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Abstract. A free boundary problem with Dirichlet boundary conditions is studied. Such
problems can be used for describing the spread of chemical substances or biological
species, which live in a moving region [0,h(t)]. In this case, the free boundary h(t)
represents the spreading front. If the density of the substance or the population at the
boundary exceeds a threshold value, they will be going to spread outwards. On the
other hand, the outside environment may be not very beneficial for spreading and this
generates a decay rate. We mainly analyze how the decay rate and threshold value
affect the solutions. There is a trichotomy result: the solution is either shrinking, or the
transition case, or spreading. Besides, if the decay rate or threshold value is large, only
the shrinking happens.
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1. Introduction

Consider the following free boundary problem:

Up = Uyy + (1), t>0, 0 < x <h(t), (1.1a)
u(t,0) =0, u(t,h(t)) =0, t>0, (1.1b)
h'(t) = —u,(t,h(t)) —a, t>0, (1.1¢)
h(0) =hy, u(0,x)=uy(x), 0 < x < hyg, (1.1d)

where x = h(t) is a moving boundary, f : [0,+00) — R a monostable nonlinearity, and
a > 0, o €(0,1) are given constants. In this paper, we always assume that the function
f € C! and satisfies the following conditions:

f@)>0, ue(0,1),

fw) <0, ue(l,+00), (1.2)

fO)=f1)=0, f'(0)>0, f'(1)<0.

*Corresponding author. Email address: ¢jjing1983@163. com (J. Cai)

http://www.global-sci.org/eajam 152 ©2026 Global-Science Press



Asymptotic Behavior of Solutions for a Free Boundary Problem 153

The initial function u, belongs to Z (hg) for an hy > 0, where

2 (hg) 1= {¢ € CX([0,ho]): $(0) =0, p(ho) = 0, P(x) > (£)0 in (0,ho)}.

Free boundary problems can describe the spreading of species or chemical substances in-
vading into a new area. The solution u(t, x) represents their density. The moving interval
[0,h(t)] is the area the species occupied at time t > 0, the free boundary h(t) is moving
depending on t, its speed is determined by the gradient of the species at the boundary.
There is a resistance force with strength a > 0 at the boundary caused by bad environment
— cf. [4,14,24]. If species or chemical substances exceed a threshold value o > 0, they
will move outside. We assume o € (0,1). As noted in [8], species are not too crowded for
available resources in the given environment. However, it seems from u(t,h(t)) = o that
the species may expand or shrink — i.e. spreading and shrinking of free boundary h(t) is
more complicated if ¢ = 0. We will analyze such cases and study the long time behavior
of solutions.

Note that there are many free boundary problems with a = ¢ = 0. If u(t,0) = 0
is replaced by u,(t,0), Du and Lin [9] studied the long time behaviour of solutions for
a free boundary problem for f(u) of logistic type. Besides spreading, they proved that
vanishing — i.e. when h(t) tends to a positive finite number and u tends to 0, may also
happen. Apparently, in describing the spreading of species, free boundary problems are
more reasonable than Cauchy problems, which have only hair-trigger result (any nonnega-
tive solutions will spread) for monostable nonlinearity. For monostable nonlinearity, there
are many works devoted to the long time behavior of solutions for free boundaries — cf.
Refs. [2-4,10,12,16,18,21]. Gu and Lou [17] added advection term fBu, and obtained
different results, while Gu et al. [16] estimated the spreading speeds of the free bound-
aries. When nonlinearity f (u) is bistable, Du and Lou [10] studied the Eq. (1.1a) with free
boundaries

u(t, g(t)) =u(t,h(t)) =0, g'(t)=—pu(t, g(t)), K (t)=—uu(t,h(t)).

They obtained a trichotomy result — i.e. besides spreading and vanishing, there is also
a transition case when h(t) — + o0 and u converges to a stationary solution defined on R as
t — +00. In[11], the authors answered several interesting questions left in [10], and com-
pleted the general theory for one-dimensional nonlinear free boundary problems. There
are also some other free boundary problems with bistable nonlinearity, such as [17,19],
they obtained transition cases. Sharp estimates for the spreading speeds when spreading
happens are obtained in [10,12].

For 0 = 0 and a > 0, a free boundary problem for Fisher-KPP equation was studied
in [2-4,7]. Using the parameter a, the authors determined decay rate at the boundary,
where species have growth resistance caused by bad environment outside of the existence
interval (or say, the boundary). From their results, it is more difficult to spread for the
solution when a > 0 than a = 0, and h’(t) > 0 if and only if —u,(t,h(t)) > a. They
obtained different asymptotic behavior of solutions, especially the transition and vanishing
cases.
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If 0 > 0, a =0, Du [8] studied the problem (1.1) with two free boundaries so that

u(tg0) =u(Lh(0) =0, K0 =——u,(6.(0),

where o € (0,1) is the preferred population density. Such a free boundary condition can
describe the spreading of animals without a home for raising young ones — e.g. the wilde-
beests whose young one’s can run with the mother almost immediately after birth. They
showed that spreading happens — i.e. —goo =hoo, + 00 and u — 1.

The constant o in the problem (1.1) has many explanations in tumor growth mod-
els. Byrne and Chaplain [1] proposed a tumor growth model with the influence of certain
inhibitors. Assuming that the spherical-shaped tumor has no necrotic nucleus, they consid-
ered the following condition:

aa—f(o, t)=0, o(R(t),t)=0g, t>0,

%(O,t)zo, B(R(t),t)=Pr, t>0,

(1.3)

where r is the polar radius and R(t) the radius of tumor. In addition, o = o(r,t) and
B = B(r, t) stand for the concentration of nutrients and inhibitors, respectively. The positive
constants oy and f3z are the amount of nutrients and inhibitors the tumor gained from
their surfaces, respectively. There are other models using the condition (1.3) [6,13,15].
Cui and Friedman [6] assumed that the concentration of external nutrient and external
inhibitor is constants at the boundary — i.e. that the condition (1.3) is satisfied. Friedman
and Reitich [15] used the condition (1.3) to describe the case when the birth rate of cells
exceeds their death rate at the boundary of tumor.

Additionally, the condition (1.3) is also often used in the growth of the protocell [5, 14,
22,24]. The building material of the protocell, denoted by C, will diffuse in the protocell.
The molecules of building material can be polymerized to the constituent material of the
protocell. However, since all sites inside the protocell are occupied, the polymerization only
happens at the boundary, where the concentration of C must be exactly equal to C;. Thus,
on the boundary, we have

c(t,h(t)) =Cy.

If the concentration of C exceeds the threshold value C;, the polymerization will take place,
and the protocell will grow sequentially. In addition to polymerization, building materials
may have a disintegration, denoted by f3, which is caused by such factors as aging. This
results in the tendency of the shrinking of the protocell — cf. Fig. 1. At the same time, the
flux of building materials at the boundary causes cells to grow. So it satisfies the following

boundary condition:
o 20,
" on
where n is the exterior normal, and V,, is the velocity along the direction n. In one dimen-
sional space, this boundary condition is the one used in the problem (1.1).
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Figure 1: lllustration of protocell model.

In this paper, we mainly study the asymptotic behavior of solutions of the problem
(1.1), which can model the spreading of species or chemical substances. When the density
of species at the boundary exceeds a threshold number, spreading prepares to happen.
However, the condition u(t,h(t)) = o will make the free boundary h(t) spread and shrink.
Additionally, during the spreading process, the environment at the boundary x = h(t) may
be not very beneficial caused by some factors such as aging or predators, there is often
a decay rate a > 0 at the boundary. On the other hand, the species try to spread since the
density at the boundary exceeds the threshold number, they will look for living resources
or food etc.. Of course, if the density reaches the maximum at the boundary x = h(t),
the species will shrink to the inside (move backwards). We will analyze how the threshold
number and the decay rate affect the asymptotic behavior of solutions.

The main purpose of this paper is to study the asymptotic behavior of solutions for the
problem (1.1). This depends on the parameters ¢ > 0 and a > 0. For any ¢ € (0, 1),
there is a unique crucial point a*(c) determining the long time behavior of solutions —
cf. Section 2. From Remark 3.2, [8] and [23], the problem (1.1) has a unique solution
(u, h) with u(t,x) € cA+"/21+([0, T) x [0, h(t)]), h(t) € C**"/2([0, T)) for v € (0,1) and
T € (0,+00].

Theorem 1.1. If 0 < a < a*(0), then there are the following possibilities for the solution
(u, h) of the problem (1.1):

() Shrinking. 0 < T < 409, lim,_,; h(t) =0 and

0<lim max u(t,x)<o.
t—T x€[0,h(t))

(i) Transition. T = +00, lim,_, o, h(t) =1, and

. liJIrnoo u(t,x) =vy(x) locally uniformly for x € (0,l,),

where (q,1) = (v4, 1) is the unique solution of
q"+f(@=0, z€(0,D),
q(z)>0, z€(0,0),
q(0)=0, q)=0, JO=-a
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(iii) Spreading. T = 409, lim;_, oo h(t) = +00 and lim,_, oo u(t,x) = U(x) locally
uniformly for x € [0, +00), where U(x) is the unique solution of

v+ f(v)=0, x€[0,+00),
v(0) =0, v(+o0)=1.

Moreover; if the initial data uy = ©¢ for ¢ € X (hy), then there is a constant 7, > 0
such that, shrinking happens when T < 7, transition happens when T = 7, and spreading
happens when © > t,.

Theorem 1.2. If a > a*(o), then only the shrinking happens for any solution of the prob-
lem (1.1).

This paper is organized as follows. In Section 2, we analyze the stationary solutions. In
Section 3, we show the comparison principles, the estimates of h’(t) and the existence of
solutions. In Section 4, we give the asymptotic behavior of solutions and sufficient condi-
tions for spreading, as well as shrinking and the transition case. In Section 5, we complete
the proofs of main theorems.

2. Stationary Solutions

In this section, we analyze stationary solutions of the problem (1.1) with o € (0,1) and
a > 0, which will be used in the main theorems.
Consider
v+ f(v)=0, x>0. (2.1)
Here we focus on the nonnegative bounded stationary solutions. The defined domain J
of v(+) is either R, [0,+00), (—o0,0] or [0,a] for an a > 0, especially when J = (0, a].
Consider

via)=0o, v(ad)=—-a<D0. (2.2)
Let p =/, so the Eq. (2.1) is changed into
o __f(v)
dv p

By the phase plane analysis [10,17,20], we have Fig. 2.
By (2.1), (2.2) and the phase plane analysis, the solutions of the problem (2.1) can be
classified as follows:

(i) Constant solutions: v(x)=0, 1 for x €J =R.

(i) Strictly increasing solution on the half-line U: v(x) = U(x) is the unique solution of
(2.1) and it satisfies

v(0)=0, v(+oc0)=1, Vv/()>0 in [0,+00).

Denote a := U/(O). For any 0 < o < 1, we define a*(o) := U/|U1:a > 0 (cf. Fig. 2).
Apparently, a*(0) = a5 as 0 — 0, and a*(c) - 0as o — 1.



Asymptotic Behavior of Solutions for a Free Boundary Problem 157

p=7
v =0
[e70)

a*(o)e--=-e

(&% -
A U

Figure 2: For any a € (0,a*(0)), there is a unique compactly supported solution (v,,1,) satisfying
boundary conditions v,(l,) = o and —v,(l,) = a, see the trajectory from point A to point B. The
trajectory from point (0, a,) to (1,0) is the strictly increasing solution U(x). The trajectory from point
(1,0) to (0,—ay) is the strictly decreasing solution U*(x).

(dii)

(iv)

Compactly supported solutions: From the phase plane analysis (cf. [10,20]), when
0 < a < ay, there exists [, > 0, for any [ > [, the problem

q"+f(@=0, z€(0,D),

q(z) >0, z€(0,0),

q(0)=0, q()=0, J()=-a

has a unique solution denoted by (%,Ta).
For 0 < a < a*(o), the phase plane shows that the problem

q"+f(@=0, z€(0,D),

q(z)>0, z€(0,0), (2.3)
q(0)=0, q)=0, dO)=—a

has a unique solution, denoted by (v,,[,), such as the trajectory from point A to
point B in Fig. 2. Note that v, is the solution of the problem (1.1) satisfying the free
boundary conditions, we will use them to construct upper and lower solutions.

Strictly decreasing solution on the half-line U*: v(x) = U*(x) is the unique solution
of (2.1) and it satisfies

v(0)=0, v(—o0)=1, V/()<0 in (—00,0].

By the symmetry of the equation, we have —(U*)'(0) = U’(0), then a, = —(U*)’(0).
From phase plane analysis (cf. Fig. 2), there is a unique L* such that

U(—L*)=0c and —(U*)(-L*)=a*(o). 2.4)

See point C in Fig. 2. The trajectory from point C to point D is a part of U™, it satisfies
(2.4) and U*(—o0) = 1.
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(v) Compactly supported traveling waves q(x — ct): u(t,x) = g(x — ct) satisfies the
following problem:
q"+cqd +f(@=0, 0<x<lI,

q(0)=0, q(l)=o, (2.5)
qg()=—a+c.

When 0 < a < a*(0), for any ¢ € (—a,c*), the problem (2.5) has a unique solution
(cf. [3]), denoted by (v}, [¥), where c* is the speed of traveling wave of the prob-
lem (1.1a). Actually, v} continuously depends on c. In this paper, we only use the
compactly supported traveling waves for small ¢ > 0.

3. Basic Results and Priori Estimates for h’

The forthcoming comparison theorems follow directly from [8, Lemmas 2.2-2.3].

Lemma 3.1. Assume that T € (0,00), h € C}([0,T]), u € C¥*(D;) N C(Dy) with Dy =
{(t,x)€ER?:0<t < T, 0<x <h(t)}, and

U >+ f (@), t€(0,T], xe(0,h(r)),
u(t,0)=0, u(t,h(t))=0, te(0,T],
K ()=, (t,h())—a,  te(0,T]

with ug(x) < u(0, x) for x € [0,hy] € [O, h(0)]. Let (u,h) be the solution of the problem (1.1)
with initial data uy(x), then

u(t,x) <u(t,x), xe[0,h(t)]C [O,F(t)], te(0,T].

Proof. Note that u and u cannot obtain local minimal value smaller than o, and u(t, x) >
o for x € [h(t),h(t)). We claim that h(t) < h(t) for all ¢t € (0, T]. Obviously; it holds for
small t > 0 since h(0) = hy < h(0). Otherwise, we can find a first t* < T such that
h(t) < h(¢) for t € (0, t*) and h(t*) = h(t*), which follows that

() = 7 (¢9). 3.1)
We now compare u and u over the region
Q. ={(t,x)eR?*:0<t <t*,0<x <h(t)}.

By the strong maximum principle, we have u(t,x) < u(t,x) in Q,. Therefore, w(t,x) :=
u(t,x)—u(t,x) > 0in Q,, with w(t*,h(t*)) = 0. It follows from Hopf boundary lemma
that w,(t*,h(t*)) < 0. Then we deduce

R () = R(6%) 2 = [T (5, h(E)) — (£, h(£9)) | = —w (%, h(£9)) > 0.

However, this contradicts (3.1), which proves our claim that h(t) < h(¢) for all t € (0, T].
By the usual comparison principle over Qr, we conclude that u < u in Q. O
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Lemma 3.2. Assume T € (0,00), u € CY3(D;)NC(Dy) with Dy = {(t,x) € R?: 0 < t <
T, x > 0}, and

T >T, +f@), 0<t<T, x>0,
u(t,h(t)) =0, u(t,0)=0, t>0.

Let (u,h) be the solution of the problem (1.1) with initial data uy(x) < u(0,x) in [0,hg].
Then u(t,x) < u(t,x) for x € [0,h(t)] and t € (0, T].

Remark 3.1. Generally, we call (&, h) the upper solution of the problem (1.1), and the
lower solution is defined by revising all the inequalities in the above lemma.

Lemma 3.3. Assume (1.2). Let (u, h) be the solution of the problem (1.1) defined for t € [0, T)
with 0 < T < 00. Then there exists a constant M, > o such that

O<u(t,x)<M;, te€[0,T), xe<[0,h(t)].
There also exists M, depending on M; but independent of T such that
h'(t)<M,, te(0,T).

Proof. 1If |lugll; = 1, it can be derived from the property of f and the comparison
principle that u(t,x) < ||ug|| e for all t € [0, T) and x € [0,h(t)]. Otherwise, u(t,x) < 1.
Hence,

u(t,x) < M; :=max{l,||lupll;=}, t€[0,T), xe[0,h(t)].

We next give the upper boundedness of h’(t). In the following, we assume u,(t,h(t)) < O.
Otherwise there is nothing left to prove since

W(t) =—u,(t,h(t)) —a < —a,

when u, (t,h(t)) > 0. Choose a large enough constant

I Mo+ /M2a2+2M Ny (My +0) llugllerqon,py N14hllzooqronn
= X b b b
2M, (3/4)M, + o 2M,

where N; := maxo, <y, |f (W]
Define
F(t,x):= MlD(h(t) — x)[2 —D(h(t) — x)] +0o

for 0 <t < T and x € [max{h(t) — D!, 0}, h(t)]. It is easily seen that
F(t,h(0)) =u(t,h(t)) =0, t€(0,T),
and when h(t)—D~!' >0,

F(t,h(t)=D ') =M;+0>M,; >u(t,x), t€(0,T), xe[h(t)—D L h(t)],
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when h(t)—D~! < 0 and h(t) > 0,
F(t,0) > o > 0=u(t,0).
According to the definitions of F, D, N;, we get
F,—F,,—f(F)>2D?M; —2M;aD —N;(M; + ¢) >0

for 0 < t < T and max{h(t)—D~!,0} < x < h(t), and the last inequality is obtained by the
definition of D. Additionally,

F(0,x) > up(x), xe [ho —D_l,ho].

The classical comparison principle gives

u(t,x) <F(t,x), 0<t<T, max {h(t) —D_l,O} < x < h(t).
Therefore,

H(t) =—u(t,h(t)) —a < —F,(t,h(t)) —a <M, :=2M,;D —a.
The proof is complete. U
Remark 3.2. Based on [8,23], by the standard L? estimates, Sobolev embedding theorem
and the Holder estimates for parabolic equations, the problem (1.1) has a unique solution
(u,h) for t € [0,T) with T € (0,400]. Moreover, u(t,x) € C***/21+([0,T) x [0,h(t)])
and h(t) € C'*¥/2([0, T)) for v € (0,1). Additionally, if inf,, <7 h(t) > 0, then the solution
can be extended to a bigger interval (0, T,) with T, > T. From [9, Theorem 2.3] and [23],
if infy.,<7 h(t) > 0, then for any 6 € (0, T), there is M3 > 0 depending on &, M; and
M, such that [[u(t, )llc2po ary)) < M3 for t € [5, T). The limit lim,_, , o h(t) always exists

by [4, Lemma 2.8]. When T = +00, denote h, :=lim,_,, o, h(t). There are three cases:
0<hg <400, heg =+00 and h(t) > 0ast—T.

4. Asymptotic Behavior of Solutions and Sufficient Conditions

In this section, we first analyze the asymptotic behavior of solutions of the problem (1.1)
with different a > 0. After that we give sufficient conditions for shrinking, spreading and
the transition cases.

4.1. Asymptotic behavior of solutions

Lemma 4.1. Let 0 < a < a*(0) and (u, h) be the solution of the problem (1.1). If 0 < hg, <
+ 00, then
heo =1, , liJIrnoo u(t,x) =vy(x), xe[0,min{h(t),l,}],

where (v, 1) is the compactly supported solution given in Section 2.
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Proof. The regularity of solutions — cf. Remark 3.2, yields that for any sequence {t,},
there is a subsequence t, — +00, u(t,,-) which converges to v(-) in C* ([0, hoo 1), where
v satisfies

V/+f(¥)=0, 0<x<he,

v(0)=0, v(h)=o0. “4.1)

Furthermore, straighten the interval [0, h(t)] to the fixed finite interval [0,hy] [8,9, 23],
and applying LP estimates and Sobolev embedding theorems to the reduced equation with
Dirichlet boundary conditions, by passing to a subsequence, we obtain

nliinoo ””(?n’ )= V(')||c1+v/2([o,h(?n)]) —0.

Therefore,
W (T) = = (T, h(E)) —a — =V (hoo) —

asn — +00. On the other hand, since h(t) is Holder continuous when h(t) > 0. Combining
this and h, € (0,+00), we have h’'(t) — 0. Hence, —v'(h,) = a. From Section 2, when
0 < a < a*(o), the solution of (4.1) with —v/(h,) = a is unique. Therefore, the solution
of (4.1) is nothing but v,. Thus,

heo = lg, Vhoo(x)Eva; x €(0,h).

The proof is complete. O

Lemma 4.2. Let (u, h) be the solution of the problem (1.1). Assume ho, = +090, then
t_l}inoo u(t,x) =U(x)

locally uniformly for x € [0,+00).

Proof. We now consider the intersection points of u(t, x) and v,(x —nhg) for any n € N.
By the properties that v,(x—nhg) = 0 for x = nhgy, u(t,h(t)) = c > 0and ho, = +00, there
is a first time (denoted by t,,) such that u(t,, x) and v,(x —nh,) have only one intersection
point. From h., = +00, there also exists T,, > t,, such that h(T,) = nhy + [, with h(t) >
nhy +1, for t > T,,. For all n > 1, define

W, (t,x) :=u(t,x)—v,(x —nhy), xel,(t), telt,T,]

where I,(t) := [nhy, h(t)]. Let & H[W,(t,-)] be the zero number of W, (t,-) on I,(t) for
telt, T,

When n = 1 and t = t;, W;(t1,x) has only one zero point at x = h(t;). According
to the zero number argument (cf. [3, Lemma 3.11]), & (»[W;(¢t,)] = 1 for t € [ty, T;].
Especially, as t — T;, the unique zero point of W;, namely the unique intersection point of
u and v,, moves to x = h(T;) = hy + . Therefore,

u(Ty,x) = (F)va(x —hg), x €[hg,hg+14]
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Similarly, for all n > 1, we obtain

u(T,,x) = (#F)v,(x —nhy), x€[nhy,nhy+1,].
From the comparison principle, forall t >0, n>1,

u(t + T,,x)>v,(x—nhy), xe&[nhy,nhy+1,],

and h(t + T,) > nhy + 1, for t > 0. From our assumption h., = +09, for any large £ > 0,
there exists T, such that h(T,) = ¢ and h(t) > ¢ for t > T,. Consider the problem

we=w,,+f(w), 0<x<{¢ t>0,
w(t,0)=0, w(t,l)=0,
w(0,x) <u(Ty,x), 0<x</{.

Denote its solution by w,(t, x). The comparison principle derives that
u(t + Ty, x) = wy(t,x), xe€[0,£]C[0,h(t+T,)].

Then
liminfu(t + Ty, x) = v,(x), x€[0,£],
t—+00

where v,(x) is the solution of

v+ f(v)=0, xe€(0,0),
v(0)=0, v()=0.

Letting { — 400, by the convergence result, we have v,(x) — U(x), where U(x) is the
solution of

v+ f(v)=0, x>0,
v(0)=0, v(+o0)=1.

Thus,
ltim+i£10fu(t,x) >U(x), x€[0,+00). (4.2)

On the other hand, choose a function wy(x) defined for x € [0,+0c0) and

wo(x) >ug(x), x €[0,he],
wo(x) > o, x>0,

where 6y < hy. Now, consider the problem

W =Wy, +f(w), x>0,
w(t,0)=0, t>0,
w(0,x) =wy(x), x>0.
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Its solution is denoted by w(t, x). Since o € (0,1) and f (o) > 0, the classical comparison
principle gives
w(t,x)>o, x>06(t),

where 6(t) is the rightmost zero point of w(t,x)—o and 6(0) = §,. Note that u(t,h(t)) =
o < w(t,h(t)). Then the classical comparison principle — Lemma 3.2, shows that

6(t) <h(t), w(t,x)>u(t,x) forall t>0, xe€[0,h(t)].
It is well known that

w(t,-) > U(-) in [0,+00) as t— +o0o.

Hence,
limsupu(t,x) <U(x) for x=0.
t—+00
Combining this and (4.2), we can derive the conclusion. O

Lemma 4.3. Let (u, h) be the solution of the problem (1.1) defined on the maximal existence
interval [0, T) with T € (0,+00]. If lim,_,7h(t) =0, then T < +00 and

lim max u(t,x)<o.
t—T x€[0,h(t)]

Proof. Lemma 3.3 shows that F(t,x) is an upper solution near x = h(t). Note that
F(t,x) — o as x — h(t) and the assumption lim,_,7 h(t) = 0, we have

lim max u(t,x)<o.
t—T x€[0,h(t))

So, for any small € > 0, there is T; < T such that, when t > Ty, there hold f (o + €)h(¢) <
oa/2 and u(t,x) < o + € for x €[0,h(t)]. Define

h(t)
U(t) :=f u(t,x)dx
0

and
Y= {t >T;:u(t,x)>0, x€ [O,h(t))},
Yy 1= {t >T:u(t,x)<o, x€ [O,h(t))}.

By o € (0, 1) and the property of f, we see that u cannot reach the minimum in (0, h(t)).
So in X;, we have u,(t,h(t)) < 0, this means that

h'(t) > —a.
Therefore, for t € 33;, we have

h(t)

U'(t) =R (t)u(t, h(t)) + J u,dx

0

h(t)
=oh'(t) +J [Uyy + f(@)]dx
0
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h(t)
= oh'(t) + u,(t,h(t)) —u,(t,0) + fw)dx
h(t)O
=(c—1Dh(t)—a—u,(t,0)+ f(u)dx
0
<(1—o0)a—a—u,(t,0)+ % < —?,

ie. U(t) <U(0)—oa/2t.
For t € %,, since u(t,x) < o + € for all x € [0,h(t)], we have u,(¢t,h(t)) > 0, so
h'(t) = —u,(t,h(t)) —a < —a and h(t) < hy — at. Hence,

hg—at
U(t) < J u(t,x)dx < (o + €)(hy— at).
0

Therefore,
U(0)— 2t on X
Ut) < 2 v
(o0 +¢e)(hg—at) on X,.

So, U(t) — 0 within a finite time. This and u(t,x) = o mean that h(t) shrinks to 0 for
a finite time T < +00. O

Remark 4.1. If T < +00, we also have h(t) — 0 as t — T. Otherwise the solution can be
extended to an interval larger than [0, T ].

Lemma 4.4. Let (u,h) be the solution of the problem (1.1). If a = a*(o’), then only shrinking
happens.

Proof. By Lemma 4.2, we have, for large t, u(t,x) < U(x) for x € [0,h(t)]. From
Section 2, there is L* > 0 such that U*(—L*) = ¢ and —(U*)'(—L*) = a*(o). So, for any
T > 0, there exists a constant H > 0 such that

u(T,x) <U*(x—H-—L")

for x € [0,h(T)] c [0,H]. By the property —(U*)'(—L*) = a*(c) and the comparison
principle we have

u(t,x) <U(x—H-L*), xe€[0,h(t)]C[0,H], t>T.

Therefore, 0 < ho, < H + L* or lim,_,7 h(t) = O for some T >0.
If the former holds, then from the proof of Lemma 4.1, for some sequence t,, — +00,
u(t,,x) — w(x) as n - +00, where w(x) satisfies

W+ fw)=0, 0<x<he,

w(0)=0, w(hy)=o0. (4.3)

Moreover, ho, < +00 implies that h’(t) — 0 as t —» +00. So —w'(hs,) = a. However,
there is no such solution satisfying (4.3) with —w’(hs,) = a (note that a > a*(c)). Hence,

lim,_,7 h(t) = 0 for some T > 0, this means that shrinking happens. O
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4.2. Sufficient conditions

The sufficient conditions for spreading, shrinking, and transition are provided by Lem-
mas 4.5, 4.6, and Remark 4.2.

Lemma 4.5. Assume 0 < a < a*(o). Let (u,h) be the solution of the problem (1.1) with
initial value ug(x). If ug(x) > vy (x) for x €[0,1,] € [0, hy], then spreading happens.

Proof. From the comparison principle, we have
h(t)>1,, u(t,x)>v,(x) for xe[0,l,]Cc[0,h(t)], t>0,

so that

ltiLnJrigofu(t,x) >v,(x), xe€[0,l,]

Since v>(x —ct) continuously depends on c, cf. Section 2, for sufficiently small ¢ > 0, we
have u(1,x) > v’(x) for x € [0,[7] c [0,h(1)]. This and the definition of v}(x) imply that
vX(x —ct) is a lower solution. By the comparison principle, we have

h(t+1)>ct+17, u(t+1,x)> v (x—ct)

for x € [ct,ct + 7] € [0,h(t +1)], t > 0. Hence, ho, = +00. From Lemma 4.2 we have
spreading. O

Lemma 4.6. Assume 0 < a < a*(0). Choose y < a. Let (v,,L,) be the solution of the problem
(2.3) with a replaced by y. Suppose that (u, h) is the solution of the problem (1.1) with initial
value uy(x) < v, (x + 1) for x € [0,hy] C [0,l, — o], where v,(Iy) = 0. Then shrinking
happens.

Proof. Note that v,(Iy) = o > 0, so u(t,0) = 0 < v,(x + [p)lx=- By this, ug(x) <
v, (x+lp), v < a and the comparison principle, we have h(t) <[, —l; and u(t, x) < v,(x+1l;)
for all t > 0. Therefore,

0<he <l,—ly or limh(t)—>0 forsome 0<T<+00. 4.4)
t—T

If the former holds, Lemma 4.1 implies that transition happens, so ho, = l,. This is impos-
sible from (4.4) and [, <, cf. the property of compactly supported solutions in Section 2.
Combining this, (4.4) and Lemma 4.3, only shrinking happens. O

Remark 4.2. Let (u,h) be the solution of the problem (1.1) with initial data uy(x). When
0 < a < a*(o), we assume hy = [, and uy(x) = v,(x) for x € [0, hy], then u(t, x) = v,(x),
this indicates that transition happens.
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5. Proofs of Main Theorems

Proof of Theorem 1.1. For any fixed ¢ € Z'(hy) and hy > 0, we consider the initial
data ug(x) = T¢ with constant T > 0. To emphasize the influence of such initial value
on the asymptotic behavior of solutions, we denote the solution of the problem (1.1) by
(u(t,x;7t¢),h(t,x;7t¢)), and define

T, = T,(hg, ¢) :=sup {T > 0 : shrinking happens for (u, h)}.
Lemma 4.6 indicates that 7, > 0.

(i) Shrinking happens when 7 € (0,7,). It can be proved by the comparison principle
and the definition of 7.

(ii) Transition happens when 7 = 7,. We prove this conclusion by showing that the
following cases are impossible.

* Shrinking is impossible. Otherwise, there exist T; > 0 and y < a such that
h(T;) <1, —1, and

w(Ty, x;7,9) <v,(x+1p), xe€[0,h(T1)],

where (v,(x +ly),1,) is the compactly supported solution given in Lemma 4.6.
Because the solution depends continuously on the initial data, for small p > 0,
let (u,,,h,) be the solution of the problem (1.1) with initial data t(x) := (7, +
p)¢. Then we obtain that

up(Tl,x; (7, + p)qS) <v,(x+1p)

for x € [0,h,(Ty; (7. + p)¢)] €[0,L ]. Combining this with Lemma 4.6 yields
that shrinking happens for (u,,h,). But this contradicts the definition of 7.

* Spreading is impossible. Otherwise, there exists t; > 0 such thatu(t,, x;7,.¢) >
vo(x) for x € [0,1,] € [0,h(ty;T,.¢)]. Because the solution u(t,x) depends
continuously on the initial data, for small ¢ > 0, we also have u(tq,x; (7, —
€)p) > vy (x)forx €[0,1,], and h(t;;(7,—€)¢) > [,. ByLemma 4.5, spreading
also happens for u(t + t;,x; (7, — €)¢), which contradicts the definition of 7.

(iii) Spreading happens when 7 € (7*,+00). By the comparison principle and the defini-
tion of 7*, we derive that only spreading happens when 7 € (7%, +00). O

The proof of Theorem 1.2 now follows directly from Lemma 4.4.
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