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Abstract. In this work, we develop a class of up to third-order energy-stable schemes
for the Cahn-Hilliard equation. Building on Lawson’s integrating factor Runge—-Kutta
method, which is widely used for stiff semilinear equations, we discuss its limitations,
such as the inability to preserve the equilibrium state and the oversmoothing of in-
terfacial layers in the solution’s profile because of the exponential damping effects.
To overcome this drawback, we approximate the exponential term using a class of
sophisticated Taylor polynomials, leading to a novel Runge-Kutta framework called
exponential-free Runge-Kutta. By incorporating stabilization techniques, we analyze
the energy stability of the proposed schemes and demonstrate that they preserve the
original energy dissipation without time-step restrictions. Furthermore, we conduct
an analysis of the linear stability and establish an error estimate in the /2 norm. A
series of numerical experiments validate the high-order accuracy, mass conservation,
and energy dissipation of our schemes.
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1 Introduction

The Cahn-Hilliard (CH) equation, which belongs to the class of phase field models,
was originally introduced by Cahn and Hilliard in [3] to describe phenomena of phase

*Corresponding author. Email addresses: hf_wang1031@163.com (H. Wang), sjw@nudt.edu.cn (J. Sun),
zhanghnudt@163. com (H. Zhang), qianxu@nudt.edu. cn (X. Qian), shsong@nudt.edu.cn (S. Song)

http:/ /www.global-sci.com/cicp 199 ©2026 Global-Science Press



200 H. Wang et al. / Commun. Comput. Phys., 40 (2026), pp. 199-238

separation and coarsening in non-uniform systems, such as glasses, alloys, and fixed-
temperature polymer blends. While the CH equation offers an improvement over the
Allen-Cahn (AC) equation by ensuring mass conservation, it also introduces higher-
order spatial derivatives that increase stiffness and pose challenges for numerical compu-
tation. As a result, despite its theoretical advantages, creating a high-order, efficient, and
stable numerical scheme that can deal with the stiffness from these spatial derivatives
for the CH equation while maintaining the original characteristics is crucial in practical
applications.
In this work, we consider the CH equation with the following form:

{ut:A(—GZAu—i—f(u)), xeQ), t€(0,T], (11)

u(x,0) =up(x), x€0Q),

where Q=TT%_, (a;,b;) is a rectangle when d =2 or a cuboid when d=3, and the unknown
solution u is subject to the periodic boundary condition that represents the difference
between two phase proportions. The diffusion coefficient e characterizes the interfacial
thickness of the transition region. The nonlinear function f(-) is defined as the derivative
of the double-well potential function:

P(u)::%(uz—l)z, Flu)i=F' (1) = —u.

As is well known, the CH equation is the H! gradient flow [15] with respect to the
Ginzburg-Landau free energy functional E(u), i.e.,

where ‘5]::5(;) denotes the standard variational derivative, and energy is represented as:

2
E(u)::/ <€qu|2+p(u)> dx, (1.2)
a\2
with the symbol |u| denoting the Euclidean norm. Therefore, the CH equation inherently
satisfies the energy dissipation law:

d B OE(u)\ _10uU 5
B = (1,57 ) ==ll(-8) 15| <0, ¥E>0,

where (+,-) and || ||, are the standard L? inner product and norm, respectively, and are
defined as

1
— — 244) 2 2
(u,v)—/guvdx, |u]| 2= (/Q]u\ dx) , Yu,0el*(Q).

In addition, the CH equation conserves mass during the time evolution:

/ u(x,t)dx= / u(x,0)dx, >0, (1.3)
(@) (@)
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under a periodic boundary condition.

In the past two decades, there has been significant interest in developing numerical
methods to solve the CH models, where the discrete energy dissipation law has garnered
considerable attention in numerical analysis. In the early stage, researchers paid more
attention to designing implicit methods to ensure numerical stability when solving the
CH equation. In 2001, Furihata [19] constructed a conservative Crank-Nicolson scheme
to solve the one-dimensional CH equation and proved that it inherited the properties of
the equation, such as the mass conservation and energy decrease under the time step con-
straint. By separating the energy into the difference of two convex functionals, Eyre [13]
constructed the convex splitting scheme in 1998 and revealed its unconditional energy
stability. Subsequently, Wise et al. [48] adopted the convex splitting scheme to investi-
gate the Cahn-Hilliard—Hele-Shaw system and analyzed both the energy stability and
convergence of the proposed scheme. By adopting the modified Crank-Nicolson (CN)
scheme and an explicit second order Adams-Bashforth extrapolation, Chen et al. [4] pro-
pose a second-order-in-time finite difference numerical scheme for the Cahn-Hilliard-
Navier-Stokes system with a logarithmic Flory-Huggins energy potential, and analyze
the unique solvability and the positivity-preserving property of the fully discrete scheme.
More recently, combining the idea of the convex splitting scheme, Cheng et al. [6] pro-
posed a third-order backward differentiation formula (BDF)-type scheme for the CH
equation. They proved its energy stability with respect to a modified energy and demon-
strated that the scheme guarantees the original energy is uniform bounded. For the CH
equation with degenerate mobilities, Bailo et al. [2] propose a finite-volume scheme com-
bined with a dimension-split method to construct a second-order fully discrete scheme,
which enables the efficient solution of higher-dimensional problems with simple paral-
lelisation. Additionally, they prove that the scheme maintains properties of mass conser-
vation and discrete energies dissipation, and ensures the boundedness of the solution.
Since simplifying the self-consistent mean-field theory model of amphiphilic molecules
in a solvent yields a singular family of functionalized Cahn-Hilliard (FCH) energies,
Christlieb et al. [7] modified these energies to stabilize the corresponding gradient flow
calculations and developed a series of benchmark problems to evaluate the performance
of different numerical schemes. In addition, various numerical researches have also fo-
cused on other phase field models, such as the thin film epitaxial model [41], and the
phase field crystal model [49]. However, solving implicit schemes requires using New-
ton’s solver at each time step, making it time-consuming and challenging for long-term
simulations.

Since the CH equation requires long-term simulations to reach a steady state, it is es-
sential to design an efficient scheme to improve computational performance. In contrast
to the traditional method [45] that aims to preserve the dissipation of the original energy,
the invariant energy quantization (IEQ) [20,51] and the scalar auxiliary variable (SAV)
approach [43,44] were proposed to develop unconditionally energy dissipation schemes
with respect to a modified energy in the gradient flow problem and enable linear solvabil-
ity in each time step. From the other aspect, the stabilization technique [21,50] has gained
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significant attention in recent years and achieved remarkable success by combining with
various schemes. This technique explicitly handles the nonlinear terms and introduces
a stabilization term to avoid time-step constraints, which eliminates the need for nonlin-
ear iterations. Although this technique offers advantages, it also introduces a dispersion
error in the solution [32,50]. Therefore, low-order schemes usually cannot provide reli-
able solutions with a large time step, and high-order schemes are necessary for accurate
simulation. Utilizing the stabilized exponential time difference (ETD) Runge-Kutta (RK)
scheme, Li [37] conducted an error analysis for the first- and second-order schemes in
solving the CH equation. They further proved the boundedness of the numerical solution
under moderate constraints on the time step and spatial mesh size. For the CH equation
with dynamic boundary conditions dependent on the reaction rate, Meng et al. [40] pro-
posed a second-order stabilized Crank-Nicolson scheme and provided the correspond-
ing theoretical proofs of its stability and convergence. Qiao et al. [38] combined the BDF
scheme with a second-order stabilization term to construct a second order, uncondition-
ally energy-stable scheme for the nonlocal CH equation, and employed the high-order
consistency estimation technique to analyze the > estimate of the numerical solution. In
addition, Fu et al. [18]] provided an energy stability analysis for the ETDRK scheme with
respect to the general phase-field models with the Lipschitz assumption. For the classical
implicit-explicit Runge-Kutta (IMEX RK) scheme, Fu et al. [17] also presented a general
proof to show that the scheme can unconditionally preserve the energy dissipation law
with stabilization techniques and certain RK coefficient constraints. After that, In or-
der to theoretically control the parameter of the stabilization term, Zhang et al. [55,/56]
established the global-in-time Sobolev norm estimate of the numerical solution for the
Swift-Hohenbert type gradient flow model. More information and applications of the
stability technique can be found in [10,11,36,46,47,52] and the references therein.

The objective of this work is to construct a class of up to third-order, unconditionally
energy stable schemes for the CH equation. Due to the strong stiffness of the perturbed
biharmonic operator and the strong nonlinearity induced by the potential, solving the CH
equation presents inherent numerical difficulties. There are many methods for nonlinear
stiff problems, and one of the effective schemes is Lawson’s integrating factor Runge—
Kutta (IFRK) method [29}31]. However, IFRK methods also have their limitations, and
one notable drawback is that they introduce the exponential damping effect [27,33]. Al-
though this phenomenon can help suppress numerical instability, it can also oversmooth
the numerical solution, which causes deviations from the solution of the original prob-
lem and makes it unreliable. In recent years, significant research [9}28]] efforts have been
dedicated to improving the integrating factor Runge-Kutta (IFRK) method. In addition,
our research group focuses on improving the IFRK method to preserve the maximum
principles of AC-type equations and eliminate the time delay effects introduced by stabi-
lization techniques [57]]. Consistent with these endeavors, the objective of this work is to
modify the IFRK scheme and develop new schemes that eliminate the exponential damp-
ing effect as well as preserve the energy dissipation of the CH equation. The contribution
of our study can be summarized as follows:
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* By employing a Taylor-polynomial approximation to approximate the exponential
function, we devise a family of exponential-free Runge-Kutta (EFRK) schemes that
eliminate the exponential damping phenomenon in the IFRK method while pre-
serving the steady state without destroying the convergence.

* We establish a unified framework to check whether the proposed EFRK method
unconditionally preserves the original energy dissipation law. Meanwhile, we pro-
vide a class of up to third-order Runge-Kutta Butcher tableaux that satisfy this
framework.

The remainder of the paper is organized as follows. In Section |2, some preliminary
information on the Fourier spectral collocation method is presented to obtain the spatial
semi-discretization system of the CH equation. In Section (3, we discuss the exponential
damping phenomenon of the IFRK method and propose the EFRK framework that fixes
this drawback, which can preserve the equilibrium states of the original system even with
arbitrarily large time steps. Then, the linear stability and energy stability of the proposed
scheme are rigorously proven in Section [} followed by error estimates derived in Section
Section|f| presents various numerical experiments to test the accuracy and demonstrate
the stability for long-time simulations. We finally provide the conclusions in Section 7]

2 Fourier spectral collocation approximations

In this section, we introduce the spectral collocation method for the spatial approxima-
tions of the CH equation. Focusing on the one-dimensional (1D) interval (a1,b;) with
periodic boundary conditions. Let N; represent an even integer and denote h; = blN%”l ;
then, the interval can be uniformly partitioned as O, ={x;|x;=a;+jh1, j=0,1,--- , N1 —1}.
The grid function space with the periodic boundary condition defined on (), is defined
as My, ie.,

Mu, ={olo=[0v(x0),"--,0(xn,-1)]", x; €y} €RM.

As described in [42], the spectral collocation method utilizes trigonometric bases, which
is given by

LN 1 e
(x)=— 761}[1 X7x]' ,
ll)]( ) N] l_§1/2 c

where ¢;=1 for |I| <Nj/2,¢;=2for |=+N; /2, and 1 = hlzfal . Therefore, we obtain the
corresponding interpolation function space Sy, =span{;(x), j=0,1,---,N; —1}, and the

interpolation operator Iy, : C()) — Sy, can be defined as:

lel N1/2 1 N]*l

Inu(x)= ) ujpi(x)= ) ;e =1) - where )= —— ) uje_iyll("f_“l).
j=0 I=—N; /2 Niep =
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Applying the 1D Laplacian operator A to the interpolated function Iy, #(x) and utilizing
the periodicity of trigonometric functions, we obtain

Ny/2 1 Ni—1 ) )
A(INll/l(Xi)): 2 (ll’lll)z (I\IC 2 ujely]l(xja])> ely]l(xi—a])
I=—N;/2 1t =0

1 Ni—1 N;—1 ) '
:ﬁ E )\12 Z uje—lﬂll(xj—al) elﬂll(xi—ﬂl),
1 1=0 j=0

where
(im1)?, 0<I<N;/2,
1, 1,
Af= E(lylz)%i(ly](1—1\11))2, 1=N;/2,
(in1 (I—Ny1))?, N1 /2<I<Nj—1.

Consequently, for any grid function u € My,, we can define the discrete Laplacian as
D
1
and Fy,, Fg,ll € RN1*Mt denote the discrete Fourier transform and inverse discrete Fourier

_iomj 27
transform with the elements (Fy, ); ;= Nile M, and (Flgll) j=eN .

= FZ\_IllAgz)FN], where Agz) = diag(A?) represents the eigenvalue of the Laplacian,

For the case of the d-dimensional (d < 3) hyperrectangle domain Q = IT{_, (ay,by),
choose an even number Nj as the grid number along the kth-dimension. We set N =

IT¢_, N; as the total number of grid points. In addition, we denote hy = b"N;k”" as the grid

21

e For convenience, the d-

size for each dimension and define /1 = mkax{hk}, Uk =

dimensional grid function u is reshaped into a vector in the order of the first, second,
and third dimension, which belongs to My and is equipped with the ¢2-inner product,
(2-norm, and /*-norm defined by

N-1
(u,0):=TI{_ Iy Y uivj, wl|Z = (wu), |ullep :mzax|ui|, Yu,v e My.
i=0
The discrete Laplacian in multi-dimensions can be implemented using the Kronecker
products as
1D: Ay y:=D?,
2D: Ay := (Fy) 9 Fg ) (Lo AP + AP © 1) (B, ® Fy, ),
3D: A= (Fyl @Byl 0 g ) (5@ ho AP + Lo AY @ L +AY @ bo ) (Fy, @ Fy, ® Fy, ),

where A,((Z) and I are the corresponding eigenvalue and identity matrices, respectively,
in the kth-dimension. To simplify the notation, we omit the dimension subscript and use

An to represent the discrete Laplacian operator in the remainder of this paper.
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In addition, the discrete Fourier transformation of u is denoted as
Fnyu, 1D,
=< (FN,®Fn, )u, 2D,
(Fn, @ Fn, @ Fn, )u,  3D.

For any u,v € (>(My):={uluc€ My, ||u||,2 <o}, Parseval’s theorem gives
(u,0)=0|(6"a),

where |Q =I1¢_, (by—ay) denotes the area of the domain Q) and %' represents the conju-
gate transpose of vector 9.

By noticing the mass conservation of the CH equation, we assume the mean of the so-
lution u is zero without loss of generality. Consequently, in our analysis, we only consider
the grid function with zero mean, which is denoted as MY,

M3y = {0 M| (0,1) =0} = {o € M5 =0}

Based on the above description, the semi-discretization of the CH equation on a d-dimensional
domain is to find a function u: [0,00) — MY, such that

{ut:AN(—ezANu—kf(u)), te (0,T],

u(0) = o, (2.1)

where ug € MY, is given by initial condition.

Remark 2.1. Since the eigenvalues of the discrete Laplacian matrix are non-positive, it
holds that

(i) The matrix Ay is self-adjoint and negative semi-definite on My.

(ii) The matrix Ay is self-adjoint and negative definite on MQY; thus, it is invertible on

M,

By approximating the energy functional as E(u) = —§<u,ANu> +(F(u),1), the semi-
discrete schemes admit the energy dissipation law, i.e.,

C“S(;t(t)) = <_€2ANM+f(u),ut> = (Ag,lut,ut) <0.

3 Exponential-free Runge-Kutta framework

In this section, we begin by providing a concise review of Lawson’s integrating factor
Runge-Kutta (IFRK) method. Following this, we delve into a discussion on its exponen-
tial damping effects, which cause this method to fail in preserving equilibrium states and
to oversmooth the solution at the interfacial layer. Subsequently, we propose a strategy
to overcome this limitation and develop a new Runge-Kutta framework.
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3.1 Equilibrium-preserving Taylor-polynomial approximations

For the sake of stability, we introduce a positive constant x >0 and add the term xAy (u—
u) on the right hand side of the semi-discrete CH system (2.1), yielding

ut:LKu+NK<u)l (31)

where Lcu=An(—€?Anu+xu) and N, = Ay f (u) —xAnu. Using Lawson transformation
[31] for the unknown u(t), i.e., v(t)=e ‘xu(t), we obtain an equivalent system of (3.1) in
the following form:

—tL tL

=e ""*Ni(e'"rv),

o «(eo) (3.2)
v(0) =up(x).

Let T represent the time step. By employing an s-stage explicit Runge-Kutta method to

solve the reformulated system (3.2) and recovering the variable v to u via u(t) =e'trv(t),

we obtain the IFRK method:

un,OZunz
L = L
un,izeciT "(u”—f—TZai,je*ch KNK(un’j))/ i=1,---,s, (3‘3)
j=0
n+1__
u =Ups,

where u, ; represents the approximation to u(t, ;) with t,; =t,+c¢;T and t, =nt. The
coefficients c;, 4;; satisfying the simplifying assumption ¢o =0, ¢; = Z};éai,j for 1<i<s,
and ¢s =1 for consistency. According to the analysis presented in [24], when the solution
u satisfies sufficient regularity, the IFRK method will have pth order convergence if the
underlying RK method is of order p.

Despite numerous advantages of the IFRK scheme in addressing the stiffness and
preserving the strong stability for the hyperbolic conservation laws [29], it has a notable
limitation in that it cannot preserve the equilibrium states of the problem. Let u* #0,£1
denote a nontrivial equilibrium state to (3.1), i.e., Lyu*+ Ny (u*) =0. Denoting the discrete
Fourier transform of u* as #*, and assuming that 4, ;=#", j=0,1,---,i—1, when ¢;T #0,
we apply the discrete Fourier transform to the formulation (3.3) and obtain

i—1 —
ﬁn,i = e_CiTA <ﬁn +T2ai,]-ecfm [NK (un,]-) —Aﬁn,]‘ +Aﬁn,]']>
J =0
i—1
=e G™A (I—i—rZai,jeCi“\A) i
j=0
A0, i<s, (3.4)

where A = diag([Ao,---,An—1]) is a diagonal matrix that consists of eigenvalues of the
matrix —L, =€?A% —xAyn and the nonlinear term is evaluated in the physical space and
subsequently transformed to the Fourier space.
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Because e“™ is not equal to [ —I—TZ;;éa,-,jeCfTAA unless ¢;TA=0, the IFRK method
will introduce unwanted exponential damping when ¢; > ¢; for i>j (or growth if ¢;<c¢;) to
the Fourier modes of the equilibrium state, particularly those at high wavenumbers. Al-
though the exponential damping effect tends to suppress instabilities such as those aris-
ing from an aliasing error or underresolution [27], they can lead to a time-step-dependent
smoothing of the high gradients associated with the interfacial layers [33]]. Consequently,
this causes a discrepancy between numerical and analytical solutions at high wavenum-
bers.

Our main focus is on the equilibrium states of the gradient flow system. To ad-
dress this problem without destroying the convergence order, we utilize the kth-order
Taylor polynomial ¢y (z) =1+z+-- + L2k to approximate the exponential function 7.
Specifically, we follow [53] and approx1mate the exponential function e“™ in (3.4) using
¢i(c;TA) to obtain

. 1 i—1
S Y

||
Qo
~.
I
—_
N
<
»n

(3.5)

To preserve equilibrium states, we require that d;=1,i=1,---,5. When considering s <4,
the expansions of d; can be expressed as

A 1
=— I Al,
1 ¢1(cer)[ +c1TA]
a 1
—_— < I A A 2 7
2 (PZ(CZTA)[ +caTA+az101(TA)?]
A 1
3:m(I+C3TA+(!Z3,1C1+IZ3,262)(TA)2+113,2111C1(TA)3),
d. -1 I+c TA—I—ilZ ici(TA)?
4_¢4(C4TA) 4 4,] ]

j=1

+[aspaz101+ay3(as101+a3202)] (TA)? +ay 383002101 (TA)4> -

Combined with the order conditions of the RK scheme in Table|l, we arrive at the follow-
ing conclusion:

1. RK(1, 1) satisfies d; =1I;

2. RK(2,2) satisfies d;=1,i=1,2;

3. RK(3, 3) sat1sf1es di=1i=13. dy=1 requires the RK coefficients to additionally

satisfy ay1c1 = #. In the literature, we find that Heun’s method [RK(3, 3) in li
meets this cond1t1on
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Table 1: Order conditions for the explicit Runge—Kutta methods.

Tree | Order 1 | Order 2 | Order 3 Order 4

o | bT1=1 | bT1=1 | bT1=1 bT1=1

b4 ch:% ch:% ch:%

AV pTe?2= % pTe?2= %

i bTAc= % bTAc= %
2 pTed = 411

v bT[c-(Ac)] =1
Y pTAC? =1

; bTA%c= ﬁ

Here, 1= [1/' o /1} T €R®, c= [Co,Cl, T ,6571} T/ A= (”i,j)i,jzo,---,sfl € 1RS><S/ b= [aS,O/aS,ll T /aS,sfl]T/ and powers
of vectors are element-wise.

4. RK(4, 4) satisfies d;=1,i=1,4. Ensurmg that d; _I i=2,3 requlres the RK coefficients
to further satisfy a31c1+a32c0 = 2 , 43207101 = 6 ,and ap1c1 = #. Since the explicit
RK(4, 4) method has only ten parameters, there are eleven constramts in total, this
signifies that there is an insufficient degree of freedom for determining the parame-
ters. Therefore, no four-stage, fourth-order explicit RK coefficients can satisfy these
conditions.

Some up to third-order underlying Runge-Kutta schemes that satisfy both the order
condition and cfi =]Ifori=1,---,s are presented below:

(3.6)

1 4
Forward Euler scheme Heun'’s second order scheme Heun'’s third order scheme
By replacing e~ "Lx with ¢;(—c;TLy) in the IFRK framework (3.3), we obtain
uo=u",
4 i—1
un,z:((,bi(_ciTLK)) <un+T2ai,j¢j(_CjTLK)NK(un,j))/ i=1,---,s, (3.7)
j=0

un—l—l =y,

Since the requirements d; = I for i =1,---,s guarantee the preservation of equilibrium
states and eliminate the exponential effects, the formulation (3.7) is referred to as the
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exponential-free Runge-Kutta (EFRK) framework. Some concrete EFRK schemes based
on the underlying RK Butcher tableaux are presented below.
Scheme 1 (EFRK(1, 1)).

w1 = (g1(—TLy)) T (" TN (u"), (3.8)
where ¢1(—7Ly) =1—TLy.

The EFRK(1, 1) scheme is indeed the stabilization semi-implicit scheme investigated
by He et al. [21] and Li et al. [34].

Scheme 2 (EFRK(2, 2)).
g1 = (¢1(—7Ly)) " (u"+ TN (u)),
1 . 1 1 (3.9)
u' = (¢2(—7Ly)) (”n + ETNK(”n,O) + ET(Pl (—TLx) Ny (”n,1)>,
where ¢1(—TLy) =1—TLy, ¢o(—TLc) =I—TLc+5(TLy)%
Scheme 3 (EFRK(3, 3)).
1= (¢1(— %TLK)) ! (u” + %TNK (un,o)) ,
o= (¢2(—§TLK))*1 (u"+§r¢1(—rLK)NK(un,l)), (3.10)

un—‘rl _ (¢3(—TLK)) -1 <un —+ iTNK(un,O) + ZTqbz(—TLK)NK(un,Z)) ’

where

3 3
2 2 1/2 2
o2(=57Le) ==l 5 (570
1 1
¢$3(—TLy) = I—TLK—I—E(TLK)Z—E(TLK)B.

Next, we demonstrate that the EFRK framework conserves the mass. We recall a
useful lemma on matrix functions.

Lemma 3.1 ((23]). If ¢ is defined on the spectrum of M € C"*", i.e., the values
oD (A), 0<j<nmi—1, 1<i<n, (3.11)

exist, where {A;}_, are the eigenvalues of M, and n; is the order of the largest Jordan block where
A appears, we have
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1. ¢(M) commutes with M;

2. (MT)=¢p(M)T;

3. the eigenvalues of (M) are {¢p(A;)}1,
Theorem 3.1. The EFRK method conserves the mass of the semi-discrete CH system, that
N (W —u"1)=0, n>0,

where1=11,---,1]T e RN.

Proof. Note that Ay is symmetric and commutes with ¢;(—c;TL,). Multiplying both sides
of with ¢;(—c;TL,) and taking the ¢? inner product with 1, we obtain

MH

<¢i(_CiTLK)unzr = + 1]¢] CjTLK)NK(un,]')/1>

TT
- o

+

(Y
(Y

=(u",1), i=1,---,s. (3.12)

um

114’] CjTLK)[f(un,j)_Kun,j]rAN1>

Based on Lemma the functions ¢;(—c;TLy) are symmetric. Then, it holds that
(i(—ciTLe )i, 1) = (ty,i, pi(—ciTLc)1)
i—1
= (unli,1> — <un’i,TZ£li]'§b]’(—C]'TLK>LK1>
i=0
=(u,;1), i=1,---s. (3.13)
Substituting Eq. (3.13) into (3.12) yields
(upi—u",1)=0, i=1,---s.

This completes the proof because u" ! =u, ;. O

4 Stability analysis

4.1 Energy stability of EFRK scheme

Because of the preservation of equilibrium states, we demonstrate that a certain class of
first- to third-order EFRK schemes unconditionally decreases the energy of the CH equa-
tion when the stabilization parameter is sufficiently large. First, we have the following
lemma, which will play an important role in our analysis of energy stability.
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Lemma 4.1. Let u,,; be the ith-stage solution (i=0,1,---,s) obtained by the stabilization EFRK
schemes (3.7)); then, it holds that
i i
Litty,i+Ni(i1) =T Y wigttng, with Y wir=0, (4.1)
k=0 k=0

where w; i depends on the RK coefficients a;j, T, and Ly.

Proof. Let us denote ¢; as abbreviations of ¢;(—c¢;TLy),i=0,1,---,s. We proceed with a
proof by induction.
When i=1, we have

Littn,1 + N (t0,0) = Lt 1+ (a1,090T) ' (P100,1 — thn0)
= (a1,0¢07) ! ((a1,00TLx+1)tn1 —tnp)
=7 w11 +w1ttnp),

where wi1= (al,oqbg)_l (tlllogl)QTLK +¢1 ), w1,0=— (111,0410) -1, USil’lg the definition of ¢1, itis
clear that wy 1 +w1=0.

Assume that result holds fori=1,---,{—1, with /<s; then, it holds that N (u,, ;1 )=
1 2;(:0 Wi Uy — Lty ;. For case i=/, we have

Lxun,é +NK(un,€—l)

(-2
=Lyt o+ (ag_1¢r—17) " (tPeun,z —un0— Y_ a4y TNg (un,j))
=0
(2 i1

1 -1
=Lytty o+ (ag—190-17) <¢£un,€_un,0 - ZW,]"P]’T(T ij+1,kun,k_LKun,j+l) ) , £<s.
=0 k=0

Thus, Lyt g+ Ni (1, 0—1) is decomposed into a combination of u,,;, and the summation
of coefficients satisfies

4 -2
2 Wi =TLc+(age—1¢p-1)"" (qbe —I+ 2 ag,jquTLK>
k=0 j=0

1
= (ag—1¢r—1) " <47z —I+) ag,j(PjTLK)
=0

=0.
This completes the proof. O

Lemma 4.2. The ith-stage solution u,; (i=1,---,s) obtained by the stabilization EFRK method
satisfies the following relationship:
i i
Littyi+Ni(tio1) =T 'Y A j(upj—tnjor), with Njj=Y wi, j=1,--,i, (42)
j=1 k=j

where w; i are the expansion coefficients of Liuy, j+ Ny (1) in (@.1).
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Proof. By utilizing the Lemma |4.1and noting that Y, _; w; x = —w;, we can obtain

i i i
T(Littn,i+ N (1)) =Y Wikt =Y _ Wity x— Y_ Wjjclhn
=0 =1 =1

k

i i )
Wikt — Y Wigttn1+ Y Wik (U1 —n0)
= =2 =1

i
=wji(Uyi—Upi—1)+-+ ) wWir(Un1—Uno)
=1

i
= ZAil]'(un,]' — un,]-,l ) .
j=1

This completes the proof. O

oy . . . 1
Lemma 4.3. Assume that the stabilization parameter satisfies x > E‘l?ﬁ(ﬂ ()|, where B=
maxy i{ ||t ¢}, the two adjacent stage solutions, as derived from the stabilization EFRK method,

satisfy the following relationship:

E(”n,i) _E(un,ifl) S <un,i —un/l;l,A;]l (LKun,i+NK(un,i71))>

i
= <un,i _un,ifll (TAN)fl ZAiJ(Mn,]‘ _un/j,1)>, 1= 1,. --,S,
=1

where A, ; is defined in (@.2).
Proof. For any u,v € RN with ||u||~ <p and ||v||;~ <B, when x Zﬁag%\f/(é) |, applying a
<

Taylor expansion to the difference of nonlinear parts of the energy, and using the identity
AN Ny (u) = f(u) —xu yield

(0w, f (@) +{o—1,0f (&) (0—u))
<(v—wu,f(u))+x(v—uo—u)
(0 —u, AN N () +x(v—u,u) +x{v—u,0—u). (4.3)

(F(v)—F(u),1)

For the difference of the linear parts, it holds that
2

—%((v,ANw —(u,ANu)) = —(v—u,e*ANv) + % (v—u,e*An(v—u))

= (v—u,(—€*An+K)v) —K(v—u,0) —i—%(v—u,ezAN(v—u»

= (v—u,Ay'Lv) —x(v—u,0)+ % (v—u,®An(v—u)). (4.4)
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Table 2: Energy stability matrices for an EFRK(s,p) scheme.
Stages 1 2 3 s
A1 | Mi—3007 | Dia—3001—31A5, A1— %Z}lz Aja
A3} AvS] Az
Energy PNop—3Moq | Dop—3001—3A5, PNpp—3M1—3 i—30j2
stability AS,l A3/1
matrices Azp Azp
As3—3051— 305, Asz—3 2]2:1 A3
Niji=1,,5j=1,-,i~1
Bii— 35180 = 351 8jii =15
Adding (4.3) and (4.4) and using the negative semi-definite property of Ay yields
—1 1 2
E(v)—E(u) <(v—u,Ay [Lxv+Ni(u)]) —l—E(v—u,e An(v—u))
<{v—u, Ay [Lyv+Ni(u)]). (4.5)
Letting v=u,,;, u=u, ;_1, and substituting the equality (4.2) into (4.5) give
E (un,i) - E(un,ifl ) S <un,i - un,iflegjl [LKun,i + NK (un,ifl)] )>
i
= <un,i — i1, (TAN) 1Y A j(uy —un,j—1)>-
j=1
This completes the proof. O

Theorem 4.1. Under the same assumption of the stabilization parameter in Lemma[4.3|and sup-
posing that the matrices in Table[2|are positive semi-definite, the stabilization EFRK(s,p) method

is unconditionally energy stable for any T > 0.

Proof. By decomposing the energy difference into a combination of quadratic forms, we

obtain

S

E(un,s) — E(”n,O) = ;E(un,i) - E(”n,ifl)

i=1

< Z <Mn,i — i1, (TAN) ZAi,j(un,j — 1) >
j=1
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s 1i—1 1 S
:Z<uni_un,i—1/(TAN>1<Ai,i_2j_zlAi,j_2 ) Aj,i)(”n,i_un,i—l)>

j=i+l

i1
Upi—Uni1, 5 (TAN)ilZAi,j(un,i_un,i71)>
=1
S

L (s
S
+Z<unz Uni-1,5 (TAN D DR 1)>
(s

j=i+1

i=1 j=1
s 1 i—1 1 &
=) <un i—uni—1,(TAN) (Az i—5 ) Aij—= ). A]',i) (un,i —un,i—1)>
i=1 2]‘:1 2j:i+1
s i—1 1
+) <un,i _un,i—lri(TAN)ilAi,j(un,i_un,i—l +un,j—un,j—1)>
i=1j=1
s i—1 1
+Z <un1 Up,i— 1+un,j_un,j—lri(TAN)ilAi,j(un,j_un,j—1>>
i=1j=1
s 1 i—1
Z<unz Up,i— 1/ TAN ( ZAZ] Z A]z) Up,i—Un,i— 1)>
i=1 ] i+1
s i—1 1
+)° ) <un,z' i = 1, (TAN) D (i — U i1+t j— U 1) >
i=1j=1

Since the matrices in Table [2] are assumed to be positive semi-definite, and considering
that A! is negative definite and commutes with A; ; jr it is evident that E(uy,s) —E(u,,0) <
0. O

The aforementioned procedures demonstrate the crucial role of preserving equilib-
ria, which is achieved using Taylor-polynomial approximations to decompose the energy
difference into a combination of quadratic forms. This process enables us to utilize the
negativity of quadratic forms to guarantee unconditional energy stability. In the follow-
ing analysis, we will examine the EFRK schemes on a case-by-case basis and demonstrate
that the first- to third-order schemes based on satisfy the energy stability conditions.

Example 4.1 (EFRK(1, 1)). We reformulate N (u,0) as

Nie(n,0) = (a1,000T) " (P18 — 1 0).

Then, we calculate

Lty 1 +N(t0) = (a1,000T) (1 —thn0) =T A1 1 (1 —np),
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where A1 1 = (a10¢0(—7Ly))~!. Note that ¢o(—TLy) =1, and a1 9 =1 for the underlying
RK(1, 1) parameters; as a result, we get A; 1 = I for EFRK(1, 1) scheme, which is positive
definite. Therefore, it concludes that the EFRK(1, 1) scheme is unconditionally energy
stable.

Example 4.2 (EFRK(2, 2)). We reformulate N (u,1) as

Nie(unp) = (a21917) " (Pottn2 — i — Ta2,0¢0 N (10) ).
Then, we calculate

Lyunp+ Ny (1,,1)
= Littnp+ (a2117) " (Pothn2 — o — 2,090 TN (u™))
= (Le+ (a2117) "' P2) tn2— (a2117) g
— (a21¢17) ' a2090T (a1,090T) " (P114n,1 —thn0)
= (a21917) (I —a2,0¢0TLx) (tn2 —ttn) + (a2181,0917) " (a1,0—2,0) (sn,1 —thn0)
=T "N (tno—tn1) +T Do (a1 — 1),

where Ay 1= (a1a10¢1) " (a10—az0) and Agp=(az1¢1) " (I—az0¢oTLy). The correspond-
ing energy stability matrices are presented as follows:

Aoy = (azpa10¢1) ' (a10—a20),
A11—*A2 = (ay,0u) " = (2az1a1,0¢1) " (a1,0—a2,0)
= (2ap1a10¢1) " (282,11 — 1,0 +a2,0)
= (2az1a1,0¢1) " (C2+a21 —a10—2a2181,0TLy),
Npp— *Az = (a21¢1) " (I—a2,0TLy) — (2a21a1,0p17) ' (a1,0—a2,0)
= (2az1a1,0¢1) "' ((a1,0+a2,0)] —2a20a10TLy).

Substituting the RK(2, 2) parameters into energy stability matrices, we have
_ 1 /1
Apy=(I—-7L¢)7}, A1,1—§Az,1:(I—TLK) 1<§I—TLK),
1 1/3
Do 5821 = (I-TLy) (EI—TLK).

Since that — 7L, is semi-positive definite, we can determine that the EFRK(2,2) scheme is
unconditionally energy stable.

Example 4.3 (EFRK(3, 3)). We reformulate N, (u,,2) as

Nie(tn2) = (a32¢27) " (Pattn,3 — 10— Ta3,0P0 Ny (,0) — 73,11 Nie (4,1) ) -
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Then, we calculate

Lyt 3+ Ny (1,2)
= Lyttn 3+ (a32027) (P3ttn3—tn0—a30P0 TNy (1n,0) — 3191 TN, (1,1))
= (Lc+ (a3.2¢27) "' ¢3) tn3— (a32027) 1anp

— (a32¢27) a3 00T (a1,090T) " (P124n,1 — 1)

— (a3.2¢27) a1 1T (a2 1 T) " (P2t 2 — o —a2,090T (a1,000T) " (Pr1an,1 — 1))
= (a32¢27) M (I—a3,0p0TLe—a3191TL )1ty 3— (a3 2¢2T)  tanp

— (a32a1,002T) " Az oPrttn1 + (a3201,0027) a3 010

—(a322192T) a3 12tn 2+ (a3002,12T) a5 11100

+(a32a2181,002T) " a3 a2,0¢111 — (83282,101,092T) ' 3,102,010
= (a32¢27) " (I—a3,0¢0TLc — 3,11 TLy) (10,3 — hn2)

+ (a3pa21¢27) ' ((a21 —a31) 1 — (a30a2,1 — a3142,0)PoTLic) (snp — 1)

+(a3,282,101,0¢2T) " (a3102,0+a2,181,0 — 3,101,0 — 43,0821 ) (1,1 — tn0)

=7 'As3(tn3—mn2) +T  Daa(thnp— 1) +T D1 (1 —tnp),

where Az 1=(a32a51a1,0¢2) " (a3,102,0+a2,101,0—A3101,0—a3,0021 ), Az p=(a32021¢2) " ((a21—
as1 ) I— (a3,0a2,1 - Ll3/1(12/0)(l)0TLK) and A3,3 = (ﬂ3/2¢2)_1 (1 - a3lo¢0TLK - 613,14)1 TLK) . The cor-
responding energy stability matrices are presented as follows:

Aoy = (ag1a1001) " (a10—azp),
Azq1= (ﬂ3,2ﬂ2,1ﬂl,0<l>2) - (ﬂ3,1 a20+4az,101,0—as,141,0 —43,002,1 ),

Asp=(azoar 1) ((ax1—az;)]—(aspa21 —a31020)TLy),

and

1 1 _
A11— =01 — 031 = (2a3 a0 101 0p2¢1) " (2832021921 — (10— 2,0)a32¢2
2 2
— (31020 +a2,101,0—a3,101,0— 43,0021 )P1 ),
1 1 _
Bop— 5801 —5032= (2a3pa2,181,002¢1) " (a32¢2[(a1,0+a2,0) I —2a2,0a1,0TLy]
—ay0¢1[(a2,1—a31)]— (aspaz1 —a31a20)TL]),
1 1 _
Ba3— 5851 —5032= (2a3000,181,0¢2) " (2a2181,0[1 — 30T L — 33141 TLy]
—[a31420—a31a1,0 —3,0a2,1 +a2,1a1,0]

—a10[(a21—a31)]— (a30a2,1 —a31420) TL]).

Substituting the coefficients of the RK(3, 3) into the above energy stability matrices,
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we get
22 -1 2 N
Az,l—(gl—gTLK> , A3,1—(31—2TLK+§(TLK)) ,
-1
A3,2:<31—2rLK+—(TLK)2) (4l —7Ly),
1 1
Ai—=Dy1—=A
11 2 2,1 2 3,1
2 1,75 21
:(91—9TLK—|—4(TLK)2—g(TLK)S) (Zl—llTLK—F7(TLK)2—2(TLK)3>,
1 1 . 2 2 3 -1 3 2
A2,2—§A2,1—§A3,2_(91—9TLK+4(TLK) 3 (tLy) ) (1I—TLK—|—(TLK) ).
1 1 2, 131
B3z —5851— 5032 = <3I—2TLK—|—§(TLK) ) (EI_ETL">‘

Given that 7L, is semi-negative definite, it follows that —7L, (tL¢)? and —(7Ly)® are
semi-positive definite. Thus, we can confirm the EFRK(3, 3) scheme is unconditionally
energy stable.

Remark 4.1. Recently, H. Liao et al. [39] and Z. Fu et al. [16] independently proposed
their work to establish the energy stability of the third-order exponential Runge-Kutta
(ERK) schemes [26]. Although the scheme we focus on and the techniques we use are
different, the goal is the same: all the work yields the following estimate for the energy
difference:

s i
E(u"™)—E(u") < Z Z <un,i —Upi-1, (TAN)_lAi,j(”n,j — 1) > :
i=1j=1

However, we use different manners to tackle the right-hand side. Liao and Fu et al.
verify the energy dissipation by examining the positive definiteness of operator matrix
summation of the inner product on the right-hand side, we derive the energy stability
matrices present in Table 2 and establish the energy stability by evaluating the positive
definiteness of the energy stability matrices. From the point of view of the results, both
strategies are capable of establishing the energy stability of the EFRK scheme. They pro-
vide a concise validation method, and we provide an alternative proof strategy that en-
riches the analytical method for energy stability.

Remark 4.2. If we consider the CH equation with variable mobility, this introduces chal-
lenges in dealing with the stiff term in the EFRK framework. To the best of our knowl-
edge, while many studies [5,30,59] have developed effective numerical schemes for solv-
ing the CH equation with variable mobility, there is a scarcity of research that investigates
the original energy stability from a theoretical standpoint. Within the EFRK framework,
energy stability can be established for the first-order scheme by fixing the mobility func-
tion using the solution at the previous step. However, extending this stability to second
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and higher-order algorithms is highly challenging and may require techniques beyond
the current scope. This is an important topic for future research to broaden the applica-
bility and enrich the theoretical results of numerical methods in such scenarios.

Remark 4.3. The assumption in Lemma #4.3|implies that the numerical solution is uni-
formly bounded in the /* norm, which is essential in demonstrating that the stabilization
EFRK scheme satisfies the energy dissipation law. An alternative approach to fulfilling
this assumption is to assume that the nonlinear term f(-) satisfies the global Lipschitz
condition [14}/45]. In the case of a cubic nonlinear function, these two assumptions are
equivalent and necessary for the analysis of the energy dissipation and convergence of
the proposed scheme. However, the Cahn-Hilliard equation does not inherently possess
a maximum bound principle, and it has not been proven that the solution obtained by
EFRK is bounded in maximum norm. Therefore, a common practice [45] is to modify the
potential by truncating it when |u|> B, where p>1 is a given large number. In this case,
the potential is replaced with a quadratic function, i.e.,

3ﬁ22_1u2—2ﬁ3u+1(3ﬁ4+1)/ u>p,
= e op s

2_
3ﬁ2 1u2+253u+i(354+1), u<—pB.

Consequently, the nonlinear term f(u) is replaced by

(382 —1)u—28°, u>p,
f(u)=F(u)=< (u*—1)u, lu| <B, (4.6)
(3% —1)u+2p°, u<-—p.

As a result, after the reformulation, it can be shown that | f' ()| < (382 —1). On the other
hand, since taking a large value of x will introduce a significant error [32} 50, 54], it is
necessary to choose an appropriate value for . For most scientific computing problems
involving the CH equation, the phase variable is always separated in the regions that
almost reach the limit +1 values due to the mechanism of double well potential [36]].
Thus, despite the lack of theoretical justification, in practice, the phase variable is always
bounded in the maximum norm of order O(1) and is independent of the viscosity coef-
ficient €. Based on this understanding and observation in numerical tests, we find that

taking B = @ does not affect the numerical simulation. Hence, the stabilization param-
eter can be effectively taken as x =2 in the subsequent numerical experiments.
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4.2 Linear stability analysis

We further investigate the linear stability of EFRK schemes. Following the approach of
Cox and Matthews [8], we consider a 1D linear test equation:

ur=A(—e*Au+Au) = (—e*ANu+0AAu)+(1-0)AAu.

Here, we assume that Re(A) >0. Let k=60 be the stabilization parameter; the stabilization
Fourier pseudo-spectral discretization has the form

ur=Lau+(1-0)AANu. 4.7)

Applying an s-stage, pth-order explicit EFRK scheme yields
. i—1
Uy ;= ((Pi(_CiTLK)> (u” +T Zai,j(,bj(_chLK) (1 — G)AANM) .
j=0

Lemma 4.4. The solution of an s-stage EFRK scheme to (4.7)) in the Fourier frequency space is

i1 Ps(CTA=OAKP)
b = p @k oARp)) e K= N1/20 N2

Proof. Let i, ; be the kth Fourier mode of u,, ;. Then, the first-stage solution in the Fourier
frequency space satisfies

1 (ClT(€2k4 + 9/\](2))12,1/1/]( = ﬁn,O,k —Taio (1 — G)Akzﬁn,o,k
=1 (=1 T(1=0)AK?) iy o . (4.8)

. n (—cT(1-6)AK?) . . . .
Assuming that 4, ; , = W””’O’k' j=0,---,i—1, we obtain

7 1 . = 2,4 2 24
= (e (RO (un,O,k_T];)ai,](P](ch(e kK*+0Ak7))(1—0)Ak un,j/k>
- 1
~ ¢i(ciT(e2k+0AK2))

i—1 2
(274 2 2 ‘Pj(—CjT(l—e)/\k AW
x <1—Tj;0ul,]4>](cj”r(€ KON (1A e (€2k4+%k2))) .

_ ¢i<—CiT(1—9)/\k2) A g

Finally, we get

antl— ¢s(—T(1-0)AK?) an
k o5 (T(e2k4+-07k2)) K

This completes the proof. O
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Figure 1: Boundaries of the stability regions for EFRK(s, p) with different values of 6.

Because the approximations ¢;(-) have non-negative coefficients and Re(A) >0, we
have

¢s(—T(1—0)AK?) <4>s(—r(1—9)Ak2)
¢s(T(€2k*+0Ak2)) — ¢s(TOAK?)

Denote z =TAk? and recall the definition of the polynomial ¢s(-), we define the stability
function as

_(1-9)2)k
_p(—(1-0)z) _ xS
9(02) i

Recalling the definition of stability for a method, A-stability is achieved when ®(6,z)
satisfies

D(6,z) p=s<3.

|®(60,z)|<1 forall zeC,

where C™ denote the left-half complex plane. Through careful calculation, we conclude
that the EFRK schemes are A-stable when 6 = 1. Specifically, the stability regions of the
EFRK(1, 1) and EFRK(2, 2) schemes contain the left-half complex plane when 6 > % For
the EFRK(3, 3) scheme, only at § =  is A-stable and the stability regions will exclude
part of the left-half complex plane when 6 > 1. We depict the stability boundary curves
of EFRK schemes in Fig. 1. Clearly, the stability region becomes large when 6 increases
to . When 6 =0, the stability region of EFRK reduces to that of the classic RK scheme.
Moreover, when 6 = 1, the stability region contains the entire left-half complex plane, see
Figs. 1(a)-(c).

5 Error estimate
We now proceed to examine the error estimates for the solution derived from the fully

discrete scheme in this section. To start, we introduce the following lemma, which is
essential for the error analysis.
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Lemma 5.1 (p. 36 of [42]). For any v € Hy,,(Q) with m>1/2, the following estimate holds for
all 0<I<m:
|04 (Inv—0) || 2 < CH™ .

First, we estimate the error between the exact solution and the solution of the spatial
semi-discrete problem, i.e.,

% =An(—€*Anu+f(u)). (5.1)

Denote Ij, as the operator limiting a continuous function on the mesh (y; then, we have
the following theorem.
Theorem 5.1. Assume that uc H'(0,T; Hl’fejd*‘*(ﬂ)). For any fixed t € (0,T], we have
[T () —u(t) || 2 < Coh™,
where Co >0 is a constant independent of h.

Proof. The exact solution limited on mesh (), can be considered satisfying (5.1) with a

defect 6(t)

‘iliht” = 2N Lu+Anf(Lu)+6(t), (5.2)

where

S(t) =e* A} Tu—e* TN u+ A f (u) — A f(T,u).
Under the assumption of the theorem, using Lemma|5.1and Sobolev embedding theorem
(Theorem 5.9 of [1]]), we can derive

S(8)|,2 < Ch™. 5.3
max [6(t)]|l 2 < (5.3)

Let () = Iu(t) —u(t), Vt€[0,T]; then, subtracting from yields

U N A () — )+ (1), (5.4)

Taking the discrete /> inner product with 27 and using the modification mentioned in
Remark [4.3yields

d
g 1717 ==2€* | AT +2(An f (Twe) = f (), 17} +248,7)

< 28| Annlfa+ 201 f (Tw) — £ ) 2| Anr 2+ 2118 L ] 2
< 28| Anrla +23F 1) [l Anrll e+ 2118l ] 2
2
<2 A+ B iy . 422 A 421l
_ (3212

o H’7H52+||5||42+H77H52

3 2 1 2
= (B 1) i o1
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Letting C; = (Sﬁ ) +1 and applying Gronwall’s inequality yield

t CZ
(O < [ e o(s) [fads <eOT 2, 55
which completes the theorem with Cp= 4/ eclT%f. O

Next, we estimate the error between the semi-discrete solution u(t) obtained by (5.1)
and the approximate solution #" computed by the EFRK scheme.
Theorem 5.2. Assume that the exact solution u € HF(0,T; H]T,jd*‘*(ﬂ)), u(t) is the solution of
the semi-discrete solution, and u" is the approximate solution calculated by the pth-order EFRK
scheme; then, it holds that

a(tn) — ]| 2 < Cot?. (5.6)

Proof. Let us introduce a reference solution U, ; that satisfies

uﬂ,():u(tn)/
1 i—1
Uni= (¢i(—citLe)) " (Uno+T L i@ (—¢TLONe(Uy ) ), i=1,05=1,  (57)
j=0
s—1
Uns = (@s(=TLe)) ™" (Uno+T i —¢;TLe) Ne(Up, ) +TR" ), (5.8)
j=0

( n+1) un Ss

where R" is the truncation error. Let us denote e =u(t,)—u" and e, ; = U, ;—u,,; for
i=0,1,---,s—1. For eachi=0,1,---,s—1, the difference between (3.7) and (5.7) is

wi=(di(—ciTLy)) (e +T2al]¢] CjTLK)(NK(LInJ)—NK(un,j))), =1, 5—1. (59)

Acting I —c;TL, on both sides of (5.9) and taking the discrete ¢ inner product with e, ;,
we have

lleni||% +ciTe?|| Anenil| 7 — ciTh (Anen i en)
i1

(e",en,i) +TC3)_ i (Ne(Uy,;) — Ni (it ) €n,7)
=0

IN

T GEp-1)?
D i

1 1
SEHEnH?Z"'EHen,iH%Z—FT 12

e 117 +ciTe?|| Anenil| 72, (5.10)
j=0
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G3(ep-1)

where C3:= max (Fi2)9i(¢2) L

we obtain
2>0,i>] ¢i(ciz) !

. Denoting C4:=

i—1
len,ilI72 < lle" 172+ Cat Y _aijllenllZ. (5.11)
i=0
By induction, assuming that ||e,, j||* < (1+Cy7)/||e"||* for j=0,1,---,i—1, we obtain
i—1 . .
lewill7 < lle" 72+ Caty_(1+Cat) [le" |7 = (1+Cat)[|e"[|7- (5.12)

j=0

Therefore, the inequality holds fori=0,1,---,5—1.
Similarly, subtracting from yields

s—1
e = (s (—TL)) (€T Y sy (— G TLe) (N (Un ) — N(1t)) +TR"). - (5.13)
=0

Applying I — 7L on both sides and taking the ¢ inner product with e"*! yield

Hen—H ||%2+T€2HANEH+1H§2 —TK<AN€n+1,€n+1>

s—1
<(e",e" Y +1C3 Y a5/ (Ne(Uy,j) — Ni (), €" ) +T(R", ")
j=0
1 1 Cy & 1C3 T
<S5 e R+ 5T Y asllenllf + | Ane™ MG+ 52 R[5+ 5 e %
2 2 2 far 2 2
(5.14)
When 7 < %, we have
12 2 = 2 2 2
le" % <2[[e" |7 +2Cat Y [len 7 +2TC5] R (|7
j=0
=2(14Cy7)°|le"|| 7 +27C3 || R"||2%. (5.15)
By recursion, we obtain
le" 17 <2(1+Cat)°[|e" (|7 +27C5 | R |7
n
=2"(14-C47)"|"|| %+ C3T||R"[| 2 }_ 2" (1+Cy)™. (5.16)

k=0

Since ¢? =0, we deduce

le" e < /27141 o) R 2 < /271, GGGt [R 2. (5.17)
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According to [54], for the EFRK scheme with the order of the RK parameters p <4, the
truncation error satisfies

IR"||2<C57%, 0<n<N-1, (5.18)
where Cs is a constant independent of 7.
Inserting (5.18) into (5.17) and denoting C, =Cs W , we have
[e"]le<Cat?, 1<n<N, (5.19)

which completes the proof. ]

By combining Theorems[5.T|and [5.2] we obtain the following result on the error esti-
mate of the full discrete schemes.

Theorem 5.3. Assuming that the exact solution u€ HP (0, T; H"T4+4(Q))) with m >2 and u" is
the approximate solution calculated by the pth-order EFRK scheme, it holds that

| Iu(ty) —u"|| 2 <C(h™+71?), n=1,---,N, (5.20)

where C is a constant independent of h and T.

6 Numerical experiments

In this section, we will conduct a series of numerical experiments to illustrate the effec-
tiveness, high-order accuracy, and unconditional energy stability of EFRK schemes in
simulating the coarsening dynamics of the CH equation. Additionally, we present an
adaptive time-stepping method that effectively utilizes the equilibrium-preserving prop-
erty and unconditional energy stability. In the following experiments, the stabilization
parameter is set to x =2 as a default unless otherwise specifically indicated.

6.1 Test on the preservation of equilibrium state

Example 6.1. To demonstrate the superiority of the proposed EFRK framework, we first
examine the 1D Cahn-Hilliard equation with periodic boundary conditions on Q=(—1,1).
The initial condition is selected as

05— x|
ﬁex )

which approximates a local minimum of the free energy functional (1.2). This initial
profile exhibits two equilibrium interfaces at x = 3-0.5.

up(x) :tanh<
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In addition to the IFRK and EFRK schemes, the popular first-order Lie-Trotter and
second-order Strang splitting schemes [35] are also considered in this example. The split-
ting method decomposes the vector field of the original equation into several compo-
nents, allowing the resulting subsystems to be easily integrated. We approximate the
solution u via the following splitting schemes

T T
Lie-Trotter: u" ™' =SS u", Strang: u"™' =525\ SZu".

Here, the operators S] and S}, are denoted as the solvers of the following linear and
nonlinear problems, respectively:

w=Lau, 0<t<T, ur=Ne(u), 0<t<rt,
u(0)=o, u(0)=w0.

It is worth noting that the splitting scheme also fails to preserve the equilibrium state. To
provide a concise explanation, we approximate the solution using the Lie-Trotter scheme,
which can be represented as:

T
0

Since the integral on the right-hand side generally does not have the primitive func-
tion expression, we approximate it using the left rectangle rule and obtain the first-order
scheme

U =™ (" TN (u")). (6.1)

Then by substituting u" in (6.1) with the equilibrium state u*, we get
u" =Tl (y* TN (u¥)) = e (I - 7Ly )u*.

Using the same analysis in Subsection 3.1, it is clear that the splitting method fails to
maintain steady state and suffers from exponential decay effects.

For the sake of comparison, we adopt the following parameter settings: €2 =0.0004,
T=0.0005, N =2048, x =0, and final time T =0.02. To ensure computational stability,
we specifically chose a time step of T=0.0001 for the Lie-Trotter scheme. In addition,
because the nonlinear solver S, in the splitting scheme cannot be displayed in an explicit
expression, we resort to using the RK(1, 1) method for Lie-Trotter scheme and RK(2, 2)
method for Strang scheme in computation. All the numerical results are presented in
Fig.

TE}}\e top row of Fig. [2|illustrates that both IFRK and operator splitting schemes fail to
preserve the equilibrium state even in the absence of a stabilization term. While higher-
order IFRK schemes improve accuracy, they continue to exhibit significant errors caused
by exponential damping near the interfacial regions (x ~ £0.5). As the equilibrium state
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Figure 2: Example 6.1: the profiles of the solution u (left column), absolute error (middle column), and energy
(right column) computed using the IFRK, EFRK, and splitting schemes.

changes, the solutions obtained by the IFRK and operator splitting schemes are no longer
the local minimum of the original energy. This leads to the energy rise reflected in the
profile, which contradicts the intrinsic energy-decreasing property of the CH equation.
The outcome reveals the numerical schemes that do not preserve the steady state are not
suitable for solving the Cahn-Hilliard equation and, more generally, any gradient flow
equation.

In contrast, by utilizing the Taylor polynomial approximations to the exponential
functions, all EFRK schemes shown in the bottom row of Fig. [ effectively maintain the
initial equilibrium state. Although relatively higher errors introduced by the spatial dis-
cretization are noticeable near the interface layers, they are more accurate than those of
IFRK and splitting schemes. In Fig.[2[c), it is evident that the energy profiles remain con-
stant over time. Hence, to maintain the equilibrium state and ensure energy dissipation
in gradient flow systems, it is crucial to adopt appropriate methods.

6.2 Convergence tests

In this subsection, we will verify the temporal and spatial convergence of the proposed
schemes.

Example 6.2. Consider the 1D CH equation with the initial condition
up(x)=0.1(sin(3mx) +sin(57x)),
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Table 3: Errors and convergences rates of the EFRK schemes with €2=0.01, N; =512, and §=10"2.

T Scheme (2 Error | Order| Scheme (2 Error | Order| Scheme £2 Error | Order
5/26 4.0900e-03 | - 8.5267e-05| - 1.2587e-06 | -
5727 2.0852¢-03 | 0.97 2.1814e-05 | 1.97 1.6290e-07 | 2.95

28 1.0529¢- ) 5181e- 1. 2.0778e- 2.97
5/ | EFRK(1, 1) 0529¢-03 | 0.99 EFRK(2, 2) 55181e-06 | 1.98 EFRK(, 3) 0778¢-08 | 2.9
5/2 5.2903e-04 | 0.99 1.3878e-06 | 1.99 2.6260e-09 | 2.98
5/210 2.6517e-04 | 1.00 3.4801e-07 | 2.00 3.2917e-10 | 3.00
§/211 1.3275e-04 | 1.00 8.7134e-08 | 2.00 3.9785e-11 | 3.05

Table 4: Errors and convergences rates of the EFRK schemes with €2 =0.0025, N; =512, and 6=10"2.

T Scheme 2 Error |Order| Scheme (2 Error |Order| Scheme ¢ Error | Order
5720 3.9485e-04 - 7.8463e-06 - 4.2049e-06 -
5727 2.0906e-04 | 0.92 3.4195e-06 | 1.20 8.5690e-07 | 2.29
5/28 1.0804e-04 | 0. 1.1666e- 1. 1.4953e-07 | 2.52

/ , | EFRK(1, 1) 0804e-04 | 0.95 EFRK(2, 2) 666e-06 55 EFRK(3, 3) 953e-0 5
/2 5.4982e-05| 0.97 3.4902e-07 | 1.74 2.3264e-08 | 2.68
§/210 2.7741e-05| 0.99 9.6653e-08 | 1.85 3.3204e-09 | 2.81
5/21 1.3935e-05 | 0.99 2.5565e-08 | 1.92 4.4054e-10 | 2.91

on the interval Q= (—1,1), and the terminal time is set to be T=0.1.

We begin by validating the temporal convergence of the EFRK schemes. In this ex-
periment, we fix the mesh number as N =512 and set 6 =1072. Given the difficulty in
obtaining the explicit analytic solution of CH equation, we utilize the numerical solution
obtained by the classical ERK(3, 3) [25, Scheme (5.8) with cx = %], with T=46/2'2, as the
reference solution. We then carry out numerical simulations for the EFRK schemes with
various time steps T =46/ 2k for k=6,7,---,11, and compute the error with respect to 7.
Table [3| and Table |4/ list the error in /2 norm and convergence rates with €2=0.01,0.0025
for EFRK schemes, respectively. As expected, we clearly observe first- to third-order ac-
curacy in time for the corresponding EFRK schemes.

Subsequently, we evaluate the spectral accuracy of the spectral collocation method by
setting a fixed time step of T=4/2!2 and employing the EFRK(3, 3) scheme for temporal
discretization. The reference solution is computed with N =2!. To assess the numerical
error at the final time, we uniformly refine the spatial grid from N =22 to N =21°. Fig.
illustrates the spectral accuracy of the Fourier pseudo-spectral discretization by showing
the marked decrease in numerical error.

Example 6.3. As analyzed in [32,50,/54], while the stabilization method expands the sta-
bility region and allows for the use of large time steps, it also introduces additional errors
in the numerical solution. Consequently, ensuring the accuracy of solutions requires the
use of small step sizes during the computation. In this example, our objective is to ver-
ify the energy dissipation law and mass conservation of the proposed scheme as well



228 H. Wang et al. / Commun. Comput. Phys., 40 (2026), pp. 199-238

100k —a— =001
€ =0.0025

107°F

12 Error

10! 10% 10*
N

Figure 3: Example 6.2: spatial accuracy tests of the Fourier pseudo-spectral method.

as to demonstrate that higher-order schemes can mitigate the impact of the stabilization
technique.

We consider the 2D CH equation with diffusion coefficients €2 = 0.0025 with
terminal time T =100. The computational domain is set to Q = (—7,7)?, and the mesh
point numbers are fixed as Ny = N, =128. The initial condition is given by a random
value at each point that is uniformly distributed in [—0.5,0.5]. The reference solution is
obtained using the ERK(3, 3) scheme with T=10"° and x=0.

At first, we simulate the coarsening process of the CH equation using EFRK schemes
of varying order: EFRK(1, 1), EFRK(2, 2), and EFRK(3, 3) schemes, and utilize a constant
time step size T=107>. Then, we present the solution snapshots in Fig. 4| and the evo-
lution of energy curves, the change of mass, and /2 error in Fig. 5, The results show
that all schemes successfully maintain energy dissipation and mass conservation. How-
ever, upon comparison with the reference solutions, significant differences are apparent
in the evolution of results generated by the EFRK(1, 1) and EFRK(2, 2) schemes. These
discrepancies are also reflected in the energy and ¢? error diagrams. Conversely, the so-
lution generated by the EFRK(3, 3) scheme closely matches the reference solution, with
its energy curve almost overlapping the reference curve.

Subsequently, we simulate the coarsening process of the CH equation again using a
finer time step for the low-order EFRK scheme. Specifically, we use T=10"3/16 for the
EFRK(1, 1) scheme and T=10"3/2 for the EFRK(2, 2) scheme. The numerical are present
in Figs.[6land [7] respectively. At this time, we observe that all solution snapshots are con-
sistent with the reference solution, which confirms the reliability of the reference solution
and indicates that all the methods converge to the same solution as T — 0. In addition,
from the ¢? error diagram, we see that although the results are similar, the EFRK(3, 3)
scheme still achieves the highest accuracy with a larger step size. These findings empha-
size the advantages of employing higher-order schemes.
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Figure 4: Example Comparison of solutions computed by EFRK(1, 1), EFRK(2, 2) and EFRK(3, 3) with
same time step size T=10"2. Parameters: €2=0.0025 and x«=2.0.
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Figure 5: Example Evolution of the energy, change in the mass and £?-error computed by EFRK(1, 1),
EFRK(2, 2) and EFRK(3, 3) with same time step size T=10"3. Parameters: €2=0.0025 and x=2.0.

Moreover, by comparing the energy and ¢? error evolution curves of EFRK(3, 3), we
observe that the error markedly increases during the periods of energy rapid decrease.
As the energy approaches a local minimum, the corresponding numerical solution varies
slowly, resulting in a stable error. This implies that it is crucial to utilize smaller time
steps during rapid energy variations to maintain accuracy. Conversely, when the energy
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changes slowly, we can increase the time step without compromising accuracy. Conse-
quently, strategically adjusting the time step size allows us to effectively balance accuracy
and computational efficiency.
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6.3 Adaptive time stepping

Example 6.4. The energy of the Cahn-Hilliard equation experiences a significant initial
decrease due to nonlinear interactions, followed by a gradual descent until it reaches a
local minimum. This behavior indicates that the solution undergoes rapid variations in
a very short time, followed by slower changes. As mentioned in previous experiments,
implementing an adaptive time-stepping algorithm is appropriate when the time step
solely controls the accuracy, as opposed to schemes that alter the steady state of the orig-
inal system.

For the Cahn-Hilliard equation, there are several adaptive time-stepping strategies.
In this study, we adopt the strategy proposed by Z. Zhang and Z. Qiao [58]], which adjusts
the time step based on the magnitude of energy variation. The formula for the adaptive
time step is:

T=max (Tmin, Tmax) ,
V1+alE'(t)]?

where E(+) is the energy functional of the model that we proposed, Tmin and Tmax are the
pre-set minimum and maximum bounds of the time steps to ensure that they fall within
a reasonable range, and the constant « is used to control the level of adaptivity. Under
the same setting as in the previous experiments, we take the EFRK(3, 3) scheme as an
example to demonstrate the performance of the adaptive time-stepping strategy. In our
numerical experiment, we set « =100, and the minimum and maximum time steps are
selected to be 107> and 1072, respectively. The initial step is taken as the minimum time
step. For comparison, we compute EFRK(3, 3) solutions using a small uniform time step
7=10"" and a large uniform time step T=10"2 as references.

Fig. 8] and Fig. 0] display the solution snapshots, energy evolution, variation of the
time step, and CPU time consumption for solving the problem using different time step-
ping strategies. From the result, we can conclude that although large time steps result in
energy stability and the shortest computation time, the obtained topology is vastly dis-
similar to that obtained with small time steps. On the other hand, the solution obtained
with adaptive time steps coincides with the reference solution. Fig. [J] clearly demon-
strates that large time steps lack accuracy in capturing drastic energy changes, whereas
adaptive time steps can adjust the step size to align with energy changes, leading to solu-
tions very close to the reference solution obtained with smaller time steps. Furthermore,
apart from the initial period, the adaptive time step typically stays in the range of 1073
and 1072, which exhibits comparable computational efficiency to the application of large
time steps. These results underscore the efficacy and accuracy of utilizing adaptive time
steps in computational simulation.

Example 6.5. To highlight the superiority of the EFRK scheme, we conduct simulations
of 2D coarsening dynamics and compare the results with those yielded by the IFRK
schemes, which, as previously discussed, do not preserve the equilibrium state. We set
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Figure 8: Example Solution snapshots of the Cahn-Hilliard equation obtained by EFRK(3, 3) with different
time stepping strategies.
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Figure 9: Example The energy evolution, time step variation, and CPU time elapse along the time with
different time step strategies.

the coefficient €2 =0.002 and consider the domain Q) = (0,27r)? with N; = N, =128. The
initial condition is generated by random values uniformly distributed from —0.5 to 0.5.
We utilize the adaptive time strategy, employing the same settings as in the previous ex-
periment. The reference solution is computed with =107 using the ERK(3, 3) scheme
with ¥ =0.

Fig. presents the snapshots of the numerical solutions at T=1,4,10,30,50 computed
by EFRK(2, 2), EFRK(3, 3), and IFRK(3, 3), respectively. Despite identical settings, all
solutions only exhibit similar topology at the initial stages of evolution. Nevertheless, the
solutions obtained by the EFRK schemes remain consistent with the reference solutions
throughout the entire time duration.
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Figure 10: Example [6.5] solution for Cahn-Hilliard equation computed using EFRK(2, 2), EFRK(3, 3) and
IFRK(3, 3) schemes by the adaptive time stepping strategy.

Based on Fig. [11} we can explain the reasons for the discrepancies in the numerical
solutions. It can be observed that while all schemes conserve mass, the EFRK(2, 2) and
EFRK(3, 3) schemes, thanks to their unconditional energy stability and preservation of
equilibrium, maintain decreasing energy curves that align with the reference even dur-
ing intervals of drastic change. However, the equilibrium of the IFRK(3, 3) is influenced
by the time-step size. When the time step varies, the equilibrium also changes, leading
to fluctuations in the energy. This issue causes discrepancies between the behavior of
IFRK(3, 3) and the reference solutions, thereby resulting in relatively unreliable numeri-
cal solutions.

7 Conclusion

In this work, we have presented a novel framework for constructing up to third-order
unconditionally energy-stable schemes to solve the CH equation. By utilizing Taylor-
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Figure 11: Example evolution of energy E and the mass computed by EFRK(2, 2), EFRK(3, 3) and
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type polynomial approximations, our approach eliminates the exponential damping ef-
fect in the IFRK approach. Consequently, the resulting exponential-free Runge-Kutta
(EFRK) framework not only preserves the equilibrium of the problem but also improves
accuracy for long-time simulations. We also provide a unified proof to demonstrate that
the proposed EFRK schemes can unconditionally preserve energy dissipation of the CH
equation. In addition, using linear stability analysis, we demonstrated that the EFRK
schemes exhibit A-stability for any time step when an appropriate stabilization param-
eter is selected. Numerous experiments substantiate the rationality and accuracy of the
Taylor polynomial approximations. In addition, it is worth noting that the EFRK frame-
work and its associated results can be extended to other phase field models as well, such
as the epitaxial growth model and phase field crystal model [12]].

Two distinctive contributions of this work are the improved accuracy of the proposed
EFRK schemes compared to traditional IFRK schemes for long-time simulations and the
unified strategy to analyze energy stability. However, a limitation of the current work is
that the Taylor polynomial approximations fail to construct fourth-order EFRK schemes.
To develop energy-stable schemes with higher temporal order, it may be worthwhile to
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establish a more general strategy to approximate exponential functions and analyze the
energy stability.
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