing k often changes the geometry of the embeddings, for example, by clusters merging
as the rank decreases. For more discussion of these assumptions and relevant examples,
see [9,10,27].

We start by computing the compressed representations Ty of the dyadic powers of
T,ie. T? ~T,. To do this, we apply an orthogonalization procedure, e.g. DWA or trun-
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cated SVD, to the columns of T, producing an orthogonal basis Uy ={u1,u2," -, um } (m<n}/
that approximates the range of T. The specific value of M will depend on both the net-
work and the choice of orthogonalization procedure —in DWA, M is found automatically
based on a user-supplied error bound, and in the truncated SVD method, M can be cho-
sen directly. See Section 4 for details. Then, we can write T} = LIlT T?U;, so that Ty is an
approximation of T? expressed in terms of the basis U;. We repeat the process, orthogo-
nalizing the columns of T; to produce an approximate basis U, for its range, using this
new basis to compute a representation of T, =UJ T?U, ~ T*, and so on. In [10}27], scaling
functions of diffusion wavelets are adopted as basis of the span of the columns of U;. We
will introduce a procedure of truncated SVD for the basis. Details of implementation and
numerical comparison will be provided in later sections.

The unnormalized Green function G can be computed from 77, - - -, T using the Schultz
method, which iteratively computes the Green function (or Moore-Penrose pseudoin-
verse) associated with L through Gg1 = Gg (2] —LGg). Using the fact that L=1—T, and
taking Gop =I+T, we obtain Gg41 = H;If:o( I+ T2k). The Green’s function G then has the
following form on the complement of the eigenspace for the eigenvalue equaling 1, as

also shown in [10]:

G:ZTk:H(I-‘rTzk)%GK, (31)
k=1 k=0

which in turn allows for the quick computation of the commute times via formula (2.6).

Network Embeddings that asymptotically preserve commute time relationships there-

fore can be generated with the embedding matrix © satisfying

OTO=vol-GxkD . (3.2)

In particular, since taking powers of a Markov matrix is equivalent to running the Markov
process forward in time, we therefore obtained multiscale embeddings by repeating the
same approximation process for compressed representations of the Green function.

While the matrix © can itself be used as an effective node embedding, we can further
improve our results by using this sparse approximation as a starting point to obtain node
embeddings that minimize the cross entropy. The embedding process described above
results in a basis that spans the range of the sparse approximation to the powers of the
random walk. To minimize the cross entropy loss of these embeddings, we introduce
weights on the vectors in the same basis, using SGD to select optimal values. Specifically,
given the M x N sparse approximation ®, where the ith column ®; provides an embed-
ding vector of node v;, we aim to find constants C;,Cy,---,Cy such that the embedding
given by CO where C = diag(Cy,Cy,-+-,Cp) minimizes the cross entropy loss function
(2.2). By optimizing the row weights in this way, we ensure that the rows of the embed-
ding matrix ® corresponding to the most significant singular values of the approximation
to the random walk will be emphasized.

Additionally, a residual correction technique is employed such that with some proba-
bility, singular vectors that were removed in the previous truncations can be reintroduced
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Algorithm 3.1: Implementation of SGD minimizing cross entropy loss, over a sparse approximation of a diffusion
process as input. At each step, with probability §, vectors from coarser scales are appended to the embeddings.

Input M-scale embedding matrix O e RMXN parameters 6 € (0,1).
Result Updated © such that cross entropy loss is minimized.

Initialize C as the M x M identity matrix.
for 1<i<M do
for j€ batch do
With probability ¢:, select a vector u from the vectors Ug_q
O=append(©,U Ul u), C=diag(C,1)
al — L 1(CO)
C:C—diag(q*g—é)
end for
end for
return CO

for the robustness of the algorithm to recover information lost in the approximation steps.
Reintroducing columns from previous steps is also analogous to multiscale iterations be-
tween different time scales. At each step of SGD, with some small probability J, we also
extend the basis ©® with one of the indices from the basis in previous steps. That is we
randomly select a column u; of Uk 1, then project u; onto the basis Uy, and append the
transpose of this projection to ® as the bottom row. This allows for the reintroduction of
some information from the high-pass filtering subspaces, while still benefiting from the
low-dimensional compression given by the low-pass bases.

4 Numerical details of sparse approximation

As described before, the sparse approximation process we apply to the random walk
T yields at each scale a basis of scaling functions Uy that spans an approximation of
the range of T2 ~ Ty. Then, both representations of G and node embeddings can be
constructed for each compression level k (with k =1 representing the finest scale, and
larger k representing increasingly coarse scales) from the scaling functions. Essentially,
once we have the sparse approximation of G ~ Gy, to obtain the k-level embedding for
node x, we extend the SVD at the kth level, vol-G,D~! ~ CIkT Y Uy, to the original basis
and take the matrix ® = i;/ Zl:lk to be the embedding matrix; that is, the nth row of O will
provide the embedding coordinates for the nth node.

We now elaborate on two algorithms for these sparse approximations of the random
walk. First, we give an overview of the diffusion wavelet algorithm introduced in [10],
and then propose an alternate implementation using a truncated SVD.
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4.1 Diffusion wavelets algorithms

Diffusion wavelets [10] extends ideas from wavelet theory to a more general setting. In
particular, it extends the descriptions of wavelet bases in [11] for multiscale analysis of
networks. In the diffusion wavelets setting [10], the multiscale analysis includes a se-
quence of subspaces Vp O Vi DV, D --- such that V} is the range of the operator T, and for
m e Z, Vy, represents an approximation of the range of T at scale m. In particular, when
{Ci}ticz+ and {A;};cz+ denote respectively the eigenvectors and eigenvalues of T, V,, is
defined as the span of {{,: AL ¢}. Each W, can then be defined as the orthogonal
complement of V,, in V,,_1, as in the original wavelet setting. Note that the parts of the
spectrum with A2""'=1 > ¢ can be viewed as "low-pass”, so that the V), correspond to
the “approximation” or “smoothing” subspaces in classical wavelet theory, and the W,,
correspond to the “detail” components.

The scaling functions ®,, at each level m then provide a basis for V;,, approximating a
dyadic power of T, and is constructed by orthonormalizing the columns of the represen-
tation of T at the previous level, T,,,_1, up to precision ¢. In fact, the subspace spanned by
these scaling functions is an e-approximation of V,,, which is denoted as V. As we will
see, T, is a representation of T,ﬁ_l by construction, so each step of the diffusion wavelets
algorithm dilates the scale by a factor of 2.

The Diffusion Wavelets Algorithm (DWA) can be outlined as follows: As inputs, takes
the operator T = Tj and a parameter K determining the number of iterations to be per-
formed. The columns of T are originally expressed in the basis ®y = {J;}1<;<n. First,
the columns of T are orthonormalized up to € using a rank-revealing QR algorithm or
a modified Gram-Schmidt process with pivoting. This results in an orthonormal matrix
that gives an e-span ®; of the columns of T written in terms of the original basis @y,
which suggests a coordinate change matrix [®1]q,. @1 forms a basis for the subspace V3,
i.e., the range of T, as e-approximation of V;. We also obtain from the QR decomposition
an upper triangular matrix representation of T, denoted [T]gé, expressed as coordinate
change from @ in the domain to ®; in the range.

Then, the product [®1]a, [Tz]gg [P1]%, = [Tz]g =:T; provides a representation of T2
in terms of ®;. It is also possible, if desired, to compute a basis of wavelet functions
spanning the orthogonal complement of V1 in V,, denoted Wj, by orthonormalizing
the columns of I—[®1]e,[P1]g,. By iterating this entire process, we can compute rep-

resentations of Ty = [Tzk]g’:, scaling functions [®;]e, , spanning the space Vj that e-
approximates Vj (i.e. the range of Ty), and wavelet functions ¥y for levels of various k
values.

4.2 Sparse approximation via SVD

We want to propose an SVD-based multiscale algorithm for approximating the dyadic
powers of the transition matrix and the Green function, which proves to be more efficient
and accurate, when applied to the commute time based Network Embedding for node
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Table 1: Comparisons between three-dimensional diffusion wavelet-based embeddings, truncated SVD-based
embeddings, and the commute time embeddings introduced in [14], on the butterfly dataset [26}28]. Runtime
represents the time required to compute sparse approximations for powers of T and G via the given algorithm.

Method Runtime F1 Macro
Diffusion Wavelets 70s 0.5827
SVD 35s 0.7490
Commute Time Embeddings 05s 0.6051

classifications, compared with DWA. More specifically, at each step we compute a trun-
cated SVD of Ty. The singular vectors associated with the largest singular values then
form a basis spanning approximately the range of Ty. We can then use these singular vec-
tors to compute a compressed representation of the next dyadic power, Ty ~ T2, with
respect to the basis Uy.

First, let T=UZVT denote the full SVD of T, so that U = Uy is the original basis.
We compute a truncated SVD of T, retaining the j largest singular values and the corre-
sponding singular vectors, so that T~U; 21 VT where U; e RN*J, £, €R/*/, and VI e R/*V,
Then, U; provides an orthogonal basis for approximately the range of T, for some margin
of error determined by the choice of j. To obtain a representation of T? with respect to
the basis Uy, we use T; := LllT TU;. To justify this, note that the left singular matrix U has
orthogonal columns, and furthermore these columns span the range of T. In particular,
the left singular vectors corresponding to the largest singular values span an approxima-
tion of the range of T, and therefore they play a role analogous to the diffusion wavelet
scaling functions.

To obtain representations for T2 for k=2,3,---, we can simply iterate this process
by finding the truncated SVD of Tj_;, taking Uy to be the left singular matrix of that
decomposition, and setting Tj = (LIkT Ty_1Uy)?. Additionally, each Uy can be represented
in the original basis using the change-of-basis formula:

(Ui, = U]y [U—1ly, , [Ukly, - (4.1)

where [uk]uk,l represents Uy expressed in terms of the columns of Uy_q, and Uy € RN*N
represents the original basis of the columns of T. Note that in this notation, [Uy];;, , =Uk.

The performance advantage of this implementation is demonstrated on the Butterfly
dataset, for which more details and numerical experiments can be found in Section
The 3D embeddings produced via the SVD algorithm perform better than both the 3D
diffusion wavelet embeddings and the commute time embeddings described in [14] us-
ing 3 first columns. Additionally, the SVD approach allows more control over the rate of
dimensional reduction, since one can directly choose the proportion of singular values to
be retained.

In the case where the random walk matrix T is symmetric, the connection to the dif-
fusion wavelet based algorithm is obvious; the singular values are the absolute values of
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the eigenvalues of T, and therefore the largest singular values are the eigenvalues with

largest-magnitudes. The columns of the left singular matrix U then give the eigenvectors

of T. If we select j such that Vs <j, Afm“_l > ¢, then the first j columns of U, when the

singular values are ordered from largest to smallest, must span V;,:= ({Z1:A2"" "1 >¢}).
In the asymmetric case, the multiscale analysis involves a sequence of subspaces

X00X1DXoD---

such that Xj is the range of the operator T, and for mcZ, X,, represents an approximation
of the range of T at scale m, obtained via the largest singular values and the correspond-
ing singular vectors. In particular, let {c; };cz+ denote the singular values of T, and u,, be

the corresponding singular vector, we can define Xj:= ({1, : 02" =1>¢}). Each Wy, can
then be defined as the orthogonal complement of V,, in V,,_1, as in the original wavelet
setting. These subspaces Xj can, as in the diffusion wavelet construction, be viewed
as the “low-pass” portions of the range of T, corresponding to the “approximation” or
“smoothing” subspaces in classical wavelet theory, and W, correspond to the “detail”
components.

One possible disadvantage of this SVD method is that the orthogonalization here is
not as careful as the orthogonalization step in diffusion wavelets [10], and as a result our
bases are not guaranteed to be localized. While this has no apparent adverse effects on
the applications to examples we experimented, this method may not be suitable for the
broader situations where DWA applied, particularly where the localization of the scaling
functions is crucial. However, in practice for Network Embedding datasets, the SVD
basis vectors are approximately localized, that is, for any given basis vector, the majority
of the nodes will be clustered near zero. This “approximate localization” property can be
seen in Fig. [I} which shows embeddings based on 2 and 3 singular vectors. Because this
is smaller than the intrinsic dimension of the dataset, most of the nodes take values near
0 on the first 3 singular vectors. For such case, setting a tolerance such that these low
magnitude values are replaced with zero may improve performance slightly.

5 Examples and performance comparisons

The following examples illustrate the effectiveness of the method for multi-label classifi-
cation tasks|'| In this setting, each node is assigned a class label. The goal is to correctly
predict the nodes’ class labels based on their embeddings. In the following experiments,
we record for each trial the computational time, and compare the F1 macro scores to
judge the relative quality of each set of label predictions. We compare our method to the
following existing methods:

tCode to reproduce these results can be found at https://github.com/mercuri6/
SparseRandomWalk-Embeddings.
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GraRep [6], which creates multiscale embeddings by using the SVD of the k-step tran-
sition probability matrix to obtain k-step representations, and then concatenating
the representations from each scale,

DeepWalk [20], which uses SkipGram to generate random walk-based embeddings
from unbiased random walks. Here we use the code from the original paper, which
uses hierarchical softmax to speed up computation of the conditional probabilities,

Node2vec [13], a method similar to DeepWalk that uses biased random walks to com-
pute embeddings, based on parameters for breadth-first and depth-first sampling,

LINE [25], which uses an edge-sampling algorithm to optimize an objective function
that is designed to preserve both first and second-order relationships.

The Commute Time with SVD embeddings were computed using the algorithm de-
scribed in Section 3. The choice of embedding size d for the commute time-based em-
beddings varies for each dataset, depending on both the size of the original network and
the number of iterations of the compression algorithms used. For GraRep, LINE, and
DeepWalk, all parameters except embedding size d were left at their default values, and
the sizes of the embeddings were chosen to match those of the Commute Time with Dif-
fusion Wavelet embeddings. The F1 Macro scores reported here are averages based on 10
trials. All computations were performed with an Intel (R) HD Graphics 520 GPU.

The F1 macro scores were computed by generating embeddings based on the data,
then using the embeddings to train a 5-nearest neighbor classification routine. This clas-
sification model was then used to predict a class label for each node based on its embed-
ding. F1 scores for each class were computed using the formula:

TP
TP+1(FP+FN)’

1class i—

where TP denotes the number of true positives (nodes which were correctly assigned to
class i), FP denotes the number of false positives (nodes which were correctly assigned
to a different class), and FN denotes the number of false negatives (nodes which should
have been assigned to class i, but were not). The overall F1 macro score is the sum over i
of all F1yags -

For every dataset, the embeddings created with the method based on the sparse ap-
proximation of commute times presented in this paper obtained the highest or second-
highest F1 macro score. The runtime for the method was below or on par with that of
methods with comparable F1 scores, with the exception of the butterfly dataset. The
small size of this dataset allowed the deterministic GraRep method to run efficiently
and produce accurate embeddings. However, on the larger datasets, our method pro-
duced higher quality label predictions regardless of network structure (as measured by
F1 scores) compared to GraRep.
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5.1 Butterfly dataset

We first consider a network from [26}28] consisting of 832 nodes which each represent
different butterflies. Each of the organisms belongs to one of 10 species, and between 55
and 100 pictures of each species were collected from Google Images [26]. Edges indicate
similarity between organisms; that is, two nodes will be connected by an edge if their
respective images share features (such as wing color and pattern) in common. The data
is available from [16]. The commute time embeddings approximated with SVD were
based on 5 iterations of the algorithm, where 50% of the singular values were retained
at each iteration. The embeddings that led to the best F1 macro scores for the butterfly
network were the sparse approximation-based commute time embeddings and GraRep
(see Table 2). The computation time and F1 score of the Commute Time with SVD method
were comparable to those of the GraRep implementation.

Fig.[I|plots the three-dimensional embeddings of this network. Each color represents
the correct classification (i.e., the corresponding butterfly species) of that node. Although
omitting the rest of the dimensions has decreased the quality of the embeddings (the
F1 macro score for the three-dimensional embeddings pictured here are only 0.6287 and
0.7490), the clusters corresponding to three of the species are visible. Also note that,
for these low-dimensional embeddings, the localized nature of the embedding vectors
has caused the majority of the nodes to be clustered around the origin. Slightly higher-
dimension embeddings (e.g. d =27, as in Table [2) result in more accurate embeddings.
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Figure 1: Three-dimensional node embeddings for the butterfly species network, generated using the algorithm
described in Section 3. Embeddings on the left use sparse approximations produced via diffusion wavelets, and
those on the right use sparse approximations produced via truncated SVD. Each color represents the species to
which that node belongs.
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5.2 Cora dataset

The Cora dataset [24] (available from the Deep Graph Library, [29]) is a citation network
consisting of 2708 papers, with edges representing citation relationships. For a given
edge, the paper represented by the source node contained a citation of the target node’s
paper. The papers are sorted into seven different topics, corresponding to seven distinct
classes. The commute time with SVD embeddings are based on 4 iterations of this algo-
rithm, retaining 50% of the singular values at each iteration.

As shown in Table @ for this network, the highest F1 score was achieved by LINE,
with node2vec and the SVD-based commute time methods scoring only slightly lower.
However, here the SkipGram methods and LINE had the longest runtimes, while Com-
mute Times with SVD required less than one minute and still maintained F1 scores near
0.88. Overall, the sparse approximation-based commute time method achieved the high-
est accuracy at the classification task while computing the embeddings efficiently.

5.3 Amazon co-purchase photo dataset

The Photo segment of the Amazon Co-Purchase network [17], available from [29], con-
sists of 7650 products for sale, each of which is assigned a label representing one of eight
distinct product categories. Edge relationships are determined by which products were
recommended when viewing the product page for a given node. The commute time with
SVD embeddings are based on 4 iterations of this algorithm, where 50% of the singular
values are retained at each iteration. The average F1 macro score over 10 trials was 0.9384.

The Amazon Co-Purchase network is the largest of the networks considered here,
leading to longer computational times for all methods. In these trials, the commute time
with SVD method and node2vec had the best performance in terms of accurate labeling,
with F1 scores of 0.9287 and 0.9335 respectively, but both methods required around 10
minutes. The GraRep implementation was not able to accurately classify the nodes. This
is likely due to the structure of the network; specifically, the fact that the degree matrix of
this network, which is inverted in the GraRep algorithm, is singular to machine precision.
Results for each method are outlined in Table

5.4 Email database dataset

In this example, we consider a network of email communications from a particular orga-
nization [15,30], available from [16]. This graph contains 1005 nodes, each corresponding
to a member of a certain European research institution. Edges indicate that a particular
pair of members had exchanged emails during the 18-month data collection time period.
Each person in the network belongs to one of 41 departments. The commute time with
SVD embeddings were based on 5 iterations of the truncated SVD algorithm, where 75%
of the singular values are retained at each iteration.

For all the methods used, the F1 scores are noticeably lower compared to the other
examples, as indicated in Table [2} This may be a result of the structure of the network,
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Table 2: Method comparison results from all examples, including runtimes (RT) and F1 macro scores (F1).
“Sparse CT" denotes the commute time embedding using sparse approximations described in Section 3. The
embedding dimension d gives the size of the embedding vectors for each example.

Butterfly Cora Amazon Emails
Dimension d 27 170 480 180
RT/F1 RT/F1 RT/F1 RT/F1

Sparse CT 0.22s /09223 397s/0.8882 105s/0.9384  0.55s /0.6492
DeepWalk 20s/0.8692 81s/0.8061 570s/0.9167 633 s / 0.5169

node2vec 183s/0.8739 240s/0.8749 570s /0.9335 240s / 0.6266
LINE 210s / 0.7662 150s / 0.8864 178s / 0.8203 141's / 0.5423
GraRep 7s/0.9103 65s/0.8333 920s/0.0451 2.145s / 0.0048

i.e., the degree matrix for this graph is nearly singular. In particular, this causes GraRep
to produce embeddings that lead to inaccurate classifications, similarly to in the Amazon
Co-Purchase example. However, in this case we still see that the sparse approximation-
based commute time embeddings predict the department labels more accurately than the
other methods, while also requiring less time than any other successful method.

5.5 COVID-19 lung image classifier

Finally, we apply the methods to a dataset of chest x-rays, saved as 299 x 299-pixel im-
ages. The dataset contains x-rays from patients with COVID-19, viral pneumonia pa-
tients, and healthy people, and is available from [8|22]. In the following experiments we
use 60 x-rays from each category. To apply the methods, we reshaped each image into a
2992-dimensional vector, then treated these vectors as the initial representations of each
x-ray. We construct the matrix T using the Euclidean norm between each two vectors to
represent the similarity between those nodes.

For this dataset, we compared the F1 scores, averaged over 10 trials, obtained for this
dataset using different amounts of training data. Using 90% of the dataset as training
data, the method returns an F1 macro score of 0.7954 on average, while reducing the di-
mension of the vector representations from 2992 to 3. As the amount of training data is
decreased, the F1 macro score also decreases, but even when training data is decreased to
10%, the average F1 score remains above 0.5, at 0.5372. The commute time with SVD em-
beddings were based on 6 iterations of this algorithm, where 50% of the singular values
are retained at each iteration.

Fig. 2| shows the method’s efficacy for clustering. The low-dimensional embeddings
show distinct grouping by color such that red points represent images taken from pa-
tients with COVID-19, light blue represents images of healthy patients, and dark blue
represents images from patients with viral pneumonia. Fig. 2(b) shows the decrease in
cross entropy loss over 10 iterations of SGD, for 10 different trials. In all trials, cross-
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Figure 2: (a): Three-dimensional node embeddings for the chest x-ray classifier, generated via the proposed
method. Each color represents the diagnosis (normal, COVID-19, or viral pneumonia) associated with that
x-ray. (b): For each of 10 trials, the cross-entropy loss over 10 iterations of SGD is recorded.

entropy loss drops steeply for the first steps of gradient descent, quickly converging to
low values within 2 iterations.

6 Analysis of the scheme

In the following section, we will address some theoretical issues justifying the proposed
method to shed light on further improvements. Specifically, we'll elaborate on the per-
formance comparison between DWA and SVD for sparse approximation, present an ap-
plicable form of the Johnson-Lindenstrauss lemma, and discuss the relationship between
the scheme presented here and the diffusion maps [9].

6.1 More on DWA vs SVD

We first want to show that the SVD can achieve at least the same accuracy as DWA for
sparse approximations of transition matrices on networks. Our discussion is based on
the following definition of e-span from [10]:

Definition 6.1. Let # be a Hilbert space such that {w; };c; CH. A set of vectors {v; }c;
e-spans the set of vectors {w;};¢; if

‘|P<{Ui}iel>wj_wj| I <e,

where Py, ) represents orthogonal projection onto the span of {v; };c;. We also say that
{({vi}ier) is an e-span of ({w;}icy)-

If the sparse approximations Ty are computed using DWA, then the Ty ~, T2 in the
sense that Tj is expressed in a basis that e-spans the columns of T;_;. Alternatively, the
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truncated SVD-based approximation, Ty = Uk_leflukal where j singular values were

retained, is an approximation of T2" in the sense that the truncated SVD is an approxima-
tion of Ty_; up to the next largest singular value, 0}, 1:

[ Tee1 = U1 Zk1 Vi 2 =041

It is well known that this is the best possible j-rank approximation of Ty_;. In the self-
adjoint case, using this ideal j-rank approximation leads to

T2 =T Tio =W Vi Vi S UL =U X2 UYL .

In the non-self-adjoint case, we can express T? , in terms of Uy_; similarly via the change
of basis (4.1). Further, we would expect that this SVD approximation results in less er-
ror, compared to a diffusion wavelet compressed representation of the same dimension.
Theorem [6.1| formalizes this result. Proof of the following lemma can be found in the
Appendix.

Lemma 6.1. Uy is a 0j1-span of the columns of T, that is, for any vector in the span of the
columns of Ty, its orthogonal projection onto span(Uy) is within o1 of the original vector.

Recall that we have assumed the transition matrix T is a local operator whose columns
have small support.

Theorem 6.1. Suppose T is either symmetric or invertible. Let @, denote the diffusion wavelet
basis at the {th compression level, constructed with precision €, with number of columns being j;.
Then, it is possible to choose jo < jy such that the first jp left singular vectors of Ty, denoted U,
eo-span the range of Ty with &3 <e.

Furthermore, the SVD basis performs with greater efficiency on a broader class of op-
erators T. At worst, both the full SVD algorithm and the diffusion wavelet algorithm can
have complexity up to O(n®) on a general 1 x n matrix. In order for diffusion wavelets to
perform with computational complexity better than O(n?), T must have y-strong decay
(for some y>0, if forall A€ (0,1), eigenvalues Ay satisfy #{k: Ay >A} < Clogg /A) [10] with
7 sufficiently large and € not too small.

However, if we assume that this y-decay holds for T, its singular values will also de-
cay fast. The SVD algorithm, then, will require fewer singular vectors to obtain the same
accuracy. The truncated SVD of a low-rank m xn matrix with rank k can be computed
with complexity O(mnk), and when sufficiently few singular values are needed, fast al-
gorithms exist for sparse matrices (e.g. Lanczos bidiagonalization [2]) where complexity
depends linearly on the number of nonzero elements in T, rather than n. This difference
in performance can be seen empirically in Table I}, which compares the two methods on
the butterfly dataset. A similar difference in computational time was also observed for
the other datasets presented in the following section.
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6.2 Modified Johnson-Lindenstrauss Lemma

To analyze Green function-based commute time embeddings from a more fundamental
perspective, we consider a connection to the Johnson-Lindenstrauss Lemma. In particu-
lar, the Euclidean distances between these embeddings approximate up to € the commute
time distance (or, for diffusion wavelet-based embeddings, the square root of the com-
mute time distance) between the original nodes.

By a straightforward application of the Johnson-Lindenstrauss Lemma, the commute
time can be approximated with high probability by the product of G!/2 and a constant
multiple of a random matrix with normally distributed entries. Let ® be the basis of scal-
ing functions obtained by applying DWA to the matrix vol-GD~! with precision constant
¢, and ®(x):= ®T5, denotes the xth row of ®, and the embedding for node x, then for all

x,y€S,
—e+1/CT(x,y) <||®T(6:—3,)|| <e+1/CT(x,y). (6.1)

Similarly, let ULUT ~vol-GD ! represent the truncated Cholesky decomposition of vol-
GD! using the aN leading singular values 01 >--- >0,y for some « <1. Let ® denote the
embedding matrix obtained from the leading left singular vectors U, such that @ =X1/201
and e=O(oyn+1), then forall x,y €S,

—e+CT(x,y) <||@"(6x—08y)|| <e+CT(x,y). (6.2)
These results are simple to obtain from the definition of e-span and the fact that CT(x,y)=
||(vol-GD~1)/25, — (vol-GD~1)1/25, | .
6.3 Relationship with diffusion maps

We conclude by briefly summarizing a result from [9], which states that embeddings
given by diffusion wavelet scaling functions are equivalent up to a rotation to the em-
beddings produced from any given kernel eigenmap method.

In [9], it is shown that any kernel eigenmap method can be viewed as solving

Qﬁ}i)rllQl(f), where Q1(f):;Qx<f)z

where Q,,Qy are symmetric positive semi-definite quadratic forms with Q, local. For
example, for a kernel k, we can take

Qi(f) =YY k(xy)(f(x)—f(¥))?,
Xy
Qa(f) =) v(x)f(x)%

Then, Q, 1 Q1 represents a discretization of a differential operator (i.e., a Laplacian).
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Theorem 6.2 (Coifman, Lafon 2006). Suppose we have a kernel-based method (e.g. Q1,Q> sat-
isfying the properties described above). Then the embeddings obtained from the diffusion wavelet
scaling functions for Q; 'Qy at level j are equivalent, up to a rotation, to the pj-dimensional
embeddings obtained from the diffusion maps embedding, where p; gives the number of scaling
functions at scale j.

In particular, since the commute time embeddings in [14] are equivalent to kernel
PCA on the matrix vol-GD~!, we can apply the above theorem with Q, 'Q;=vol-GD ! to
see that the embeddings produced via the diffusion wavelet method are equivalent up to
a rotation to the p;-dimensional commute time embeddings, and thus these embeddings
will also preserve commute times between nodes.

7 Conclusion

This paper outlined a new method for embedding the vertices of a network while pre-
serving commute time distances between nodes and optimizing cross-entropy loss. Fu-
ture work could include a more complete analysis of the method, and possibly further
improvements to the algorithm. In particular, it is likely to improve upon the the SGD
stage that makes the largest contribution to computation time which may involve incor-
porating randomized algorithms to more efficiently optimize cross-entropy loss.

While this article focuses on undirected networks, this method is applicable for the
directed case as well. For a directed graph, the adjacency matrix A, as well as the ran-
dom walk Laplacian L will be asymmetric, which means L may not be diagonalizable,
and the definition of the Green function need to be make use of the Moore-Penrose pseu-
doinverse, L* = (LTL)"'LT. Since L™ is still the left inverse of L, and the method pre-
sented here does not require explicit computation of eigenvalues or eigenvectors of L,
the computation of the embeddings can proceed. More details will be provided in future
expositions.
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A Proofs of theorems

A1l Lemma6.1

Proof. Let v€span(T), and let T=UZVT denote the SVD. Then, there exist some vector
w,||w||2 =1, such that v=Tw =UZVTw. Let the orthogonal projection of v onto U; be
denoted @. To prove that U; = [ul Uy - u]-] is an 0}, 1-span of the columns of T, we
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need to show that
[[o—2ll2 <oje1.

Since the columns of U; are orthonormal, we have:

[[0—3]|,=||ULVTw—u Ui ULV Tw]||,
=||luzVTw -, ZV7Tw||,
Saj-i-l/

where the second line holds because

Iiv; O
Trr— | 7%
uru [0 0].

Hence Uj is a 0, 1-span of T, by definition. O

A.2 Theorem 6.2

Proof. Fix ¢>0. Choose ji such that 0}, >¢ and ¢}, 1 <e. (Note that such j; can be assumed
to exist without loss of generality, because if € is so small that no such j; exists, then
applying DWA with this ¢ will not reduce the dimension, and ®; will have the same
number of columns as T. In this case, j; =N.)

Symmetric Case: In the case where T is symmetric, since the eigenvalues of T in this
setting are nonnegative, 0j,1 =A;,1 for all j. Applying DWA to T, then, results in a basis
@, spanning the space

Vi=span({{r:A>¢€}),

where the {, denote eigenvectors. Choosing j; =inf{j:0j,; <e}, and defining U to be
the first j; left singular vectors of T, we have Uy ={uy, 10y > e} ={r:A >¢€}.

After the first compression step, we have from diffusion wavelets
TPWA = @, T2®T, and using SVD, T?VP = U3 T2UT, where ®; and U are two bases -
spanning V;. We also have:

VP =u Tuf =t usutusutul = mustutyy,

which implies that, if we denote the singular values of T?VP as ¢t
p g 1
ot A2 \h/2 TP 2
{m:o)  <el={m:(0pq)"2<e}={m:(v,. ;) "/?<e}.

SVD
Let t; ;=21 —1. Then, defining Vo =span({Z,: A" >e}), j=inf{m: ((TTEIJr1 )h/2<e}, and
U, as the first j, singular vectors of T15VD , clearly dim(V,) =jp. So both &, and U, will
again have the same dimension, and both bases will 2e-span the range of T2.
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The same argument holds for the general kth step, where Viy=span({{:A'-1>¢}) and

SVD
jr=inf{m: (0’3;’:1 )%-1/2 <e}. Since the eigenvector basis for Vi and the leading singular
vectors Uy are identical in the symmetric case, clearly the bases ®; and Uy span the same

space, and therefore have the same dimension. By construction, both TlfVD and TkD WA

are e-approximations of T?. So the given choices of j identify a basis of singular vectors
of equal or lesser dimension to ®, that also e-span the same space, and the theorem is
satisfied.

Asymmetric case: If T is asymmetric, we can symmetrize for diffusion wavelets by mul-
tiplying by T by its adjoint. (Note that, if T=UZVT, TTT =UX2U7, so the eigenvalues of
TTT are the squares of the singular values of T, and the eigenvectors of TTT are the left
singular vectors of T.) If we instead apply diffusion wavelets to T itself, Vi can instead be
defined as the span of the basis vectors themselves, or as an e-span of the columnspace of
T. Since T and TTT have identical ranges so long as T is invertible, the diffusion wavelet
basis obtained from TTT must also be a e-span of V; =span({Z,:A>¢}), so it suffices to
compare the SVD subspace to the subspace defined by TT".

For nonsingular T, the diffusion wavelet scaling functions e-spanning the range of T
must also ¢-span the range of TT7, and therefore

span(®q) ~e Vy rrr.

Let uj,05,j € Z denote singular vectors and values of T,and { Aj,)t]-, ] € Z denote eigenvec-
tors and eigenvalues of TTT. Then

Vi rpr =span({{y:A >e}) =span({{y:A =020 >¢}) :span({ujzcrjzze}).

Note that {u;:07 >¢} C{uj:0;>¢}. By choosing jy=inf{m:cy, .,
of the first ji left singular vectors will contain at most as many vectors as the diffusion
wavelet basis ®; on T. We now have a subset of the j; leading singular vectors of T that
spans a low-pass portion of the range of T.

Likewise, for the kth compression level,

Vi,rrr =span({{a: A% >e})
—span({ug: (0" e})
=span({uy o171 >¢}),

<e}, the basis U consisting

and our basis of singular vectors Uy will e-span the same space as &, when we choose

jr=inf{m: o171 > ¢} As in the symmetric case, we can instead define jy = inf{m :
(UTk’i)(tkH*l)/zk*l }, and use the SVD of T;_; to compute Ty.

m+
In either the asymmetric or symmetric cases, there is some subset of left singular

vectors of Tj that spans an equivalent (up to €) space to the diffusion wavelets basis at a
particular level. By the previous lemma, since the basis Uy is a 0j,1-span of the range of
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Ty with 07,1 <¢, the approximation using this basis is guaranteed to provide an equal or
better error bound compared to the diffusion wavelet basis. Additionally, by the choice of
Jjx and the compressed nature of the T, we can expect the SVD bases to contain a smaller,
or at worst equal, number of vectors. Taking j; as defined above for the kth compression
step, then, leads to a basis of singular vectors that satisfies the theorem. ]
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