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Abstract. In this paper, we introduce a weak Galerkin (WG) finite element method
coupled with mortar spectral element method (MSEM) to solve the Schrédinger eigen-
value problem with an inverse square potential. For the domain around the inverse
square potential, we use the mortar spectral element method to simulate the singu-
larities in eigenfunctions caused by the inverse square potential, while we employ the
WG method in the remaining domain. This coupled method can effectively handle
the singularity arising from the inverse square potential. Notably, hanging nodes are
allowed on the coupled interface. Compared to the conforming finite element method
coupled with MSEM, our approach is not constrained by the mesh size of the mortar
spectral element. This flexibility permits the use of fine meshes in the WG domain,
thereby enhancing accuracy. We provide hp error analysis for both eigenfunctions and
eigenvalues. Numerical experiments demonstrate the p convergence of the theoreti-
cal results.
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1 Introduction

The Schrodinger operator is extremely important in science and exists in several differ-
ent forms. The Schrodinger operator with an inverse square singular potential has re-
cently garnered significant attention due to its fundamental role in both mathematics and
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physics. Mathematically, the inverse square potential exhibits the same homogeneity or
“differential order” as the Laplacian, however, it typically induces strong singularities
in the Schrodinger eigenfunctions, and, as such, cannot be considered as a lower-order
perturbation term [9}(13}|14,20]. On the other hand, in non-relativistic quantum mechan-
ics, the inverse square potential represents an intermediate threshold between regular
and singular potentials [11,15]. Additionally, the inverse square potential figures promi-
nently in nuclear physics, molecular physics, and quantum cosmology [11}[15].

Based on the variational form, Galerkin-type numerical schemes can be designed.
However, even with adaptive schemes, low-order methods exhibit only limited conver-
gence rates [21},22,31]]. Similarly, due to the strong singularities of eigenfunctions induced
by the singular potential, classical high-order methods, including spectral/spectral ele-
ment methods, generally fail to achieve exponential convergence rates [8,/17,23]]. In the
literature, the idea of incorporating singular terms into the basis functions has been used,
which comes at the expenses of compromising the sparsity of the resulting algebraic ma-
trix system. Although this approach improves the convergence rate to some extent, its
effectiveness depends on the number of singular terms introduced in [16].

In [23], the authors proposed a new method: the mortar spectral element method
(MSEM), which can effectively handle all singularities and construct orthogonal basis
functions, thereby achieving very sparse (sometimes diagonal) matrices. Specifically, at
each singular point including the origin, an additional disk or sector element is used.
This element employs a class of non-polynomial spectral basis functions to model the sin-
gularity. The remaining domain are divided into quadrilaterals or triangles, with some
boundaries being curved. Conforming basis functions are then applied to the elements

in the rest of subdomains. These two types of elements are connected using mortar tech-

niques. Exponential convergence rates e 7VP°F are observed for different eigenvalues

in various numerical experiments, with ¢ being nearly uniform. Numerical tests were
also conducted for the Schrodinger eigenvalue problem on the whole plane and other
types of inverse square potential problems [24,25]. Additionally, Jia et al. [19] conducted
a rigorous theoretical analysis of the numerical results in [23]] and obtained optimal error
estimates.

The mortar element method is a flexible technique for connecting different variational
discretizations on each subdomain. In addition to the / finite element method and the
spectral element method studied in [6], it can be applied within the frameworks of the hp
finite element method [7], and the finite volume method [1]. Consequently, the mortar
method finds significant applications in various areas, including those involving the curl
and divergence operators [2,5], as well as fourth-order problems [4]. The weak Galerkin
(WG) finite element method is an effective numerical method for solving partial differ-
ential equations. In [32]], Wang and Ye first proposed the WG method for solving second-
order elliptic problems. The WG method has also been applied to a range of different
equations, such as: second-order elliptic problems [33,35], biharmonic equations [37,39],
Stokes equations [26], Brinkman equations [27]], Maxwell equations [29}36], eigenvalue
problems [10,38], elasticity equations [18,34], and others.
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In this paper, we propose a finite element method that couples the WG finite ele-
ment method with the mortar spectral element method. For the domain surrounding
the inverse square potential, we use the mortar spectral element method to simulate the
singularities of the eigenfunctions, while in the remaining domain, we apply the WG
method on a triangulation. Notably, we permit the use of hanging nodes on the coupled
interface. Unlike using the conforming finite element method in the remaining domain,
our method is not affected by the mesh size of the mortar spectral element, enabling us
to improve accuracy by utilizing fine meshes in the rest of the domain.

The structure of the paper is as follows. In Section [2, we introduce the Schrodinger
eigenvalue problem and describe the finite element space, along with the corresponding
numerical scheme. In Section [3, we analyze the errors of eigenfunctions. Error estimates
in the H! and L2 norms for the source problem are provided in Section @ In Section we
combine the error estimates from Sections[3|and 4/ to obtain the H! and L? error estimates
for the eigenfunctions. Furthermore, we provide an expression for the eigenvalue error
and present the corresponding error estimates for eigenvalues. Multiple sets of numerical
experiment results are presented in Section|[6]

2 The coupled finite element method for Schrodinger
eigenvalue problem

In this section, we begin by introducing the Schrodinger eigenvalue problem (2.I). We
then proceed to define the finite element space. Finally, we present the numerical scheme.
Throughout the paper, we employ the standard notations for Sobolev spaces. For any
open bounded domain D C R? (d=2,3), (-,-)s,p and ||-||sp represent the inner product
and norm in the Sobolev space H*(D)(s > 0), respectively.

2.1 Schrodinger eigenvalue problem

Let Q CRY (d=2,3) be a bounded Lipschitz domain and the origin O is assumed to be
in (). We consider the following Schrodinger eigenvalue problem with an inverse square

potential:
2

c
—Au+——=u=Au, inQ),
[ x[|2 (2.1)

u=0, on d(),

where ¢ #0 is a constant.
Denote r= ||x|| and the weighted Sobolev space

AN Q)= A(Q) = {ueLX(Q), [ul ) <eo},

where
1/2

il ey = (Il + 2l )
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The corresponding inner product is (1,0)q := (Vu,Vo)q+c*(4,0),-2 o. Here (-,),2  is
the L? inner product with weight function 772, i.e., (4,0),20= er_zude. From [19],
#1(Q) is a subspace of H'(Q) and /' (Q)=H'(Q) when d >3 owing to the Hardy-type
inequality. Let 7' (Q)) =1 (Q)NH(Q).

The corresponding variational form of reads: Find A € R and u € 541 (Q)\{0}
such that b(u,u) =1 and

a(u,0) =Ab(u,0), YoeHLH(Q), (2.2)
where

a(u,0)=(Vu,Vo)a+c*(1,0), 20,

b(u,0)=(u,v)q.

To get error estimates for the eigenvalue problem, we introduce the corresponding source
problem:

2
—Au+——u=#F, IinQ),
e 23
u=0, on 0Q).
The corresponding variational form reads: Find u € 5! (Q) such that
a(u,0)=b(f,v), Yo (Q).

It is easy to verify that a(-,-) is coercive and continuous over %! (Q).

2.2 Sobolev orthogonal ball functions

Let $%!(y) and B% (y) be the sphere and the ball in R?, respectively, both with radius R
and center y €RY. When y is the origin O, we can denote $% ' =5%"1(0) and B% =B%(O).
Similarly, the subscript R can be omitted from the notation when R=1. For x € R, we
can define its spherical-polar coordinates (7,¢) as follows

x=r¢, r=|x|, CESd’l.

Let INg and IN be the set of nonnegative integers and the set of positive integers, re-
spectively. Denote &4 = {1,2,---a4} and B, = \/c2+ (n+d/2—1)2, where a3 =2—4, and
a} =2n+1. The following ball functions are defined in [19] and [23]:

P (x) =] P (22 1) PP A2Y(E), x=rE€BY, (€L, kneNy,

where ];f’ﬁ " and Y} are generalized Jacobi polynomials and harmonic polynomials, re-
spectively. The specific definitions of generalized Jacobi polynomials and harmonic poly-
nomials can be found in Section 2 of [19]. In addition, the spherical harmonics are an
orthonormal basis for L% (S971), i.e.,

(Y2 Y™V i1 =0umbyy, LEEL, 1€EL, n,meNy.
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For a > —1, ball functions are orthogonal with respect to the weight function w*(x) :=

(1= lxl%)",

<P?Z,P]”‘l’”>wa =iy, LEE], 1€E, kjmneN,

where
- I'(k+a+1)T (k+B,+1)
ko 22k+a+Bu+1)T(k+1)T (k4+a+By+1)
Then we define
Ppy(x)i= 2P petn sy, xeBd, (e, kneNy.

k+pBn

2.3 Finite element space

First, we introduce the finite element partition which has hanging nodes. To provide a
clearer description, we will consider the two dimensional case as an example. As shown

in Fig. [1} we divide the domain Q) C R? into three parts: (3, O, = UL 1Q§1) = [—a,a)?\
Oy and Q3. ) is a circle with a radius R, () consists of four quadrilaterals, and the
remaining domain ()3 is composed of multiple simplex elements. Similarly, if () C R3,
O is a ball and Q= [—a,a]\ ()1 consists of six curved hexahedra, the remaining domain
()3 is composed of multiple simplex elements. Let I'z and I be the interfaces between ()4
and )y, and between () and (3, respectively. We assume that the origin O is the center
of Ql

Let 7 = {Ki};,c7, Z={1,2,---,5} be a finite element partition of subdomain Q) =
OUM satlsfymg the regularity in [19]. To address the singularity at the origin, the circle
(d=2)orball (d=3)K;= 1B§7l2 should be included in 7;15 , away from the boundary 0Q2. To

Q

Figure 1: Domain decomposition of Q).
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better fit the mesh, we opt for four curved quadrilateral elements (d = 2) or six curved

hexahedral elements (d =3) around K;, where K;;1 = Qg), fori=1,---,4. The physical
elements K; € 7;15 ,fori€Z, can be transformed to the reference element K by the following
mapping. Let Pk : K — K be infinitely differentiable, i.e., x = ®g(£). Denote the Jacobi
matrix of the transformation ®k and its determinant

Fx(®):= (aj’“ (:@-)) . J(®):=det(Fx(%)).
A 1<ij<d

The local mesh size hg(x) for x =Pk (%) is defined as follows

hi(x) = H [PKO@;} (x)

,  hg:=suphg(x).

x€K
For simplicity, we write h; as h;. It is obvious that h is actually the radius of the element
Kj. For the other K;, i € 7\ {1}, the mesh size is equal, so we denote hy =hg,, i€ Z\{1}
and hs =max{hy,hy}.

In the remaining domain ()3, we use simplex elements. Let 7, be a finite element
partition of ()3 satisfying the regularity in [33]. For each element T € 7., we use hr
to represent the diameter of T. Denote by h3 = maxre7ehr the mesh size of 7). To
demonstrate the flexibility of our method, hanging nodes are allowed on the coupled
interface, so we need I3 to be fine enough, i.e., hz3 < hs. Let &, be the set of all edges or
faces in 7,. In addition, £ = &,\9Qs is the set of all interior edges or faces in 7,*. We
denote &,\TI" as the set of all edges or faces in 7, that do not intersect with T, and we
denote &, NI as the set of all edges or faces in 7, that intersect with I'.

Denote by Py and Qy the sets of polynomials with a total degree not exceeding N
and with separate degrees not exceeding N, respectively. Let C be a positive constant
independent of the mesh sizes and degrees of polynomials.

To construct finite element space, we first define the basis functions of the MSEM on
the reference element. For N € N, define

span{P,’;g: (€ B3, 0<kn, 2k—|—n§N}, K=B",
Qn(K), K=[-1,1).

Therefore, the basis function can be mapped from the reference element:

WN(K) = {

Wy (K) ::span{go: pody € Wy(K) }
The approximation space in (), is given by
X2 =span{v; € C’(Mn): vs]k, €W, (K;), i€Z\{1}}, N>€No.
Next, we introduce the finite element space in Q):

X; = {05: 05‘1(1 € Wn, (Kl), 05’02 EXg/z}, N7 € Np.
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Because v; € X does not ensure any continuity across 0Ky, additional conditions must be
imposed. Let I'} and I'; be the inner and outer surfaces of Ky, respectively. We select '
as the non-mortar boundary, then the non-mortar space is the restriction of X} on I'}:

VN12{05|FE’U5EX§}‘

In fact, Vi, is the set of spherical harmonics defined on I'r with degree no greater than
Nj. Finally, the mortar approximation space in (), is defined by

X;= {UgEX;: /1“ (U5|FIJ{_U5|FE) -lPdO'(X):O, VIPEVNl},
R

where do(x) is the surface measure on I'g. The integral equation that v; satisfies is called
the mortar condition.
Next, we introduce the WG space in (3. We define the WG space V,, as

V= {Uw = {Uo,Ub}Z UO|T EPNS(T), TeT?, Ub|e S PN3(€), 665}1\1—', Ub|e S PN2(6), eeé’hﬂl"},

where N3 € IN.

Definition 2.1. For v, € Vy, its weak gradient V0|7 € [P, -1 (T)]" is defined as follows:
(vwvw/Q)T:—(UO,V'q)T+<vb/q'n>aT/ vqe [PN3—1(T>]d/ (24)

where n is the outward unit normal vector.

With the above preparations, assume N; =N, > N3 (such as Ny =N, =15, N3 <6), we
can introduce the coupled finite element space V}, in ():

V,= {UhI {Ug,vw} € X5 X Vy, Z)b‘r:U(;’r, vp,=0o0n E)Q}

2.4 Numerical scheme

First, we define some bilinear forms over X and V;,. For any u;,v5 € X5,

as(us,05) =Y ((Vis, Vo), +¢*(11s,05) 2 ) s
i€l

bs(5,05) =Y _ (s,05) ;-
i€l
And we denote ||vs H%{,; =a5(vs,05). For any i, 0y € Vo,

aw(uwrvw): Z (unzu/vzvvw)T+ Z c2(u0,vo),leT—|—s(uw,vw),

Tenu) TGEZU
s(ttw,v0) =p Y hy' N3 (1o —up,00—0p) a1,
TET,

bw(”wsz): Z (uO/UO)T/
TeTY
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where 0 < p <1 is a constant. In the following, we omit p in s(-,-) because it is a constant
and does not affect our theoretical analysis.
Now we define the bilinear forms over Vj,. For any uj,v, €V},

ay (up,op) =a5(1ts,05) + e (Uw, Vw),
by (up,vp) =bs(115,05) + b (Uw, V).

Next, we give the numerical scheme for the Schrodinger eigenvalue problem : Find
Ap €R and uy, € V,\ {0} such that by, (uy,u,) =1 and

ah(uh,vh):/\hbh(uh,vh), VthVh. (25)

3 Error analysis for eigenvalue problem

In this section, we conduct the numerical analysis of the Schrodinger eigenvalue problem.

3.1 V-norm and projection operators
In order to unify the norm over the 7! (Q)) and Vj, spaces, we define the following inner
product over V=7 (Q)+ V). For any v,w €V,

(U,ZU)V = a5(7)5,w(5) + Z <(VU(),VZU())T+C2 (Uo,ZUQ)rleT—Fh;lN% <T)() —0p, W — wh>aT) ,

TeT"

where v; represents the value on the interior of (); and vy and v, represent the values on
the interior and boundary of cell T € 7, respectively. The corresponding norm is:

ol =llvsll%, + Y IVoollt+ Y lloollfzr+ Yo hr'Niloo—wyll5r, VoeV.
T€77120 TGEZU T€7;lH7

Next, we define projection ITs: 7#1(Qs) — Xs. In order to achieve higher-order conver-
gence, we need to assume v|q, € #7°1(()1), where s; > 1. The specific definitions of I,
and J#°1(Q)1) can be found in Section 3 of [19]. According to [19, Theorem 3.4], we have
the following estimate.

Lemma 3.1. Assume u € 7#;'(Q), u|q, € #° (M), 51> 1, u|q, € H2(Qy), 52> 1, there holds
_ _ 11—
Hu—Hb'MHXo.SC(h;l 1N11 Sluqu?osl(Q])—f—hgz N21 52”1,{HH52(02)),

where py =min{sy, No+1}.

Let Qo be the L? orthogonal projection operator from L2(T) onto Py, (T). For e€ &,\T,
let Q; be the L? orthogonal projection operator from L?(e) onto Py, (e). In particular,
for e e I'NEy, we define Qpv|, =I1sv|, € Py, (e), and in order for IT;v to make sense, we



S.Li, L. Jia, Q. Zhai and Z. Zhang / Commun. Comput. Phys., 40 (2026), pp. 263-296 271

need v € #1(Q). Let Q be the L? orthogonal projection operator from [L?(T)]? onto
[Pn,—1(T)]. Combining Qo and Qy, let Q;, = {Qo, Qs } be the projection onto V.

The following estimates of I1; and Qg are crucial for the analysis and can be found
in [12,30].

Lemma 3.2. For I1;|q,, assume u € ;1 (Q), u|a, € H2 (), s > 1, we have

N> N> 1.1
hf(sl\u—fl(suHer\/hjHu—ngHanJrHV(u—Hau)HmSChgz Ny~ 2u|sy, 000,

where py =min{No+1,s2}. Similarly, for any T € T,*, assume that u € H*(T), s3 > 1, there
holds

N, /N, R
hf’HM—QoMlI# }TjIIu—QoMHaT+HV(M—QOM)HTSCW%3 N lulls, 7

where y3=min{N3+1,s3}.

Let Tt be the cell in 7,” that has common edge with the interface I'. We use 7 to de-
note the set of all cells Tr. For any cell T €7, \ 7, we have the following commutativity
of projection operators which can be found in [28, Lemma 5.1].

Lemma 3.3. For each cell T € T,”\'T{¥, there holds
VuQrv=Q;(Vv), YocHYT).
But for Tr € 7/, the commutativity of projection operators above no longer holds.

Lemma 3.4. For any cell Tr € T and v € 51 (Q), the following equation holds

(VoQr0,9)1: = (Qi(V0),q) 1, + (Isv—0,q-n)ar.ar, V€ [Pr;-1(Tr)]"
Proof. It follows from that

(VoQno,q)1 = —(Qov,V-q)1p +(Qp0,q-n)ar;
=—(v,V-q)1: +(v,q n)5m\ a1y0r) +(Qp0,q M) a1y 1
=—(v,V-q)1 +(v,q-n)or +(Qpv—0,q N)orr
=(Vo,q)ar, +(Qpv—0,9-M)y1r
=(Qn(Vv),q) 1 +{Qv0—0v,q M)arr
=(Qu(Vo),q)1, +{Ilsv—v,q )1

Then we complete the proof. O

In addition, the following trace inequality holds.

Lemma 3.5. [12] Forany cell T, and ¢ € Px(T), there holds
lgllar < Chz2NIlg 7.
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3.2 Error analysis

For further error analysis, we need to verify that a(-,-) and ay(-,-) are continuous and
coercive with respect to the norm ||-||y. Obviously, a(-,-) is continuous and coercive over
(). From the definition of norm ||-||v, we can see that a, (-, ) is continuous. It follows
from [38, Lemma 3.2] that a;(+,-) is coercive over Vj,.

We define the following operators K: L2(Q)) — ' (Q}) and K}, : V}, — V}, such that

a(Kf,0)=b(f,0), Voer(Q),

ah(thh,vh) = bh (fh,?]h), Vvh - Vh.
It follows from the Lax-Milgram Theorem that K and K}, are well-defined. We note that
K is compact in ' (Q). In fact, #(Q) is compactly embedded into L?(Q2), and K:
L*(Q)) — 1 (Q)) is a continuous linear operator. Notice that K}, is a continuous linear
and finite ranked operator, then K}, is compact in V},.

In addition, we define the orthogonal projection operators I, : V — 5 (Q) and
I, : V — V, with respect to the inner product (-,-)y. According to Section 2 of [38]
and [3, Theorem 7.1], to estimate the H! errors of eigenfunctions, we need only esti-
mate || (KT —KuI1,) (g, (k) [lv = [[ (K= KuI1n) |r(E, (k) [V, where R(E (K)) is the general-
ized eigenfunction space corresponding to the eigenvalue p of the operator K. Similarly,
we define the orthogonal projection operator Iy : V — L2(Q)) with respect to the inner
product b(-,-). To estimate the L? errors of eigenfunctions, it is sufficient to estimate
| (TIoK—T1oKp ) [r (£, () -

We consider the following variational form of source problem : Find u € 7' (Q)

and Kf € 7' (Q)) such that
{”(W) =b(fv), Yoes(Q), (3.1)
a(Kf,0)=b(f,0), Yoe Q). '

The corresponding numerical scheme is: Find uj, € V}, such that
an(un,on) =by(f,on), YoR € Vj. (3.2)

Next, let’s replace f with ITj, f. The corresponding numerical scheme is: Find 1, € V}, and
Ky, Iy, f € V}, such that

{uh(ﬁh,vh) :bh(th,vh), VU;Z c Vh, (3 3)

ay (Khth,vh) = bh(th,vh), VZJh - Vh.
Then H(K_Khnh)’R(E;,(K))||VSCHu_ﬁhHVSC(Hu_uhHV+||uh_izh||V)- Notice that HM—
up||v is the H' error estimate for source problem (2.3). Since a(+,) is coercive, we have
14, — 12| < Cap, (s, — thp 1y, — 1)
:Cbh(f—th,uh—iZh)
<Cllf =IIufllv [lun—ilv,
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which implies that ||u, —u,||v <C|| f =TT, f]|v.
Define the projection operator I, = {I15,Qy} : 7 (Q) — Vj,. Since I, is orthogonal
projection, then

|up— i ||v <Cl| f =TT fllv <Cl| f = L.f|v-

For || f—1I,f|v, we have the following estimate.

Lemma 3.6. Assume f € 7(Q), and f|q, € 5 (M), s1>1, fla, € H2(Oy), 52>3/2,
flas € H(Q3), s3>3/2, if h; ' N2 < Ch; ' N3, there holds

_ _ -1 _ -1 _
LF=Inf v <C (B N s oy H5 N2 a5 N2 f sy )

where y; =min{sy,No+1} and uz =min{s3, N3+1}. Furthermore, we have

1f = Inf v < CHE TINS5 (Lo i) L ey - f s ) ) -

Proof. It follows from Lemma [3.2] that
IF-Qufl= X (IV(F = Qo3 +EIf~Qof 22
TeT"

+ ) <h3_1N§HQOf—Qbf”EZ)T\(aTﬁF)+h3_1N?%||Q0f_H5fH%Tﬂ1">

TeTY

" 1 2]1 1 -2
<(‘(h ( 3 N3 253HfH2 53 +h 1N32h 2 N SZHfHHSQ ()2 )

1 s 1 s
1 = QufIZ <C (1P VNS 22 £l 0, + 15 TN 29 £ 12 )
)

It follows from Lemma B.1] that

If=Infllv
= f=Isfllv+If=Qnfllv

_ _ 1 _ 1 _
gC(hf; INT T e o) T NS fll s o) ST NG|

HS3(Q3)) .

Notice that we assume N; = N> > N3, so the main error comes from the WG element, then
we have

—1 _
Lf=Bfllv < CHE NG (1

o) Il + I flls g )

Then we complete the proof. O
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Similarly, we estimate || (IToK—I1oK} )| (E,(x))||- We replace IT), f with I, f in :
ap (o) = by (Iuf,on), Vo, €V, (3.4)
ay(KyInf,on) =by(Inf,on), VoR €V
Combining and , and ay,(-,-) is coercive, we have
([t — 11| |3 < Cap (up,— i1, 01, — i)

=Cby,(f — Inf,up—1p)
<Clf=Infllllun—danllv,

which implies that ||uj, — i, || < C||\u, —iiy||v < C|| f —I,f||- Then

|(TIoK—=T1oKp) [r(e, (k|| < sup [[Kf =Kulpf||+ sup |[[Kylyf—Kuf||
=1, =1,
feR En(i0) fe ki

SC(lu—anll+1lf = Infll)
SC(|Ju—upl +[[un —anl|+ | f = T f1])
SC(lu—unl+1f=Inf1)-

Notice that ||u—uy]| is the L? error estimate for source problem (2.3). For ||f—I,f]||, the
following estimate holds.

Lemma 3.7. Assume f € 7(Q), and f|q, € 5 (M), s1>1, fla, € H2(Da), 52>3/2,
fla, € H*(Q3), s3>3/2, there holds

_ _ -1 _ _
1f = f I <€ (BT NS 1L g 15" N1 L2 )+ 15N [ fll s ) )

where py =min{sy,No+1} and pz =min{s3,N3+1}. Furthermore, we have

1F = < CHENG = (1Ll s e+ ln oy + 1 L))
Proof. Tt follows from Lemmas[3.1/and [3.2] that

1f =TI
=[If =TT flI+f = Qufll

—1a71— -1 — _
<C (B INES Lo g+ N5 )+ N5 = ey )-

Notice that Ny = N, > N3, so the main error comes from the WG element, then we have

If—Inf |l <Chy Ny ™ (||f||,;f51 (Ql)"'HfHHSZ(Qz)+||f||H53(Q3))/

which completes the proof. O

Based on the above analysis, it is sufficient to estimate the H L and L? errors for the
source problem (2.3). We will elaborate on this in the next section.
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4 Error estimates for source problem

In this section, we derive the error equation of the source problem (2.3). Subsequently,
we obtain the H! and L? error estimates for the source problem (2.3).

4.1 Error equation

Let u € 7' (Q) be the exact solution of (2.3), and uj, = {us,uy} € Vj, be the numerical
solution of . Denote es =1u|q, —us, e5=11su—ugs, and e, = {ep,ep } = Quu— 1y ={Qou—
ug,Qpu—1uy }. In the following, we use ny, ny and n3 to represent the outward unit normal
vectors of cells in (), O3 and (), respectively. Denote [vs] =v; |+ —0s]p -

Lemma 4.1. Let u be the exact solution of (2.3)). For any v, ={vs,vw } € V,, the following error
equation holds

a5(e5,05) +aw(ew,00) =(Vi-ny, [vs])r, + Y (Vu—Q,Vu)-n3,00—vp)o7
TGEZU

+ Y (su—u,Vuvw-n3)arar +5(Qnit, vw). (4.1)
TeTY

Proof. For any q € [Pn,_1(T)}¢, it follows from Lemma 3.4|that

Z (VwQnu,q)r= Z (QnVu,q)r— Z (u—Tlsu,q-03) g7 -

TeT" TeT® TeT)”

Let q=V 40y, we have

Z (Vthu/vwvw)T

TeTY
= Z (thu/vwvw)T_ Z <u_H5u/vwvw'n3>aTmr
TETY TETY
=— Y (00, V-Q,Vu)r+ Y (05, QuVung)or— Y (u—T1u,Vvw-n3)arar
Te7;f" Te'];w Tefﬁlw
=Y (Voo,QuVu)p— Y (vo—0,,QpVu-ng)or— Y (u—1Ts1,Vve-n3)arar
TETY TET TETy?
=Y (Voo,Vu)p— Y (v0—0,QuVu-nz)or— Y (u—Tlu, Vv n3)arar.  (4.2)
TeTY TeT" TeTyY

Notice that ZTeThw(Vu-ng,w,)aT = ZTeThfv<V”‘n3/Ub>aTmr = —(Vu-ny,vs)r. Testing 1!
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with v, = {vs,0, }, then we have

(Vu,Vv(;)QS+cz(u,v(5)r,zlﬂs—|— Y. (Vu,Voo)r+ Y| (1,v0),2,7

TeT TeTw
—(Vu-ny, [vs])r, — (Vu-ng,vs)r— Y (Vu-nz,vg)ar
TeT"
=(Vu,Vog) g+ (1,05), 20+ Y, (Vu,Voo)r+ Y (u,00), 27
TeT TeT
—(Vu-ny,[v5])r,— Y, (Vu-nz,v0—vp)ar = (f,0s) 0, + (f,00) - (4.3)

TG?;ZU

Substituting into (4.3), the following equation holds

(Vu,va)QS+c2(u,05)r,2,05+ Z (Vo Quit, V) T+ Z cz(u,vo)fz,T

Te']—}']u) T€77110
—(Vu-ny, [vs))rg+ Y (QuVu—Vu)-nz,vo—vp)ar+ Y (u—11u, V0w n3)arar
T€7—};w T€7;’ZU
=(f,vs)a, +(f,v0) -
Then there holds
as(1,05) +aw(Qn, )
:(vurvvé)()s+C2(urvé)772,05+ Z (Vquhu,vaw)T+(Vu-m,[v(;])r,{
TG’];’ZU
+ Y A(Qou,v0), 2, +5(Quit,ve)+ Y, (Tlst—u, Vv n3)aror
TeTy TeT
=(f,v5)0.+(fv0)a,+ Y ((Vu—QuVu)-n3,v0—0p)or+5(Quit,vw), (4.4)
TeTY

where we have used the fact that } rc 7 2 (Qou—u,v9),21=0.
Subtracting (3.2) from (4.4), we have

as(es,05) +aw(ew,vw) =(Vu-ny,[vs])r, + E (Vu—QpVu)-nsz,vg—vp)ar
T€7’I'IZU

+ Y (Tsu—u,Vvw n3)arar +5(Quit, v )
TeT"

Then we complete the proof. O

4.2 H! error estimate

In this subsection, we derive the H! error estimate for the source problem (2.3).
p
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Lemma 4.2. Let u be the exact solution of (2.3)). Assume u € 75 (Q)), and ul|q, € (),
s1>1, u|q, € H?(y), 52>3/2, u|n, € H*(Q), 53 >3/2, if hy ' N2 < Chy ' N2, there holds

1esllv+llewllv

<C (I TNl gy S NG ey HETNS u )
where y; =min{sy,No+1} and uz =min{s3,N3+1}. Furthermore, we have
sl -+ lewllv < CHE N3 (il s+ [ s s )
Proof. Let v;=2¢; and v, =e, in (4.I), then there holds
ﬂ5(55,55)+ﬂzu(€zu,€w)=TZT ((Tsu—u, Vwew nz)arar +{((Vu—Q; Vu) -nz,e0—ep)ar)
=
+as(Tsu—u,e5)+(Vu-ny, [es])r, +s(Qni,ew).

Next, we estimate the six terms on the right side of the above equation. It follows from
Lemma 3.1/ that

- _ _ 11— -
as(TTgu—u,85)| <C (BN utl s+ 5 NGl ) esll (45)
According to [19, Theorem 3.3], there holds
(V1 B3] | < CHY NI ] s o - @6
From Lemma 3.2} we have
|5(Qhur€w)’
=| Y hy'N3(Qou—Quit,e0—ep)ar\arary+ Y hr N3 (Qou—Tlsu,e0—ep)arar
TeTY TeTY
— -1/2 — -1 —
<C (hg"/NaHY AN s o e+ T N2 s el )
If h;lNg < ChglNg, then we have
-1 — -1 _
\S(Qh%@wﬂﬁc(h?z N3"2 7% |[u]| o ) ll o [ v+ 15 N32 53H”||H53(Q3)||ewHV)' (4.7)

It follows from Lemmas[3.2]and 3.5 that

_ —-1/2 _
Y. (Mt —u, Vpew-n3)arar | < Chy 2Nkl /2 N1/2 2] g2 () ol v-
T€7;lw
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If h3_1N32 < Chglsz, then we have
1 —11, Ve <ChPTIN3/Zs 48
Y (Tsu—u, Ve n3)arar | <ChE Ny 2 ||ull o ) llewllv- (4.8)
TeT,)”
From Lemma 3.2 the following estimate holds

Y ((Vu—QuVu)ns,co—en)ar| < CH N2 ullgps o leallv. (49)
T€77IZU

Notice that ||&5]|2 + |lew||? < C(as(€s,65)+aw(ew,ew)). It follows from - and
Young's inequality that

185]lv+lewlv
<C (3 NE s gy RGN 2 sy TN sy )
Notice that Ny = N, > N3, so the main error comes from the WG element, then we have
120y + el < G~ N3 (oo o Nty + Il ) ) -
Then we complete the proof. ]

Theorem 4.1. Let u be the exact solution of (2.3|) and uy, = {us,uy} be the numerical solution
of (3.2)). Assume u € A (Q), and ulq, € 5 (O1), 51> 1, ulq, € H2(Mn), $2>3/2, u|n, €
H%(Q43), s3>3/2, if by ' N2 <Chj ' N3, there holds

[l er, =t lv 4[], —ttwllv

_ _ -1 _ -1 _
<C (N sy + 1 N2 il o) NG 2

H53(Q3)> ’

where py =min{sy,No+1} and pz=min{s3,N3+1}. Furthermore, we have
sl =+ e, — el < CHE NG (g

Proof. It follows from Lemmas and [4.2|that

|u|a, —usllv+lula;, — twllv
<|lula, —TTsullv+lesllv +[u|a, — Quullv + llew|lv

_ _ —1 _ 1 _
SC(h;l 1N11 S1HuH%s1(Ql)—|—hg2 N;/Z SZH“HHS2(QZ)+h§3 Ng/z 53"“‘

s (o) T 1l ez o)+ ”“HHSS(03)>'

HS3(Q3)> *
Notice that Ny = N, > N3, so the main error comes from the WG element, then we have
—14,3/2—
e, — s v+ [[2t]ery — o | < CHE? ™ NG/27 <||”||,%"51(01)+||MHH52(02)+||”||H53(03))r

which completes the proof. O
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4.3 L2 error estimate

In this subsection, we obtain the L? error estimate for the source problem (2.3). To obtain
the L? error estimate, we consider the following dual problem

CZ

—Ap+-—=¢Pp=¢, In(),

ANTFIER (4.10)
¢=0, on 0(),

where e={es,e0} ={u|n, —us,Qou—up}. And from [21, Theorem 2.3], the following reg-
ularity estimate holds

@12y @l 20y + @1l H2(0) < Clle]l- (4.11)
Lemma 4.3. Let u be the exact solution of (2.3)) and ¢ be the exact solution of (4.10)), we have
the following error equation
lel]>=as(es,p—T150) — (Vp-n, [es])p, + (V-1 Tsu —1t)  +5(Qutt, Quep) —5 (e, Qup)

+(Vu-ny, [Is¢))r,+ Y, ((¢—TI1s¢, Vawew n3)arar + (Isu—1t, Vo Que-n3)arer)
TeTY

+ Y (((QV$—V) -nz,e0—ep)yr+(Vu—Q,Vu) -n3,Qup—Qplor).  (4.12)

T€77110
Proof. Testing (4.10) with e, then we have
lell* == (8¢res)q, +¢(9e5),2.0,— (Do), +¢ (#r00), 2,

=(V$,Ves)q, +¢*(p,e5), 2.0, — (Vo1 [es])p, — (V-noes)y

+(Ve,Veo)o,— Y, (Vomseo)yr+¢*(d,00),20,- (4.13)
Te?’,:lu]

It follows from that
Z (V(P,VEO)T

TeT"
=Y (VoQudp,Voew)r+ Y, (QiVe-nzeo—ep)or+ Y (¢—ILs¢, Ve n3)orar.
TEEZU TGEH) TEEZU
(4.14)
Notice that
Y. (Vomzeo—ep)yr= Y (Vonge)yr— Y. (Vo-mz,ep)orqr
TeTY TeT" TeTY

= Y (V¢ng,e0)yr+(Vo-nzes)p+(Vp-np Isu—u)p. (4.15)
TeT"
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Combining (4.13)-(4.15), thus we have

lell>=(V¢,Ves)a,— (Vo-ny,[es])r, +¢* (d,65), 2 0,4 ($,00),2
+ ) (VoQud, Vaew)r+ ), {((QuVo—Ve)-nse0—ep)yr

TeT,Y TeTY

+ (Vo Isu—u)p+ Y (¢—Tls¢p, View n3)arar- (4.16)
Te’];l'u)

Let vs =I15¢ and v, = Q¢ in error equation (4.1), then there holds

as(es TLsp)+ Y, (Vwew, VoQup)r+ Y c*(e0,Qop)1+5(ew, Q)

TET® TET

=(Vu-ny, [[¢])re+ Y (Vu—QuVu)-n3,Qop— Qu)ar

TeT?

+ Y (Iu—u,VQuo-n3)arar +5(Quit, Q). (4.17)
TeTY

Using the fact that } rc7v 2(¢—Qop,e0), > =0, from 1) and 1! the following
equation holds

lell> =as(es,p—TTsp) — (Vp-n, [es])p, + (V-1 Tsu —1t)  +5(Quit, Quep) —5 (€, Qup)

+(Vu-ny, [Is¢))re+ Y, ((@—TIs¢p, Vaew n3)arar + (Isu—1, Vo Que-n3)arer)
TeTy”

+ ). (((QuVo—V¢)-n3,e0—ep)yr+ (Vu—Q;p Vi) -n3,Qop— Qup)ar)-

Tenn}
Then we complete the proof. O

Lemma 4.4. Let u be the exact solution of (2.3|) and uj, = {us,u,} be the numerical solution of
(3.2). Assume u € HH(Q), and u|q, € #°1(O1), 51> 1, ulq, € H? (M), $2>3/2, u|q, €
H%(Q3),83>3/2, ifhglNg < ChglNg’/z and h§1N§/3 < ChglNz, there holds

le]| < ChE? N3~ (H”H%ﬁ ) Tl g2 (0y) + HMHHS3(Q3)) ,
where pz =min{ss,N3+1}.

Proof. Next, we estimate the terms on the right side of the expression (4.12). First, using
Lemma 3.1 we have

|as (es,p—T1s)| <lles||v [[¢—TLsp|x,
<C (sNT 1Lz +hsNg 9l ) lleslly- — @18)
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It follows from [[19, Theorem 3.3] that

(Vg les))r, | < ChaNT @l aqar llesllv- (4.19)

From Lemma [3.2] the following estimate holds

Y. ((Vo—QuVe)-n3,e0—ep)or

TeT?

< ChaN; 2|19l 12 (ay)ll o | v- (4.20)

It follows from Lemmas[3.2]and [3.5] that

Z <¢—H5(P,Vw€w'n3>amr SCh;1/2N3h2/2N2_3/2||¢HH2(QZ)HewHV'

TeTY

If h§/2N{3/2 < Chg/ZN;Z, there holds

Y {¢—T1s¢,Vwew n3)orar
Tenﬂ}

< ChaNj |l g2y llewl|v- (4.21)

Using the fact that ¥ re7v((Vu—Qu Vi) -n3,¢—Qup)or = Lrerw (Vi —Q; Vi) -nz,¢—
[15¢)57~r and Lemma3.2] we have

Y ((Vu—QuViu)-n3,Qop—Qpd)ar

TE'];lw

— —-3/2 — —
<C (/N5 372 N5 s ) |0l a5 N ) [0y ) -

If hg/2N2—3/2 < Chg/2N§3/2, then we have

Y ((Vu—Q,Vu)-n3,Qop—Qpd)ar

< CHE N3 > [ull s 2y (1011 + 1Ly ) -
TeTY

(4.22)

Since ¢ is continuous on I'g, it follows from Lemma [3.1/and [19, Theorem 3.3] that
[(Vueny, [T,

:‘(Vu‘m,[l—[afl’—‘l’br,a

<CH TN s ey (BN 1@l +hsNg gl ) - (423)
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Next, we estimate Y \re7w (ITsu—1,VQue-n3)ornr + (V¢-ny, ITsu —u) . Notice that

Y (Tsu—u, Ve Qup-n3)arar+(Ve-ng, Isu—u)y

TeT,"
=Y (ILu—u,(VoQup—QuVe) m3)orar+ Y, (Vo—Qu V) -ny Ilsu—u)yrp
TeT TET®

Then we estimate the two terms on the right side one by one. It follows from Lemma
that

Y. (VoQupa)r= Y, (Qu(Ve),a)r+ Y, (Ilsp—¢,q-n3)arnr,

TeT® TeT® TeTy

for any q € [Py, 1(T)]%. Let = V4Qup—Q; Ve, we have Yrere || Vo Qup—QyVol|7 =
YreTe (ITsp—¢,(VwQnp—0Qu V) -n3)srar. Then from Lemma there holds

Y IVeQup—QuVe2rr

TeTy

<Ch;'N2 Y |[VWQup—Qi Vo3
TeT®

1/2 1/2
<ChT1N§( Y. QDH&(P%THF) ( Y. Vth‘PQhV(P%Tmr) ,

TeTY TeT®

which implies that

Y IVeQup—QuVol3rar <Chy?N3 Y ¢ —T1s0l57r-

TeT® TeT®

Thus, from Lemma [3.2) we have

Y (Isu—u,(VoQup—QuVe) n3)arar

TeTY
1/2 1/2
<C( ) Hé““%mr) ( Y hTzN§¢H5¢§TﬂF)
TET® TETY

<CHY Ny R NG

12 (0) 9 200

If h3_1N32 < ChglNg’/z, there holds

Y (su—1,(VoQup—Qu V) ns)arrr| < CHEN 272 ||ul g2 ) 19l 2 (0y) (424)

TeTY
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It follows from Lemma 3.2] that

~1/2 _ _
Y (Vo—QuVe) o, Tt —u)yrop | < CHE ANy 2720 NSV | g 0, 0 1222
TeT
Notice that hé/zgh};ﬁ and N3_1/2§1, we have
Zr (Vo—QuV ) -mo, Tstt— )y | < CHENY 272 [t poa o) [Pl 2y (4:25)
TETY

It follows from Lemma 3.2 that
|5(Qut, Que)|
<C (NG 413N 2 N2 ) s ) (11l gy + 1920y )
+C (W N2 N2 N NG ) [l o) (19 ) 19 ) )
If h;’/ZNZ_B'/2 < Chg/2N573/2 and hg_lN% < ChglNg, then the following estimate holds
|s(Qut, Q)|
<C (WENy 41 NG (1l g+ 1l ) ) (1920 + 1Bl gy ) - (4:26)
From Lemma 3.2} there holds
|5(ew, Qup)| < ChaN3 (19|l 2 (ny) lewo v + Chs 2N Ny > 2| || 2 o) Nl o v-
If hg/zNE?’/z < Chg/zNgs/z, then we have
[5(ear Q)| < N2 (191220 + 19 20y ) lew v (4.27)

Notice that Ny =N, > N3, so the main error comes from the WG element. It follows from

(4.17), @.18)-@.27) and Lemma 4.2 that
1—
le]| < CHY*Ny 53(H”H%sl((h)"‘H”HH52(02)+HMHH"S(Qg))/

which completes the proof. O

According to Lemmas[3.2]and 4.4} the following estimate holds.

Theorem 4.2. Let u be the exact solution of (2.3) and uy, = {us,uy} be the numerical solution
of (3.2). Assume u € S (Q), and u|, € #51 (1), s1>1, u|q, € H2(Oy), $2>3/2, u|q, €
H%(Q3), 53>3/2, if h; IN3 < Chy IN3/? and hy ' N3/ < Ch; 1N, there holds

1—
1]y, =15 |+ [l ery — || < CHE* N 53(HuHstl(Ql)"'||”||HS2(02)+||”||H53(Q3))/

where u3=min{s3,N3+1}.
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5 Error estimates for eigenvalue problem

In this section, we provide the H Land L? error estimates for eigenfunctions. Furthermore,
we present an expression for the error of the eigenvalue, followed by giving the error
estimates for eigenvalues.

5.1 Error estimate for eigenfunction

Based on the error analysis in Section 3, the following estimate is valid, following from
Lemma [B.6land Theorem

Theorem 5.1. Suppose A; is an eigenvalue of with multiplicity m, and R(E,(K)) is the
corresponding m-dimensional eigenspace. Suppose {A;,}I" | are the eigenvalues of ap-
proximating Aj, and u;j is an eigenfunction corresponding to A;p, for i=1,2,---,m. For any
uj € R(E,(K)), assume u; € A3 (Q), and uj|q, € #°1 (M), s1>1, uj|q, € H2(O), 52>3/2,
uj|o, € H®(Q3), s3>3/2. Forany i=1,2,---,m, if h3 'N2 <Chy ' N2, there exists an eigenfunc-
tion u; € R(E,(K)) such that

|uj—uinllv

=|lujla, —uisllv+I1uila; —tiwllv

<C (B N s gy 2 NG gy N )
where y; =min{sy,No+1} and puz =min{s3,N3+1}. Furthermore, we have

—1,,3/2—
[ — i < CHE ™ NG/27 (H“jH%)ﬁ ) 11l 2 () + ||”jHH53(Q3)) :
In addition, from Lemma [3.7]and Theorem 4.2} we have the following estimate.

Theorem 5.2. Suppose A; is an eigenvalue of (2.2)) with multiplicity m, and R(E,(K)) is the
corresponding m-dimensional eigenspace. Suppose {A;}", are the eigenvalues of (2.5)) ap-
proximating Aj, and u;y, is an eigenfunction corresponding to A;y, for i=1,2,---,m. For any
uj € R(E,(K)), assume uj € #(Q), and uj|q, € #° (M), 51> 1, uj|a, € H2(Qy), 52>3/2,
ujlo, €H%(Q), 53>3/2. Forany i=1,2,--+,m, if h; 'N2<Chy N3/ and hy ' N3/> <Ch; ' N,
there exists an eigenfunction u; € R(E, (K)) such that

1—
H”j—“z‘,hH < Chg3N3 » (H”j”%’ﬂ ()t H”j”HSZ(Qz) + ||“jHH53(03)) ,
where p3=min{s3,N3+1}.

5.2 Error estimate for eigenvalue

In this subsection, we derive the expression for the eigenvalue error and provide error
estimates for eigenvalues.
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Lemma 5.1. Suppose (A,u) is an eigenpair of (2.2)), and (Ay,uy,) is an eigenpair of (2.5)). For
any vy, € Vy, there holds

A—=Ap=a(u,u)—ay(vp,on)+ap(up—op,up—o) — Apb(u—up,u—uy) +2A,by, (uy, 0, —u).

Proof. Notice that b(u,u) ="by,(uy,u,) =1, for any v, € V},, then we have

A=A,
=a(u,u) —ay(up,up) —2ay(1n,op) +2A by (1n,op)
=a(u,u)—an(vp,on) +an(up,up) —2an(un,on) +an(On,0n) — 205 (un,un) +2A,04 (1n,on)
=a(u,u) —ay(vy,op) +ap(uy—op,up—0y) —2Anby (U, up) +2A4by (1y,04)
=a(u,u)—ay(vy,on) +ap (U —op,up—on) — Apb(u,u) — Ayby (up,up) +2A4by (up,01)
=a(u,u)—ay(vy,on) +ap Uy —op,up—op) — Apb(u—uy,u—uy) +2A4by (up, 0, —u),
which completes the proof. ]

For further theoretical analysis, we extend the definition of the weak gradient.
Definition 5.1. For v€ H!(T), its weak gradient V0|1 €[Pn,_1(T)]“ is defined as follows:
(vaIQ)T:—(U/V‘Q)T+<U/q‘n>aT:(szq)T/ vqe [PNg—l(T)]dr (51)
where n is the outward unit normal vector.

Furthermore, for any u € 7 1(Q), v, €V}, we have

ay(u,0p) = (Vu,Vos)a, +(u,05),-2 0, + Z (Vott, Vv r+ Z Cz(u,vo)rleT

TeTw TeT
=(Vu,Vos)o,+(1,05),20,+ Y, (Viu,Vvu)r+ Y (1,00),-2,1,
TET® TeT®

here are no stabilizer s(u,v),), since s(1,0) =Y re7w (U—1,00—Vp) 57 =0. Similarly, we can
extend the definition of a,(-,-) to #1(Q)+Vj,. Then we define P,: 7! (Q) — V}, such that

ap(Pyu,op) =ap(w,0), Vop €V, (5.2)

It is easy to verify that a;(u,-) is continuous over Vj,, then according to the Lax-Milgram
Theorem, P, is well-defined. For any v;, = {vs,v,, } € V},, we define

0u(on) = Vu—= Vo513, +l|lu—0v5]2 2 ¢ +5(0,00)

+ Y IVu=Vovolp+ Y Allu—vol?s ;-
TeTy” TeTw

Lemma 5.2. For any u € 7 (Q)), there holds

a(u,u) —ay(Pyu, Pyu) =0, (Pyu) <6, (Iu).
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Proof. For any v, ={vs,v,} €V}, we have

a(u,u)—ay(vp,op)
=|Vull, +ull> 20+ Y IVulz+ Y llull?ay,
TETY TeTY

— Vo5, —llvelF20,— 3 IVevali— Y. llvollfzr—s(vw,v0)
TET TET

=[|Vu— Vsl +u—vs2ag,+ T IVu—Vovulb+ ¥ Alu—vol?sy
T€771w Tenw

+2(Vu—V05,V05)QS+202(u—v5,05)r72,05+2 Z (Vu—Vuvw, Vo)
TeT,”

+2 Z Cz(u_UO/UO)r*Z,T_S(vw/Uw)~ (5.3)
Tenw

From (5.1) and (5.2), there holds
2(Vu—VPyu,Vous)a, +2c*(u—Pyu,vs),-2 0, —25(Py,vy)
+2 E (lexl—vahuszvw)l““‘z Z Cz(u—Ph'I/l,’U())r—Z,T

TET® TET?
=2(Vu—V Py, Vvs)a, +2¢* (11— Py, 05),2 o, —25(Pytt, 0 )
+2 Y (Vu—VoPuu, Vovy)r+2 Y (u—Pyu,vg), 27 =0. (5.4)
TeT,y TeT,y

Let v;,=Pyu in and (5.4), we have a(u,u) —ay,(Pyu,Pyu) =6, (Pyu). Then the following
inequality holds 60, (P,u) <6, (Iu). In fact,
0, (Iu) :HVu—VIhuHés+c2|\u—Ihu||$,zlﬂs+s(lhu,lhu)

+ ) | Vu—VLu|?+ ) c2||u—Ihu||f,2’T
TeTw TeTw

=|Vu—VPyu+VPu—VIulg, —l—cz||u—Phu+Phu—Ihqu,2,Qs

+ Y IVu—VuPyu+ Vo Piu—Volu|7+ Y c2||u—Phu—|—Phu—Ihu||f,2/T
Te’Y;lZU TEETU

+s(Iu— Pyu+ Pyu, Iyu— Ppu+ Pyu)
= =V Byl + |V Py =V Ty, + ¢ — Pyl +¢¥ Byu— Ty 25
+ ) | Vi~V Pyu||3+ ) |V wPytt — Vo Iyt ||+ (Iu— Pyu, Iyu— Pyu)

T€7;,ZU T€’7;,ZU
+ Y czHu—Phqu,le—k ) c2||Phu—Ihqu,le—ks(Phu,Phu),
TETY TETY

where we have used the fact that a;, (P,u, Pyu— Iu) = ay(u,Pyu— Iyu). Thus,

a(u,u) —ay(Pyu, Pyu) =0, (Pyu) <6, (Iu),
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which completes the proof. O

Lemma 5.3. For any u € 7 (Q)), the following estimate holds

Y I Va(u—Quu)llr < Cllu—Tyully.
Te7;lu7

Proof. From and , for any q € [Py, _1(T)]%, we have
(Ve (u—Qpuu),q)r=(V(u—Qou),q)r+{(Qou — Qptt,q-n)sr-
Let q=Vy(u—Qpu), from Lemma then there holds
IV (= Q) 17
<[V (1= Qo) | 7l| Vo (1 — Qi) || 7+ Ch /2 N5 | Qutt = Qullar | Voo (11— Qutt) | 7,

which implies that ||V (u—Quu) T < ||V (u—Qou)||r+Chy'/2N3||Qou— Qpttl|ar- Then
we have

Y IVa(u=Quu)r< Y 1V (u=Qou)|[r+C Y hr'/*Ns||Qou—Qupullar

Teﬂw Te'];lw T€77f”
<Cllu—Iyu||v.

Then we complete the proof. O

Furthermore, the following estimate holds.
Lemma 5.4. Let u be the eigenfunction of (2.2). Assume u € ;' (Q), and u|q, € 75 (),
s1>1, uln, € H2((),52>3/2, uln, € H3(Q3), s3>3/2, z'fh;lN% < ChglNg, then we have
2
2(pu3—1) A 13—

0, (Ihu) §C113(”3 )Ng? 2 (H”H%Sl (@)t ||uHH52(Qz)+||”||H53(Q3)) ,
where p3=min{s3,N3+1}.
Proof. Notice that V,u=Q),(Vu). Using Lemmal5.3] we have

O (Iut) =V (u—T0s10) |3y, +* | —TLsue||? ¢ +5(Qu, Que)
+ Y | Vu— Vo Quu|?+ ) czHu—Qoqufer

TeTY TeTY
<|IV (u=T1g0) B, +Ju—Tloul? 2+ Y llu—Qoul22y
TeTY
+ Y IVou—Quu) |7+ Y. Vu—Q;VulF4s(Quu,Quu)
TeTY TeTY

<Cllu—Luly+ Y [Vu—QuVulF.
TeT"
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It follows from Lemmas[B.2]and [3.6] that

2(i3—1) nj3— 2
6 (Iiae) < " VNG (1l e () 1 12+ 1l 13 22 )
which completes the proof. ]
For any v € V, we define the following norm: ||v||2 =a,(v,0).

Lemma 5.5. Suppose (Aj,u;) is the j-th eigenpair of (2.2), and (A, u;) is the j-th eigenpair of
(2.5). Assume u;e AG(QY), and ujlq, € A#°1 (M), s1>1, uj|a, € H2(Qy), 52>3/2, ujla, €
H%(Q43), s3>3/2, if hy ' N3 < Ch; ' N2, then we have
2(j3—1) \j3—2 2

ap (ujp— Pyuj,uj— Pyuj) <cpeT NG (H“]’Hifsl () Tl o2 () + ||“1‘HH53(03)> ,
where py =min{sy, No+1} and pz =min{s3, N3 +1}.
Proof. 1t follows from the triangle inequality that

ap (15 = Pttt — Pyttj) = [y = Poaj |7 < C (Il = w1+ 14— Pusg1[7)
There holds ||1tj— Pyuj||7 < ||uj— Iyu;||7. In fact,
4= a1, = Nl — Pustj+Pyaj — Iyt | = ||t — Puusj |5+ || P — L I,

where we have used the fact that aj, (u; — Pyu;, Pyu;— Iu;) =0.

Compared to ||uj—u;j||v and |[u;—I,u;||v, to estimate ||u;—u; ||, and [ju;—Iu;l[,, we
just need to estimate e ||V (uj—ujn)[|7 and Lregw | Ve (uj— Quuj)|| 1, respectively.
It follows from Lemma 5.3/that

Yo Voluj—uj)llt< Y IVol(uj—Quuj)lit+ Y. IV (Quuj—ujn)llr

TeT, TeTY TeT?
<Y WV (uj=Quup) I 7+ | (Quutj—ujn) oy llv
TeTy”

<wj— Dl v+l —wjpllv
Based on the above analysis, we have
a (= Putj, i —Prt) < C ([t =gl 11— g [7) < C (Ntj—winll3 + luj— Do l[37) -
It follows from Lemma [3.6land Theorem [5.1] that
2(j13—1) nj3—253 2
ay (4, — Pyt i — Pyutj) < Chy Ny (H“jH;fSl(Ql)JFH“jHHSz(QZ)+||”jHHSs(03)) ,

which completes the proof. O
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Lemma 5.6. Let (A,u) be an eigenpair of (2.2)), then the following equation holds
b(u,Pyu—u) :% (—ah(u—Phu,u—Phu)— (Vu-ny,[Pyu—ul)r,
+ ) (Vu—QuVu,V(Quu—u))r+ Y ((QyVu—Vu) 'n3,PoM—PbM>aT),

TeTy TeT,)

where Pyu denotes the value of P,u on the interior of each cell T € T,*, and Pyu denotes the value
of Pyu on each edge or face e € &y,.

Proof. Consider the eigenvalue problem (2.1), then we have

b(u,Pyu—u)=—(—(Au,Pyu—u)+c*(u,Pyu—u), )

_ >

== ((Vu,V(Phu —u))a, +*(u, Py —1u), 2 o — (Vung, [Py —ul)r,

—(Vung, Pyu—u)yr— Y (Vu-ng,Pou—u)yr
T€77IZU

+ Y (Vu,V(Pou—u))r+ Y cz(u,Pou—u)rle)
TGEZU T€’7;lu7

>

Using the fact that a;, (Pyu, Pyu) —ay, (1, P,u) =0, then we have

b(u,Pyu—u)
:%(V(u—Phu),V(Phu—u))Qs—|—c2(u—Phu,Phu—u)rfz,QS
—(Vu-ny, [Pyu—u])r, — (Vu-ny, Pyu—u)r— Z (Vu-ng, Pou—u)yr
TeT”

+ Y ((Va(u—Pyu), Ve (Pyu—u)) 7+ (u—Pou, Pou—1u),—2 1)
T€7’]:’ZU

+ ) ((Vu,V(Pou—u))T—(un,Vw(Phu—u))T)—s(Phu,Phu)>
TeTw

1

=3 (—ah(u—Phu,u—Phu) —(Vu-ny, [Pyu—u])r, —(Vu-ng, Pyu—u)r

— Z ((Vu-n3,P0u—u>aT+(Vu,V(POu—u))T—(un,Vw(Phu—u))T)>. (5.5)
T€77ITU
It follows from that
Z (Vu,V(Pyu—u))r— E (Vou, Vo (Ppu—u))r
TeT) TeTY

= Z (Vu,V(Pyu—u))r— Z (QnVu, Vo (Ppu—u))r

TeT) TeTY
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= Z (VM,V(PQLI—M))T+ Z (V-QhVu,Pou—u)T— Z (QhVu-ng,Pbu—u>aT

TeT" TeT" TeTY

= Z (VM,V(P()I/I—M))T— Z (QhVu,V(Pou—u))T+ 2 <QhVu-n3,P0u—Pbu>aT
TeT" TeT" TeTY

=Y (Vu—QuVu,V(Pou—u))r+ Y (QyVu-n3,Pou—Pyu)or. (5.6)
T€771w TGEZU

In fact,
(Vu-ng, Pyu—u)r=—(Vu-ng,Byu—u)yr=— Y (Vu-ng,Pyu—u)yr. (5.7)
TeT"

Combining (5.5), and (5.7), we have
1
b(u,Pyu—u) =3 (—ah(u—Phu,u—Phu) —(Vu-ny,[Pyu—ul)r,

+ Y (Vu—QuVu,V(Pou—u))r+ Y ((QhVu—Vu)-n3,P0u—Pbu>aT>
T€7;lu' T€771w

:%<—ah(u—Phu,u—Phu)—<Vu-n1,[Phu—u]>rR
+ 2 (Vu—QhVu,V(qu—u))T+ Z ((QhVu—Vu)-n3,P0u—Pbu>aT>,
TET TET®

where we have used the fact that

Y (Vu—QyVu,V(Pou—Qou))r=0.
TeTY

Then we complete the proof. O
Lemma 5.7. Suppose (Aj,u;) is the j-th eigenpair of (2.2)), and (A, u;jy) is the j-th eigenpair of
(2.5). Assume u; € A (QY), and uj|q, € A1 (M), s1>1, uj|a, € H2(Qy), 52 >3/2, ujla, €
H*(Q3),$3>3/2, ifh;lNg < ChglNg’/z and h§1N§/3 < ChglNz, the following estimate holds

2
2(puz—1 —
0ot P =) | < CHE TINS5 ([t o+ ] ()

H2(0n) 4]
where p3=min{s3,N3+1}.
Proof. Notice that

b(ujp, Pouj—u;) =b(u;,—uj+uj, Pouj—uj) =b(ujy,—uj, Pyuj—u;) +b(uj, Pyuj—uj).
It follows from Lemma 5.3|and the proof of Lemma [5.5that

b(u]-,h—uj,Phuj—uj) S CHL[]'—M]',;ZH Huj—Ihuth S CHu]'—u]-,hH Hu]'—IhujHV.
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Then it follows from Lemma [3.6land Theorem [5.2] that
23—1 _ 2
|b(uj—uj, Pyuj—uj)| < Ch3'™ N3/272% (H”j”jfsl ) 1 2 () + ||“j||HSs(Q3)) . (5.8)
Next, we need to estimate b(u;, P,u;—u;). Notice that

Z h;lNg HP()M]' —Pbu]' H%T = s(uj — Phu]',uj —Phu]') < ah(uj —Phuj,u]' —Phu]').
TeTY

We omit details, it follows from Lemmas and [19, Theorem 3.3] that

2 —1 — 28 2
b0y, Pyt =) | < CHE VNG (g s o)+ o) s 1)) - (5:9)

Based on the above analysis, we have

2(3-1) 3 2
‘b(”jrhfph”j_”]')’SChg,(”S )N§ 253(H”j||,9f51(01)+H“j“HSz(QZ)HWj\H53(93)> ,

which completes the proof. O

We take v;, = P,u in Lemma Finally, from Theorem [5.2 and Lemmas
and we have the following estimate for eigenvalue.

Theorem 5.3. Suppose A; is an eigenvalue of (2.2)) with multiplicity m, and R(E,(K)) is the
corresponding m-dimensional eigenspace. Suppose {A;,}I", are the eigenvalues of (2.5) ap-
proximating Aj, and u;, is an eigenfunction corresponding to A;y, for i=1,2,---,m. For any
u; € R(E,(K)), assume u;j € %’61(0), and uj|q, € 2 (M), 51> 1, ujlq, € H2(O2), 52 >3/2,
ujlo, € H(Q3), s3>3/2. Forany i=1,---,m, if h; 'N3 < Ch; 'N3/? and h; 'N;/> <Ch; ' N,
the following estimate holds

2(i3—1) ;32 2
1A= Aig < CHEPTING2 (g s )+ 2+ 1 s ) )

where uz=min{s3,N3+1}.

6 Numerical experiments

In this section, we present some numerical results to demonstrate the accuracy of our
numerical scheme (2.5). In all examples, we consider the Schrédinger equation (2.I) in
Q=[-1,1]%. Let () be a circle with R=0.2 centered at the origin, Q0 =[—0.5,0.5]*\ )y,
and Q3 = Q\[-0.5,0.5]2. We set N; = N, =15 and then vary Nj to be 1, 2, and 3 to test
the convergence orders with respect to h3. Furthermore, we take N3 to be 1,2,3,4, and 5
to examine the exponential convergence with respect to N3 and v DoF. Additionally, we

setp=1/4in 2.5).



292 S.Li, L. Jia, Q. Zhai and Z. Zhang / Commun. Comput. Phys., 40 (2026), pp. 263-296

Example 6.1 (c =1). In the first example, let c=1. Since the exact eigenvalues are un-
known, we choose A =12.3846240795409, A, =16.0225874297612, A3 =16.0225874297612
and A4 = 22.0450602704655 as the first four reference values. The reference eigenvalues
are evaluated by the mortar spectral finite element method with R=0.2 and N; =N, =15.
From Table [1} it is evident that the eigenvalues obtained by the numerical scheme
serve as the asymptotic lower bounds of the reference values. Furthermore, the observed
convergence orders for N3=1,2,3 are 2,4, and 6 respectively, aligning with the theoretical
analysis.

Table 1: Errors of the first four eigenvalues and convergence orders with c=1.

1/hs A=Ay, order  Ay—Ayy order  Az3—Azy order  Ag—Ayy order
N3=1
8  9.9430E-01 2.0568E+00 1.9406E+00 4.4301E+00
16  3.1783E-01 1.6454 6.6248E-01 1.6344 6.5281E-01 1.5718 1.4981E+00 1.5642
32 7.4687E-02 2.0893 1.5718E-01 2.0755 1.5501E-01 2.0743 3.5990E-01 2.0575
64 1.8186E-02 2.0380 3.8480E-02 2.0303 3.8130E-02 2.0234 8.9871E-02 2.0017
N3=2
8  2.7238E-03 7.6524E-03 6.6679E-03 2.9277E-02
16  2.4890E-04 3.4520 6.1720E-04 3.6321 5.6751E-04 3.5545 2.0589E-03 3.8298
32  1.4664E-05 4.0852 3.4963E-05 4.1418 3.4672E-05 4.0328 1.2109E-04 4.0877
64 9.3137E-07 3.9767 22021E-06 3.9889 2.1960E-06 3.9808 7.4576E-06 4.0212
N3=3
8  7.8153E-06 1.8778E-05 1.6245E-05 7.4300E-05
16  2.3886E-07 5.0320 5.3338E-07 5.1377 5.2310E-07 4.9568 1.9635E-06 5.2419
32 3.4581E-09 6.1101 7.8207E-09 6.0917 7.4351E-09 6.1366 2.7251E-08 6.1710
64  49505E-11 6.1263 1.1429E-10 6.0965 1.1037E-10 6.0739 4.1059E-10 6.0525

Example 6.2 (c = 1/2). In the second example, we take ¢ = 1/2 and choose
A1 =8.37681498711058, A, = 13.35313963139164, Az = 13.35313963139164 and A4 =
20.33106215893244 in [23] as the first four reference values. From Table 2, we can observe
that the eigenvalues obtained by the numerical scheme are the asymptotic lower
bounds of the reference values, and the corresponding convergence orders for N3 =1,2,3
are 2,4, and 6 respectively, which is consistent with the theoretical analysis.

Example 6.3 (c = 2/3). In the third example, we test ¢ = 2/3 and choose
A1=9.65231567885163, A, = 14.0914338712714, A3 = 14.0914338712714 and A4 =
20.7838715370525 in [23] as the first four reference values. Similar to the results for c=1
and c=1/2, the cases for N3 =1,2,3 in Table {3|all achieve the theoretically predicted op-
timal convergence orders. This confirms the accuracy of our theoretical analysis and the
efficacy of our numerical scheme (2.5).
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Table 2: Errors of the first four eigenvalues and convergence orders with c=1/2.
1/hs  A1—Aqy  order  Ay—Ay,  order A3—Az;,  order  Ay—Ayy  order
N;=1
8 4.8037E-01 1.6208E+00 1.5276E+00 4.1322E+00
16 1.5198E-01 1.6602 5.2217E-01 1.6341 5.1482E-01 1.5691 1.4122E+00 1.5489
32 3.5374E-02 2.1031 1.2285E-01 2.0876 1.2082E-01 2.0913 3.3610E-01 2.0710
64 8.5273E-03 2.0525 29775E-02 2.0448 2.9538E-02 2.0322 8.3577E-02 2.0077
N;=2
8 1.0893E-03 5.4658E-03 4.8326E-03 2.6618E-02
16 1.0772E-04 3.3381 4.5715E-04 3.5797 4.2623E-04 3.5031 1.9062E-03 3.8037
32  6.2680E-06 4.1031 2.5756E-05 4.1497 2.5576E-05 4.0588 1.1105E-04 4.1014
64  3.9560E-07 3.9859 1.6204E-06 3.9905 1.6159E-06 3.9844 6.8159E-06 4.0262
N;=3
8 2.2060E-06 1.1372E-05 1.0105E-05 6.4820E-05
16  5.8238E-08 5.2433 2.9796E-07 5.2542 29125E-07 5.1167 1.6846E-06 5.2660
32 8.6265E-10 6.0771 4.3611E-09 6.0943 4.1959E-09 6.1171 2.3467E-08 6.1656
64 1.2236E-11 6.1396 6.2727E-11 6.1195 6.1441E-11 6.0937 3.5083E-10 6.0637
Table 3: Errors of the first four eigenvalues and convergence orders with c=2/3.
1/hs  Ay—=Ay,  order  Ay—Ayy order  Az3—Agy order  Ag—Ayy order
N3;=1
8 6.3234E-01 1.7396E+00 1.6408E+00 4.2105E+00
16  2.0111E-01 1.6527 5.6094E-01 1.6329 5.5293E-01 1.5692 1.4352E+00 1.5527
32 4.6906E-02 2.1001 1.3227E-01 2.0844 1.3017E-01 2.0867 3.4241E-01 2.0675
64  1.1340E-02 2.0484 3.2147E-02 2.0407 3.1880E-02 2.0297 8.5245E-02 2.0061
N;=2
8 1.5179E-03 6.0075E-03 5.2835E-03 2.7294E-02
16  1.4605E-04 3.3776 4.9636E-04 3.5973 4.6086E-04 3.5191 1.9440E-03 3.8115
32 8.5349E-06 4.0970 2.8023E-05 4.1467 2.7807E-05 4.0508 1.1357E-04 4.0974
64 54101E-07 3.9796 1.7641E-06 3.9896 1.7615E-06 3.9806 6.9777E-06 4.0247
N;=3
8 3.5896E-06 1.3084E-05 1.1506E-05 6.7052E-05
16  1.0056E-07 5.1577 3.5249E-07 5.2141 3.4519E-07 5.0588 1.7522E-06 5.2580
32 1.4749E-09 6.0913 5.1727E-09 6.0905 4.9467E-09 6.1248 2.4376E-08 6.1676
64  2.0552E-11 6.1651 7.4143E-11 6.1245 7.2228E-11 6.0978 3.6489E-10 6.0618
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Figure 3: Errors of the first four eigenvalues versus \/ﬁ in semi-log scale with c=1,1/2,2/3. The dashed
lines are y:lofo.ssmﬂé.

Finally, we draw the error graphs for the first four eigenvalues against N3 on a semi-
log scale for h3 =1/8, with c=1,1/2, and 2/3 as shown in Fig. Subsequently, with
Ni and N; set to 10, we plot the error graphs for the first four eigenvalues versus v DoF
on a semi-log scale for ¢ values of 1,1/2, and 2/3 in Fig.[3l For c=1,1/2, and 2/3, the
errors of eigenvalues converge exponentially with respect to both N3 and v DoF. This
observation supports the validity of our theoretical analysis. Although our numerical ex-
periments have obtained the asymptotic lower bound approximations of the exact eigen-
values, providing a rigorous theoretical proof remains challenging and is left for future
work.
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