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Abstract. In this paper, we study the solution to the multi-camera robot-world hand-
eye calibration problem by employing dual quaternions to represent transformation
matrices. This approach yields a system of multi-unit dual quaternion equations of the
form adžd =(−1)σd⊙ x̌b,d= 1,. . ., p. We propose a novel formulation for the subspace
constrained least squares solution to adžd = x̌b to avoid discussing the unknown signs
(−1)σd and derive the closed-form expression for the solution. We prove that when the
transformation matrix equation associated with the multi-camera robot-world hand-
eye calibration admits a solution, the corresponding unit dual quaternion obtained
from this matrix equation constitutes a subspace constrained least squares solution for
the system of multi-unit dual quaternion vector equations. We present an algorithm
for multi-camera robot-world hand-eye calibration, using the derived closed-form sub-
space constrained least squares solution to the multi-unit dual quaternion equations.
We introduce a correction strategy to handle real-world data scenarios where the basic
assumption may not hold. Experimental results demonstrate that the proposed sub-
space constrained least squares solutions exhibit competitive performance compared
to state-of-the-art methods in multi-camera robot-world hand-eye calibration.

AMS subject classifications: 68W05, 90C26, 16W55

Key words: Multi-camera robot-world hand-eye calibration, dual quaternion, multi-unit dual
quaternion vector equations, subspace constrained least squares solution.

1 Introduction

The main aim of this paper is to study the robot-world hand-eye (multi-camera) calibra-
tion problem [20, 22] and to demonstrate that it can be formulated as follows:
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A
(i)
d X=ZdB(i), i=1,.. . ,n, d=1,.. . ,p, (1.1)

where A
(i)
d ∈R4×4 represents the transformation from the world coordinate frame (calibra-

tion board) to the d-th camera coordinate frame, which can be calculated using a camera
calibration method [24]; and B(i)∈R4×4 denotes the transformation from the robot-base
frame to the hand coordinate frame, which can be obtain from the forward kinematics
of the robot; n denotes the number of distinct robot poses and p denotes the number
of cameras. X and Zd (d= 1,.. . ,p) denote unknown transformation from the robot-base
coordinate frame to the world coordinate frame and the transformation from the hand
coordinate frame to the d-th camera coordinate frame, respectively. Multi-camera calibra-
tion is the process of determining the transformation matrices X and {Zd}p

d=1 by solving
Eq. (1.1) constructed from multiple robot poses, where the transformation matrix takes
the form of

[
R t

0⊤ 1

]
, R∈R3×3 and t∈R3×1 denote the rotation and translation part of a rigid

transformation, respectively. Fig. 1 displays an example for a robot manipulator with
three cameras attached to its end effector. In [20], multi-cost functions are introduced
based on different metrics and Levenberg-Marquardt method [13] was employed to ad-
dress the corresponding nonlinear least squares. Wang et al. [22] employed the Kronecker
product to formulate the transformation equation, yielding a closed-form solution for the
vectorized rotation matrices and translation components. Subsequently, normalization is
applied to enforce orthogonality of the rotation components.

Unit dual quaternions [3], which have been used in computer graphics [7, 17] and
robotics [2, 5, 10, 21, 23, 25], offer a compact and computationally efficient representation
for rigid transformations (using 8 float values compared to 12 in transformation matri-
ces) and have been shown to be the most effective method represent rotation and trans-
lation [5, 8]. Zhu and Ng [25] introduced a closed-form solution to Eq. (1.1) for the case
of p=1, employing the unit dual quaternion representation of the transformation matrix.

Figure 1: Rigid transformation in a robot manipulator with three cameras attached to its end effector.
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This specific instance of the equation corresponds to the robot-world hand-eye calibration
problem. The closed-form solution is characterized by the singular value decomposition
(SVD) of a 4-by-4 matrix, thereby exhibiting exceptionally low computational complex-
ity. In this paper, we study the closed-form solution to Eq. (1.1) for p≥ 2 by using the
unit dual quaternion representation of the transformation matrix. Let b and {ad}p

d=1 be
n-dimensional dual quaternion vectors, with each element of b and ad being a unit dual

quaternion corresponding to B(i) and A
(i)
d , x̌ and {žd}p

d=1 be unknown unit dual quater-

nions corresponding to X and {Zd}p
d=1. Eq. (1.1) can be expressed as multi-unit dual

quaternion vector equations

adžd=(−1)σd⊙ x̌b, d=1,.. . ,p, (1.2)

where (−1)σd ∈Rn is an unknown vector with elements equal ±1 (that is, σd ∈Rn is
an unknown vector with each element σi

d equals to 0 or 1), and ⊙ denotes element-wise

multiplication. The unknown sign {{(−1)σi
d}n

i=1}
p
d=1, comes from the antipodal property

of classical quaternions (that is, both unit dual quaternions q̌ and −q̌ represent the same
rigid transformation), results in a total of np(np−1)/2 possibilities for Eq. (1.2), which in-
troduces significant difficulties in solving the transformation matrix equation using dual

quaternions because the value of {{(−1)σi
d}p

d=1}n
i=1 is unknown before obtaining matri-

ces X and {Zd}p
d=1 and Eq. (1.2) is nonlinear. To avoid the discussion of the unknown

sign {{(−1)σi
d}n

i=1}
p
d=1, in this paper we address the multi-unit dual quaternion vector

equations
adžd = x̌b, d=1,.. . ,p (1.3)

directly. We define the “subspace constrained least squares solution” of Eq. (1.3) by
studying properties satisfied by the solutions of the matrix equation (1.1), where the
“subspace” corresponds to the singular vector space of some relevant matrix. We pro-
vide the closed-form expression to our defined subspace constrained least squares solu-
tion by analyzing the optimality conditions of the corresponding problem and apply it
on the multi-camera robot-world hand-eye calibration problem. Numerical comparisons
with state-of-the-art algorithms demonstrate that the subspace constrained least squares
solution effectively computes the transformation matrices X and {Zd}p

d=1 in Eq. (1.1).
Without loss of generality, we assume p≥2 in this paper. It is worth mentioning that the
subspace constrained least squares solution we proposed in this paper can be regarded
as a definition of the solution to the unit dual quaternion vector equations (1.3) within
the framework of rigid body transformation.

The remainder of this paper is organized as follows. In Section 2, we present a brief re-
view of dual quaternions and explore the relationship between unit dual quaternions and
rigid transformations. The subspace constrained least squares solution for Eq. (1.1) was
discussed in Section 3, which includes the closed-form solution of multi-unit dual quater-
nion equations as well as the algorithm to solve the multi-camera robot-world hand-eye
calibration. Numerical experiments are given in Section 4 and some concluding remarks
are presented in Section 5.
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2 Mathematical settings

Dual quaternions (DQ) are a combination of the dual number (D) theory [4, 19] and
quaternions (Q) [1], providing a novel mathematical framework with a unique set of
properties. In recent years, the mathematical properties of dual quaternions have at-
tracted widespread attention, including the properties of dual quaternion vectors [16],
the singular values of dual quaternion matrices [11], the eigenvalues of dual quaternion
Hermitian matrices [12], standard dual quaternion optimization [16], and the unit dual
quaternion vector equations [25].

A quaternion q∈Q is given by q, (q0,q1,q2,q3)= q0+q1i+q2j+q3k, where i,j and k

are three imaginary units of quaternions that satisfy

i2=j2=k2=ijk=−1, ij=−ji=k, jk=−kj=i, ki=−ik=j.

Denote −→q ′=(q1,q2,q3), q is also written as q=(q0,−→q ′), where q0 and −→q ′ are named as
the scalar and vector parts of q, respectively. q is called a unit quaternion if |q|2 =qq∗=1,
where q∗=q0−q1i−q2j−q3k is the conjugate of q. We use~q to denote the column vector
with the entries (q0,q1,q2,q3). The scalar part of q∈Q is also indicated as Sc(q), where
Sc(q) = (q+q∗)/2= q0. Let x = (x1,. . .,xn)⊤ be a vector of quaternions of dimensions n
(denoted Qn), that is, xi∈Q, i=1,.. . ,n. The 2-norm [16] of x is defined as

‖x‖2 =

√
n

∑
i=1

|xi|2=
√

n

∑
i=1

‖~xi‖2
2.

The unit quaternion can be used to represent a rotation [9, 18]. Let R=(rij)∈R3×3 be
the matrix representation of a rotation in the three-dimensional space. Then the corre-
sponding unit quaternion is given by

q=q0+q1i+q2j+q3k, (2.1)

where

q0=
1

2

√
1+r11+r22+r33, q1=

1

4q0
(r32−r23),

q2=
1

4q0
(r13−r31), q3=

1

4q0
(r21−r12).

Conversely, let q= q0+q1i+q2j+q3k be a unit quaternion. The corresponding rotation
matrix R is given by

R=




q2
0+q2

1−q2
2−q2

3 2(q1q2−q0q3) 2(q1q3+q0q2)

2(q1q2+q0q3) q2
0−q2

1+q2
2−q2

3 2(q2q3−q0q1)

2(q1q3−q0q2) 2(q2q3+q0q1) q2
0−q2

1−q2
2+q2

3


. (2.2)

The rotation operation y=Rx, where x=(x1,x2,x3)⊤ and y=(y1,y2,y3)⊤, can be equitably
represented by the dual quaternion operation (0,y1,y2,y3)= q(0,x1,x2,x3)q∗. Note that q
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and −q both correspond to R, where q is calculated using Eq. (2.1). The non-uniqueness
of the mapping from rotation matrix to unit quaternion introduces sign ambiguity in rep-
resenting rotation via quaternion. Taking the rotation matrix equation RARX =RYRB as
an example. Let a, x,y, and b be unit quaternions corresponding to RA, RX, RY, and RB cal-
culated according to Eq. (2.1). Then we have ax=(−1)σyb, where σ=0 or 1 is ambiguous
prior to complete knowledge of RA, RX, RY, and RB.

We restate some properties of the quaternions that will be used in the following for-
mulations. The statements of Proposition 2.1 can be found in the classical literature on
quaternions.

Proposition 2.1. For any p=(p0,p1,p2,p3)∈Q, q=(q0,q1,q2,q3)∈Q, the following statements
hold:

(i) |p|2 =‖~p‖2
2;

(ii) Sc(p∗q)=Sc(pq∗)=Sc(q∗p)=Sc(qp∗)=~p⊤~q;

(iii) Sc(αp+βq)=αSc(p)+βSc(q) for any α,β∈R.

Define

M(q)=




q0 −q1 −q2 −q3

q1 q0 −q3 q2

q2 q3 q0 −q1

q3 −q2 q1 q0


, W(q)=




q0 −q1 −q2 −q3

q1 q0 q3 −q2

q2 −q3 q0 q1

q3 q2 −q1 q0


.

We have

(iv) M(q)⊤M(q)=M(q)M(q)⊤=W(q)⊤W(q)=W(q)W(q)⊤=‖~q‖2
2 I4;

(v) qp=M(q)~p=W(p)~q.

M(q) and W(q) are known as the matrix representation of q. The following two lem-
mas hold.

Lemma 2.1 ([25], Lemma 1). For any p,q∈Q, if ~p⊤~q=0, then

M(p)⊤M(q)+M(q)⊤M(p)=W(p)⊤W(q)+W(q)⊤W(p)=0.

Lemma 2.2 ([25], Lemma 2). For any unit quaternions a,b, c, and d,

W(c)⊤M(a)M(b)⊤W(d)+W(d)⊤M(b)M(a)⊤W(c)=2I4

if and only if a=b and c=d or a=−b and c=−d.
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2.1 Dual quaternion operations and properties

A dual quaternion ž∈DQ is given by ž=zst+zIǫ∈DQ, where zst,zI∈Q are the standard
part (also named as the real part) and the infinitesimal part (also named as the dual part)
of ž, respectively, and ǫ is the infinitesimal unit satisfying ǫ2=0. The magnitude of ž∈DQ

is a dual number, which is given by

|ž|=




|zst|+

Sc(z∗stzI )
2|zst|

ǫ, if zst 6=0,

|zI |ǫ, otherwise.
(2.3)

ž∈DQ is called a unit dual quaternion if |ž|= 1. From (2.3), for any ž∈DQ, |ž|= 1 if
and only if z∗stzst = 1 and z∗stzI+z∗Izst = 0, or equally, |ž|= 1 if and only if ‖−→zst‖= 1 and
−→zst
⊤−→zI =0. Let a=(ǎ(1),. . ., ǎ(n))⊤ be a n-dimensional dual quaternion vector (denoted as

DQn), that is, ǎ(i) = a
(i)
st +a

(i)
I ǫ∈DQ, i = 1,.. .,n. The 2-norm [16] of a is a dual number,

which is given by

‖a‖2 =




‖ast‖2+

∑
n
i=1Sc

((
a
(i)
st

)∗
a
(i)
I
)

2‖ast‖2
ǫ, if ast 6=0,

‖aI‖2ǫ, otherwise.

(2.4)

According to (2.4), ‖a‖2
2 =0 if and only if ast=0.

The unit dual quaternion can be used to represent rigid transformation [5]. Let (R,t)
denote the rotation matrix and translation vector of a rigid transformation. Then the
corresponding unit dual quaternion is given by

q̌=qst+qIǫ=qst+
1

2
(0,
−→
t ′)qstǫ,

where qst is the unit quaternion with respect to R obtained via (2.1). Let ǎ and b̌ be unit
dual quaternions corresponding to lines ℓa and ℓb, where ℓa is transformed with (R,t)
into ℓb. Then we have ǎ= q̌b̌q̌∗. Given a unit dual quaternion qst+qIǫ, the associated rigid

transformation (R,t) is derived as follows: R is obtained from q via (2.2) and (0,
−→
t ′) =

2qIq∗st.

The inverse of a transformation matrix remains a transformation matrix. Therefore,
Eq. (1.1) is equivalent to

(
A
(i)
d

)−1
Zd=X(B(i))−1, i=1,.. . ,n, d=1,.. . ,p.

Denote Â
(i)
d ,(A

(i)
d )−1 and B̂(i)=(B(i))−1, i=1,.. . ,n,d=1,.. .,p. Problem (1.1) can be rewrit-

ten as

Â
(i)
d Zd=XB̂(i), i=1,.. . ,n, d=1,.. . ,p. (2.5)
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Let

x̌= xst+xIǫ, žd = zd
st+zd

Iǫ,

ǎ
(i)
d =(a

(i)
d )st+(a

(i)
d )Iǫ, b̌(i)=b

(i)
st +b

(i)
I ǫ

be unit dual quaternions corresponding to X, Zd, Â
(i)
d , and B̂(i),i=1,.. . ,n,d=1,.. .,p, respec-

tively. By using the relationship between unit dual quaternions and line transformations,
we have

ǎ
(i)
d žd =(−1)σi

d x̌b̌(i), d=1,.. . ,p, i=1,.. . ,n,

where {{(−1)σi
d}p

d=1}n
i=1, σi

d = 0 or 1 refers to one of the possible signs, which comes
from the non-uniqueness when mapping a rotation matrix to dual quaternion. Denote

ad = (ǎ
(1)
d , ǎ

(2)
d ,. . ., ǎ

(n)
d )⊤,d = 1,.. .,p, b= (b̌(1),b̌(2),. . .,b̌(n))⊤, bst = (b

(1)
st ,. . .,b

(n)
st )⊤, and σd =

(σ1
d ,. . .,σn

d )
⊤. The above equation is exactly Eq. (1.2). Denote

A
(i)
d =

[
R

A
(i)
d

t
A
(i)
d

0⊤ 1

]
, B(i)=

[
RB(i) tB(i)

0⊤ 1

]
, i=1,.. . ,n, d=1,.. . ,p.

We make the following assumption on Eq. (1.1).

Assumption 2.1. Suppose there exist rotation matrices {RZd
}p

d=1 and RX such that

R⊤
A
(i)
d

RZd
=RXR⊤

B(i), i=1,.. . ,n, d=1,.. . ,p.

Assumption 2.1 is equivalent to assume that there exist unit quaternions {zd
st}

p
d=1

and xst such that

(a
(i)
d )stz

d
st=(−1)σi

d xstb
(i)
st , i=1,.. . ,n (≥2), d=1,.. . ,p (≥2)

for some σi
d =0 or 1. Define

M1
d :=




M
((

a
(1)
d

)
st

)

...

M
((

a
(n)
d

)
st

)


, W1 :=




W
(
b
(1)
st

)
...

W
(
b
(n)
st

)


, Kd

11 :=
(

M1
d

)⊤
W1, d=1,.. . ,p.

The following lemma demonstrate that Assumption 2.1 can be verified by checking
whether matrices {Kd

11}
p
d=1 share at least one common right singular vector.

Lemma 2.3. Suppose Assumption 2.1 holds. There is at least a common right singular vector to
{Kd

11}
p
d=1.
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Proof. Under Assumption 2.1, there exist unit quaternions x̌ and žd,d=1,.. . ,p such that

(
a
(i)
d

)
st

zd
st=(−1)σi

d xstb
(i)
st , i=1,.. . ,n (≥2), d=1,.. . ,p (≥2) (2.6)

for some σi
d =0 or 1.

From (2.6), −→xst and
−→
zd

st ,d=1,.. . ,p, satisfy

M
((

a
(i)
d

)
st

)−→
zd

st =(−1)σi
dW
(
b
(i)
st

)−→xst, i=1,.. . ,n, d=1,.. . ,p,

which implies that

Kd
11
−→xst=

n

∑
i=1

M
((

a
(i)
d

)
st

)⊤
W
(
b
(i)
st

)−→xst=

(
n−2

n

∑
i=1

σi
d

)−→
zd

st

=sign

(
n−2

n

∑
i=1

σi
d

)
·
(

n−2
n

∑
i=1

σi
d

)
·sign

(
n−2

n

∑
i=1

σi
d

)−→
zd

st .

Hence, −→xst is a common right singular vector to {Kd
11}

p
d=1.

3 The solution method

In this section, we present the closed-from expression of the subspace constrained least
squares solution to the multi-unit dual quaternion equations (1.3), and then apply this
solution on multi-camera robot-world hand-eye calibration.

3.1 The subspace constrained least squares solution

Define the dual quaternion vector g(x̌,z) :=(g1(x̌, ž1),. . .,gp(x̌, žp))⊤, where

gd(x̌, žd)=adžd− x̌b, d=1,.. . ,p.

We have

‖g(x̌,z)‖2
2=

p

∑
d=1

‖gd(x̌, žd)‖2
2,

gst(x̌,z)=
(
(g1)st(x̌, ž1)

⊤,. . .,(gp)st(x̌, žp)
)⊤

,

gI (x̌,z)=
(
(g1)I (x̌, ž1)

⊤,. . .,(gp)I (x̌, žp)
)⊤

,

and (
g
(i)
d

)
st
(x̌, žd)=

(
a
(i)
d

)
st

zd
st−xstb

(i)
st ,

(
g
(i)
d

)
I (x̌, žd)=

(
ǎ
(i)
d

)
st

zd
I+
(
ǎ
(i)
d

)
Izd

st−xstb
(i)
I −xIb

(i)
st ,

i=1,.. . ,n.
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Define

M2
d:=




M
((

a
(1)
d

)
I
)

...

M
((

a
(n)
d

)
I
)


, W2 :=




W
(
b
(1)
I
)

...

W
(
b
(n)
I
)


, Kd

12:=
(

M1
d

)⊤
W2, Kd

21:=
(

M2
d

)⊤
W1, d=1,.. . ,p.

The following statement holds.

Lemma 3.1. Suppose Assumption 2.1 holds. Let x̌,{žd}p
d=1,{{ǎ(i)d }n

i=1}
p
d=1, and {b̌(i)}n

i=1 be
unit dual quaternions. Then

(i)

‖(gd)st(x̌, žd)‖2
2=2n−2

−→
zd

st
⊤Kd

11
−→xst, d=1,.. . ,p. (3.1)

(ii) σmax(Kd
11)≤ n for all d = 1,.. .,p, where σmax(Kd

11) denotes the maximal singular value
of Kd

11.

(iii) When σmax(Kd
11)=n for all d=1,.. . ,p, there is at least a common right singular vector to

{Kd
11}

p
d=1 corresponding to singular value n.

(iv) Define

Ωst=




(v,u1,. . .,up)∈Qp+1

∣∣∣∣∣∣∣

~v is a unit common right singular vector to {Kd
11}

p
d=1

corresponding to singular value n; (~v,~ud) is a unit

singular vector pair of Kd
11, d=1,.. . ,p





.

Ωst 6= ∅ and ‖gst(x̌,z)‖2
2 = 0 if and only if σmax(Kd

11) = n for all d = 1,.. . ,p and
(xst,z

1
st,. . .,z

p
st)∈Ωst.

(v)

Sc
(

g∗st(x̌,z)gI (x̌,z)
)

=−
p

∑
d=1

(−→
zd

st

)⊤(
Kd

12+Kd
21

)−→xst−
p

∑
d=1

[(−→
zd

st

)⊤
Kd

11
−→xI+−→xst

⊤(Kd
11

)⊤−→
zd
I
]
. (3.2)

(vi) Define

Ω
j
st=




(v,u1,. . .,up)∈Qp+1

∣∣∣∣∣∣∣∣∣∣

~v is a unit common right singular vector to {Kd
11}

p
d=1

corresponding to the j-th mutually different singular

value; (~v,~ud) is a unit singular vector pair of

Kd
11, d=1,.. . ,p





,
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where j=1,.. . ,l, l is the maximal number of distinct singular values of {Kd
11}

p
d=1 associated

with its common right singular vectors. We have 1≤ l≤4. If (xst,z
1
st,. . .,z

p
st)∈Ω

j
st for any

j=1,.. . ,l, then

Sc
(

g∗st(x̌,z)gI (x̌,z)
)
=−

p

∑
d=1

(−→
zd

st

)⊤(
Kd

12+Kd
21

)−→xst. (3.3)

Proof. (i) Notice that {{ǎ(i)d }n
i=1}

p
d=1 and {b̌(i)}n

i=1 are unit dual quaternions, from Propo-

sition 2.1, we have (M1
d)
⊤M1

d=W⊤1 W1=nI4. The statement holds by noting that

‖(gd)st(x̌, žd)‖2
2=

n

∑
i=1

∣∣(g(i)d

)
st
(x̌, žd)

∣∣2

=
n

∑
i=1

∥∥∥M
((

a
(i)
d

)
st

)−→
zd

st−W
(
b
(i)
st

)−→xst

∥∥∥
2

2
.

Statement (ii) is valid in light of ‖(gd)st(x̌, žd)‖2
2≥0 and (3.1).

(iii) It follows from (3.1) that
−→
zd

st
⊤Kd

11
−→xst=n for all d=1,.. .,p, which implies that −→xst is

a common right singular vector corresponding to the singular value n for each d=1,.. .,p.

Statement (iv) follows from statements (i) and (iii).

(v) Since x̌,{žd}p
d=1,{{ǎ(i)d }n

i=1}
p
d=1, and {b̌(i)}n

i=1 are unit dual quaternions, we have

Sc
(((

ǎ
(i)
d

)
st

zd
st

)∗
(ǎ

(i)
d )stz

d
I
)
=Sc

((
b
(i)
st xst

)∗
b
(i)
st xI

)
=0,

Sc
(((

ǎ
(i)
d

)
st

zd
st

)∗
(ǎ

(i)
d )Izd

st

)
=Sc

((
b
(i)
st xst

)∗
b
(i)
I xst

)
=0,

i=1,.. . ,n, d=1,.. . ,p.

Therefore,

Sc
(

g∗st(x̌,z)gI(x̌,z)
)

=
p

∑
d=1

n

∑
i=1

Sc
((
(gd)

(i)
st

)∗
(x̌, žd)(gd)

(i)
I (x̌, žd)

)

=
p

∑
d=1

n

∑
i=1

−
[
Sc
(((

ǎ
(i)
d

)
st

zd
st

)∗(
xstb

(i)
I +xIb

(i)
st

))

+Sc
((

xstb
(i)
st

)∗((
ǎ
(i)
d

)
st

zd
I +
(
ǎ
(i)
d

)
I
zd

st

))]

=−
p

∑
d=1

(
−→
zd

st)
⊤(Kd

12+Kd
21

)−→xst−
p

∑
d=1

[(−→
zd

st

)⊤
Kd

11
−→xI+−→xst

⊤(Kd
11

)⊤−→
zd
I
]
.

(vi) From Lemma 2.3, we have l≥1.

Let σ̃d≥0 be the singular value corresponding to (−→xst,
−→
zd

st),d=1,.. . ,p. Then, according

to Lemma 2.3,−→xst,
−→
zd

st , and σ̃d,d=1,.. . ,p, are well defined and Kd
11
−→xst=σ̃d

−→
zd

st and (
−→
zd

st)
⊤Kd

11=
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σ̃d
−→xst
⊤, d=1,.. . ,p, which yields

(−→
zd

st

)⊤
Kd

11
−→xI = σ̃d

−→xst
⊤−→xI =0,

−→xst
⊤(Kd

11

)⊤−→
zd
I = σ̃d

(−→
zd

st

)⊤−→
zd
I =0,

d=1,.. . ,p.

Combing with (3.2), the desired result holds.

The following lemma characterizes the properties of the solution to Eq. (1.1), pro-
viding crucial theoretical justification for the subsequent definition of the subspace con-
strained least squares solution to the multi-unit dual quaternion vector equations (1.3).

Lemma 3.2. Let X⋆,{Z⋆
d}

p
d=1 be the solution of Eq. (1.1) and x̌⋆ and {ž⋆d}

p
d=1 be unit dual

quaternions corresponding to X⋆ and {Z⋆
d}

p
d=1, respectively. Then

ǎ
(i)
d ž⋆d =(−1)σi

d x̌⋆ b̌(i), d=1,.. . ,p, i=1,.. . ,n (3.4)

for some {{(−1)σi
d}p

d=1}n
i=1, where σi

d =0 or 1. Denote

Jd
+=

{
i∈{1,.. . ,n}|σi

d =0
}

,

Jd
−=

{
i∈{1,.. . ,n}|σi

d =1
}

,
d=1,.. . ,p.

Then

Kd
11

−→
x⋆st=(|Jd

+|−|Jd
− |)
−→
zd⋆

st ,
(
Kd

11

)⊤−→
zd⋆

st =(|Jd
+|−|Jd

−|)
−→
x⋆st,

d=1,.. . ,p, (3.5)

where |Jd
+| and |Jd

−| denote the cardinality of Jd
+ and Jd

−, respectively. Moreover,

Sc
(

g∗st(x̌⋆,z⋆)gI (x̌⋆,z⋆)
)
=0.

Proof. Notice that X⋆,{Z⋆
d}

p
d=1 is also the solution of Eq. (2.5). Eq. (3.4) comes from the

relationship between unit dual quaternions and line transformations.
Define

Kd
+ := ∑

i∈Jd
+

M
((

a
(1)
d

)
st

)⊤
W
(
b
(i)
st

)
,

Kd
− :=−∑

i∈Jd
−

M
((

a
(1)
d

)
st

)⊤
W
(
b
(i)
st

)
,

d=1,.. . ,p.

Notice that for each d∈{1,.. . ,p}, we have

M
((

a
(i)
d

)
st

)−→
zd⋆

st =W
(
b
(i)
st

)−→
x⋆st, ∀i∈ Jd

+,

−M
((

a
(i)
d

)
st

)−→
zd⋆

st =W
(
b
(i)
st

)−→
x⋆st, ∀i∈ Jd

− ,
(3.6)
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which yields

Kd
+

−→
x⋆st= |Jd

+|
−→
zd⋆

st , (Kd
+)
⊤−→zd⋆

st = |Jd
+|
−→
x⋆st,

Kd
−
−→
x⋆st= |Jd

−|
−→
zd⋆

st , (Kd
−)
⊤−→zd⋆

st = |Jd
−|
−→
x⋆st.

The desired result (3.5) follows from the fact that Kd
11=Kd

+−Kd
−.

Notice that

Sc
((
(gd)

(i)
st

)∗
(x̌⋆, ž⋆d)(gd)

(i)
I (x̌⋆, ž⋆d)

)
=0, ∀i∈ Jd

+ , d=1,.. . ,p.

We have

Sc
(

g∗st(x̌⋆,z⋆)gI (x̌⋆,z⋆)
)

=
p

∑
d=1

∑
i∈Jd
−

Sc
((
(gd)

(i)
st

)∗
(x̌⋆, ž⋆d)(gd)

(i)
I (x̌⋆, ž⋆d)

)

=
p

∑
d=1

∑
i∈Jd
−

[
M
((

ǎ
(i)
d

)
st

)−→
zd⋆

st −W
(
b
(i)
st

)−→
x⋆st

]⊤

×
[

M
((

ǎ
(i)
d

)
st

)−→
zd⋆

I +M
((

ǎ
(i)
d

)
I
)−→
zd⋆

st −W
(
b
(i)
I
)−→

x⋆st−W
(
b
(i)
st

)−→
x⋆I
]
.

Combing (3.6) with
−→
zd⋆

st
⊤−→zd⋆

I =
−→
x⋆st
⊤−→x⋆I =0, it follows that

[
M
((

ǎ
(i)
d

)
st

)−→
zd⋆

st −W
(
b
(i)
st

)−→
x⋆st

]⊤[
M
((

ǎ
(i)
d

)
st

)−→
zd⋆

I −W
(
b
(i)
st

)−→
x⋆I
]
=0, ∀i∈ Jd

− , d=1,.. . ,p.

Using (3.6) again, for any i∈ Jd
−,d=1,.. . ,p, we have

[
M
((

ǎ
(i)
d

)
st

)−→
zd⋆

st −W
(

b
(i)
st

)−→
x⋆st

]⊤[
M
((

ǎ
(i)
d

)
I
)−→
zd⋆

st −W
(
b
(i)
I
)−→

x⋆st

]

=
[−→
zd⋆

st
⊤M

((
ǎ
(i)
d

)
st

)⊤−−→x⋆st
⊤W

(
b
(i)
st

)⊤][
M
((

ǎ
(i)
d

)
I
)−→
zd⋆

st −W
(
b
(i)
I
)−→

x⋆st

]

=
−→
zd⋆

st
⊤M

((
ǎ
(i)
d

)
st

)⊤
M
((

ǎ
(i)
d

)
I
)−→
zd⋆

st −
−→
zd⋆

st
⊤M

((
ǎ
(i)
d

)
st

)⊤
W
(
b
(i)
I
)−→

x⋆st

−−→x⋆st
⊤W

(
b
(i)
st

)⊤
M
((

ǎ
(i)
d

)
I
)−→
zd⋆

st +
−→
x⋆st
⊤W

(
b
(i)
st

)⊤
W
(
b
(i)
I
)−→

x⋆st

=2
−→
zd⋆

st
⊤M

((
ǎ
(i)
d

)
st

)⊤
M
((

ǎ
(i)
d

)
I
)−→
zd⋆

st +2
−→
x⋆st
⊤W

(
b
(i)
st

)⊤
W
(
b
(i)
I
)−→

x⋆st=0,

where the last inequality holds since both M((ǎ
(i)
d )st)⊤M((ǎ

(i)
d )I ) and W(b

(i)
st )
⊤W(b

(i)
I )

are skew-symmetric according to Lemma 2.1. Therefore, the statement holds.

Notice that in the proof of Lemma 3.2, only the property is used that the unit dual

quaternions x̌⋆ and žd
⋆ satisfy

−→
zd⋆

st
⊤−→zd⋆

I =
−→
x⋆st
⊤−→x⋆I = 0, which is independent of the norm
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of x⋆I and zd⋆

I . Hence, under the constraints |x̌|= |ž1|= ···= |žp|=1, it suffices to assume
that the equation of rotation matrices has a solution as in Assumption 2.1.

From (3.5), solution
−→
x⋆st is a common right singular vector to {Kd

11}
p
d=1, (

−→
zd⋆

st ,
−→
x⋆st) or

(−
−→
zd⋆

st ,
−→
x⋆st) constitutes a pair of singular vectors for Kd

11,d = 1,.. .,p. According to Lem-
ma 3.2, we define the subspace constrained least squares solution to Eq. (1.1) as follows.

Definition 3.1. We name (X⋆,Z1⋆,. . .,Zp⋆) as a subspace constrained least squares solution of
Eq. (1.1) if the corresponding unit dual quaternions (x̌⋆, ž1⋆,. . ., žp⋆) is a subspace constrained
least squares solution of equation

adžd= x̌b, d=1,.. . ,p,

that is, it satisfies

‖gI (x̌⋆,z⋆)‖2
2=min

{
‖gI (x̌,z)‖2

2 : (xst,z
1
st,. . .,z

p
st)∈Ω

j⋆
st, |x̌|= |ž1|= ···= |žp|=1

}
, (3.7)

where

j⋆=arg min
1≤j≤l

{∣∣Sc
(

g∗st(x̌j♦ ,zj♦)gI (x̌j♦ ,zj♦)
)∣∣}, zj♦ =

(
ž

j♦
1 ,. . ., ž

j♦
p

)
, j=1,.. . ,l

is the solution of the problem

min
x̌,z

Sc
(
g∗st(x̌,z)gI (x̌,z)

)

s.t.
(
xst,z

1
st,. . .,z

p
st

)
∈Ω

j
st, |x̌|= |ž1|= ···= |žp|=1.

(3.8)

From Lemma 3.1(iv), Sc(g∗st(x̌,z)gI (x̌,z)) = 0 for any (xst,z
1
st,. . .,z

p
st)∈Ωst. Hence, if

Ωst 6=∅, then the subspace constrained least squares solution of Eq. (1.3) reduces to the
solution of the problem

min ‖gI (x̌,z)‖2
2

s.t. (xst,z
1
st,. . .,z

p
st)∈Ωst, |x̌|= |ž1|= ···= |žp|=1.

(3.9)

Next, we study the solutions satisfying Definition 3.1 by considering two cases:

(1) σmax(Kd
11)=n for all d=1,.. . ,p,

(2) σmax(Kd
11) 6=n for some d∈{1,.. . ,p}.

3.1.1 Case 1. σmax(Kd
11)=n for all d=1,.. . ,p

Assumption 3.1. Suppose that there exists d̂∈ {1,.. . ,p}, for any i 6= j, i, j= 1,.. .,n (≥ 2),
R

A
(i)

d̂

=±R
A
(j)

d̂

and RB(i)=±RB(j) can not hold simultaneously.
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Assumption 3.1 is equivalent to assume that there exists d̂∈ {1,.. . ,p}, for any i 6= j,

i, j= 1,.. . ,n (≥ 2), (ǎ
(i)

d̂
)st =±(ǎ(j)

d̂
)st and b

(i)
st =±b

(j)
st do not hold simultaneously. Under

Assumption 3.1, recall Lemma 2.2, for any i 6= j, i, j=1,.. . ,n (≥2),

W
(
b
(i)
st

)⊤
M
((

ǎ
(i)

d̂

)
st

)
M
((

ǎ
(j)

d̂

)
st

)⊤
W
(
b
(j)
st

)

+W
(
b
(j)
st

)⊤
M
((

ǎ
(j)

d̂

)
st

)
M
((

ǎ
(i)

d̂

)
st

)⊤
W
(
b
(i)
st

)
6=2I4.

Define

S21 :=W⊤2 W1, Sd
12 :=

(
M1

d

)⊤
M2

d, Sd
22 :=

(
M2

d

)⊤
W2, d=1,.. . ,p.

The following property holds when σmax(Kd
11)=n for all d=1,.. . ,p.

Lemma 3.3. Suppose Assumptions 2.1 and 3.1 hold. Let

Kd
11=UdΣdV⊤d =

[
Q1

d U2
d

][nIk̄
ˆ̂σd

][
Q2

d V2
d

]⊤
, d=1,.. . ,p

be the SVD of Kd
11, Q1

d ∈R4×k̄ and Q2
d ∈R4×k̄ be the matrix whose columns are unit singular

vectors of Kd
11 corresponding to n, k̄=min1≤d≤p{kd}, where kd is the number of singular values

of Kd
11 that equal to n, and ˆ̂σd be the diagonal matrix generated by σ̂d ∈R4−k̄, σ̂d contains the

remaining 4− k̄ singular values of Kd
11. Then we have k̄≤2.

Denote
∆d

1 ,
((

Q1
d

)⊤
Kd

21−
(
Q2

d

)⊤
S21

)
Q2

d,

∆d
2 ,
((

Q1
d

)⊤(
Sd

12

)⊤−
(
Q2

d

)⊤
(Kd

12)
⊤)Q1

d,
d=1,.. . ,p.

For d=1,.. . ,p, we have

Qd
2≡Q, (3.10a)

(
Q1

d

)⊤
Kd

11Q=nIk,
(
Q1

d

)⊤
Kd

11V2
d =0,

(
U2

d

)⊤
Kd

11Q=0,
(
U2

d

)⊤
Kd

11V2
d = ˆ̂σd(V

2
d )
⊤Q⊥,

(3.10b)

∆d
1 =∆d

2, ∆d
1+
(
∆d

1

)⊤
=0, (3.10c)

Sym
((

Q1
d

)⊤(
Kd

12+Kd
21

)
Q
)
=0, (3.10d)

where Sym(A)=(A+A⊤)/2.

Proof. According to [25, Lemma 10], under Assumption 3.1, there exists d̂∈{1,.. . ,p} such
that kd̂≤2. Hence, k̄=min1≤d≤p{kd}≤2.

Eq. (3.10a) is a direct consequence of Lemma 3.1(iii). The equations in (3.10b), (3.10c),
and (3.10d) can be obtained from the similar way to [25, Lemma 7].
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By the definition of Q, Q1
1,. . .,Q1

p in Lemma 3.3, for any (xst,z
1
st,. . .,z

p
st) ∈Ωst, there

exists unit vector y, such that −→xst=Qy and
−→
zd

st =Q1
dy,d=1,.. . ,p. Let Ud=[Q1

d U2
d] be given

as in Lemma 3.3 and Q⊥ be the orthogonal complement of Q. There exist ux,vx,uzd
, and

vzd
,d=1,.. . ,p such that −→xI =Qux+Q⊥vx and

−→
zd
I =Q1

duzd
+U2

dvzd
,d=1,.. . ,p. Then for any

feasible point (−→xst,
−→
z1

st ,. . .,
−→
z

p
st) of problem (3.9), we have

0=−→xst
⊤−→xI =y⊤Q⊤(Qux+Q⊥vx)=y⊤ux,

0=
−→
zd

st
⊤−→zd
I =y⊤

(
Q1

d

)⊤(
Q1

duzd
+U2

dvzd

)
=y⊤uzd

, d=1,.. . ,p.

Let Y⊥ be the orthogonal complement of y, then there exist wx and {wzd
}p

d=1 such that
ux =Y⊥wx and uzd

=Y⊥wzd
,d = 1,.. .,p. Denote wz = (wz1

,. . .,wzp) and vz = (vz1
,. . .,vzp).

Problem (3.9) reduces to

min
y,Y⊥,wx,vx,wz,vz

g(y,Y⊥,wx,vx,wz,vz) s.t. [y Y⊥]
⊤[y Y⊥]= Ik̄, (3.11)

where

g(y,Y⊥,wx,vx,wz,vz)=‖gI (x̌,z)‖2
2

=
p

∑
d=1

n

∑
i=1

∥∥∥M
((

a
(i)
d

)
st

)−→
zd
I +M

((
a
(i)
d

)
I
)−→

zd
st−W

(
b
(i)
I
)−→xst−W

(
b
(i)
st

)−→xI
∥∥∥

2

2

=
p

∑
d=1

{
nw⊤zd

wzd
+nv⊤zd

vzd
+2w⊤zd

Y⊤⊥
(
Q1

d

)⊤
Sd

12Q1
dy−2w⊤zd

Y⊤⊥
(
Q1

d

)⊤
Kd

12Qy

−2nw⊤zd
wx+2v⊤zd

(
U2

d

)⊤
Sd

12Q1
dy−2v⊤zd

(
U2

d

)⊤
Kd

12Qy−2v⊤zd
ˆ̂σd

(
V2

d

)⊤
Q⊥vx

−2y⊤
(
Q1

d

)⊤
Sd

22Qy−2y⊤
(
Q1

d

)⊤
Kd

21QY⊥wx−2y⊤
(
Q1

d

)⊤
Kd

21Q⊥vx

+2y⊤Q⊤S21QY⊥wx+2y⊤Q⊤S21Q⊥vx

}
+npw⊤x wx+npv⊤x vx+c

=
p

∑
d=1

{
nw⊤zd

wzd
+nv⊤zd

vzd
+2w⊤zd

Y⊤⊥
(
∆d

1

)⊤
y−2nw⊤zd

wx+2v⊤zd

(
Dd

2

)⊤
y

−2v⊤zd
ˆ̂σd

(
V2

d

)⊤
Q⊥vx−2y⊤

(
Q1

d

)⊤
Sd

22Qy−2y⊤∆d
1Y⊥wx−2y⊤Dd

1vx

}

+npw⊤x wx+npv⊤x vx+c1,

c1=∑
p
d=1∑

n
i=1‖
−−−→
(a

(i)
d )I‖2

2+p∑
n
i=1‖
−→
b
(i)
I ‖2

2 follows the property M(q)⊤M(q)=W(q)⊤W(q)=

‖~q‖2
2 I4, the second equality use the definition of Q1

d,U2
d, Q,V2

d ,Kd
12,Kd

21,Sd
12,Sd

22, and S21,
and Eq. (3.10b), and the last equation follows from the definition of ∆d

1,d=1,.. . ,p, (3.10c),
Dd

1 =((Q1
d)
⊤Kd

21−Q⊤S21)Q⊥, and Dd
2 =((Q1

d)
⊤(Sd

12)
⊤−Q⊤(Kd

12)
⊤)U2

d,d=1,.. . ,p.

Lemma 3.4. Problem (3.11) is equivalent to

max
y,Y⊥

y⊤Sy+
1

n

p

∑
d=1

∥∥Y⊤⊥∆d
1y
∥∥2

2
s.t. [y Y⊥]

⊤[y Y⊥]= Ik̄,
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where

S=
1

n

p

∑
d=1

Dd
2

(
Dd

2

)⊤
+

p

∑
d=1

[(
Q1

d

)⊤
Sd

22Q+Q⊤
(
Sd

22

)⊤
Q1

d

]

+Θ⊤
(

npI4−k̄−
1

n

p

∑
d=1

ΓdΓ⊤d

)−1

Θ,

Θ=
p

∑
d=1

[
Dd

1−
1

n
Dd

2Γ⊤d

]⊤
,

Γd=Q⊤⊥V2
d

ˆ̂σd, d=1,.. . ,p.

Proof. Notice that the constrains in (3.11) does not contain wx,vx,wz, and vz, by the first-
order optimality condition and the definition of Γd,d=1,.. .,p, the solution (w∗x,v∗x,w∗z ,v∗z )
of problem (3.11) satisfies

−Y⊤⊥

(
p

∑
d=1

∆d
1

)⊤
y−n

p

∑
d=1

w∗zd
+npw∗x =0, (3.12a)

−
(

p

∑
d=1

Dd
1

)⊤
y−

p

∑
d=1

Γdv∗zd
+npv∗x =0, (3.12b)

Y⊤⊥
(
∆d

1

)⊤
y+nwz∗d

−nw∗x=0, d=1,.. . ,p, (3.12c)

(
Dd

2

)⊤
y+nv∗zd

−Γ⊤d v∗x =0, d=1,.. . ,p. (3.12d)

From (3.12c) and (3.10c), we have

w∗zd
=w∗x+

1

n
Y⊤⊥∆d

1y, d=1,.. . ,p. (3.13)

From (3.12d), we have

v∗zd
=

1

n
Γ⊤d v∗x−

1

n

(
Dd

2

)⊤
y, d=1,.. . ,p. (3.14)

Using (3.13) and (3.14), it holds that

g(y,Y⊥,w∗x,v∗x,w∗z ,v∗z )

=
p

∑
d=1

{
− 1

n
y⊤
(
∆d

1

)⊤
Y⊥Y⊤⊥∆d

1y−y⊤
((

Q1
d

)⊤
Sd

22Q+Q⊤
(
Sd

22

)⊤
Q1

d

)
y− 1

n
y⊤Dd

2

(
Dd

2

)⊤
y

}

+
p

∑
d=1

{
− 1

n
(v∗x)

⊤ΓdΓ⊤d v∗x+
2

n
y⊤Dd

2Γ⊤d v∗x−2y⊤Dd
1v∗x

}
+np(v∗x)

⊤v∗x+c1.
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Recall that∇vx g(y,Y⊥,w∗x,v∗x,w∗z ,v∗z )=0, which yields (npI4−k̄−∑
p
d=1ΓdΓ⊤d /n)v∗x=Θy, and

hence

v∗x =

(
npI4−k̄−

1

n

p

∑
d=1

ΓdΓ⊤d

)−1

Θy. (3.15)

npI4−k̄−∑
p
d=1ΓdΓ⊤d /n is invertible by noting that

npI4−k̄−
1

n

p

∑
d=1

ΓdΓ⊤d =
p

∑
d=1

[
nI4−k̄−

1

n
Q⊤⊥V2

d
ˆ̂σ2

d

(
V2

d

)⊤
Q⊥

]

=
p

∑
d=1

Q⊤⊥

[
nI4−k̄−

1

n
V2

d
ˆ̂σ2

d

(
V2

d

)⊤
]

Q⊥.

For each d ∈ {1,.. . ,p}, the eigenvalues of nI4−k̄−V2
d

ˆ̂σ2
d (V

2
d )
⊤/n are n and n−(σj

d)
2/n,

where σ
j
d denotes the j-th element of σ̂d, 0≤σ

j
d≤n, j=1,.. .,4− k̄. Recall the definition of k̄

in Lemma 3.3, there must exist d̄∈{1,.. . ,p} such that 0≤σ
j

d̄
<n, which implies that

npI4−k̄−
1

n

p

∑
d=1

ΓdΓ⊤d =
p

∑
d=1

Q⊤⊥

[
nI4−k̄−

1

n
V2

d
ˆ̂σ2

d

(
V2

d

)⊤
]

Q⊥

is a symmetric and positive definite matrix.

Using (3.13)-(3.15) and the definition of S, we have

g(y,Y⊥,w∗x,v∗x,w∗z ,v∗z )=−y⊤Sy− 1

n

p

∑
d=1

∥∥Y⊤⊥∆d
1y
∥∥2

2
+c1.

The desired result holds.

Theorem 3.1. Suppose Assumptions 2.1 and 3.1 holds. Let kd,d = 1,.. .,p, be the minimum
number of singular values of Kd

11 equals to n and k̄=min1≤d≤p{kd}.

(a) In case k̄=1,

−→xst⋆=±Q, (3.16a)
−→
zd

st⋆=±Q1
d, d=1,.. . ,p, (3.16b)

−→xI⋆=±Q⊥

(
npI3−

1

n

p

∑
d=1

ΓdΓ⊤d

)−1

Θ, (3.16c)

−→
zd
I⋆=±

1

n


U2

dΓ⊤d

(
npI3−

1

n

p

∑
d=1

ΓdΓ⊤d

)−1

Θ−U2
d

(
Dd

2

)⊤

, d=1,.. . ,p. (3.16d)
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(b) In case k̄=2,

−→xst⋆=±Qy∗, (3.17a)
−→
zd

st⋆=±Q1
dy∗, d=1,.. . ,p, (3.17b)

−→xI⋆=QY∗⊥w∗x+Q⊥

(
npI2−

1

n

p

∑
d=1

ΓdΓ⊤d

)−1

Θy∗, (3.17c)

−→
zd
I⋆=Q1

dY∗⊥w∗zd
+

1

n
U2

dΓ⊤d

(
npI2−

1

n

p

∑
d=1

ΓdΓ⊤d

)−1

Θy∗

− 1

n
U2

d

(
Dd

2

)⊤
y∗,d=1,.. . ,p, (3.17d)

where y∗ is a unit eigenvector corresponding to the largest eigenvalue of S, Y∗⊥ is the or-
thogonal complement of y∗, and w∗zd

−w∗x =−(∆d
1)(1,2)/n or w∗zd

−w∗x = (∆d
1)(1,2)/n,

d=1,.. . ,p.

Then
(x̌⋆,z⋆) :=(x̌⋆, ž1⋆ ,. . ., žp⋆)=

(
xst⋆+xI⋆ǫ,z1

st⋆+z1
I⋆ǫ,. . .,z

p
st⋆+z

p
I⋆ǫ
)

is the solution to problem (3.9) and the corresponding transformation matrices (X⋆,Z1⋆,. . .,Zd⋆)
is a subspace constrained least squares solution to Eq. (1.1).

Proof. (a) If k̄=1, then we have (y∗)2 =1 and Y∗⊥=0. Hence, we have (3.16a) and (3.16b)

since −→xst⋆=Qy∗ and
−→
zd

st⋆=Q1
dy∗, d=1,.. . ,p.

(3.16c) follows from −→xI⋆=QY∗⊥w∗x+Q⊥v∗x and (3.15).

(3.16d) follows from
−→
zd
I⋆=Q1

dY∗⊥w∗zd
+U2

dv∗zd
, (3.14), and (3.15).

(b) If k̄=2, recall that ∆d
1+(∆d

1)
⊤=0, from the proof of [25, Theorem 3], for any (y,Y⊥)

satisfies [y Y⊥]⊤[y Y⊥]= I2, we have

Y⊤⊥∆d
1y=

(
∆d

1

)
(1,2) or Y⊤⊥∆d

1y=−
(
∆d

1

)
(1,2), d=1,.. . ,p,

where (∆d
1)(1,2) denotes the (1,2) entry of ∆d

1, which implies that w∗zd
−w∗x=±(∆d

1)(1,2)/n,

d=1,.. . ,p, and ‖Y⊤⊥∆1y‖2
2 is a constant. Hence, y∗ is a unit eigenvector corresponding to

the largest eigenvalue of C. (3.17a) and (3.17b) hold obviously.

(3.17c) follows from −→xI⋆=QY∗⊥w∗x+Q⊥v∗x and (3.15).

(3.17d) follows from
−→
zd
I⋆=Q1

dY∗⊥w∗zd
+U2

dv∗zd
, (3.13), and (3.14).

3.1.2 Case 2. σmax(Kd
11) 6=n for some d∈{1,.. . ,p}

It follows from Lemma 3.1(vi) that the value of Sc(g∗st(x̌,z)gI (x̌,z)) is independent of

xI ,z1
I ,. . .,z

p
I when (x̌, ž1,. . ., žp) satisfies (xst,z

1
st,. . .,z

p
st) ∈Ω

j
st, j = 1,.. . ,l. Hence, problem
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(3.8) reduces to

min
x̌, z

Sc
(

g∗st(x̌,z)gI (x̌,z)
)

s.t.
(

xst,z
1
st,. . .,z

p
st

)
∈Ω

j
st. (Sc-j)

The matrix representation of problem (Sc-j) is given by

max
−→x st,
−→
z1

st,...,
−→
z

p
st

p

∑
d=1

(−→
zd

st

)⊤(
Kd

12+Kd
21

)−→xst s.t.
(−→xst,
−→
z1

st ,. . .,
−→
z

p
st

)
∈
−→
Ω

j
st, (MSc-j)

where
−→
Ω

j
st = {(~u,~v1,. . .,~vp)|(u,v1,. . .,vp) ∈Ω

j
st}. Let (Qj,Q

1j
1 ,. . .,Q

1j
p ) be matrices whose

columns form an orthogonal basis of the singular subspace pair
−→
Ω

j
st. Then −→xst = Qjy

and
−→
zd

st = Q
1j
d y,d = 1,.. .,p, for some y satisfies y⊤y = 1. Problem (MSc-j) can be further

represented as

max
y

y⊤Tjy s.t. ‖y‖2 =1.

where Tj =∑
p
d=1(Q

1j
d )
⊤(Kd

12+Kd
21)Q

j. The optimal solution yj of the above problem is the
unit eigenvector of Sym(Tj) corresponding to λmax(Sym(Tj)), where λmax(A) denotes the

maximal eigenvalue of A. The solution (−→xst♦
j,
−→
z1

st♦
j,. . .,
−→
z

p
st♦

j) of problem (MSc-j) is given

by (Qjyj,Q
1j
1 yj,. . .,Q

1j
p yj). Let

j⋆=argmin
j

{∣∣∣∣∣λmax

(
Sym

(
p

∑
d=1

(
Q

1j
d

)⊤(
Kd

12+Kd
21

)
Qj

))∣∣∣∣∣

}
.

Then (−→xst⋆,
−→
z1

st⋆,. . .,
−→
z

p
st⋆)=(Qj⋆yj⋆ ,Q

1j⋆
1 yj⋆ ,. . .,Q

1j⋆
p yj⋆ ).

After obtaining (xst⋆,z1
st⋆,. . .,z

p
st⋆), we can determine (xI⋆,z1

I⋆,. . .,z
p
I⋆) by solving prob-

lem (3.7), that is,

min
xI ,z1

I ,...,z
p
I

‖gI (x̌,z)‖2
2

s.t. xst⋆
∗xI+x∗Ixst⋆=0,

(
zd

st⋆

)∗
zd
I+
(
zd
I
)∗

zd
st⋆=0, d=1,.. . ,p.

Denote X⊥ and Zd⊥ as the orthogonal complement of −→xst⋆ and
−→
zd

st⋆,d=1,.. .,p, respec-

tively. The feasible point of the above problem satisfies −→xI = X⊥u and
−→
zd
I = Zd⊥vd for

some u and vd,d= 1,.. .,p. Notice that M(a)⊤M(a)=W(a)⊤W(a)= ‖~a‖2
2 I4 for any a∈Q

and X⊤⊥X⊥=Z⊤1⊥Z1⊥= . . .=Z⊤p⊥Zp⊥= I3. The above problem can be further formulated as

min
u,v

h(u,v1,. . .,vp), (3.18)
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where

h(u,v1,. . .,vp)=‖gI (x̌,z)‖2
2

=
p

∑
d=1

(
nv⊤d vd−2v⊤d Z⊤d⊥Kd

11X⊥u+2
(−→

zd
st⋆
⊤(Sd

12

)⊤−−→xst⋆
⊤(Kd

12

)⊤)
Zd⊥vd−2

−→
zd

st⋆
⊤Kd

21X⊥u
)

+2p−→xst⋆
⊤S21X⊥u+npu⊤u.

Theorem 3.2. (u∗,v∗) is a solution of problem (3.18) if and only if it satisfies

[
npI3 H

H⊤ nI3p

][
u∗
v∗

]
=

[
g0

g̃

]
, (3.19)

where

v∗=(v1∗,. . .,vp∗),

H=
[
−X⊤⊥

(
K1

11

)⊤
Z1⊥ . . .−X⊤⊥

(
K

p
11

)⊤
Zp⊥

]
,

g0 =X⊤⊥

(
−pS⊤21

−→xst⋆+
p

∑
d=1

(
Kd

21

)⊤−→
zd

st⋆

)
,

g̃=




Z⊤1⊥

(
K1

12
−→xst⋆−S1

12

−→
z1

st⋆

)

...

Z⊤p⊥

(
K

p
12
−→xst⋆−S

p
12

−→
z

p
st⋆

)


.

Proof. Notice that h is quadratic in (u,v). It is sufficient to show that h is convex and
∇h(u∗,v∗)=0. We first show that∇2h(u,v)�0 for any u∈R3 and v∈R3p.

By [6, Theorem 7.7.9], it is sufficient to show that there is a contraction C∈R3×3p such
that H=n

√
pC. Notice that

Kd
11=

(
M1

d

)⊤
W1,

(
M1

d

)⊤
M1

d=W⊤1 W1=nI4, d=1,.. . ,p.

Denote G1,W1X⊥∈R4n×3 and Gd
2,M1

dZd⊥∈R4n×3. Let G1=L1Σ1R⊤1 and Gd
2=Ld

2Σd
2(Rd

2)
⊤

be SVDs of G1 and Gd
2 ,d=1,.. . ,p, respectively. Then we have

−X⊤⊥
(
Kd

11

)⊤
Zd⊥=−G⊤1 Gd

2 =−R1Σ⊤1 L⊤1 Ld
2Σd

2

(
Rd

2

)⊤
, d=1,.. . ,p,

√
nI3=

(
X⊤⊥W⊤1 W1X⊥

)1/2
=
(
G⊤1 G1

)1/2

=
(

R1Σ⊤1 Σ1R⊤1
)1/2

=R1Σ̂1R⊤1 ,

√
nI3=

(
Z⊤d⊥

(
M1

d

)⊤
M1

dZd⊥
)1/2

=
((

Gd
2

)⊤
Gd

2v
)1/2

=
(

Rd
2

(
Σd

2

)⊤
Σd

2

(
Rd

2

)⊤)1/2
=Rd

2Σ̂d
2

(
Rd

2

)⊤
, d=1,.. . ,p,
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where Σ̂1 =(Σ⊤1 Σ1)
1/2 =

√
nI3 and Σ̂d

2 =((Σd
2)
⊤Σd

2)
1/2 =

√
nI3 since R1 and Rd

2,d=1,.. .,p,
are orthogonal. Denote

C̃=− 1√
p

R1 L̂⊤1
[

L̂1
2

(
R1

2

)⊤ ··· L̂
p
2

(
R

p
2

)⊤]∈R3×3p,

where L̂1 and L̂d
2 as the first three columns of L1 and Ld

2,d = 1,.. .,p, respectively. C̃ is

contraction by noting that σmax(C̃)≤1. Moreover,

Σ̂⊤1 L̂⊤1 L̂d
2Σ̂d

2 =Σ⊤1 L⊤1 L1
2Σd

2, d=1,.. . ,p (3.20)

and

n
√

pC̃=−(
√

nI3)(
√

pC̃)(
√

nI3p)

=−R1Σ̂1R⊤1 R1 L̂⊤1
[

L̂1
2

(
R1

2

)⊤
. . . L̂

p
2

(
R

p
2

)⊤]



R1
2Σ̂1

2

(
R1

2

)⊤
. . .

R
p
2 Σ̂

p
2

(
R

p
2

)⊤




=−R1Σ̂1R⊤1 R1 L̂⊤1
[

L̂1
2

(
R1

2

)⊤
R1

2Σ̂1
2

(
R1

2

)⊤ ··· L̂
p
2

(
R

p
2

)⊤
R

p
2 Σ̂

p
2

(
R

p
2

)⊤]

=−
[

R1Σ̂1 L̂⊤1 L̂1
2Σ̂1

2

(
R1

2

)⊤ ··· R1Σ̂1 L̂⊤1 L̂
p
2 Σ̂

p
2

(
R

p
2

)⊤]

=−
[

R1Σ⊤1 L⊤1 L1
2Σ1

2

(
R1

2

)⊤ ··· R1Σ⊤1 L⊤1 L
p
2 Σ

p
2

(
R

p
2

)⊤]

=−
[

X⊤⊥
(
K1

11

)⊤
Z1⊥ ··· X⊤⊥

(
K

p
11

)⊤
Zp⊥

]
=H,

where the last second equality follows from (3.20). Hence, problem (3.18) is convex and
(3.19) holds.

Remark 3.1. Notice that
[

npI3 H

H⊤ nI3p

]
is a block arrowhead matrix. We have

[
npI3 H

H⊤ nI3p

]
=




I3 0

1

np
H⊤ I3p







npI3 0

0⊤ nI3p−
1

np
H⊤H





I3

1

np
H

0 I3p


,

which yields u∗=(g0−Hv∗)/(np) and v∗ is the solution of the equation
(

nI3p−
1

np
H⊤H

)
v= g̃− 1

np
H⊤g0.

If we further have σmax(H)< n
√

p (or equally, σmin(C̃)< 1 in the proof of Theorem 3.2),
then by using Sherman-Morrison-Woodbury formula, we have

v∗=
1

n

(
I3p−H⊤

(
HH⊤−n2pI3

)−1
H
)(

g̃− 1

np
H⊤g0

)
.
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Corollary 3.1. When there exists d∈{1,.. . ,p} such that σmax(Kd
11) 6=n,

(x̌⋆,z⋆) :=(x̌⋆, ž1⋆ ,. . ., žp⋆)=
(

xst⋆+xI⋆ǫ,z1
st⋆+z1

I⋆ǫ,. . .,z
p
st⋆+z

p
I⋆ǫ
)

is a subspace constrained least squares solution of Eq. (1.3), where

−→xst⋆=Qj⋆yj⋆ , −→xI⋆=X⊥u∗,
−→
zd

st⋆=Q
1j⋆
d yj⋆ ,

−→
zd
I⋆=Zd⊥v∗d, d=1,.. . ,p,

yj⋆ is the unit eigenvector corresponding to the maximal eigenvalue of Sym(Tj⋆ ) with

j⋆=argmin
j

{∣∣λmax

(
Sym(Tj)

)∣∣},

Tj =∑
p
d=1(Q

1j
d )
⊤(Kd

12+Kd
21)Q

j, Qj, Q
1j
1 , . . .,Q

1j
p be matrices whose columns form an orthogonal

basis of the singular subspace pair
−→
Ω

j
st, X⊥ and Z⊥ are the orthogonal complement of−→xst⋆ and

−→
zd

st⋆,
respectively, and (u∗,v∗) is the solution of Eq. (3.19). The corresponding transformation matrix
(X⋆,Z1⋆,. . .,Zd⋆) is a subspace constrained least squares solution to Eq. (1.1).

Remark 3.2. Note that minj{|λmax(Sym(Tj))|}= 0 implies Sym(Tj⋆) = 0. In this case,
the subspace constrained least squares solution of Eq. (1.3) reduces to the solution of the
problem

min ‖gI (x̌,z)‖2
2 s.t.

(
xst,z

1
st,. . .,z

p
st

)
∈Ω

j⋆
st, |x̌|= |ž1|= ···= |žp|=1,

which was given in Theorem 3.1 except replacing Q, Q1
d, and U2

d by Qj⋆ , Q
1j⋆
d , and U

2j⋆
d ,

where

Kd
11=

[
Q

1j⋆
d U

2j⋆
d

][σd Ik̄
˜̂σd

][
Qj⋆ V

2j⋆
d

]⊤

be the SVD of Kd
11,d = 1,.. .,p and (Qj⋆ ,Q

1j⋆
1 ,. . .,Q

1j⋆
p ) be matrices whose columns form

an orthogonal basis of the singular subspace pair
−→
Ω

j⋆
st.

3.2 Solution to multi-camera robot-world hand-eye calibration

As mentioned in Section 2.1, Assumption 2.1 can be verified by checking whether ma-
trices {Kd

11}
p
d=1 share common right singular vectors. We consider the following pre-

processing on {{(A
(i)
d ),B(i))}n

i=1}
p
d=1 when it does not hold.

S1. The estimate of X♦. Notice that for any d∈{1,.. . ,p} and 1≤ i< j≤n, from (1.1), we
have

A
(i)
d X=ZdB(i), A

(j)
d X=ZdB(j),

which yields Zd=A
(i)
d X(B(i))−1=A

(j)
d X(B(j))−1, or equally,

(
A
(j)
d

)−1
A
(i)
d X=X(B(j))−1B(i).
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Denote Â
ji
d =(A

(j)
d )−1A

(i)
d and B̂ji =(B(j))−1B(i), 1≤ i< j≤ n,d= 1,.. . ,p. The above

equation becomes to

Â
ji
d X=XB̂ji, 1≤ i< j≤n, d=1,.. . ,p. (3.21)

Eq. (3.21) takes the form of the hand-eye calibration problem. We can estimate X♦

by the subspace constrained least squares solution presented in [25].

S2. The estimate of {RZd♦
}p

d=1. For each d∈{1,.. . ,p}, define R
Z
(i)
d

,R
A
(i)
d

RX(RB(i))−1 . Let

z
(i)
d , i=1,.. . ,n be the unit quaternion corresponding to R

Z
(i)
d

. Then we set RZd♦
as the

rotation matrix with respect to unit quaternion zd♦ , where

−→zd♦ =argmin
z

{
1

n

n

∑
i=1

∥∥∥z−
−→
z
(i)
d

∥∥∥
2

2
: s.t.‖z‖2 =1

}
=

∑
n
i=1

−→
z
(i)
d∥∥∥∑

n
i=1

−→
z
(i)
d

∥∥∥
2

.

S3. Correct {{R
A
(i)
d

}n
i=1}

p
d=1 using RX♦

and {RZd♦
}p

d=1. Define

R
A
(i∗)
d

:=RZd♦
RB(i)RX−1

♦
, i=1,.. . ,n, d=1,.. . ,p.

Notice that {{A
(i∗)
d }n

i=1}
p
d=1 and B(i) satisfies

R
A
(i∗)
d

RX♦
=RZd♦

RB(i), i=1,.. . ,n, d=1,.. . ,p.

Assumption 2.1 holds on the corrected data set {{(A
(i∗)
d ,B(i))}n

i=1}
p
d=1 and we replace A

(i)
d

by A
(i∗)
d .

Moreover, Lemma 3.2 indicates that when σmax(Kd
11) 6=n for some d∈{1,.. . ,p}, there

exist i 6= j such that σi
d=1 and σ

j
d=0. Motivated by the numerical results presented in [25,

Tables 3 and 7] for (robot-world) hand-eye calibration, we correct the sign of Eq. (1.3)
after solving (xst⋆,z1

st⋆,. . .,z
p
st⋆) as follows. We set {{σi

d}
p
d=1}n

i=1 by

σi
d=

{
0, if

∣∣(a(i)d

)
st

zd
st⋆−xst⋆b

(i)
st

∣∣≤
∣∣(a(i)d

)
st

zd
st⋆+xst⋆b

(i)
st

∣∣,
1, otherwise,

i=1,.. . ,n, d=1,.. .,p. (3.22)

Define

M̃1
d=




(−1)σ1
d M
((

a
(1)
d

)
st

)

...

(−1)σn
d M
((

a
(n)
d

)
st

)


, M̃2

d=




(−1)σ1
d M
((

a
(1)
d

)
I
)

...

(−1)σn
d M
((

a
(n)
d

)
I
)


, d=1,.. . ,p.
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Replace {Kd
11}

p
d=1,{Kd

21}
p
d=1, and {Kd

12}
p
d=1 by

K̃d
11=

(
M̃1

d

)⊤
W1, K̃d

21=
(

M̃2
d

)⊤
W1, K̃d

12=
(

M̃1
d

)⊤
W2, d=1,.. . ,p. (3.23)

Solve −→xI⋆ and {
−→
zd
I⋆}

p
d=1 as discussed in Section 3.1.2 by

−→
xc
I∗=X⊥uc

∗, and
−→
zd
I∗=Z⊥vc

d∗, d=1,.. . ,p, (3.24)

where uc
∗ and {vc

d∗}
p
d=1 is the solution of the equation




npI3 −X⊤⊥
(
K̃1

11

)⊤
Z1⊥ . . . −X⊤⊥

(
K̃

p
11

)⊤
Zp⊥

−Z⊤1⊥K̃1
11X⊥ nI3 . . . 0

...
...

. . .
...

−Z⊤p⊥K̃
p
11X⊥ 0 . . . nI3







uc

vc
1
...

vc
p




=




X⊤⊥

(
−pS⊤21

−→xst∗+∑
p
d=1

(
K̃d

21

)⊤−→
zd

st∗
)

Z⊤1⊥
(
K̃1

12
−→xst∗−S̃1

12

−→
z1

st∗
)

...

Z⊤p⊥
(
K̃

p
12
−→xst∗−S̃

p
12

−→
z

p
st∗
)




. (3.25)

We summarize the whole procedure in Algorithm 1.

Remark 3.3. Algorithm 1 involves computing the SVD of matrices {Kd
11}

p
d=1⊆R4×4, and

may require inverse of (npI4−k̄−∑
p
d=1ΓdΓ⊤d /n) (where k̄= 1 or 2) or computation of the

orthogonal complement of −→xst⋆ ∈R4×1 (or
−→
zd

st⋆). Owing to the small dimensionality of
these objects, each of these operations can be implemented with a negligible number of

floating-point operations (FLOPs). In contrast, the computation of {{(Â
(i)
d ,B̂(i))}n

i=1}
p
d=1,

{{(ǎ(i)d ,b̌(i))}n
i=1}

p
d=1, {Kd

11}
p
d=1, {Kd

12}
p
d=1, {Kd

21}
p
d=1, S21, {Sd

12}
p
d=1, and {{σi

d}n
i=1}

p
d=1 dom-

inate the computational cost, requiring at most 347np+194n−32p−16 FLOPs. When
Assumption 2.1 holds, the overall computation of Algorithm 1 is bounded by 781np+
184n+623p+346+p· fsvd +(p+1)· f⊥ , where fsvd and f⊥ denote the FLOP counts for the
SVD of a 4×4 matrix and the orthogonal complement of a 4×1 vector, respectively. If

the pre-processing procedure is applied on {{(A
(i)
d ),B(i))}n

i=1}
p
d=1, the additional cost is

primarily attributable to computing matrices Â
ji
d and B̂ji for 1≤ i< j≤n,d=1,.. . ,p, which

requires at most 56n(p+1)(n−1) FLOPs. Consequently, the worst-case computational
complexity of Algorithm 1 is O(n2 p). Under Assumption 2.1, the complexity reduces
to O(np).
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Algorithm 1 The Closed-Form Dual Quaternion Solution for the Multi-Camera Robot-
World Hand-Eye Calibration Problem.

Input: {{(A
(i)
d ,B(i))}n

i=1}
p
d=1.

1: Compute {{(Â
(i)
d ,B̂(i))}n

i=1}
p
d=1 and {Kd

11}
p
d=1.

2: Compute the SVD of Kd
11=UdSdVd,d=1,.. . ,p.

3: if {Kd
11}

p
d=1 have common right singular vector then

4: if σmax(Kd
11)=n for all d=1,.. . ,p then

5: if k=1 then

6: Compute (−→xst⋆,−→xI⋆,
−→
zd

st⋆,
−→
zd
I⋆) as in (3.16a)-(3.16d).

7: else if k=2 then

8: Compute (−→xst⋆,−→xI⋆,
−→
zd

st⋆,
−→
zd
I⋆) as in (3.17a)-(3.17d).

9: end if

10: else if there exists d∈{1,.. . ,p} such that σmax(Kd
11) 6=n then

11: Compute Tj =∑
p
d=1(Q

1j
d )
⊤(Kd

12+Kd
21)Q

j.

12: Compute j⋆=argminj{|λmax(Sym(Tj))|}.
13: if λmax(Sym(Tj)) 6=0 then

14: Compute the unit eigenvector yj corresponding to λmax(Sym(Tj)).

15: Compute −→xst⋆ = Qj∗yj⋆ ,
−→
zd

st⋆ = Q
1j⋆
d yj⋆ , and orthogonal complements X⊥ and

{Zd⊥}p
d=1.

16: Determine {{(−1)σi
d}p

d=1}n
i=1 as in (3.22).

17: Compute {K̃d
11}

p
d=1,{K̃d

21}
p
d=1,{K̃d

12}
p
d=1, and {S̃d

12}
p
d=1 as in (3.23).

18: Compute (u∗,vc
1∗,. . .,v

c
p∗) as the solution of Eq. (3.25).

19: Compute
−→
xc
I⋆ and {

−→
zd
I⋆}

p
d=1 as in (3.24).

20: else

21: Compute (−→xst⋆,−→xI⋆,
−→
zd

st⋆,
−→
zd
I⋆) as in Remark 3.2.

22: end if

23: end if

24: else

25: Estimate X♦ and {Zd♦}p
d=1.

Correct {{A
(i∗)
d }n

i=1}
p
d=1.

Go to Step 1 with data set {{(A
(i)
d ,B(i))}n

i=1}
p
d=1←{{(A

(i∗)
d ,B(i))}n

i=1}
p
d=1.

26: end if

27: x̌= xst+xIǫ, žd = zd
st+zd

Iǫ, xst, xI , zd
st, and zd

I are quaternions corresponding to −→xst⋆,
−→xI⋆,
−→
zd

st⋆, and
−→
zd
I⋆, d=1,.. . ,p respectively.

28: Compute RX and RZd
by (2.2) with xst and zd

st, tX = 2xIx∗st, and tZd
= 2zd

I (z
d
st)
∗,

d=1,.. . ,p.
29: return (RX,tX), {(RZd

,tZd
)}p

d=1.
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4 Numerical experiment

In this section, we evaluate the effectiveness and efficiency of our proposed method to
solve the multi-camera robot-world hand-eye calibration problem on both simulated and
real data. All experiments were performed with MATLAB R2023a on an HP StarBook 14
laptop.

4.1 Simulated data

Algorithm 1 (denoted as “ours”) is compared with the methods introduced in [20]. There
are two types of cost functions (c1 and c2), which can be further categorized into simul-
taneous and separable forms, rotation parameters represented in three different forms:
axis-angle, Euler angles, and quaternions, were considered in [20]. These methods are
named according to the convention “cost function type rotation parameter form separa-
bility” (denoted as “c1 euler simultaneous”, “c1 axis simultaneous”, “c1 quaternion
simultaneous”, “c1 euler separable”, “c1 axis separable”, “c1 quaternion separable”,
“c2 euler simultaneous”, “c2 axis simultaneous”, “c2 quaternion simultaneous”, “c2
euler separable”, “c2 axis separable”, “c2 quaternion separable”). Additionally, our
algorithm is also compared with the method proposed by Wang [22] (denoted as
“Wang2022”). We employ the following error metrics to evaluate and compare the per-
formance of different methods:

a) Rotation error on X: eRX
=‖R̂X−RX‖F,

b) Translation error on X: etX
=‖t̂X−tX‖2,

c) Average rotation error on Zd : eRZ
=∑

3
i=1‖R̂Zi

−RZi
‖F/3,

d) Average translation error on Zd: etZ
=∑

3
i=1‖t̂Zi

−tZi
‖2/3,

where ·̂ denotes results returned by each method.

4.1.1 Noiseless simulated data

In this test, we generate {{(A
(i)
d ,B(i),Zd,X)}25

i=1}3
d=1 as follows. We set the rotational com-

ponent of X as the identity matrix and generate the rotational components of B(i) and Zd

from the random unit quaternion following formula (2.2), where elements of unit quater-
nion follow the uniform distribution on the surface of a 4-sphere as described in [14].
The translational components of X, B(i), and Zd follow the uniform distribution within

the interval [−0.25,0.25]. We construct A
(i)
d by

A
(i)
d :=ZdB(i)X−1, i=1,.. . ,25, d=1,2,3. (4.1)

From (4.1), we have A
(i)
d X=ZdB(i), which yields R

A
(i)
d

RX=RZd
RB(i) , i=1,.. .,25,d=1,2,3.

Hence, Assumption 2.1 holds by noting that R⊤
A
(i)
d

=R−1

A
(i)
d

and R⊤
B(i)=R−1

B(i). Table 1 reports
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Table 1: Average error results for noiseless simulated data over 100 trials.

Method Time (s) eRX
eRZ

etX etZ

c1 euler simultaneous 1.6149 1.24E-04 4.19E-04 1.02E-05 1.78E-05

c1 axis simultaneous 0.2569 2.51E-06 2.25E-06 1.83E-06 5.68E-06

c1 quaternion simultaneous 0.6082 2.07E-06 8.31E-07 2.74E-06 8.71E-06

c1 euler separable 1.9431 8.50E-02 8.53E-02 2.29E-03 1.87E-03

c1 axis separable 0.4998 2.46E-06 5.69E-06 5.03E-07 1.14E-06

c1 quaternion separable 0.4309 2.52E-06 5.76E-06 4.97E-07 1.12E-06

c2 euler simultaneous 1.3469 1.35E-04 4.20E-04 9.60E-06 1.49E-05

c2 axis simultaneous 0.2690 2.34E-06 1.99E-06 2.32E-06 6.36E-06

c2 quaternion simultaneous 0.5623 1.93E-06 8.27E-07 2.95E-06 8.87E-06

c2 euler separable 1.4595 2.84E-02 2.87E-02 1.86E-03 4.01E-04

c2 axis separable 0.4794 2.48E-06 5.68E-06 6.20E-07 8.42E-07

c2 quaternion separable 0.4476 2.56E-06 5.77E-06 5.96E-07 7.65E-07

Wang2022 0.0029 1.91E-15 6.78E-16 1.19E-16 1.49E-16

ours 0.0086 1.89E-16 1.64E-15 8.50E-17 3.67E-16

average error results generated by the simulated data over 100 trials. It can be observed
from Table 1 that our presented method and Wang2022 achieve comparable performance
in terms of both runtime and error metrics, while outperforming all other comparison
methods. It should be noted that Wang2022 employs the Kronecker product to formu-
late the transformation equation, which represents a conventional tool for handling such
equations. The comparable results obtained by our proposed method and Wang2022
provide partial validation for the rationality of our subspace constrained least squares
solution. We also employ the axis-angle representation of rotation matrices to generate
the rotational component of X, where the rotation axis is rotated around the y-axis by
π/8,π/4,π/2, and π, respectively. The obtained results are similar to those shown in
Table 1 so we omit it.

4.1.2 Noisy simulated data

In this test, we generate B(i), Zd, and the translational components of X as in Section 4.1,
and generate the rotational component of X from the random unit quaternion as for Zd

in Section 4.1. We then introduce noise into the transformation matrices after generating

{{(A
(i)
d }25

i=1}3
d=1 by (4.1). Let q

A
(i)
d

be the unit quaternion representation of R
A
(i)
d

. Then we

first compute the noisy unit quaternion using the formula

q
A
(i)
dnoisy

=
q

A
(i)
d

+σnoise ·n4
∣∣∣q

A
(i)
d

+σnoise ·n4

∣∣∣
,
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where ~n4∈R4 follows the standard normal distribution and σnoise ∈ (0,0.2). Finally, we

generate the noisy rotation matrices {{A
(i)
d }25

i=1}3
d=1 from q

A
(i)
dnoisy

using formula (2.2). As-

sumption 2.1 no longer holds because the rotational component of the matrix A
(i)
d is

corrupted by additive noise. The pre-processing procedure (Step 25 in Algorithm 1) is
invoked.

The numerical results presented in Section 4.1.1 demonstrate that the performance of
methods c1 and c2 from [20] are highly similar for different choices of rotation parameter-
ization and “axis” performs a little better. Hence, we report only the axis-based param-
eterization in this test. Fig. 2 displays the average errors over 100 trials under varying
noise levels. The key observations are as follows:

i) For the rotation errors in X and {Zd}3
d=1, the proposed method “ours” performs

comparably to Wang2022 and outperforms the other comparison methods.

ii) For the translation errors in X and {Zd}3
d=1, the proposed method “ours” outper-

forms all comparison methods.
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Figure 2: Average results when noise level σnoise varying from 0 to 0.2 over 100 trials.
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4.2 Real data

In this section, we employ real multi-camera datasets “Dataset 6”, “Dataset 7”, and
“Dataset 8” from Tabb [20] for testing Algorithm 1. We compare “ours” with the “c1” and
“c2” class methods, and the “rp1” and “rp2” class methods (different parameters are used
to represent rotatio, denoted as “rp1 euler”, “rp1 axis”, “rp1 quaternion”, “rp2 euler”,
“rp2 axis”, and “rp2 quaternion”) in Tabb [20], the two methods in Eurico [15] (de-
noted as “Eurico2021-1” and “Eurico2021-2”, and the method proposed by Wang [22].
As in [20], we consider the following error metrics:

a) Average rotation error on X in terms of matrix representation

eR1
=

1

pn

p

∑
d=1

n

∑
i=1

∥∥∥R
A
(i)
d

R̂X− R̂Zd
RB(i)

∥∥∥
2

F
.

b) Average rotation error on X in terms of axis-angle representation

eR2
=

1

pn

p

∑
d=1

n

∑
i=1

angle
(

R
(i)
d

)
,

where R
(i)
d =(RZd

RB(i))⊤(R
A
(i)
d

RX).

c) Average translation error

et=
1

pn

p

∑
d=1

n

∑
i=1

∥∥∥
(

R
A
(i)
d

tX+t
A
(i)
d

)
−
(

RZd
tB(i)+tZd

)∥∥∥
2
.

d) Average transformation error

ec=
1

pn

p

∑
d=1

n

∑
i=1

∥∥A
(i)
d X−ZdB(i)

∥∥2

F
.

e) The reprojection root mean squared error

rrmsed=

(
1

mn

n

∑
i=1

m

∑
j=1

∥∥∥~xij− f
(

K,
[
ZdB(i)X−1

]
3×4

−→X j

)∥∥∥
2
)1/2

,

where m is the number of grid points in the checkerboard (calibration board), ~xij de-
notes the checkerboard points in the pixel coordinate system, f (K,v)=Kv is the projec-
tion function that projects the checkerboard points in the world coordinate system to the
pixel coordinate system, K∈R3×3 is the intrinsic parameter matrix, [·]3×4 denotes the top

three row of matrix “·”, and
−→X j ∈R4×1 represents the points on the board in the world

coordinate system.



30 H. Zhu, Y. Shen and M. K. Ng / CSIAM Trans. Appl. Math., x (2025), pp. 1-33

Tables 2-4 report results for Datasets 6 to 8. We observed that Assumption 2.1 is
violated by Dataset 6, but is satisfied by Datasets 7 and 8. It can be seen that:

i) The performs of Wang2022 and “ours” are significantly faster compared to other
methods, while the computation times of the rp1- and rp2- class methods and
“Eurico2021-1”, “Eurico2021-2” are considerably longer. A potential reason is that
these methods employ iterative approach to solve nonlinear programming prob-
lems, where the performance is sensitive to the initial starting point.

ii) For each dataset, our proposed method “ours” reaches the lowest average rotation
errors in terms of eR1

and eR2
.

iii) The average errors of translation vector et obtained by “ours” are lower than most
comparison algorithms.

iv) The proposed method “ours” achieves lower reprojection root mean squared errors
compared to quaternion-based methods in both c1- and c2- classes.

Table 2: Results for Dataset 6, where (n,p)=(13,2).

Method Time (s) eR1
eR2

et ec rrmse1 rrmse2

c1 euler simultaneous 7.83 2.98E-05 2.06E-01 9.95E-05 1.29E-04 5.01E+00 5.01E+00

c1 axis simultaneous 8.14 2.59E-05 1.87E-01 4.19E-05 6.78E-05 3.22E+00 3.20E+00

c1 quaternion simultaneous 10.62 3.52E-05 2.27E-01 4.49E-04 4.84E-04 1.13E+01 1.13E+01

c2 euler simultaneous 11.21 2.37E-05 1.86E-01 1.06E-04 1.30E-04 3.21E+00 3.24E+00

c2 axis simultaneous 8.66 2.41E-05 1.88E-01 1.08E-04 1.32E-04 3.23E+00 3.26E+00

c2 quaternion simultaneous 13.07 3.84E-05 2.40E-01 7.16E-04 7.54E-04 1.27E+01 1.27E+01

c1 euler separable 22.07 1.54E-04 4.52E-01 6.38E-03 6.54E-03 2.21E+01 2.24E+01

c1 axis separable 21.59 2.27E-05 1.76E-01 1.96E-02 1.96E-02 3.23E+01 3.33E+01

c1 quaternion separable 32.03 2.29E-05 1.75E-01 2.55E-02 2.55E-02 3.73E+01 3.87E+01

c2 euler separable 30.62 3.45E-05 2.17E-01 4.52E-02 4.53E-02 5.33E+01 5.56E+01

c2 axis separable 25.77 2.27E-05 1.76E-01 1.97E-02 1.97E-02 3.23E+01 3.34E+01

c2 quaternion separable 21.65 2.29E-05 1.75E-01 2.57E-02 2.57E-02 3.73E+01 3.87E+01

rp1 euler 1275.82 1.60E-04 4.82E-01 3.86E-04 5.45E-04 6.84E-01 6.96E-01

rp1 axis 1233.82 1.58E-04 4.78E-01 3.82E-04 5.39E-04 6.83E-01 6.95E-01

rp1 quaternion 1337.55 2.54E-03 2.03E+00 6.00E-03 8.54E-03 3.23E+00 3.18E+00

rp2 euler 946.34 2.76E-04 6.47E-01 6.76E-04 9.52E-04 1.40E+00 1.42E+00

rp2 axis 955.28 2.08E-04 5.55E-01 5.19E-04 7.27E-04 1.39E+00 1.41E+00

rp2 quaternion 3114.99 2.54E-03 2.03E+00 6.00E-03 8.54E-03 3.23E+00 3.18E+00

Eurico2021-1 490.66 2.34E-03 1.94E+00 5.68E-03 8.02E-03 5.45E+00 5.13E+00

Eurico2021-2 507.30 2.34E-03 1.94E+00 5.71E-03 8.05E-03 5.40E+00 5.33E+00

Wang2022 0.04 2.27E-05 1.77E-01 1.77E-02 1.77E-02 3.02E+01 2.93E+01

ours 0.27 2.27E-05 1.76E-01 7.51E-03 7.54E-03 1.80E+01 1.77E+01
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Table 3: Results for Dataset 7, where (n,p)=(33,3).

Method Time (s) eR1
eR2

et ec rrmse1 rrmse2 rrmse3

c1 euler simultaneous 24.91 3.23E-05 2.14E-01 6.46E-05 9.70E-05 2.57E+00 2.56E+00 1.68E+00

c1 axis simultaneous 21.84 2.61E-05 1.89E-01 5.06E-05 7.67E-05 2.37E+00 2.39E+00 1.55E+00

c1 quaternion simultaneous 26.16 3.76E-05 2.24E-01 1.83E-04 2.20E-04 5.30E+00 5.22E+00 3.41E+00

c2 euler simultaneous 23.73 2.85E-05 1.95E-01 7.87E-05 1.07E-04 1.35E+00 1.36E+00 9.32E-01

c2 axis simultaneous 21.13 2.84E-05 1.94E-01 7.66E-05 1.05E-04 1.34E+00 1.34E+00 9.23E-01

c2 quaternion simultaneous 27.57 2.90E-05 1.99E-01 2.23E-04 2.52E-04 4.95E+00 4.88E+00 3.17E+00

c1 euler separable 44.81 3.07E-05 2.08E-01 4.41E-05 7.49E-05 2.71E+00 2.72E+00 1.79E+00

c1 axis separable 51.28 2.41E-05 1.79E-01 4.43E-05 6.84E-05 2.52E+00 2.58E+00 1.69E+00

c1 quaternion separable 52.95 2.44E-05 1.81E-01 4.05E-05 6.48E-05 2.57E+00 2.64E+00 1.71E+00

c2 euler separable 44.81 2.41E-05 1.79E-01 4.41E-05 6.82E-05 2.50E+00 2.57E+00 1.67E+00

c2 axis separable 44.09 2.41E-05 1.79E-01 4.49E-05 6.89E-05 2.50E+00 2.56E+00 1.67E+00

c2 quaternion separable 61.92 2.44E-05 1.81E-01 4.10E-05 6.54E-05 2.55E+00 2.62E+00 1.69E+00

rp1 euler 3631.24 6.57E-05 3.12E-01 1.81E-04 2.47E-04 1.06E+00 1.09E+00 7.70E-01

rp1 axis 3593.28 6.88E-05 3.18E-01 1.89E-04 2.57E-04 1.06E+00 1.09E+00 7.67E-01

rp1 quaternion 4177.53 1.69E-04 5.03E-01 5.21E-04 6.90E-04 1.62E+00 1.62E+00 1.10E+00

rp2 euler 200.23 3.38E-05 2.24E-01 1.03E-04 1.37E-04 1.18E+00 1.19E+00 8.37E-01

rp2 axis 192.94 3.26E-05 2.19E-01 9.63E-05 1.29E-04 1.18E+00 1.18E+00 8.34E-01

rp2 quaternion 2908.34 5.23E-04 9.09E-01 1.49E-03 2.01E-03 2.03E+00 2.00E+00 1.36E+00

Eurico2021-1 2583.59 1.95E-04 5.38E-01 6.87E-04 8.83E-04 3.26E+00 3.55E+00 7.35E-01

Eurico2021-2 2756.49 1.93E-04 5.35E-01 6.79E-04 8.72E-04 3.23E+00 3.50E+00 7.35E-01

Wang2022 0.04 2.41E-05 1.79E-01 4.54E-05 6.94E-05 2.50E+00 2.56E+00 1.67E+00

ours 0.30 2.41E-05 1.79E-01 4.57E-05 6.97E-05 2.48E+00 2.54E+00 1.67E+00

5 Conclusion

In this paper, we study the definition and expression of the closed-form solutions to
multi-unit dual quaternion vector equations by combining the application of multi-came-
ra calibration with the correspondence between transformation matrices and dual quater-
nions. The definition of the subspace constrained least solution is motivated by a key
property satisfied by the exact solution of the rotation component in the transformation
matrix. This work extends the subspace constrained least squares solution for robot-
world hand-eye calibration presented in [25]. To ensure the validity of the underlying
basis assumption in real-world data, we further propose a correction strategy. Extensive
numerical experiments – conducted on both synthetic and real-world datasets – validate
the effectiveness of the proposed method.
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Table 4: Results for Dataset 8, where (n,p)=(31,3).

Method Time (s) eR1
eR2

et ec rrmse1 rrmse2 rrmse3

c1 euler simultaneous 33.19 3.21E-05 2.08E-01 6.68E-05 9.89E-05 2.78E+00 2.90E+00 1.40E+00

c1 axis simultaneous 22.13 2.59E-05 1.85E-01 5.52E-05 8.11E-05 2.61E+00 2.77E+00 1.32E+00

c1 quaternion simultaneous 26.24 3.93E-05 2.27E-01 1.78E-04 2.17E-04 6.02E+00 5.98E+00 2.94E+00

c2 euler simultaneous 24.15 2.71E-05 1.86E-01 7.90E-05 1.06E-04 1.64E+00 1.80E+00 8.56E-01

c2 axis simultaneous 21.10 2.71E-05 1.86E-01 7.72E-05 1.04E-04 1.63E+00 1.80E+00 8.53E-01

c2 quaternion simultaneous 29.11 2.85E-05 1.93E-01 2.25E-04 2.54E-04 6.20E+00 6.13E+00 3.02E+00

c1 euler separable 47.40 3.05E-05 2.03E-01 4.81E-05 7.85E-05 2.95E+00 3.10E+00 1.48E+00

c1 axis separable 44.35 2.37E-05 1.76E-01 4.82E-05 7.20E-05 2.85E+00 3.03E+00 1.44E+00

c1 quaternion separable 55.12 2.41E-05 1.77E-01 4.59E-05 6.99E-05 2.93E+00 3.09E+00 1.46E+00

c2 euler separable 43.66 2.37E-05 1.76E-01 4.97E-05 7.35E-05 2.74E+00 2.87E+00 1.38E+00

c2 axis separable 44.36 2.37E-05 1.76E-01 5.00E-05 7.37E-05 2.73E+00 2.87E+00 1.38E+00

c2 quaternion separable 56.87 2.41E-05 1.77E-01 4.78E-05 7.18E-05 2.80E+00 2.94E+00 1.41E+00

rp1 euler 3349.04 5.11E-05 2.74E-01 1.49E-04 2.00E-04 1.33E+00 1.51E+00 7.42E-01

rp1 axis 3345.76 5.11E-05 2.72E-01 1.48E-04 1.99E-04 1.34E+00 1.52E+00 7.44E-01

rp1 quaternion 4171.58 2.78E-04 6.59E-01 8.41E-04 1.12E-03 2.11E+00 2.24E+00 1.29E+00

rp2 euler 162.78 2.86E-05 1.98E-01 8.46E-05 1.13E-04 1.52E+00 1.70E+00 8.27E-01

rp2 axis 117.33 2.88E-05 1.97E-01 8.32E-05 1.12E-04 1.51E+00 1.70E+00 8.25E-01

rp2 quaternion 1361.96 5.48E-04 9.37E-01 1.75E-03 2.30E-03 3.51E+00 3.50E+00 2.32E+00

Eurico2021-1 2266.11 2.30E-04 5.72E-01 9.01E-04 1.13E-03 6.06E+00 4.37E+00 7.10E-01

Eurico2021-2 2898.65 2.43E-04 5.89E-01 9.27E-04 1.17E-03 5.75E+00 4.98E+00 7.01E-01

Wang2022 0.04 2.37E-05 1.76E-01 4.88E-05 7.26E-05 2.80E+00 2.95E+00 1.41E+00

ours 0.31 2.37E-05 1.76E-01 5.00E-05 7.37E-05 2.72E+00 2.87E+00 1.38E+00
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