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Abstract. This paper presents high-order operator-compensation (OC) methods and
the Crank-Nicolson (CN) technology to solve the Zakharov system (ZS). Firstly, the OC
method is used for spatial discretization, and semi-discrete high-order OC schemes are
obtained, which can maintain mass and energy conservation. Subsequently, the CN tech-
nology is adopted for temporal discretization, and full-discrete high-order OC schemes
are obtained, which can inherit mass and energy conservation and achieve arbitrary
even-order accuracy in space and second-order accuracy in time. In the process of solv-
ing ZS, we employ the linearization method to handle the nonlinear ZS, which signifi-
cantly improves the computational efficiency. Considering the large stencil of numerical
schemes, we propose a fast numerical iterative method to deal with the problem, which
saves the computational cost. Numerical experiments are given to test accuracy order,
verify conservation property, and simulate dynamic evolution.
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1. Introduction

Zakharov system is a nonlinear coupled wave equation describing the interaction of
high-frequency Langmuir waves and low-frequency ionic acoustic waves in plasma. It is
regarded as a general model for controlling the interaction between dispersive and non-
dispersive waves [27]. The standard dimensionless form of ZS is

W, + AU = W, xeRY, >0, (1.1)
W, —AW =A(¥]?), xeR?Y, >0, (1.2)
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where i = +/—1 is the imaginary unit, d = 1,2,3 the spatial dimension, x the spatial
coordinate, t the time variable, A the d-dimensional Laplace operator, ¥ := ¥(x,t) un-
known complex function representing the envelope of a high-frequency electric field, and
W := W(x, t) unknown real function representing the deviation of the ion density from its
equilibrium value. The initial conditions are

U(x,0) = Py(x), W(x0)=Wy(x), W,(x,0)=0w(x), xeRY (1.3)

where ¥, (x) represents a given smooth complex function, Wy(x) and w(x) represent two
given smooth real functions.

The Zakharov system possesses the two essential conservation quantities — i.e. the
mass

M(t) := J [U(x,t)2dx=M(0), xeRY t>0
R4

and the energy

1
E(t) :=J|V\I/(x, t)|2dx+5J|Vu(x, t)|%dx
R4 R4

1
+3 J [W(x, 0))>dx + J [ (x, t)]*W(x, t)dx
R4 Rd
=E0), t>0,

where the intermediate variable u(x, t) satisfies
Au=W, xeRY t>0.

This system is applied in various fields such as plasma physics, fluid mechanics, and new
energy. However, since the ZS is nonlinear, obtaining its analytical solutions for general
initial conditions is challenging. It is necessary to study and solve the system through
numerical methods.

Mathematically speaking, ZS can be seen as the coupling of the Schrédinger equation
(1.1) and the wave equation (1.2). In theoretical analysis, there are numerous studies
of the ZS — cf. [1,16,19,20]. The global existence of weak solutions and the existence
and uniqueness of smooth solutions with given smooth initial values for one-dimensional
ZS were proven in [24]. Later, researchers improved the well posedness of ZS [5] and
extended it to the case of generalized nonlinearity [10].

Extensive numerical research has been conducted on the ZS. Payne et al. [22] proposed
the Fourier spectral method for the one-dimensional ZS, which suppresses aliasing errors by
using only two-thirds of the Fourier components for a specific grid during fast Fourier trans-
form. Glassey [11,12] proposed an implicit finite difference scheme that could preserve
energy conservation and proved its convergence in order &(h + 7). A conservative differ-
ence scheme for ZS, which was implicit or semi-explicit depending on parameter choice,



