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Abstract. In this paper, we study the solution to the multi-camera robot-world hand-
eye calibration problem by employing dual quaternions to represent transformation
matrices. This approach yields a system of multi-unit dual quaternion equations of the
form a;Z;=(—1)%"©xb,d=1,...,p. We propose a novel formulation for the subspace
constrained least squares solution to a;Z; = Xb to avoid discussing the unknown signs
(—1)% and derive the closed-form expression for the solution. We prove that when the
transformation matrix equation associated with the multi-camera robot-world hand-
eye calibration admits a solution, the corresponding unit dual quaternion obtained
from this matrix equation constitutes a subspace constrained least squares solution for
the system of multi-unit dual quaternion vector equations. We present an algorithm
for multi-camera robot-world hand-eye calibration, using the derived closed-form sub-
space constrained least squares solution to the multi-unit dual quaternion equations.
We introduce a correction strategy to handle real-world data scenarios where the basic
assumption may not hold. Experimental results demonstrate that the proposed sub-
space constrained least squares solutions exhibit competitive performance compared
to state-of-the-art methods in multi-camera robot-world hand-eye calibration.

AMS subject classifications: 68W05, 90C26, 16 W55
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1 Introduction

The main aim of this paper is to study the robot-world hand-eye (multi-camera) calibra-
tion problem [20,22] and to demonstrate that it can be formulated as follows:
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AVx=27,89, i=1,..,n, d=1,..p, (1.1)
where ASIZ) ER**4 represents the transformation from the world coordinate frame (calibra-
tion board) to the d-th camera coordinate frame, which can be calculated using a camera
calibration method [24]; and B() € R*** denotes the transformation from the robot-base
frame to the hand coordinate frame, which can be obtain from the forward kinematics
of the robot; n denotes the number of distinct robot poses and p denotes the number
of cameras. X and Z; (d=1,...,p) denote unknown transformation from the robot-base
coordinate frame to the world coordinate frame and the transformation from the hand
coordinate frame to the d-th camera coordinate frame, respectively. Multi-camera calibra-
tion is the process of determining the transformation matrices X and {Zd}§:1 by solving
Eq. (1.1) constructed from multiple robot poses, where the transformation matrix takes
the form of [05 ﬂ ,ReR3*3 and t€IR3*! denote the rotation and translation part of a rigid
transformation, respectively. Fig. 1 displays an example for a robot manipulator with
three cameras attached to its end effector. In [20], multi-cost functions are introduced
based on different metrics and Levenberg-Marquardt method [13] was employed to ad-
dress the corresponding nonlinear least squares. Wang et al. [22] employed the Kronecker
product to formulate the transformation equation, yielding a closed-form solution for the
vectorized rotation matrices and translation components. Subsequently, normalization is
applied to enforce orthogonality of the rotation components.

Unit dual quaternions [3], which have been used in computer graphics [7,17] and
robotics [2,5, 10,21, 23,25], offer a compact and computationally efficient representation
for rigid transformations (using 8 float values compared to 12 in transformation matri-
ces) and have been shown to be the most effective method represent rotation and trans-
lation [5,8]. Zhu and Ng [25] introduced a closed-form solution to Eq. (1.1) for the case
of p=1, employing the unit dual quaternion representation of the transformation matrix.

Robotic
Manipulator
Camera d,
(Eye)

End Effector

(Hand) Z4, Camera d,
B Eve) 4,
World
Robot Base
Calibration
X Board

Figure 1: Rigid transformation in a robot manipulator with three cameras attached to its end effector.
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This specific instance of the equation corresponds to the robot-world hand-eye calibration
problem. The closed-form solution is characterized by the singular value decomposition
(SVD) of a 4-by-4 matrix, thereby exhibiting exceptionally low computational complex-
ity. In this paper, we study the closed-form solution to Eq. (1.1) for p > 2 by using the
unit dual quaternion representation of the transformation matrix. Let b and {ad}gzl be
n-dimensional dual quaternion vectors, with each element of b and a; being a unit dual
quaternion corresponding to B() and AEIZ), X and {Zvd}szl be unknown unit dual quater-
nions corresponding to X and {Zd}gzl- Eq. (1.1) can be expressed as multi-unit dual
quaternion vector equations

adid:<—1)ad®va, d=1,...,p, (1.2)

where (—1)% € R" is an unknown vector with elements equal £1 (that is, 0; € R" is
an unknown vector with each element ¢; equals to 0 or 1), and © denotes element-wise

multiplication. The unknown sign {{(—1)%}"_,}/ |, comes from the antipodal property
of classical quaternions (that is, both unit dual quaternions § and —4 represent the same
rigid transformation), results in a total of np(np—1) /2 possibilities for Eq. (1.2), which in-
troduces significant difficulties in solving the transformation matrix equation using dual
quaternions because the value of {{(—1)%}/_,}"_, is unknown before obtaining matri-
ces X and {Zd}§:1 and Eq. (1.2) is nonlinear. To avoid the discussion of the unknown

sign {{(—1)%}"_,}/_,, in this paper we address the multi-unit dual quaternion vector
equations
a Z;=Xb, d:].,...,p (1.3)

directly. We define the “subspace constrained least squares solution” of Eq. (1.3) by
studying properties satisfied by the solutions of the matrix equation (1.1), where the
“subspace” corresponds to the singular vector space of some relevant matrix. We pro-
vide the closed-form expression to our defined subspace constrained least squares solu-
tion by analyzing the optimality conditions of the corresponding problem and apply it
on the multi-camera robot-world hand-eye calibration problem. Numerical comparisons
with state-of-the-art algorithms demonstrate that the subspace constrained least squares
solution effectively computes the transformation matrices X and {Z;}_, in Eq. (1.1).
Without loss of generality, we assume p > 2 in this paper. It is worth mentioning that the
subspace constrained least squares solution we proposed in this paper can be regarded
as a definition of the solution to the unit dual quaternion vector equations (1.3) within
the framework of rigid body transformation.

The remainder of this paper is organized as follows. In Section 2, we present a brief re-
view of dual quaternions and explore the relationship between unit dual quaternions and
rigid transformations. The subspace constrained least squares solution for Eq. (1.1) was
discussed in Section 3, which includes the closed-form solution of multi-unit dual quater-
nion equations as well as the algorithm to solve the multi-camera robot-world hand-eye
calibration. Numerical experiments are given in Section 4 and some concluding remarks
are presented in Section 5.
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2 Mathematical settings

Dual quaternions (IDQ) are a combination of the dual number (D) theory [4, 19] and
quaternions (Q) [1], providing a novel mathematical framework with a unique set of
properties. In recent years, the mathematical properties of dual quaternions have at-
tracted widespread attention, including the properties of dual quaternion vectors [16],
the singular values of dual quaternion matrices [11], the eigenvalues of dual quaternion
Hermitian matrices [12], standard dual quaternion optimization [16], and the unit dual
quaternion vector equations [25].

A quaternion g € Q is given by = (qo,41,92,93) =qo+q11+42j +qsk, where i,j and k
are three imaginary units of quaternions that satisfy

=i?=k’=ijk=—-1, ij=—ji=k jk=—kj=i, ki=—ik=j.

Denote 7" = (41,42,43), 4 is also written as g = (4o, 7'), where go and "' are named as
the scalar and vector parts of g, respectively. g is called a unit quaternion if |g|>=gq* =1,
where g% =qo— 11 —g2j — g3k is the conjugate of . We use 7 to denote the column vector
with the entries (40,41,92,93). The scalar part of g € Q is also indicated as Sc(g), where
Sc(q) = (q+q*)/2=qo. Let x=(x1,...,x,) " be a vector of quaternions of dimensions n
(denoted Q"), that is, x; €Q, i=1,...,n. The 2-norm [16] of x is defined as

n n
x]l2= \/ZWZZ \/lefil\%~
i=1 i=1

The unit quaternion can be used to represent a rotation [9,18]. Let R=(r;;) € R3*3 be
the matrix representation of a rotation in the three-dimensional space. Then the corre-
sponding unit quaternion is given by

g=qo+q11i+42j+qs3k, (2.1)

where

1
\/1+711 +ron+rs, 1= 100 —(r32—123),

—L(r —731) —L(r —7r12)
g2 e 13—731), q3 e 21— 112)-

Conversely, let g =qo+g11+42j+4g3k be a unit quaternion. The corresponding rotation
matrix R is given by
G+a-a-7 2(0n2—q093)  2(q195+402)
R=12(qa2+q093) G@—qi+3—7 2(4295—qoq) |- (2.2)
2q3—q002)  2(q293+4q001) G5 —9i— T3 +45

The rotation operation y=Rx, where x=(x1,%2,x3) " and y=(y1,y2,43) ', can be equitably
represented by the dual quaternion operation (0,1,y2,y3) =4(0,x1,x2,%3)q*. Note that g
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and —gq both correspond to R, where g is calculated using Eq. (2.1). The non-uniqueness
of the mapping from rotation matrix to unit quaternion introduces sign ambiguity in rep-
resenting rotation via quaternion. Taking the rotation matrix equation R4Rx = RyRp as
an example. Leta, x,y, and b be unit quaternions corresponding to R 4, Rx, Ry, and Rp cal-
culated according to Eq. (2.1). Then we have ax=(—1)"yb, where c=0 or 1 is ambiguous
prior to complete knowledge of R4, Rx, Ry, and Rp.

We restate some properties of the quaternions that will be used in the following for-
mulations. The statements of Proposition 2.1 can be found in the classical literature on
quaternions.

Proposition 2.1. For any p=(po,p1,p2,13) €Q,9=(40,91,92,93) €Q, the following statements
hold:
@ |pl =713
(i) Sc(p*q)=Se(pq*) =Sc(q"p) =Sc(qp*) =F'F;
(iii) Sc(ap—+pBq)=aSc(p)+pBSc(q) for any a,fER.

Define
go —q1 —42 —43 o —q1 —q2 —q3
_ ! qo —43 q2 _ |7 4qo qs3 —q2
M(g)= , W(g)= .
(q) q2 4q3 qgo —MN (6]) 42 —43 4o q1
qs —92 q1 qo q3 q2 —q1 q0
We have

(iv) M(q)"M(q)=M(q)M(q)" =W(q) "W(q)=W(q)W(q)" =||7]131s;
(v) qp=M(q)F=W(p)q.

M(q) and W(q) are known as the matrix representation of 4. The following two lem-
mas hold.

Lemma 2.1 ([25], Lemma 1). Forany p,q€Q, if 3' §=0, then
M(p) "M(q)+M(q) "M(p) =W(p) 'W(q)+W(q) W(p)=0.
Lemma 2.2 ([25], Lemma 2). For any unit quaternions a,b,c, and d,
W(c) "M(a)M(b) "W(d)+W(d) "M(b)M(a) "W(c) =21,

ifand only ifa=b and c=d or a=—b and c=—d.
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2.1 Dual quaternion operations and properties

A dual quaternion Z€IDQ is given by Z=z.;+z7€ €DQ, where z,,z7 €Q are the standard
part (also named as the real part) and the infinitesimal part (also named as the dual part)
of Z, respectively, and € is the infinitesimal unit satisfying €2=0. The magnitude of Z€IDQ
is a dual number, which is given by

S *
e+ B2 e 2,

€,
2 | Zst ’ (2.3)
|zz|€, otherwise.

2=

Z2€1DQ is called a unit dual quaternion if |Z| =1. From (2.3), for any Z € DQ, |Z| =1 if
and only if z}zy =1 and z},z7 4252z =0, or equally, |Z| =1 if and only if Iz || =1 and
zﬁ TZ_I> =0. Leta= (Zz(l),. . .,Zz(”))T be a n-dimensional dual quaternion vector (denoted as
DQ"), that is, al) = ag) +a(Ii)e €eDQ,i=1,...,n. The 2-norm [16] of a is a dual number,
which is given by

" 15e((ay) ay)
2| ast |2
llaz|l2€, otherwise.

lastll2+ e, if au#0,

lalla= (2.4)

According to (2.4), ||a||3=0 if and only if as; =0.

The unit dual quaternion can be used to represent rigid transformation [5]. Let (R,t)
denote the rotation matrix and translation vector of a rigid transformation. Then the
corresponding unit dual quaternion is given by

. 1, —
qzqst+qze=qst+§(0, t")gsee,

where g is the unit quaternion with respect to R obtained via (2.1). Let i and b be unit
dual quaternions corresponding to lines ¢, and ¢,, where ¢, is transformed with (R,t)
into ¢;. Then we have i#=bj*. Given a unit dual quaternion gs;+4ze, the associated rigid
transformation (R,t) is derived as follows: R is obtained from ¢ via (2.2) and (O,_t>’ )=
2q745t-

The inverse of a transformation matrix remains a transformation matrix. Therefore,
Eq. (1.1) is equivalent to

Az =xBD, i=1,..n, d=1,..p. (2.5
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Let

d d
=2Zg+27€,

N

X =Xst+X7E, d
19 = (@) + (aP)ze, BO =D +5e

be unit dual quaternions corresponding to X, Z;, Ag), and B(i),izl,. ..,n,d=1,...,p, respec-
tively. By using the relationship between unit dual quaternions and line transformations,
we have

2= (DA, d=tp, =1

where {{(—1)‘75}521}?:1, 0h =0 or 1 refers to one of the possible signs, which comes
from the non-uniqueness when mapping a rotation matrix to dual quaternion. Denote

ag=(@",d?,. "™ T,d=1,..p,0= 005, BT, by =D, oW

T —
st r--sbg ), and oy =

((7’},. . .,(TZZ)T. The above equation is exactly Eq. (1.2). Denote

R .y t,a . i i
40 Ag)]’ B(l):[RBU t3<)], i=1,...n, d=1,.,p.

A0
or 1 o' 1

d =

We make the following assumption on Eq. (1.1).

Assumption 2.1. Suppose there exist rotation matrices {Ry,};_, and Rx such that

RATE;-)RZd:RXR;i), i=1,...,n, d=1,...,p.

Assumption 2.1 is equivalent to assume that there exist unit quaternions {zft}f;:l
and x,; such that

(aM)ezdy = (=1)%xgb?, i=1,..,n(>2), d=1,..,p(>2)

st 7

for some 0“; =0or 1. Define

1
M((a"),) W) :
M= : , Wii= : , Kfi=(M) Wy, d=1,..p.
M((ay"),,) W(b,")

st

The following lemma demonstrate that Assumption 2.1 can be verified by checking
whether matrices {K, }Zzl share at least one common right singular vector.

Lemma 2.3. Suppose Assumption 2.1 holds. There is at least a common right singular vector to
{Ki\ Yo
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Proof. Under Assumption 2.1, there exist unit quaternions ¥ and Z;,d=1,...,p such that

(@) 28 = (=1)%xgbl), i=1,..,n(>2), d=1,....p(>2) (2.6)

stst

for some ‘7;1 =0orl.

From (2.6), x—si and .zz,d: 1,...,p, satisty

M((@) )= (1AW ()T, i=1,..n, d=1,...p,

which implies that

= i)y \T (i) —
Knxst:ZM((ad )st) W(bst )xsf
i—1

n .
<n—220§l>zz
i=1
L noo. noo. 7
=sign|n—2) oy |-( n—2) o} | -sign| n—2) o} | 5.
i=1 i=1 i=1

Hence, x5, is a common right singular vector to {Kﬁl1 } 5:1' O

3 The solution method

In this section, we present the closed-from expression of the subspace constrained least
squares solution to the multi-unit dual quaternion equations (1.3), and then apply this
solution on multi-camera robot-world hand-eye calibration.

3.1 The subspace constrained least squares solution

Define the dual quaternion vector g(¥,z):=(g1(¥,21),...,¢p(%,Z,)) ', where

gd(ff,fd) =ayZ;—Xb, d=1,...,p.

We have
Is(5,2) 3= df lsa (5205,
8ot (%,2) = (1) (.21) oo (80) (.2))
gr(¥,2)=((g)r(%4) . (8)1(2.2,)) |,
and

| ‘ ‘ , L 1=1,...,n.
(81" 78 20) = (1) 2+ (1)) 28— xab) =20,
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Define
M((a)"),) Wr) ) :

M3:= : , Wa=| , Kiy=(M}) Wo, K§:=(M3) Wy, d=1,...p.
M((ay")7) w(bt")

The following statement holds.

Lemma 3.1. Suppose Assumption 2.1 holds. Let X, {Zd}szl,{{dg) n Y, and {BO}1 be
unit dual quaternions. Then
(i) =
1(8a)st(¥%,2a) |3 =2n—220, Ky x5;, d=1,...,p. (3.1)
(ii) Omax(K§y) <n for all d=1,...,p, where omax(K{,) denotes the maximal singular value

of K4,.

(iii) When omax(K49,) =n for all d=1,...,p, there is at least a common right singular vector to
{K4,},_, corresponding to singular value n.

(iv) Define

o . . . d\r
¥ is a unit common right singular vector to {K{; })_,
Q=1 (v,u1,...,up) €QPT | corresponding to singular value n; (3,it) is a unit

singular vector pair of K§;, d=1,...,p

Qst # @ and ||gst(%,2)||3 = 0 if and only if omax(K4) =n for all d =1,...,p and
(xst,28,0..,25) € Qg

(v)
Sc (g5 (¥,2)81(%,2))
== i (ZZ) (K + Ky )T i KZZ) KiE (Kﬁll)Tzz] (3.2)
d=1 d=1
(vi) Define

¥ is a unit common right singular vector to {K{; }1_,
j 1| corresponding to the j-th mutually different singular
Qg = (@i, up) €QF [ _
value; (U,ily) is a unit singular vector pair of

Ké,d=1,...,p
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where j=1,...,1,1 is the maximal number of distinct singular values of {Kd1 }Z | associated
with its common right singular vectors. We have 1 <1<4. If (x5,2},...,2L,) € o o for any
j=1,...,1, then
4
Sc (gl (%,2)gz(%,2) Z ( ) ¢+ Kg ) % (3.3)

Proof. (i) Notice that {{a“g) y o Yi_, and {6} are unit dual quaternions, from Propo-
sition 2.1, we have (M}) " M} =W, W; =nl,. The statement holds by noting that

1(ga)st (% 2a) 3= Y_| (&), (%.2a)

Statement (ii) is valid in light of || (g4)st(¥,24) ]3>0 and (3.1).

(iii) It follows from (3.1) that 27 TKfl xs=nfor alld=1,...,p, which implies that x_si is
a common right singular vector corresponding to the singular value n for each d=1,...,p.

Statement (iv) follows from statements (i) and (iii).

(v) Since ¥, {Z4}_,, {{db(ii) n Y, and {6V} are unit dual quaternions, we have
Se((((@) 28) " @)z ) =Se (b xa) b x7) =0,

( ( (i
’ ’ " i=1,...n, d=1,...,p
()24 (11224 ) =Se( (0 x) b ) =0,

(vi) From Lemma 2.3, we have [ > 1.
Let &; > 0 be the singular value corresponding to (x_si,zz ),d=1,...,p. Then, according

to Lemma 2.3, x_si, z%,and ;,d=1,...,p, are well defined and Kflx_si:ﬁdzst and (ZS,'L)TKf1 =
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&dx_SiT, d=1,...,p, which yields

(

.
i = o~ —T—
st) Ki1xz =04x5t x7=0,

d=1,...,p.
-
w7 (kh) A =a, (2) Ao,
Combing with (3.2), the desired result holds. O

The following lemma characterizes the properties of the solution to Eq. (1.1), pro-
viding crucial theoretical justification for the subsequent definition of the subspace con-
strained least squares solution to the multi-unit dual quaternion vector equations (1.3).

Lemma 3.2. Let X*,{Z}}i_, be the solution of Eq. (1.1) and x* and {£3}}_, be unit dual
quaternions corresponding to X* and {Z;}}_,, respectively. Then

iz = (-1)%x b, d=1,..,p, i=1,..,n (3.4)
for some {{(— )%}d |}, where 0, =0 or 1. Denote

]i ={ie {,...,n}|c} =0},

‘ =1,...,p.
JP={ie{1,...,n}ci=1}, P

Then
N d

-
(ki) ?:-—-(|1+.|—-|1d|> o
where |J4 | and |9 | denote the cardinality of ]* and ], respectively. Moreover,
Sc(g5(¥*,2")gz(¥",2")) =0.

Proof. Notice that X*,{Z;}Zzl is also the solution of Eq. (2.5). Eq. (3.4) comes from the
relationship between unit dual quaternions and line transformations.

Define @ AT "
1
k= D)) W),
ie]?

=— Y M((a}),) W),

iejd

d=1,...,p.

Notice that for each d€{1,...,p}, we have

M((a;i>)st)zg¢:w(b§§>)x;t, vieJ, 56
~M((a))),,) 25 =W (b))xE, Vie]?,
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which yields
- —
d d
+xst_’]+’Zstr (K% )T st*—’]+’xs*tr
%
K% :t—’]d ’Zst/ (Kd)T glt*—’]d |-

The desired result (3.5) follows from the fact that K11 = Kd —K4.,
Notice that

We have

:;1 Y se(((ga)d) " (7,25 (8a)y (325))
=ljejd
p .
-3 ¥ w0, ) -wol)]
=ljed

at T—d> T#
Combing (3.6) with zZ, ' z7 = x Tx5=0, it follows that

. — 1T e — , _
(@), )2 - we) ] M), )% -wel)d] =0, vies, a=1..p.

Using (3.6) again, for any i € J4,d=1,.. .,p, we have

; -2 i*T (i i)\ ¥
[M((@), )28 —w (b)xk] M)z - wed)

— . . 7 .
=224 TM((a)) ) " M((a))), )zft+2xs*tTW(b()) W (b)) x%, =0,

where the last inequality holds since both M((d‘(;))st)TM((ﬁg))I) and W(bg))TW(b(Ii))

are skew-symmetric according to Lemma 2.1. Therefore, the statement holds. O

Notice that in the proof of Lemma 3.2, only the property is used that the unit dual

—7 7 =
quaternions ¥* and z;* satisfy z% Tz% = xs*tTJ?I =0, which is independent of the norm
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of x5 and z%'. Hence, under the constraints |¥| = |2!|=--- = |2F| =1, it suffices to assume
that the equation of rotation matrices has a solution as in Assumption 2.1.

on i - - RV
From (3.5), solution x}, is a common right singular vector to {K{,},_,, (z&/,x%;) or

— =
(—z%,x%,) constitutes a pair of singular vectors for K%,,d =1,...,p. According to Lem-
ma 3.2, we define the subspace constrained least squares solution to Eq. (1.1) as follows.

Definition 3.1. We name (X,,Z1y,...,Zp4) as a subspace constrained least squares solution of
Eq. (1.1) if the corresponding unit dual quaternions (X,,Z14,...,Zp«) is a subspace constrained
least squares solution of equation

ayZi=Xb, d:1/~'/p/
that is, it satisfies
187 (%.,2.) 3 =min{||gz(%,2)[15 : (xst,28,...,25) € Oy, |¥| = |21 ] =+ =|5,| =1}, (37
where

bz = (211'0,‘__,2;0), j=1,...,1

j=arg min { |Se(g3 (¥,.2j, )87 (%), 2, )
is the solution of the problem

min Sc (g% (%,2)gz7(¥,2))
‘ (3.8)
st (xst,zep2h) €QL,  |¥|=15]==|%,|=1

From Lemma 3.1(iv), Sc(g% (¥,2)g7(%,2)) =0 for any (xs,zk,...,z5) € Qg Hence, if
Q¢ # D, then the subspace constrained least squares solution of Eq. (1.3) reduces to the
solution of the problem

min ||gz(%,2) |3

e (3.9)
st (xs,zh,.20)€Qy, ¥ =2]= = 2, =1.

Next, we study the solutions satisfying Definition 3.1 by considering two cases:
(1) Umax(Kﬁll) =nforalld=1,...,p,
(2) amaX(Kﬁll) #n for somede{l,...,p}.

3.1.1 Casel. amaX(Kﬁll) =nforalld=1,...,p

Assumption 3.1. Suppose that there exists d € {1,...,p}, for any i #j, i,j=1,...,n (>2),

R Ag) =+4+R Af;” and Ry = £Rp(;) can not hold simultaneously.



14 H. Zhu, Y. Shen and M. K. Ng / CSIAM Trans. Appl. Math., x (2025), pp. 1-33

Assumption 3.1 is equivalent to assume that there exists d € {1,...,p}, for any i # j,
i,j=1,....n (>2), (d‘(if))st = :l:(ﬁg))st and bs(? = :I:bs({) do not hold simultaneously. Under
Assumption 3.1, recall Lemma 2.2, for any i #j,i,j=1,...,n (>2),

j o (1 T i
DloM((@),) W) 221
Define

Sori=Wy Wy, Sh:=(M}) M3, Shi:=(M2)'W,, d=1,..p.

The following property holds when omax(K§;) =n forall d=1,...,p.
Lemma 3.3. Suppose Assumptions 2.1 and 3.1 hold. Let

TZIE

Kd = Ugz,v; = [Q) 2] [ @} (@ VAT, d=1,.p

be the SVD of K§;,Q} € R*F and Qe R**¥ be the matrix whose columns are unit singular
vectors of K%, corresponding to n, k=min; <4< pika}, where kg is the number of singular values

of KY, that equal to n, and &; be the diagonal matrix generated by &, € R*¥, 61 contains the
remaining 4—k singular values of K%,. Then we have k<2.
Denote

A2 ((QY) K —(Q3) "sm) @3,
832 ((Qh) (Sh) ' —(Q)) (KE)T)Qi,
Ford=1,...,p, we have

AB=Q, (3.10a)
(Qd) 'K Q=nI, Q) K, V7=0,

d=1,...,p.

2\ T pd N T pd 2 __ 2 2\ T (3.10b)
(U7) KHQ=0, (Uz) Ki\Vi=04(Vi) Qu,
A=A, A+(a]) =0, (3.10¢)
Sym((Q}) " (Kf,+K$,)Q) =0, (3.10d)

where Sym(A)=(A+AT")/2.

Proof. According to [25, Lemma 10], under Assumption 3.1, there exists de{1,...,p} such
that k; <2. Hence, k= minlgdgp{kd} <2.

Eq. (3.10a) is a direct consequence of Lemma 3.1(iii). The equations in (3.10b), (3.10c),
and (3.10d) can be obtained from the similar way to [25, Lemma 7]. O
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By the definition of Q, Q},...,Q}j in Lemma 3.3, for any (xst,zgt,...,zft) € O, there

exists unit vector v, such that Xy = Qy and zz =Qly,d=1,...,p. Let U;=[Q} U3] be given
as in Lemma 3.3 and Q be the orthogonal co;nplement of Q. There exist uy, vy, u,,, and
vs,,d=1,...,p such that X7 =Quy+Q, vy and z4 =QYu,,+U2v,,,d=1,...,p. Then for any

—
xSf/

%
feasible point (xs;,z.,.. ,ZZ) of problem (3.9), we have

Ozx—siTx_I):yTQT(Q”x‘FQJ_Ux) :yT”x'

AT

-
0=z4"25=y"(Q}) (Qluz,+Ujvs,) =y uz,, d=1,...,p.

Let Y| be the orthogonal complement of y, then there exist w, and {w, d}§:1 such that
uy=Y wy and u,, =Y, w,,,d=1,...,p. Denote w, = (wzl,...,wzp) and v, = (vzl,...,vzp).
Problem (3.9) reduces to

min ey, Y, wy, vy, w5,0;) st [y YL]T[y Y, |=1, (3.11)

Y, Y 1, Wy, 0y, Wz, 0z

where

(Y, Y, wy,vr,w,,0,) = |g7(%,2)]3

M((a)),) 2 +M((a})),) 2~ W (el ) - W (b)) B

p
T T
=Y {mwl s, +noloz, +20] YT (Qh) " $HhQhy—2w], Y] (Q)) ' KhQy
T T A T
—2nw;wx+2v;(U§) Sile‘liy—%;;(Uﬁ) Kszy—%ZiUd(de) Q vy
T T T
—2]/T(Q31) ngQ]/—zl/T(lei) KngYwa—zyT(ng) Kngﬂ)x
+2y" Q" 8:1QY 1 w42y Q7521 Q1 0x b+ nprw] Wi npo vc+e

p
=Yy {nw;wzd +no] vo,+2w] YT (A]) Ty—anZwax +2v, (D3) Ty
=1

2 T T
_ZUsz(Td (de) Q1 0y _2yT (le) SgZQy_zyTA’fYJ_wx _ZyT vax}

+npw;rwx+npv;rvx+c1,

T 2 n 73 2 T T
=Y X (ay)z 5+ p iy [[b3||3 follows the property M(q) "M(q)=W(q) "W(q)=
Ilg H%L;, the second equality use the definition of Q}i, Uﬁ, Q,V?, Kfz, K%,sz,sgz, and Syq,
and Eq. (3.10b), and the last equation follows from the definition of Aﬁl,d =1,...,p, (3.10c),
D{=((Q}) "K% —Q"521)Qu, and D§=((Q}) T (8,) "= QT (K&, UZ,d=1,...,p.

Lemma 3.4. Problem (3.11) is equivalent to

1 P
max y Sy+= Y |YTady|ls st Y Ty Yi=1
YL niz
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where

: MA

p p
Z Z 522Q+QT (522) Q}z]

: MA

1
p -1
+0' (np14 Z dFd> o,
;
0= Z[Dd Dgrd],
T,=Q| V3, d=1,..p.

Proof. Notice that the constrains in (3.11) does not contain wy, vy, w,, and v,, by the first-
order optimality condition and the definition of I'y,d=1,...,p, the solution (w},v%,w},v})
of problem (3.11) satisfies

.
p p
~Y] <ZA‘f> y—ny wi +npw;=0, (3.12a)
d=1 d=1
p T
—| D] | y— Y Tl +npoi=0, (3.12b)
d=1 d=1
Y] (A‘f)Ty+nwzé—nwj;:O, d=1,...,p, (3.12¢)
(D) "y+not,~TJoi=0, d=1,...p. (3.12d)

From (3.12¢) and (3.10c), we have

1
W, =wy+ = YIAly, d=1,...,p. (3.13)
From (3.12d), we have
| . 1 T
Zd:;r;vx—;([)g) y, d=1,..,p. (3.14)

Using (3.13) and (3.14), it holds that
ey, Y, wy,vy,wi,0%)
1 1
= Z{ —y(89) Yoxafy—y ((Qé)TSE’zQ+QT(Sﬁz)TQé)y—;yTDﬁ(Dﬁ)Ty}
d=1

1
+Z{—; ) Tl vi+ = yTDiflvi—ZyTDf?fﬁ}+”P(v§)TU§+Cl’
d=1
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Recall that V,, g(y, Y|, w},v%,w},vi)=0, which yields (npl, —Y, T} /n)vi=0y, and
hence

-1
vx:<np14_k—52rdr;> Qy. (3.15)
d=1

nply_ —Zgzlfdfg /n is invertible by noting that
1 A T
QLI Q.

>
d=1 d=1
p 1. 54 T
301 [ty -3V ()| Q1.
=1 n
For each d € {1,...,p}, the eigenvalues of nl, —V263(V?)" /n are n and n—(Ué)z/n,

where 0"; denotes the j-th element of 7, 0 < Ué <n,j=1,.. .,4—k. Recall the definition of k
in Lemma 3.3, there must existd € {1,...,p} such that 0< (7;- <n, which implies that

1 P 4 1 A T
”Phq‘r;‘;rdrgngI ”14712—;V§U§(Vd2) Q1

is a symmetric and positive definite matrix.
Using (3.13)-(3.15) and the definition of S, we have

Kk ok ok 1 L
gy, Y, wiol,wiot)=—y' Sy— . Y IYTadylf;+cr.
i1

The desired result holds. O

Theorem 3.1. Suppose Assumptions 2.1 and 3.1 holds. Let k;,d =1,...,p, be the minimum
number of singular values of K%, equals to n and k=min <4< ,{ks}.

(a) Incasek=1,

Xn==%Q, (3.16a)
H
th*:j:Qtljl dzl/---/p/ (316b)
—1
1 P
Xn=+Q, (”PL%—; ZUR}) o, (3.16¢)
d=1

— 1 -1

1
z%*:ia lugr;<np13n2rdr;> @-Ui(Dd)'|, d=1,..,p. (3.16d)
d=1
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(b) Incase k=2,

Yo =+Qy", (3.17a)
—
th*::l:Q‘lj]/*/ d:1/"'/p/ (3.17b)
-1
X—IZ(:QYwa—i—QL (np] —EZFEIF;> Oy, (3.17¢)
d=1

-1
=it i (wh ) Cry) ey
d=1
Loy Tyra=1 (3.17d)
~U;(D3) y'd=1,...p, .

where y* is a unit eigenvector corresponding to the largest eigenvalue of S, Y7 is the or-
thogonal complement of y*, and w} —wi = —(A{)(1,2)/n or wi —w} = (AY)(1,2)/n,
d=1,...,p.

Then
(¥, z4) i = (%u, 21,/ 2p,) = (xst*—i—xz*e,zgt*—kzlz*e,...,zft*—kzg*e)
is the solution to problem (3.9) and the corresponding transformation matrices (Xy,Z14,-..,Zgx)
is a subspace constrained least squares solution to Eq. (1.1).
Proof. (a) If k=1, then we have (y*)>=1and Y* =0. Hence, we have (3.16a) and (3.16b)
H

since Xor, = Qy* and z4,, = Qly*,d=1,...,p.

(3.16¢) follows from x7, = QY wi+Q, v and (3.15).

H

(3.16d) follows from zdI* = Q‘linw;‘d + Uﬁvg‘d, (3.14), and (3.15).

(b) If k=2, recall that A{+ (A9) T =0, from the proof of [25, Theorem 3], for any (y,Y )
satisfies [y Y] " [y Y.]=I, we have

Y Aly=(A1)(1,2) or Y[Aly=—(a?)(1,2), d=1,..,p,

where (A{)(1,2) denotes the (1,2) entry of A{, which implies that w} —w;=4(A9)(1,2)/n,
d=1,...,p, and ||Y A1y||3 is a constant. Hence, y* is a unit eigenvector corresponding to
the largest eigenvalue of C. (3.17a) and (3.17b) hold obviously.

(3.17¢) follows from X = QY w;+Q vy and (3.15).
H
(3.17d) follows from zdI* = Q;Yjw;‘d + lldzv* (3.13), and (3.14). O

zg’

3.1.2 Case 2. 0max(KY,) #n forsome de {1,...,p}

It follows from Lemma 3.1(vi) that the value of Sc(g;;(¥,2z)gz(¥,z)) is independent of
xz,24,...,20 when (%,%3,...,2,) satisfies (xs,z,...,20,) € Qf,,j=1,...,1. Hence, problem
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(3.8) reduces to

min Sc(g% (%,2z)gz(%,z)) s.t. (xst,zgt,...,zft)eﬂit. (ScH)

X, z

The matrix representation of problem (Scj) is given by

4 — —
max Z(Zﬁt) (Kh+Ké )X st (@,zgt,...,ﬁ ) eql, (MSc-)
?gf,th,...,ZZ d=1
hete OV, — {(#,31,...,3 o j J) b ices wh
where O, = {(i,71,...,0p) | (u,01,...,0,) € Oy }. Let (Q,Q7,...,Qp )_)e matrices whose

columns form an orthogonal basis of the singular subspace pair Qit. Then ¥ = Q/ y

and ZZ = Q‘lij y,d=1,...,p, for some y satisfies y'y=1. Problem (MSc-j) can be further
represented as
myax yTT]-y st. |lyll=1.

where Tj=Y_ 1(Ql ) (Kf,+K%,)Q/. The optimal solution y; of the above problem is the
unit elgenvector of Sym(T;) correspondmg t0 Amax (Sym g; )), where Ayax(A) denotes the

maximal eigenvalue of A. The solution (xstof ,zStO],...,zSt<> ) of problem (MSc-j) is given

p .
max (SYI’II(Z —|—K§l)Q]>>'}

— 1
Then (xst*lzst*l st*) (Q] y]* Ql ]*/ QP y]*)
After obtaining (xstx,zL,, .- .,zft .), we can determine (xI*,z%*,. ) .,zg .) by solving prob-
lem (3.7), that is,

Jx =argmin {
]

min_ [|g7(%,2)[3
XT,Z7 ZI

st Xsp X7+ X7 X5 =0, (zft*)*z%—l—(z%) z4, =0, d=1,..p.

Denote X | and Z;, as the orthogonal complement of xst* and Zst *,d 1,...,p, respec-

tively. The feasible point of the above problem satisfies xI X u and z§ =Z;, v, for
some u and vy,d=1,...,p. Notice that M(a) "M(a) =W(a) '"W(a) =||@||314 for any a € Q
and XI X, :ZLZu =... :ZLZPL =I3. The above problem can be further formulated as

min h(u,v1,...,0p), (3.18)

u,0



20 H. Zhu, Y. Shen and M. K. Ng / CSIAM Trans. Appl. Math., x (2025), pp. 1-33

h(u,o1,...,0p) =gz (%,2)[13
P =T T T —
= Z <”vd Vg —204 ZdLKlle“"‘z( stk (Sil ) — Xk (Kﬁlz) >ZdJ_Ud_2zgt*TK511XLu)
+2px5t* 521XLu+npu u.

Theorem 3.2. (u.,v.) is a solution of problem (3.18) if and only if it satisfies

npls  H | |us«| |80
=[5 619

where

Uy = <vl*/---rvp*)/
H:[—XT(K}l)TZu...—XL( ) 2,11,
. T
g0=X, p521xst*+ Z K21 Zst*

a=1

—
T (11 1.1
Zi (Klzxsf* - SlZZst*>

' —
T g p_p
Z (Klzxst* Slzzst*)

Proof. Notice that h is quadratic in (u,v). It is sufficient to show that & is convex and
Vh(u,,v,)=0. We first show that V2h(u,v) =0 for any u € R® and v € R?.

By [6, Theorem 7.7.9], it is sufficient to show that there is a contraction C € R3*37 such
that H=n,/pC. Notice that

.
Ké = (MY Wy, (ML) MA=W[Wy=nl, d=1,...,p.

Denote G1£W; X, ER**3 and GI=M1Z,;, eR*"3. Let Gi=L1Z1R, and G§=L3x4(R%)T

be SVDs of G; and Gg,d =1,...,p, respectively. Then we have

—XL(K !

.

Zy=—G{ Gi=—RX{L{LIZ4(RY) ', d=1,...,p,
1/2 1/2

XIWWiX,) " =(G{ Gy)

1)
(
(RiZ] 1 R]) 2 =Ry S4R],
(
(

1/2

1/
zj, (M) MiZ41)'"* = ((G3) ' Gao)
Ré(z9) "zd(RE) )2 =RIS4(RY) ", d=1,...,p,
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where £ = (/%)%= \/nl3 and £4 = ((24) '24)"/2 = \/nl5 since Ry and RS, d=1,...,p,
are orthogonal. Denote

~ 1 [ ~
C———RiL [Li(RY - T{(RY)|eR>,

VP

where Zl and fg as the first three columns of L; and Lg,d =1,...,p, respectively. Cis

contraction by noting that omax (C) < 1. Moreover,
SIL Lisd=xlLLizd, d=1,...,p (3.20)
and

ny/pC=—(Vnb)(/pC) (VL)

RISH(RY)T
=—RiZR{RiL] [T3(RY) T ... ZE(RY)]
REEY(RS)T
= —RiZiR{ R [E3(RY) TRISH(RY) T - B (RE)TRGES(RY)]
=~ |RELTTEIRY T o RISLTTISE(RY)
=~ [RZTLTLEIRY T RZLTLEES(RE) ]
——[x[ (k) Zis - XT(KE) Z,u]=H,

where the last second equality follows from (3.20). Hence, problem (3.18) is convex and
(3.19) holds. O

I, H
Remark 3.1. Notice that [)Zf nls ] is a block arrowhead matrix. We have
4

I 0 I 0 1
{nph H}_ 13 P ! booH
H' nby| |—HT I 0" nlyy——H'H ’
3p "p 3p nizp np 0 I

which yields u, = (go— Hv,)/(np) and v, is the solution of the equation

1 1
<n13p— n—pHTH> v=§— @HTgo.

If we further have omax(H) <n,/p (or equally, omin(C) <1 in the proof of Theorem 3.2),
then by using Sherman-Morrison-Woodbury formula, we have

v, = % (Iy,—H' (HH' —npl;) ' H) (g— nipHTg()) .
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Corollary 3.1. When there exists d € {1,...,p} such that omax(K4%,) #n,
(¥0,20) 1= (Xu, 21, 000 2p,) = (Xstx -+ XT4E, 200 + 27 €, Lzh, 4zl €)

is a subspace constrained least squares solution of Eq. (1.3), where

— —
—} '* —} 1* d
Xste = Q/ Yjur X7y = X | Uy, st* Qd] Yiwr ZI*:ZdJ_U;/ d=1,...,p,

yj, is the unit eigenvector corresponding to the maximal eigenvalue of Sym(T;,) with

T, = Zgzl(Q;j )T (K4, +K4)Q, % Q}j ,...,Qy be matrices whose columns form an orthogonal

Jx= argmjin { |/\max (Sym(Tj))

. —
basis of the singular subspace pair Q),, X | and Z | are the orthogonal complement of Xor, and Z%,,
respectively, and (u,v.) is the solution of Eq. (3.19). The corresponding transformation matrix
(X, Z15s---,Z4s) is a subspace constrained least squares solution to Eq. (1.1).

Remark 3.2. Note that min;{|Amax(Sym(T}))[} =0 implies Sym(Tj,) = 0. In this case,
the subspace constrained least squares solution of Eq. (1.3) reduces to the solution of the
problem

min ||g7(%,2)[3 st (xe,zh...25) €Ql, |¥|=

which was given in Theorem 3.1 except replacing Q,Q}, and U? by Q/, Q, Ut and UZJ*
where

11—[Q1]* 21*] [‘lek ~ } [X 21*]

be the SVD of K%,,d=1,...,p and (QF, 1]* Ql]*) be matrices whose columns form

an orthogonal basis of the singular subspace pair Qst.

3.2 Solution to multi-camera robot-world hand-eye calibration

As mentioned in Section 2.1, Assumption 2.1 can be verified by checking whether ma-
trices {Kll} g1 share common right singular vectors. We consider the following pre-

processing on {{( ) yye 3h i1 when it does not hold.

S1. The estimate of X,,. Notice that for any d€{1,...,p} and 1<i<j<wn, from (1.1), we
have . ‘ , ‘
AVx=z,80, AVx—7,80,

which yields Z; = Ag)X(B(i))*1 = A‘gj)X(B(j))*l, or equally,

(A1 Al x =x(BW) 1B,
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Denote A = (AV)=1Al) and Bii = (B))~1B(),1<i<j<n,d=1,...,p. The above
equation becomes to

AIX=XBi, 1<i<j<n, d=1,..p. (3.21)

Eq. (3.21) takes the form of the hand-eye calibration problem. We can estimate X,
by the subspace constrained least squares solution presented in [25].

S2. The estimate of {de<> }._,. Foreachde{1,...,p}, define RZ,gi) éRA'(;-)RX(RB(i))_l. Let
Z‘(ii)’i =1,...,n be the unit quaternion corresponding to R 200 Then we set Rz 4, 35 the

rotation matrix with respect to unit quaternion z, o where

SENEITIS. [N
i=1 Hz?:lzb(il

2
S3. Correct {{RA;”}?:l}Z:l using Ry, and {de<> }i_,. Define

RAL(;*) ::deORB(f)RX51, iIl,...,Yl, El:l,...,p.

Notice that {{A’gi*) " }h_, and BU satisfies

RAL(;*)RXO :deoRBm, izl,...,i’l, le,...,p.

Assumption 2.1 holds on the corrected data set {{(Ag*),B(i)) " }_, and we replace Agi)
by Ab(ii*).

Moreover, Lemma 3.2 indicates that when Umax(Kfl) #n for some d € {1,...,p}, there
exist i #j such that Uzl =1land al; =0. Motivated by the numerical results presented in [25,

Tables 3 and 7] for (robot-world) hand-eye calibration, we correct the sign of Eq. (1.3)

after solving (xst*,zgt*,...,zft*) as follows. We set {{‘Té}szl}?:l by

(7’;: {0, if ‘ (a‘(;))stzgt*_xSt*bs(? ‘ < | (a‘(;))stzgt*‘FXSt*bg) ’ i=1,...n, d=1,. P (3‘22)

1, otherwise,

Define
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Replace {K{; }j_;, {K3 }j_y, and {K}}_, by
1y T rd 2y T rd violl

— _d_> p . . .
Solve x7, and {z7, },_, as discussed in Section 3.1.2 by

__>
x5, =X uS, and z% =Z7,7, d=1,...,p, (3.24)

where u¢ and {v¢, }/;_, is the solution of the equation

I ~1N\T =p\T

npl X[ (Kiy) Ziz - =X (K)) Zpy| u
-z] KL X, nls 0 oS
_—z;flkflx L 0 nl (G

T
< pS, let*+zd 1(K21) st*)

T cl —>
— Zy\ (Klszf* Slzzst*) . (3.25)

Z;—’JFL (K ZxSt* Slzzst*)

We summarize the whole procedure in Algorithm 1.

Remark 3.3. Algorithm 1 involves computing the SVD of matrices {K%, }521 CRR**4, and
may require inverse of (n pI4 r—Yh_ LT ] /n) (where k=1 or 2) or computation of the

orthogonal complement of Yoo € R¥ (or z4,). Owing to the small dimensionality of
these objects, each of these operations can be implemented with a negligible number of

floating- point operations (FLOPs). In contrast, the computation of {{(A; A Bl By Hioy

LG BV ) (K1 U S (511 amd (o) )1, dom
inate the computatlonal cost, requiring at most 347np+194n—32p—16 FLOPs. When

Assumption 2.1 holds, the overall computation of Algorithm 1 is bounded by 781np+-
184n+623p+346+p- fspa+ (p+1)- f1, where f,,z and f, denote the FLOP counts for the
SVD of a 4 x4 matrix and the orthogonal complement of a 4x 1 vector, respectively. If

the pre-processing procedure is applied on {{(Ag)),B )}r_, }¥_,, the additional cost is
primarily attributable to computing matrices gﬁ; and B/ for 1 <i<j<n,d=1,...,p, which
requires at most 56n(p+1)(n—1) FLOPs. Consequently, the worst-case computational

complexity of Algorithm 1 is O(n?p). Under Assumption 2.1, the complexity reduces
to O(np).
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Algorithm 1 The Closed-Form Dual Quaternion Solution for the Multi-Camera Robot-
World Hand-Eye Calibration Problem.

Input: {{(A},BO)} 1.

1: Compute {{(Ag),B(Z)) » M and (K4}

2: Compute the SVD of K, =U;S;V,;,d=1,...,p.

3: if {KY,}_, have common right singular vector then
if Umax(Kfl) =nforalld=1,...,p then
5 if k=1 then

—

6 Compute (J@,a,zft*,z%*) as in (3.16a)-(3.16d).
7: else if k=2 then NN
8
9

Compute (3@,36—11,2?“,2%*) as in (3.17a)-(3.17d).
end if
10:  else if there exists d € {1,...,p} such that omax (K%, ) #1 then
11: Compute Tjzzgzl(Qzl])T(Kﬁlz—f—Kgl)Qf.
12: Compute j, =argmin;{|Amax(Sym(T}))|}.
13: if Amax(Sym(T;)) #0 then

14: Compute the unit eigenvector y; corresponding to Amax(Sym(7T})).
15: Compute Yo = Qf'*y]-*,zgt = Q;j*yj*, and orthogonal complements X, and
{ZdJ_ }521 . )
16: Determine {{(—1)%};_,}" , asin (3.22).
17: Compute {K{; }j_;, {K5; }_y, {KD, }j_y, and {S{,}}_; as in (3.23).
18: Compute (uy,v§,,...,05,) as the solution of Eq. (3.25).
%
19: Compute x5, and {z4 }/_, asin (3.24).
20: else
— —
21: Compute (J@,ﬁ,zft*,z% ) as in Remark 3.2.
22: end if
23:  end if
24: else

25 Estimate X, and {Zs }_;.
Correct {{A‘(;*) n
Go to Step 1 with data set {{(A',BD)}1_ 17« {{(A(") BO)r 3P
26: end if
27: X = Xgt+X7€E, Z1= zft+z%€, Xst, X7, zft, and z% are quaternions corresponding to J@,
__>
x?*, zglt*, and z%*, d=1,...,p respectively.
28: Compute Ry and Rz, by (2.2) with xs and zf, tx = 2x7x}, and tz, = 2z%(z4,)%,
d=1,...,p.
29: return (Ry,tx), {(de,tzd)}gzl.




26 H. Zhu, Y. Shen and M. K. Ng / CSIAM Trans. Appl. Math., x (2025), pp. 1-33

4 Numerical experiment

In this section, we evaluate the effectiveness and efficiency of our proposed method to
solve the multi-camera robot-world hand-eye calibration problem on both simulated and
real data. All experiments were performed with MATLAB R2023a on an HP StarBook 14
laptop.

4.1 Simulated data

Algorithm 1 (denoted as “ours”) is compared with the methods introduced in [20]. There
are two types of cost functions (c1 and c2), which can be further categorized into simul-
taneous and separable forms, rotation parameters represented in three different forms:
axis-angle, Euler angles, and quaternions, were considered in [20]. These methods are
named according to the convention “cost function type_rotation parameter form_separa-
bility” (denoted as “cl_euler_simultaneous”, “cl_axis_simultaneous”, “cl_quaternion.-
simultaneous”, “cl_euler_separable”, “cl_axis_separable”, “cl_quaternion_separable”,
“c2_euler_simultaneous”, “c2_axis_simultaneous”, “c2_quaternion_simultaneous”, “c2_
euler_separable”, “c2_axis_separable”, “c2_quaternion_separable”). Additionally, our
algorithm is also compared with the method proposed by Wang [22] (denoted as
“Wang2022”). We employ the following error metrics to evaluate and compare the per-
formance of different methods:

a) Rotation error on X: eg, =||[Rx—Rx||F,
b) Translation error on X: ey, = ||fx —tx||2,
c) Average rotation error on Z;:er, =Y 31 ||Rz —Rz,||r/3,

d) Average translation error on Z;: ¢;, = 2?:1 fz.—tz12/3,
where * denotes results returned by each method.

4.1.1 Noiseless simulated data

In this test, we generate {{ (A‘(;),B(i),Zd,X )12, 13_, as follows. We set the rotational com-

ponent of X as the identity matrix and generate the rotational components of B() and Z
from the random unit quaternion following formula (2.2), where elements of unit quater-
nion follow the uniform distribution on the surface of a 4-sphere as described in [14].
The translational components of X,B®, and Z; follow the uniform distribution within

the interval [—0.25,0.25]. We construct A’gi) by
AV :=z,BOX1, i=1,..25 d=123. (4.1)
From (4.1), we have Ag)X:ZdB(i), which yields RA(i)RX:RZdRB(i), i=1,...,25,d=1,2,3.
d

Hence, Assumption 2.1 holds by noting that R;f,i) = R;E}) and R;i) = Rg&). Table 1 reports
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Table 1: Average error results for noiseless simulated data over 100 trials.

Method Time (s) CRy eR, ety et,
cl_euler_simultaneous 1.6149 | 1.24E-04 | 4.19E-04 | 1.02E-05 | 1.78E-05
cl_axis_simultaneous 0.2569 | 2.51E-06 | 2.25E-06 | 1.83E-06 | 5.68E-06
cl_quaternion_simultaneous | 0.6082 | 2.07E-06 | 8.31E-07 | 2.74E-06 | 8.71E-06
cl_euler_separable 1.9431 | 8.50E-02 | 8.53E-02 | 2.29E-03 | 1.87E-03
cl_axis_separable 0.4998 | 2.46E-06 | 5.69E-06 | 5.03E-07 | 1.14E-06
cl_quaternion_separable 0.4309 | 2.52E-06 | 5.76E-06 | 4.97E-07 | 1.12E-06
c2_euler_simultaneous 1.3469 | 1.35E-04 | 4.20E-04 | 9.60E-06 | 1.49E-05
c2_axis_simultaneous 0.2690 | 2.34E-06 | 1.99E-06 | 2.32E-06 | 6.36E-06
c2_quaternion_simultaneous | 0.5623 | 1.93E-06 | 8.27E-07 | 2.95E-06 | 8.87E-06
c2_euler_separable 1.4595 | 2.84E-02 | 2.87E-02 | 1.86E-03 | 4.01E-04
c2_axis_separable 0.4794 | 2.48E-06 | 5.68E-06 | 6.20E-07 | 8.42E-07
c2_quaternion_separable 0.4476 | 2.56E-06 | 5.77E-06 | 5.96E-07 | 7.65E-07
Wang?2022 0.0029 | 1.91E-15 | 6.78E-16 | 1.19E-16 | 1.49E-16
ours 0.0086 | 1.89E-16 | 1.64E-15 | 8.50E-17 | 3.67E-16

average error results generated by the simulated data over 100 trials. It can be observed
from Table 1 that our presented method and Wang2022 achieve comparable performance
in terms of both runtime and error metrics, while outperforming all other comparison
methods. It should be noted that Wang2022 employs the Kronecker product to formu-
late the transformation equation, which represents a conventional tool for handling such
equations. The comparable results obtained by our proposed method and Wang2022
provide partial validation for the rationality of our subspace constrained least squares
solution. We also employ the axis-angle representation of rotation matrices to generate
the rotational component of X, where the rotation axis is rotated around the y-axis by
t/8,m/4,7/2, and 7, respectively. The obtained results are similar to those shown in
Table 1 so we omit it.

4.1.2 Noisy simulated data

In this test, we generate B(i), Z;, and the translational components of X as in Section 4.1,
and generate the rotational component of X from the random unit quaternion as for Z;
in Section 4.1. We then introduce noise into the transformation matrices after generating

{{(Ag 2 }5_, by (4.1). Letq A0 ) be the unit quaternion representation of R ,( Al ). Then we

first compute the noisy unit quatermon using the formula

q 40) ~+ Onoise * 114
Ad
Juio = ,
dnoisy qA(l) +(7noise .n4
d
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where 714 € R* follows the standard normal distribution and opise € (0,0.2). Finally, we

generate the noisy rotation matrices {{Ag) 'lzi 1}321 from g Al using formula (2.2). As-
noisy

sumption 2.1 no longer holds because the rotational component of the matrix Af;) is

corrupted by additive noise. The pre-processing procedure (Step 25 in Algorithm 1) is

invoked.

The numerical results presented in Section 4.1.1 demonstrate that the performance of
methods c¢; and ¢, from [20] are highly similar for different choices of rotation parameter-
ization and “axis” performs a little better. Hence, we report only the axis-based param-
eterization in this test. Fig. 2 displays the average errors over 100 trials under varying
noise levels. The key observations are as follows:

i) For the rotation errors in X and {Z;}3_,, the proposed method “ours” performs
comparably to Wang2022 and outperforms the other comparison methods.

ii) For the translation errors in X and {Z,;}3_,, the proposed method “ours” outper-

forms all comparison methods.

10 0 =803 —0—8——235—90 10 0=
4
N
a1
—f&— cl_quaternion_simultaneous © —#&— cl_quaternion_simultaneous
1 0_10 L —6— cl_quaternion_separable | 10° 10 | —6— cl_quaternion_separable
—w— c2_quaternion_simultaneous —#— c2_quaternion_simultaneous
c2_quaternion_separable c2_quaternion_separable
‘Wang2022 Wang2022
v —— ours v —y—ours
10-15 . ! : . : ;
0 0.05 0.1 0.15 0.2 0 0.05 0.1 0.15 0.2

Level of noise (00is)

Level of noise (0,,0is¢)

et
© —&— cl_quaternion_simultaneous —8— cl_quaternion_simultaneous
10 L —6— cl_quaternion_separable “10 L —6— cl_quaternion_separable
10 —u— c2_quaternion_simultaneous 10 —w— c2_quaternion_simultaneous
c2_quaternion_separable c2_quaternion_separable
Wang2022 Wang2022
—— ours Y —y— ours
105X ‘ I I 1018 ‘ I I
0 0.05 0.1 0.15 0.2 0 0.05 0.1 0.15 0.2

Level of noise (0y0ise)

Level of noise (0,,0is¢)

Figure 2: Average results when noise level opise varying from 0 to 0.2 over 100 trials.
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4.2 Real data

In this section, we employ real multi-camera datasets “Dataset 6”, “Dataset 7”, and
“Dataset 8” from Tabb [20] for testing Algorithm 1. We compare “ours” with the “c1” and
“c2” class methods, and the “rp1” and “rp2” class methods (different parameters are used
to represent rotatio, denoted as “rpl_euler”, “rpl_axis”, “rpl_quaternion”, “rp2_euler”,
“rp2.axis”, and “rp2_quaternion”) in Tabb [20], the two methods in Eurico [15] (de-
noted as “Eurico2021-1” and “Eurico2021-2”, and the method proposed by Wang [22].
As in [20], we consider the following error metrics:

4 "

a) Average rotation error on X in terms of matrix representation

1
pn
b) Average rotation error on X in terms of axis-angle representation

n

1 L
Rz:p_ndglz angle(R

1li=1

where R‘(;) = (deRB(f))T (RAISDRX)-

¢) Average translation error

2
<RAgi)tX+tA;[>) - (detB(;>+tzd) H .

d) Average transformation error
com g 1345 X ~2,8
=1i=1

e) The reprojection root mean squared error

rrmsed:< e ( ZdB() 3X4 )H )

where m is the number of grid points in the checkerboard (calibration board), X;; de-
notes the checkerboard points in the pixel coordinate system, f(K,v)=Kuv is the projec-
tion function that projects the checkerboard points in the world coordinate system to the
pixel coordinate system, K € 1R3X3 is the intrinsic parameter matrix, [-]3x4 denotes the top

three row of matrix “-”, and X e R**1 represents the points on the board in the world
coordinate system.
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Tables 2-4 report results for Datasets 6 to 8. We observed that Assumption 2.1 is
violated by Dataset 6, but is satisfied by Datasets 7 and 8. It can be seen that:

i) The performs of Wang2022 and “ours” are significantly faster compared to other
methods, while the computation times of the rpl- and rp2- class methods and
“Eurico2021-1”, “Eurico2021-2” are considerably longer. A potential reason is that
these methods employ iterative approach to solve nonlinear programming prob-
lems, where the performance is sensitive to the initial starting point.

ii) For each dataset, our proposed method “ours” reaches the lowest average rotation
errors in terms of eg, and eg,.

iii) The average errors of translation vector e; obtained by “ours” are lower than most
comparison algorithms.

iv) The proposed method “ours” achieves lower reprojection root mean squared errors
compared to quaternion-based methods in both c1- and c2- classes.

Table 2: Results for Dataset 6, where (n,p) =(13,2).

Method Time (s) €R, €R, et ec rrmsey rrmsey
cl_euler_simultaneous 7.83 | 2.98E-05 | 2.06E-01 | 9.95E-05 | 1.29E-04 | 5.01E+00 | 5.01E+00
cl_axis_simultaneous 8.14 | 2.59E-05 | 1.87E-01 | 4.19E-05 | 6.78E-05 | 3.22E+00 | 3.20E+00
cl_quaternion_simultaneous | 10.62 | 3.52E-05 | 2.27E-01 | 4.49E-04 | 4.84E-04 | 1.13E+01 | 1.13E+01
c2_euler_simultaneous 11.21 | 2.37E-05 | 1.86E-01 | 1.06E-04 | 1.30E-04 | 3.21E+00 | 3.24E+00
c2_axis_simultaneous 8.66 | 2.41E-05| 1.88E-01 | 1.08E-04 | 1.32E-04 | 3.23E+00 | 3.26E+00
c2_quaternion_simultaneous | 13.07 | 3.84E-05 | 2.40E-01 | 7.16E-04 | 7.54E-04 | 1.27E+01 | 1.27E+01
cl_euler_separable 22.07 | 1.54E-04 | 4.52E-01 | 6.38E-03 | 6.54E-03 | 2.21E+01 | 2.24E+01
cl_axis_separable 21.59 | 2.27E-05 | 1.76E-01 | 1.96E-02 | 1.96E-02 | 3.23E+01 | 3.33E+01
cl_quaternion_separable 32.03 |2.29E-05 | 1.75E-01 | 2.55E-02 | 2.55E-02 | 3.73E+01 | 3.87E+01
c2_euler_separable 30.62 | 3.45E-05 | 2.17E-01 | 4.52E-02 | 4.53E-02 | 5.33E+01 | 5.56E+01
c2_axis_separable 25.77 | 2.27E-05 | 1.76E-01 | 1.97E-02 | 1.97E-02 | 3.23E+01 | 3.34E+01
c2_quaternion_separable 21.65 | 2.29E-05 | 1.75E-01 | 2.57E-02 | 2.57E-02 | 3.73E+01 | 3.87E+01
rpl_euler 1275.82 | 1.60E-04 | 4.82E-01 | 3.86E-04 | 5.45E-04 | 6.84E-01 | 6.96E-01
rpl_axis 1233.82 | 1.58E-04 | 4.78E-01 | 3.82E-04 | 5.39E-04 | 6.83E-01 | 6.95E-01
rpl_quaternion 1337.55 | 2.54E-03 | 2.03E+00 | 6.00E-03 | 8.54E-03 | 3.23E+00 | 3.18E+00
rp2_euler 946.34 | 2.76E-04 | 6.47E-01 | 6.76E-04 | 9.52E-04 | 1.40E+00 | 1.42E+00
rp2_axis 955.28 | 2.08E-04 | 5.55E-01 | 5.19E-04 | 7.27E-04 | 1.39E+00 | 1.41E+00
rp2_quaternion 3114.99 | 2.54E-03 | 2.03E+00 | 6.00E-03 | 8.54E-03 | 3.23E+00 | 3.18E+00
Eurico2021-1 490.66 | 2.34E-03 | 1.94E+00 | 5.68E-03 | 8.02E-03 | 5.45E+00 | 5.13E+00
Eurico2021-2 507.30 | 2.34E-03 | 1.94E+00 | 5.71E-03 | 8.05E-03 | 5.40E+00 | 5.33E+00
Wang?2022 0.04 |227E-05| 1.77E-01 | 1.77E-02 | 1.77E-02 | 3.02E+01 | 2.93E+01
ours 0.27 | 2.27E-05 | 1.76E-01 | 7.51E-03 | 7.54E-03 | 1.80E+01 | 1.77E+01
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Table 3: Results for Dataset 7, where (n,p)=(33,3).

Method Time (s)| eg, eR, et ec rrmse; | rrmsey | rrmses
cl_euler_simultaneous 2491 |(3.23E-05|2.14E-01|6.46E-05(9.70E-05|2.57E+00|2.56E+00 | 1.68E+00
cl_axis_simultaneous 21.84 |2.61E-05|1.89E-01|5.06E-05|7.67E-05|2.37E+00|2.39E+00|1.55E+00
cl_quaternion_simultaneous| 26.16 |3.76E-05|2.24E-01|1.83E-04|2.20E-04|5.30E+00|5.22E+00|3.41E+00
c2_euler_simultaneous 23.73 |2.85E-05|1.95E-01|7.87E-05|1.07E-04|1.35E+00|1.36E+00| 9.32E-01
c2_axis_simultaneous 21.13 |2.84E-05|1.94E-01|7.66E-05|1.05E-04|1.34E+00|1.34E+00| 9.23E-01
c2_quaternion_simultaneous| 27.57 |2.90E-05|1.99E-01|2.23E-04|2.52E-04|4.95E+00|4.88E+00|3.17E+00
cl_euler_separable 4481 |3.07E-05|2.08E-01|4.41E-05|7.49E-05|2.71E+00|2.72E+00|1.79E+00
cl_axis_separable 51.28 |2.41E-05|1.79E-01|4.43E-05|6.84E-05|2.52E+00|2.58E+00|1.69E+00
cl_quaternion_separable 52.95 |2.44E-05|1.81E-01|4.05E-05 |6.48E-05|2.57E+00|2.64E+00|1.71E+00
c2_euler_separable 4481 |2.41E-05|1.79E-01|4.41E-05|6.82E-05|2.50E+00|2.57E+00|1.67E+00
c2_axis_separable 44.09 |2.41E-05|1.79E-01|4.49E-05|6.89E-05|2.50E+00|2.56E+00|1.67E+00
c2_quaternion_separable 61.92 |2.44E-05|1.81E-01|4.10E-05|6.54E-05|2.55E+00 |2.62E+00 | 1.69E+00
rpl_euler 3631.24 |6.57E-05|3.12E-01|1.81E-04 |2.47E-04|1.06E+00|1.09E+00 | 7.70E-01
rpl_axis 3593.28 |6.88E-05|3.18E-01|1.89E-04 |2.57E-04|1.06E+00|1.09E+00| 7.67E-01
rpl_quaternion 4177.53 |1.69E-04|5.03E-01|5.21E-04 |6.90E-04 | 1.62E+00 | 1.62E+00 | 1.10E+00
rp2_euler 200.23 |3.38E-05|2.24E-01|1.03E-04|1.37E-04|1.18E+00|1.19E+00| 8.37E-01
rp2_axis 192.94 |3.26E-05|2.19E-01|9.63E-05|1.29E-04|1.18E+00|1.18E+00| 8.34E-01
rp2_quaternion 2908.34 |5.23E-04|9.09E-01|1.49E-03 |2.01E-03 |2.03E+00 | 2.00E+00 | 1.36E+00
Eurico2021-1 2583.59 |1.95E-04 |5.38E-01|6.87E-04 |8.83E-04 | 3.26E+00 | 3.55E+00 | 7.35E-01
Eurico2021-2 2756.49 |1.93E-04|5.35E-01|6.79E-04 |8.72E-04 | 3.23E+00 | 3.50E+00 | 7.35E-01
Wang?2022 0.04 |2.41E-05|1.79E-01|4.54E-05|6.94E-05|2.50E+00|2.56E+00|1.67E+00
ours 0.30 |2.41E-05|1.79E-01|4.57E-05|6.97E-05|2.48E+00|2.54E+00|1.67E+00

5 Conclusion

In this paper, we study the definition and expression of the closed-form solutions to
multi-unit dual quaternion vector equations by combining the application of multi-came-
ra calibration with the correspondence between transformation matrices and dual quater-
nions. The definition of the subspace constrained least solution is motivated by a key
property satisfied by the exact solution of the rotation component in the transformation
matrix. This work extends the subspace constrained least squares solution for robot-
world hand-eye calibration presented in [25]. To ensure the validity of the underlying
basis assumption in real-world data, we further propose a correction strategy. Extensive
numerical experiments — conducted on both synthetic and real-world datasets — validate
the effectiveness of the proposed method.
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Table 4: Results for Dataset 8, where (n,p)=(31,3).

Method Time (s)| eg, €R, et ec rrmse; | rrmsey | rrmses
cl_euler_simultaneous 33.19 |3.21E-05|2.08E-01 |6.68E-05|9.89E-05|2.78E+00 |2.90E+00 | 1.40E+00
cl_axis_simultaneous 22.13 |2.59E-05|1.85E-01{5.52E-05|8.11E-05|2.61E+00|2.77E+00 | 1.32E+00
cl_quaternion_simultaneous| 26.24 |3.93E-05|2.27E-01|1.78E-04|2.17E-04|6.02E+00|5.98E+00|2.94E+00
c2_euler_simultaneous 24.15 |2.71E-05|1.86E-01|7.90E-05|1.06E-04|1.64E+00 |1.80E+00 | 8.56E-01
c2_axis_simultaneous 21.10 |2.71E-05|1.86E-01|7.72E-05|1.04E-04|1.63E+00 |1.80E+00 | 8.53E-01
c2_quaternion_simultaneous| 29.11 |2.85E-05|1.93E-01|2.25E-04 |2.54E-04|6.20E+00|6.13E+00|3.02E+00
cl_euler_separable 47.40 |[3.05E-05|2.03E-01|4.81E-05|7.85E-05|2.95E+00|3.10E+00|1.48E+00
cl_axis_separable 44.35 [2.37E-05|1.76E-01|4.82E-05|7.20E-05|2.85E+00|3.03E+00|1.44E+00
cl_quaternion_separable 55.12 |2.41E-05|1.77E-01|4.59E-05|6.99E-05|2.93E+00 |3.09E+00 | 1.46E+00
c2_euler_separable 43.66 [2.37E-05|1.76E-01|4.97E-05|7.35E-05|2.74E+00|2.87E+00|1.38E+00
c2_axis_separable 44.36 [2.37E-05|1.76E-01|5.00E-05|7.37E-05|2.73E+00|2.87E+00|1.38E+00
c2_quaternion_separable 56.87 |2.41E-05(1.77E-01|4.78E-05|7.18E-05|2.80E+00 |2.94E+00 |1.41E+00
rpl_euler 3349.04 |5.11E-05|2.74E-01 | 1.49E-04 | 2.00E-04 | 1.33E+00|1.51E+00 | 7.42E-01
rpl_axis 3345.76 |5.11E-05|2.72E-01 | 1.48E-04 | 1.99E-04 | 1.34E+00| 1.52E+00 | 7.44E-01
rpl_quaternion 4171.58 |2.78E-04|6.59E-01 |8.41E-04 |1.12E-03|2.11E+00|2.24E+00 | 1.29E+00
rp2_euler 162.78 |2.86E-05|1.98E-01|8.46E-05|1.13E-04 |1.52E+00|1.70E+00| 8.27E-01
rp2_axis 117.33 |2.88E-05|1.97E-01|8.32E-05|1.12E-04 |1.51E+00|1.70E+00 | 8.25E-01
rp2_quaternion 1361.96 |5.48E-04|9.37E-01 | 1.75E-03|2.30E-03|3.51E+00|3.50E+00|2.32E+00
Eurico2021-1 2266.11 |2.30E-04|5.72E-01|9.01E-04 [ 1.13E-03 |6.06E+00 |4.37E+00 | 7.10E-01
Eurico2021-2 2898.65 |2.43E-04|5.89E-01|9.27E-04 (1.17E-03 |5.75E+00 |4.98E+00 | 7.01E-01
Wang2022 0.04 |2.37E-05|1.76E-01|4.88E-05|7.26E-05|2.80E+00|2.95E+00 |1.41E+00
ours 0.31 |2.37E-05|1.76E-01|5.00E-05|7.37E-05|2.72E+00|2.87E+00 | 1.38E+00
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