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Abstract. In this paper, we extend the BGN formulation [J.W. Barrett, H. Garcke and

R. Nürnberg, J. Comput. Phys. 222 (2007)] by incorporating the k-order backward

differentiation formulae (BDFk) for time discretization. This allows us to develop high-

order temporal parametric finite element methods for simulating anisotropic surface dif-

fusion flows and solid-state dewetting problems, achieving accuracy levels from second-

order to fourth-order. We prove the well-posedness of the constructed high-order sche-

mes. The proposed schemes maintain good mesh quality characteristic of the classical

first-order BGN scheme. Finally, we present several numerical simulations to demon-

strate the high-order temporal accuracy and verify the preservation of good mesh quality

and energy stability throughout the evolution.
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1. Introduction

Surface diffusion refers to the movement of atoms, ions, molecules, and atomic clus-

ters along the surface of a solid. The anisotropy of solid materials, characterized by vary-

ing periodicity and density of atomic arrangements in different lattice directions, leads to

direction-dependent physical and chemical properties. This intrinsic anisotropy gives rise

to anisotropic surface energy, which in turn governs anisotropic surface diffusion on solid

surfaces [44]. Anisotropic surface diffusion is crucial in various applications across mate-

rials science and physics, including the evolution of voids in microelectronic circuits [41],

microstructural evolution in solids [13,22], and solid-state dewetting (SSD) [26,36,39,40,

45,46,50], among others.
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Let Γ = Γ (t) be a two-dimensional closed curve represented as

~X := ~X (s, t) =
�

x(s, t), y(s, t)
�T

,

where s is the arc-length parametrization of Γ and t denotes time — cf. Fig. 1. Besides, let

~n= (n1, n2)
T ∈ S1 be the outward unit normal vector, γ= γ(~n) a given anisotropic surface

energy, and ~τ = ∂s
~X = ~n⊥, ~n = −∂s

~X⊥ = −~τ⊥, where ⊥ denotes the clockwise rotation by

angle π/2.

We consider a homogeneous extension γ(~p) : R2
∗ := R2 \ {~0} → R+ of the anisotropic

surface energy γ(~n) : S1→ R+ such that:

(i) γ(~p)|~p=~n = γ(~n) for ~n ∈ S1.

(ii) γ(c~p) = cγ(~p) for c > 0 and ~p ∈ R2
∗.

One of popular homogeneous extensions is

γ(~p) := |~p|γ

�

~p

|~p|

�

for all ~p = (p1, p2)
T ∈ R2

∗ := R2 \ {~0},

γ(~p) := 0, ~p = ~0,

where |~p| =
q

p2
1
+ p2

2
, cf. Refs. [2,15,29].

The following geometric evolution equation

∂t
~X = ∂ssµ~n, (1.1)

where µ := µ(s) is the chemical potential, characterizes the motion of the curve driven

by anisotropic surface diffusion [14, 40, 42]. The Cahn-Hoffman ~ξ-vector [23, 47], the

Figure 1: Schematic diagram of a closed curve Γ under anisotropic surface diffusion. The anisotropic
surface energy is γ(~n), while ~n is the outward unit normal vector.
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chemical potential µ and the Hessian matrix Hγ(~n) [29] can be defined by

~ξ := ~ξ(~n) =∇γ(~p)
�

�

~p=~n
= γ(~n)~n+ (~ξ · ~τ)~τ for all ~n ∈ S1,

µ := −~n · ∂s
~ξ⊥,

Hγ(~n) :=∇∇γ(~p)
�

�

~p=~n
.

(1.2)

It follows from (1.1) and (1.2) that the anisotropic surface diffusion flow (SDF) for Γ can

be represented as

∂t
~X = ∂ssµ ~n, 0< s < L(t), t > 0,

µ= −~n · ∂s
~ξ⊥, ~ξ =∇γ(~p)

�

�

~p=~n
,

(1.3)

where L(t) =
∫

Γ (t)
ds is the length of Γ (t), cf. [2,29]. The initial condition for (1.3) is given

by

~X (s, 0) = ~X0(s) =
�

x0(s), y0(s)
�T

, 0≤ s ≤ L0, (1.4)

where L0 represents the length of the initial curve.

There are various numerical methods used in simulation of isotropic and anisotropic

surface diffusion, including the finite element method (FEM) with graph representations

[1,15,16], the level set and phase-field methods [19], the discontinuous Galerkin FEM [49],

the marker-particle method [18,48], the θ -L formulation method [25], and the parametric

FEM (PFEM) [2,9,11,29,37,40]. Note that the methods proposed by Barrett et al. [8,9,12],

collectively referred to as BGN, stand out because of their unconditional energy stability

and adaptability to asymptotic mesh distributions. Following the concept of BGN methods,

the SDF (1.3) is reformulated as

~n · ∂t
~X = ∂ssµ, 0< s < L(t), t > 0,

µ~n= −∂s
~ξ⊥, ~ξ =∇γ(~p)

�

�

~p=~n
.

The BGN method improves mesh quality without using mesh retriangulation techniques.

Instead, it introduces the artificial tangential velocity, effectively handling the problem of

node clustering and mesh distortion that occur during the simulation of SDF [10, 11].

Recently, Bao et al. [2] introduced an energy-stable numerical scheme based on a novel

surface energy matrix for solving the motion of closed curves under anisotropic surface

diffusion. This approach has been further developed and extended in several works, in-

cluding [4, 5, 36–39, 54]. Duan and Li [20] proposed a novel class of PFEM to solve the

surface evolution problem of geometric flow by using a new type of artificial tangential

velocity. This approach effectively maintains good mesh quality, particularly when the time

step is sufficiently small.

However, most existing methods for geometric flows are generally restricted to first-

order accuracy in time discretization. Recently, Jiang et al. [27] proposed stable BGN/BDFk

schemes for several isotropic flows, including mean curvature flow, SDF, and Willmore flow.

Nevertheless, the development of high-order temporal schemes for anisotropic geometric

evolution equations remains limited. Motivated by the approach [2] and the idea of stable
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BGN/BDFk methods [27], we propose high-order BDFk schemes for anisotropic SDF. The

high-order time schemes for anisotropic SDF considered here, are developed within the

BGN framework and retain several advantages of the original BGN schemes, such as:

(i) High efficiency. They only require solving a system of linear algebraic equations at

each time step, enabling fast execution.

(ii) Consistent maintenance of good mesh quality throughout the evolution of geometric

flows, ensuring accurate numerical results.

SSD with surface diffusion as its primary kinetic feature, is a phenomenon observed in

physics and materials science within solid-solid-vapor systems. It describes the agglomer-

ation of solid films on a substrate [45]. Under the influence of surface tension or capillary

forces, a solid film adhered to a substrate is inherently unstable or metastable in its de-

posited state, often displaying complex morphological features during its evolution, such

as edge retraction [17, 35, 48], faceting [31, 32, 50], pinch-off events [26, 34], and finger-

ing instabilities [33, 51–53]. These phenomena are characteristic of SSD, cf. Fig. 2. The

surface energy (density) of the film material is often highly dependent on its crystal orien-

tation, a phenomenon known as surface energy anisotropy, which plays a significant role in

influencing both the kinetics and morphological evolution. In recent years, various mathe-

matical models and numerical methods have been developed for SSD problems — cf. e.g.

Dziwnik et al. [21], Naffouti et al. [43], Huang et al. [24], Jiang et al. [26,28–30], Dornel

et al. [17], Wang et al. [46], Bao and Zhao [7], Li and Bao [40], Zhao et al. [55–57], Li

et al. [36], Li and Zhou [39]. Similar to SDF, the numerical methods used in these works

predominantly rely on first-order time discretization. In this paper, we aim to improve the

time discretization of the anisotropic SSD problem by employing higher-order BGN/BDFk

schemes.

The remainder of the paper is organized as follows. In Section 2, we review the varia-

tional formulation and BGN/BDF1 scheme for the anisotropic SDF, and then introduce high-

order time discretization schemes for the anisotropic SDF using the BGN/BDFk schemes.

Section 3 presents the extension of the BGN/BDFk schemes to simulate SSD of thin films

under anisotropic surface diffusion. In Section 4, we perform extensive numerical experi-

ments to validate the accuracy of the algorithms for the anisotropic SDF and SSD problems,

and simulate the evolution of curves under different anisotropic surface energies. Finally,

conclusions are drawn in Section 5.

2. BGN/BDFk Scheme for Anisotropic SDF

In this section, we review the variational formulation and the BGN/BDF1 scheme, fol-

lowed by an introduction to the BGN/BDFk schemes for anisotropic SDF.

2.1. The variational formulation

By introducing a special matrix Zk(~n), the equivalent form of anisotropic surface diffu-

sion described in (1.3) can be expressed as follows [2]:
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~n · ∂t
~X = ∂ssµ, (2.1a)

µ~n= −∂s

�

Zk(~n
�

∂s
~X ), (2.1b)

where Zk(~n) is a symmetric surface energy matrix, defined as

Zk(~n) = γ(~n)I2 − ~n~ξ(~n)
T − ~ξ(~n)~nT + k(~n)~n~nT , ∀~n ∈ S1

with k(~n) : S1 → R+ denoting a stabilizing function. Zk(~n) and ξ have the following

relationship:

Zk(~n)∂s
~X = γ(~n)~τ− (~ξ · ~τ)~n = ~ξ⊥.

We introduce a time-independent variable ρ ∈ I = [0,1] and parameterize Γ (t) as

Γ (t) := ~X (ρ, t) =
�

x(ρ, t), y(ρ, t)
�T

: I×R+→ R2.

The arc-length parameter s computed by

s(ρ, t) =

∫ ρ

0

�

�∂r
~X (ρ, t)

�

�dr

satisfies the relations ∂ρs = |∂ρ ~X |, ds = ∂ρsdρ = |∂ρ ~X |dρ. If there is no ambiguity, we do

not distinguish between ~X (ρ, t) and ~X (s, t).

Define the functional space for the evolution of the closed curve Γ (t) as

L2(I) :=

¨

u : I→ R

�

�

�

�

∫

Γ (t)

|u(s)|2ds =

∫

I

|u(s(ρ, t))|2∂ρs dρ < +∞

«

,

equipped with the L2-inner product

(u, v)Γ (t) :=

∫

Γ (t)

u(s)v(s)ds =

∫

I

u
�

s(ρ, t)
�

v
�

s(ρ, t)
�

∂ρs(ρ, t)dρ for all u, v ∈ L2(I),

which can be extended to [L2(I)]2 directly. Moreover, the Sobolev spaces are defined as

K := H1(I) =
�

u : I→ R : u ∈ L2(I),∂ρu ∈ L2(I)
	

,

Kp := H1
p
(I) =

�

u ∈K : u(0) = u(1)
	

,

Xp := Kp ×Kp.

Multiplying (2.1a) by test function ϕ ∈ Kp, integrating the result over Γ (t), and applying

integration by parts gives

�

~n · ∂t
~X ,ϕ

�

Γ (t)
= (∂ssµ,ϕ)

Γ (t) = − (∂sµ,∂sϕ)Γ (t) . (2.2)

Similarly, multiplying a test function ~ω= (ω1,ω2)
T ∈ Xp to (2.1b), we have

(µ~n, ~ω)Γ (t) =
�

−∂s

�

Zk(~n)∂s
~X
�

, ~ω
�

Γ (t)
=
�

Zk(~n)∂s
~X ,∂s ~ω

�

Γ (t)
. (2.3)
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Combining (2.2) and (2.3) leads to the symmetric variational formulation for the anisotropic

surface diffusion (2.1): Given an initial curve Γ (0) := ~X (I, 0) with ~X (ρ, 0) ∈ Xp, find the

solution Γ (t) := ~X (I, t) with ~X (·, t) ∈ Xp and the chemical potential µ(·, t) ∈K such that
�

~n · ∂t
~X ,ϕ

�

Γ (t)
+ (∂sµ,∂sϕ)Γ (t) = 0 for all ϕ ∈Kp,

(µ, ~n · ~ω)Γ (t) −
�

Zk(~n)∂s
~X ,∂s ~ω

�

Γ (t)
= 0 for all ~ω ∈ Xp.

(2.4)

Remark 2.1. For γ(~n) = γ(−~n), we can choose an appropriate minimizing stabilizing func-

tion k(~n) to ensure the symmetric positive property of the matrix Zk(~n). According to [2],

we have

(i) For γ(~n) = 1+ β cos2θ , k(~n) = 4− 2γ(~n) + 4β2γ(~n)−1.

(ii) For γ(~n) = 1+ β cos4θ , k(~n) = 2γ(~n) + (16β + 16β2)γ(~n)−1.

(iii) For γ(~n) =
�

|n1|
4 + |n2|

4
�1/4

, k(~n) = 2γ(~n)−3.

(iv) For γ(~n) =
�

|n1|
6 + |n2|

6
�1/6

, k(~n) = 2γ(~n)−5
�

n4
1
+ n2

1n2
2 + n4

2

�

.

2.2. BGN/BDF1 scheme

Let I = [0,1] =
⋃N

j=1 I j with the subintervals I j = [ρ j−1,ρ j], h = 1/N be the mesh

size and the grid nodes ρ j = jh for j = 0,1, . . . , N . Define the finite element subspace of

H1(I) as

K
h := Kh(I) :=

�

uh ∈ C (I)∩K(I) : uh
�

�

I j
∈ P1 for all j = 1,2, . . . , N

	

⊂K,

K
h
p

:=
�

uh ∈Kh : uh(0) = uh(1)
	

⊂Kp,

X
h
p := Kh

p ×K
h
p ⊂ Xp,

where P1 is the set of all polynomials of degree at most one.

Define the mass-lumped inner product (·, ·)h
Γh

over Γ h by

(u, v)h
Γh

:=
1

2

N
∑

j=1

�

� ~Xh(ρ j)− ~Xh(ρ j−1)
�

�

�

(u · v)(ρ−
j
) + (u · v)(ρ+

j−1
)
�

,

where ~X h is a parameterization of Γ h, ~X h(ρ j) are the vertices of the polygon Γ h, and u, v

scalar or vector piecewise continuous functions with possible jumps at the nodes {ρ j}
N
j=1

,

and u(ρ±
j
) = limρ→ρ±

j
u(ρ). The polygon Γ h(t) is composed by ordered vectors {~h j(t)}

N
j=1

,

hmin(t) := min
1≤ j≤N

�

�~h j(t)
�

� > 0 with ~h j = ~Xh(ρ j)− ~Xh(ρ j−1), j = 1,2, . . . , N .

We denote

~nh
�

�

I j
= −
(~h j)
⊥

|~h j|
=: ~nh

j , ~τh
�

�

I j
=
~h j

|~h j|
=: ~τh

j ,
~ξh
�

�

I j
= ~ξ(~nh

j ) =: ~ξh
j ,

where |~h j| is the length of the vector ~h j .
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Let Γ h(0) := ~X h(ρ, 0) ∈ Xh
p

be an interpolation of the initial curve ~X0(s) in (1.4) sat-

isfying ~X0(0) = ~X0(L0), which is defined as ~X h(ρ j, 0) = ~X0(s
0
j
) with s0

j
= L0ρ j for j =

0,1, . . . , N . Now we can write the semi-discrete scheme of the variational formulation (2.4)

as: Given an initial curve Γ h(0) := ~X h(I, 0) ∈ Xh
p
, find the solution Γ h(t) := ~X h(I, t) ∈ Xh

p

and µh(·, t) ∈ Kh
p

such that

�

~nh · ∂t
~X h,ϕh

�h

Γh
+
�

∂sµ
h,∂sϕ

h
�

= 0 for all ϕh ∈Kh
p,

�

µh, ~nh · ~ωh
�h

Γh
−
�

Zk(~n
h)∂s

~X h,∂s ~ω
h
�h

Γh
= 0 for all ~ωh ∈ Xh

p
.

For a full discretization, we fix τ > 0 as a uniform time step and take tm = mτ, m =

0,1,2, . . . as the discrete time levels. Let ~X m ∈ Xh and Γm be the approximations of ~X (·, tm)

and Γ (tm), respectively. We set

~hm
j := ~X m(ρ j)− ~X

m(ρ j−1), j = 1,2, . . . , N .

The unit tangential vector ~τm and the outward unit normal vector ~nm can be computed as

~τm =

~hm
j

|~hm
j
|
, ~nm = −

(~hm
j
)⊥

|~hm
j
|

.

The first-order BGN scheme (BGN/BDF1) is based on the backward Euler method in time

and is stated as follows:

Let Γ 0 = ~X 0 ∈ Xh
p be an initial curve. For m ≥ 0, find a curve Γm+1 := ~X m+1 ∈ Xh

p and

the chemical potential µm+1 ∈Kh
p such that

�

~X m+1 − ~X m

τ
· ~nm,ϕh

�h

Γm

+
�

∂sµ
m+1,∂sϕ

h
�h

Γm = 0 for all ϕh ∈Kh
p,

�

µm+1, ~nm · ~ωh
�h

Γm −
�

Zk(~n
m)∂s

~X m+1,∂s ~ω
h
�h

Γm = 0 for all ~ωh ∈ Xh
p.

(2.5)

Remark 2.2. Bao et al. [2] introduced a symmetric variational formulation (2.4) by incor-

porating a surface energy matrix and constructed an energy-stable PFEM for the anisotropic

SDF. On the other hand, ~nm in (2.5) has been replaced by the time-weighted interface nor-

mals

~nm+1/2 = −
1

2

�

∂s
~X m+ ∂s

~X m+1
�⊥

to ensure area-conservation [6]. This approach was further extended to three-dimensional

surfaces in [4], while retaining the key properties observed in two dimensions.

2.3. High-order BGN/BDFk algorithms

In this section, we establish high-order temporal schemes based on BDFk methods.

Using the Taylor expansion for approximation of the velocity ∂t
~X gives
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∂t
~X (·, tm+1) =

1

τ

�

3

2
~X (·, tm+1)− 2 ~X (·, tm) +

1

2
~X (·, tm−1)

�

+ O (τ2),

∂t
~X (·, tm+1) =

1

τ

�

11

6
~X (·, tm+1)− 3 ~X (·, tm) +

3

2
~X (·, tm−1)−

1

3
~X (·, tm−2)

�

+ O (τ3),

∂t
~X (·, tm+1) =

1

τ

�

25

12
~X (·, tm+1)− 4 ~X (·, tm) + 3 ~X (·, tm−1)−

4

3
~X (·, tm−2)

+
1

4
~X (·, tm−3)

�

τ+ O (τ4).

Hence, the velocity is approximated with an error of O (τk), 2 ≤ k ≤ 4 at the time level

tm+1. Utilizing the mass-lumped inner product with a suitable predictor Γ̃m+1 approximat-

ing Γ (tm+1), we arrive at the following high-order schemes, referred to as BGN/BDFk: For

k = 2,3,4 and m ≥ k − 1, find a curve Γm+1 := ~X m+1 ∈ Xh
p and a chemical potential

µm+1 ∈Kh
p such that

�

p ~X m+1 − ~̂X m

τ
· ~̃nm+1,ϕh

�h

Γ̃m+1

+
�

∂sµ
m+1,∂sϕ

h
�h

Γ̃m+1 = 0 for all ϕh ∈Kh
p,

�

µm+1, ~̃nm+1 · ~ωh
�h

Γ̃m+1 −
�

Zk(~̃n
m+1)∂s

~X m+1,∂s ~ω
h
�h

Γ̃m+1 = 0 for all ~ωh ∈ Xh
p
,

(2.6)

where

Zk(~̃n
m+1) = γ(~̃nm+1)I2 − ~̃n

m+1( ~̃ξm+1)T − ~̃ξm+1(~̃nm+1)T + k(~̃nm+1)~̃nm+1(~̃nm+1)T ,

p, ~̂X m are defined by

BDF2 : p =
3

2
, ~̂X m = 2 ~X m−

1

2
~X m−1, (2.7a)

BDF3 : p =
11

6
, ~̂X m = 3 ~X m−

3

2
~X m−1+

1

3
~X m−2, (2.7b)

BDF4 : p =
25

12
, ~̂X m = 4 ~X m− 3 ~X m−1+

4

3
~X m−2 −

1

4
~X m−3. (2.7c)

Besides,

~̃nm+1 = −

 

∂ρ ~̃X
m+1

|∂ρ ~̃X m+1|

!⊥

is the normal vector, Γ̃m+1 an approximation of Γ (tm+1),
~̃ξm+1 = ∇γ(~̃nm+1) the Cahn-

Hoffman vector and ∂s the partial derivative based on the arc-length of Γ̃m+1.

Following the work in [9], we can show the existence and uniqueness of the linear

scheme (2.6) under certain weak assumptions on Γ̃m+1.

Theorem 2.1 (Well-Posedness). Let k = 2,3,4 and m ≥ k − 1. If the BGN/BDFk schemes

(2.6) satisfy the conditions
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(i) At least two vectors in {~̃hm
j
}N

j=1
are not parallel — i.e. there exist 1 ≤ j1 < j2 ≤ N − 1

such that

~̃hm
j1
·
�

~̃hm
j2

�⊥

6= 0.

(ii) No degenerate vertex on Γ̃m+1, i.e.

hm
min

:= min
1≤ j≤N

�

�~̃hm+1
j

�

� = min
1≤ j≤N

�

� ~̃X m(ρ j+1)− ~̃X
m(ρ j)

�

� > 0,

then they are well-posed — i.e. any system (2.6) has a unique solution ( ~X m+1,µm+1) ∈

X
h
p ×K

h
p.

To determine Γ̃m+1 or ~̃X m+1 (which is equivalent to Γ̃m+1), we predict Γ̃m+1 using the

solution from a lower-order BGN/BDFk scheme. This prediction is crucial for the effective-

ness of the high-order BGN/BDFk schemes. For instance, the BGN/BDF1 scheme — i.e. the

classical BGN1 scheme can be used to predict Γ̃m+1 in the BGN/BDF2 scheme.

To start the BGN/BDFk algorithms, it is necessary to prepare the initial data ~X 0, · · · , ~X k−1

which should be approximations of ~X (·, 0), · · · , ~X (·, tk−1) with an error of O (τk). This can

be achieved by using the BGN/BDF1 scheme with a finer time step. Specifically, to get an

approximation of ~X (·, t1) with an error of O (τk), for k = 2,3,4, it suffices to implement

the BGN/BDF1 scheme with a time step size of τ̃ ∼ τk−1 by τ/τ̃ steps.

Now we introduce specific algorithms for the BGN/BDFk algorithms. In these algo-

rithms, we write Γm+1 and Γ̃m+1 for polygonal curves described by ~X m+1 and ~̃X m+1, respec-

tively.

Algorithm 2.1 BGN/BDF2

Require: An initial curve Γ (0) approximated by a polygon Γ 0 with N vertices. Terminate

time T and time step τ satisfy that T/τ is a positive integer.

1: Calculate ~X 1 by using the BGN/BDF1 scheme (2.5) with Γ 0 and τ. Set m = 1.

2: while m < T/τ do

3: Use the BGN/BDF1 scheme (2.5) to compute ~̃X m+1 with Γm and τ.

4: Use the BGN/BDF2 scheme (2.6) and (2.7a) to compute ~X m+1 with ~X m−1, ~X m, Γ̃m+1

and τ.

5: m= m+ 1.

6: end while

Algorithm 2.2 BGN/BDF3

Require: An initial curve Γ (0) approximated by a polygon Γ 0 with N vertices. Terminate

time T , time step τ and a finer time step τ̃ ∼ τ2.

1: Calculate ~X 1 by using the BGN/BDF1 scheme (2.5) with Γ 0 and τ̃ for τ/τ̃ steps.

2: Calculate ~X 2 by using the BGN/BDF1 scheme (2.5) with ~X 1 and τ̃ for another τ/τ̃

steps. Set m= 2.
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3: while m < T/τ do

4: Use BGN/BDF2 Algorithm 2.1 to compute ~̃X m+1 with ~X m−1, ~X m and τ.

5: Use the BGN/BDF3 scheme (2.6) and (2.7b) to compute ~X m+1 with ~X m−2, ~X m−1, ~X m,

Γ̃
m+1 and τ.

6: m= m+ 1.

7: end while

Algorithm 2.3 BGN/BDF4

Require: An initial curve Γ (0) approximated by a polygon Γ 0 with N vertices. Terminate

time T , time step τ and a finer time step τ̃ ∼ τ3.

1: Calculate ~X 1 by using the BGN/BDF1 scheme (2.5) with Γ 0 and τ̃ for the first τ/τ̃ steps.

2: Calculate ~X 2 by using the BGN/BDF1 scheme (2.5) with ~X 1 and τ̃ for the second τ/τ̃

steps.

3: Calculate ~X 3 by using the BGN/BDF1 scheme (2.5) with ~X 2 and τ̃ for the third τ/τ̃

steps. Set m= 3.

4: while m < T/τ do

5: Use BGN/BDF3 Algorithm 2.2 to compute ~̃X m+1 with ~X m−2 ~X m−1, ~X m and τ.

6: Use the BGN/BDF4 scheme (2.6) and (2.7c) to compute ~X m+1 with ~X m−3, ~X m−2,
~X m−1, ~X m, Γ̃m+1 and τ.

7: m= m+ 1.

8: end while

Remark 2.3. In [27], the BGN/BDF3 and BGN/BDF4 algorithms are proposed for isotropic

flows, with ~X 2 and ~X 3 computed by using BGN/BDF2 and BGN/BDF3 schemes, respectively.

However, while testing the convergence rates of these methods for anisotropic flows, we

noted that the order of convergence is lower than our excepted results. In this work, for the

BGN/BDF3 algorithm, we continue to use the BGN/BDF1 algorithm to compute ~X 2 with

a time step size of τ̃ ∼ τ2 by taking τ/τ̃ steps. Similarly, within the BGN/BDF4 algorithm,

we still use the BGN/BDF1 algorithm to compute ~X 3 with a time step size of τ̃ ∼ τ3 by

taking τ/τ̃ steps. Numerous numerical experiments show that this modified approach is

highly effective for the anisotropic SDFs and the SSD problems.

3. BGN/BDFk Algorithms for Simulating Anisotropic SSD

In this section, we review the anisotropic SSD problem [3,28,46] and build the corre-

sponding BGN/BDFk schemes.

3.1. SSD problem and the variational formulation

As shown in Fig. 2, a typical problem in SSD involves studying the evolution of an

open curve Γ := Γ (t) in two dimensions. This process is governed by anisotropic surface
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Figure 2: Schematic representation of solid films in two dimensions. γFV ,γV S, and γFS represent the film
vapor, vapor substrate and film substrate surface energy densities, respectively. x l

c
and x r

c
are the left

and right contact points.

diffusion, where its two contact points x l
c := x l

c(t) and x r
c := x r

c (t) move along a rigid

planar substrate. Note that all notations, except of the ones related to boundary conditions,

remain the same as in the previous section.

We represent Γ (t) = ~X (s, t) = (x(s, t), y(s, t))T with the arc-length parameter s ∈

[0, L(t)] where L(t) is the length of the curve. Alternatively, we can parameterize Γ (t)

as Γ (t) = ~X (ρ, t) = (x(ρ, t), y(ρ, t))T with ρ ∈ [0,1]. For the SSD problem, according

to [3, 28, 46], the open curve ~X (ρ, t) satisfies the anisotropic surface diffusion (1.3) and

the following boundary conditions:

(i) The contact point condition

y(0, t) = 0, y(1, t) = 0, t ≥ 0. (3.1)

(ii) The relaxed contact angle condition

dx l
c

dt
= η (ξ2|s=0−σ) ,

dx r
c

dt
= −η (ξ2|s=L −σ) , t ≥ 0. (3.2)

(iii) The zero-mass flux condition

∂sµ(0, t) = 0, ∂sµ(1, t) = 0, t ≥ 0, (3.3)

where σ = (γVS − γFS)/γFV with γVS, γFS and γFV representing the film/vapor, vapor/sub-

strate and film/substrate surface energy densities, respectively. The parameter η ∈ (0,∞)

indicates the contact line mobility and ~ξ = (ξ1,ξ2)
T is the dimensionless Cahn-Hoffman

vector. In addition, we assume that x l
c(t) and x r

c (t) satisfy x l
c(t) = x(0, t) ≤ x r

c (t) = x(1, t).

Introduce the Sobolev spaces

H1(I) :=
�

u : I→ R, and u ∈ L2(I),∂ρu ∈ L2(I)
	

,

H1
0(I) :=

�

u : I→ R, and u ∈ H1(I),u(0) = u(1) = 0
	

,

X := H1(I)×H1
0
(I).
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Following [36], we multiply the test function φ ∈ H1(I) by (2.1a), integrate the result

over Γ (t) by using integration by parts, and consider the zero mass flux condition (3.3),

thus obtaining
�

~n · ∂t
~X ,ϕ

�

Γ (t)
= (∂ssµ,ϕ)Γ (t) = −(∂sµ,∂sϕ)Γ (t). (3.4)

Similarly, multiplying the test function ~ω = (ω1,ω2)
T ∈ (X) by (2.1b), integrating over

Γ (t), performing integration by parts, considering the relaxed contact angle condition (3.2),

and using the relation (2.1) gives

(µ~n, ~ω)
Γ (t) =

�

−∂s

�

Zk(~n)∂s
~X
�

, ~ω
�

Γ (t)

=
�

Zk(~n)∂s
~X ,∂s ~ω

�

Γ (t)
− ~ξ⊥ · ~ω

�

�

ρ=1

ρ=0

=
�

Zk(~n)∂s
~X ,∂s ~ω

�

Γ (t)
+

1

η

�

dx l
c

dt
ω1(0) +

dx r
c

dt
ω1(1)

�

−σ[ω1(1)−ω1(0)]. (3.5)

Combining (3.4) and (3.5) leads to the following symmetric variational formulation of

the anisotropic SDF (2.5) with the boundary conditions (3.1)-(3.3): Given an initial open

curve Γ (0) = ~X (I, 0) ∈ X with taking x l
c(t) = x(0, t) ≤ x r

c (t) = x(1, t), find the solution

Γ (t) := ~X (I, t) ∈ X, and the chemical potential µ(·, t) ∈ H1(I) such that
�

~n · ∂t
~X ,ϕ

�

Γ (t)
+ (∂sµ,∂sϕ)Γ (t) = 0 for all ϕ ∈ H1(I),

(µ~n, ~ω)Γ (t) −
�

Zk(~n)∂s
~X ,∂s ~ω

�

Γ (t)
−

1

η

�

dx l
c

dt
ω1(0) +

dx r
c

dt
ω1(1)

�

+σ[ω1(1)−ω1(0)] = 0 for all ~ω ∈ X.

3.2. BGN/BDFk algorithms

Define the finite element subspaces

K
h :=

�

u ∈ C (I)
�

� u
�

�

I j
∈ P1 for all j = 1,2, . . . , N

	

⊆ H1(I),

K
h
0

:=Kh ∩ H1
0
(I),

X
h := Kh ×Kh

0
.

We first establish the following BGN/BDF1 scheme: Given an initial curve Γ 0 = ~X 0 ∈ Xh,

find the solution Γm+1 := ~X m+1 ∈ Xh and the chemical potential µm+1 ∈Kh such that
�

~X m+1 − ~X m

τ
· ~nm,ϕh

�h

Γm

+
�

∂sµ
m+1,∂sϕ

h
�h

Γm = 0 for all ϕ ∈Kh,

�

µm+1, ~nm · ~ωh
�h

Γm −
�

Zk(~n
m)∂s

~X m+1,∂s ~ω
h
�h

Γm +σ
�

ωh
1
(1)−ωh

1
(0)
�

−
1

η

�

xm+1
l
− xm

l

τ
ωh

1
(0) +

xm+1
r − xm

r

τ
ωh

1
(1)

�

= 0 for all ~ωh ∈ Xh,

where xm+1
l
= xm+1(0) ≤ xm+1

r
= xm+1(1).



Anisotropic Surface Diffusion Flows and Applications In Solid-State Dewetting 13

Similarly, we can also establish high-order temporal scheme based on the BDFk meth-

ods. By utilizing the mass-lumped inner product with a suitable predictor Γ̃m+1, which ap-

proximates Γ (tm+1), we derive the following high-order schemes, referred to as BGN/BDFk

schemes: For k = 2,3,4, m ≥ k − 1, find a solution Γm+1 = ~X m+1 ∈ Xh and a chemical po-

tential µm+1 ∈Kh, m≥ 0 such that

�

p ~X m+1 − ~̂X m

τ
· ~̃nm+1,ϕh

�h

Γ̃m+1

+
�

∂sµ
m+1,∂sϕ

h
�h

Γ̃m+1 = 0 for all ϕ ∈Kh,

�

µm+1, ~̃nm+1 · ~ωh
�h

Γ̃m+1 −
�

Zk(~̃n
m+1)∂s

~X m+1,∂s ~ω
h
�h

Γ̃m+1 +σ
�

ωh
1
(1)−ωh

1
(0)
�

−
1

η

�

pxm+1
l
− x̂m

l

τ
ωh

1
(0) +

pxm+1
r
− x̂m

r

τ
ωh

1
(1)

�

= 0 for all ~ωh ∈ Xh,

(3.6)

where

xm+1
l
= xm+1(0)≤ xm+1

r
= xm+1(1).

All notations remain the same as in Section 2.3, and the terms p, ~̂X m, x̂m
l

, x̂m
r are defined by

BDF2: p =
3

2
, X̂ m = 2X̄ m−

1

2
X̄ m−1,

x̂m
l
= 2xm

l
−

1

2
xm−1

l
, x̂m

r = 2xm
r −

1

2
xm−1

r ,

BDF3: p =
11

6
, X̂ m = 3X̄ m−

3

2
X̄ m−1 +

1

3
X̄ m−2,

x̂m
l
= 3xm

l
−

3

2
xm−1

l
+

1

3
xm−2

l
,

x̂m
r = 3xm

r −
3

2
xm−1

r +
1

3
xm−2

r ,

BDF4: p =
25

12
, X̂ m = 4X̄ m− 3X̄ m−1+

4

3
X̄ m−2 −

1

4
X̄ m−3,

x̂m
l
= 4xm

l
− 3xm−1

l
+

4

3
xm−2

l
−

1

4
xm−3

l
,

x̂m
r
= 4xm

r
− 3xm−1

r
+

4

3
xm−2

r
−

1

4
xm−3

r
.

We can also obtain the well-posedness of the BGN/BDFk schemes (3.6), which can be

proved similar to [9].

Remark 3.1. For the BGN/BDF1 scheme, the numerical convergence rate O (h2) can only

be observed for τ = h2. Additionally, Duan and Li [20] stated that the BGN/BDF1 scheme

is unstable for sufficiently small values of τ. One advantage of using high-order schemes

is that very small time step τ is not required to achieve the desired convergence rate for

numerical experiments.
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4. Numerical Results

In this section, the results of numerical simulations of the SDF and SSD problems by

proposed BGN/BDFk schemes are presented. We consider different types of surface energy

anisotropy for various initial geometries. In particular, the following types of surface energy

anisotropies are discussed [2].

Case I. The 2-fold anisotropic surface energy γ(~n) = γ(θ) = 1+β cos(2θ), β ≥ 0, with

~ξ = ~ξ(~n) = ~n+ β cos(2θ)~n+ 2β sin(2θ)~n⊥,

k(~n) = 4− 2γ(~n) +
4β2

γ(~n)
.

Case II. The 4-fold anisotropic surface energy γ(~n) = 1+ β cos(4θ), β ≥ 0, with

~ξ = ~ξ(~n) = ~n+ β cos(4θ)~n+ 4β sin(4θ)~n⊥,

k(~n) = 2γ(~n) +
16β + 16β2

γ(~n)
.

Case III. The l4-norm metric anisotropic surface energy γ(~n) = ‖~n‖l4 = (|n1|
4+ |n2|

4)1/4,

with

~ξ= ~ξ(~n) = γ(~n)−3

�

|n1|
2n1

|n2|
2n2

�

,

k(~n) = 2γ(~n)−3.

Case IV. The l6-norm metric anisotropic surface energy γ(~n) = ‖~n‖l6 = (|n1|
6+ |n2|

6)1/6,

with

~ξ= ~ξ(~n) = γ(~n)−5

�

|n1|
4n1

|n2|
4n2

�

,

k(~n) = 2γ(~n)−5
�

n4
2 + n2

2n2
1 + n4

1

�

.

We test the convergence rates of the BGN/BDFk schemes for different curves. To cal-

culate the difference between curves Γ1 and Γ2, we use the manifold distance M(Γ1, Γ2)

introduced in [57]. The manifold distance M(Γ1, Γ2) is defined as

M(Γ1, Γ2) := |(Ω1 \Ω2)∪ (Ω2 \Ω1)| = |Ω1|+ |Ω2| − 2|Ω1 ∩Ω2|,

where the area of Ω is represented as |Ω|.

In order to obtain grid distributions in different situations, we define the grid ratio Φ(t)

of the curve Γ h(t) by

Φ(t) =
hm

max

hm
min

=
max1≤ j≤N |~h j(t)|

min1≤ j≤N |~h j(t)|
, m ≥ 0.
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The total interface free energy W h(t) of a closed curve is defined as

W h(t) =

∫

Γ (t)

γ(~n)ds, t ≥ 0.

The total interface free energy W h(t) of SSD is defined as

W h(t) =

∫

Γ (t)

γ(~n)ds −σ
�

x r
c (t)− x l

c(t)
�

, t ≥ 0.

4.1. Anisotropic SDF

For the anisotropic SDF, we mainly do the following tests:

1. Check the convergence order of BGN/BDFk schemes for the SDF for different type of

the surface energy anisotropy. To this end, we set τk = h2 in convergence tests. Fig. 3

shows the comparison of temporal convergence rates of BGN/BDFk schemes at time

T = 1. The numerical results indicate that the numerical error of the BGN/BDFk

schemes converge at expected k-th order.

2. Next, we examine the mesh quality of the BGN/BDFk schemes for the SDF for differ-

ent type of the surface energy anisotropys. Fig. 4 shows that during long-term simu-

lations, the mesh distribution functions approach a constant. Additionally, the graphs

show that higher-order algorithms approach a constant faster than lower-order ones,

demonstrating that the higher-order BGN/BDFk schemes have an advantage in im-

proving mesh quality.

3. We also test the normalized free energy W h(t)/W h(0). Fig. 5 demonstrates that

BGN/BDFk schemes for the SDF with different type of anisotropic energy functions

exhibit energy stability.

4. Finally, we use BGN/BDFk schemes to study the morphological evolution for different

anisotropic surface energies. The blue solid lines represent the initial curves, the

black dashed lines show the curves during the evolution process, and the red solid

lines indicate the final equilibrium shapes. Figs. 6-9 illustrate the evolution of initial

elliptical curves toward their equilibrium shapes, Fig. 10 shows the evolution of an

initial flower-shaped curve, and Fig. 11 presents the evolution of a rectangular curve

with two sides formed by half-ellipses. The experiments show that the equilibrium

states achieved by the higher-order schemes are consistent with the ones obtained by

the BGN/BDF1 scheme.
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Figure 3: Time convergence rates εu(T ) of the BGN/BDFk schemes (2.6) on closed curves. Top left:
Case I, β = 1/20; Top right: Case II, β = 1/20; Bottom left: Case III; Bottom right: Case IV. Initial
curve is an ellipse with major axis 4 and minor axis 2. The time step and spatial step are both 0.1.
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Figure 4: Mesh ratio Φ(t) for BGN/BDFk schemes (2.6) on closed curves. Top left: Case I, β = 1/20.
Top right: Case II, β = 1/20. Bottom left: Case III. Bottom right: Case IV. Initial curve is an ellipse
with major axis 4 and minor axis 2. The time step is 0.01, the spatial step is to 0.1.



Anisotropic Surface Diffusion Flows and Applications In Solid-State Dewetting 17

0 1 2 3 4

0.9

0.95

1

BGN/BDF1
BGN/BDF2
BGN/BDF3
BGN/BDF4

0.5 0.6 0.7 0.8 0.9

0.895

0.9

0.905

0 1 2 3 4

0.9

0.95

1

BGN/BDF1
BGN/BDF2
BGN/BDF3
BGN/BDF4

0.4 0.6 0.8 1
0.895

0.905

0.915

0 1 2 3 4
0.85

0.9

0.95

1

BGN/BDF1
BGN/BDF2
BGN/BDF3
BGN/BDF4

0.4 0.6 0.8

0.875

0.88

0.885

0.89

0 1 2 3
0.85

0.9

0.95
BGN/BDF1
BGN/BDF2
BGN/BDF3
BGN/BDF4

0.4 0.5 0.6
0.85

0.855

0.86

Figure 5: The normalized energy wh(t)/wh(0) of the BGN/BDFk schemes (2.6) on closed curves. Top
left: Case I, β = 1/20; Top right: Case II, β = 1/20; Bottom left: Case III; Bottom right: Case IV. Initial
curve is an ellipse with major axis 4 and minor axis 2. The time step and spatial step are both 0.01.
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Figure 6: The evolution of closed curves with 2-fold anisotropy. Initial curve is an ellipse with major
axis 4 and minor axis 2, and β = 1/5. Top left: h = 10−2,τ = h2; Top right: h = 10−2,τ2 = h2; Bottom
left: h= 10−2,τ3 = h2; Bottom right: h= 1/1600,τ4 = h2.



18 L. Gu, Y. Guo and M. Li

-2 -1 0 1 2

-1

0

1

-2 -1 0 1 2

-1

0

1

-2 -1 0 1 2

-1

0

1

-2 -1 0 1 2

-1

0

1

Figure 7: The evolution of closed curves with 4-fold anisotropy. Initial curve is an ellipse with major
axis 4 and minor axis 2, and β = 1/17. Top left: h= 10−2,τ = h2; Top right: h = 10−2,τ2 = h2; Bottom
left: h= 10−2,τ3 = h2; Bottom right: h= 1/1600,τ4 = h2.
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Figure 8: The evolution of closed curves with l4-norm anisotropy. Initial curve is an ellipse with major
axis 4 and minor axis 2. Top left: h = 10−2,τ = h2; Top right: h = 10−2,τ2 = h2; Bottom left:
h= 10−2,τ3 = h2; Bottom right: h= 1/1600,τ4 = h2.



Anisotropic Surface Diffusion Flows and Applications In Solid-State Dewetting 19

-2 -1 0 1 2

-1

0

1

-2 -1 0 1 2

-1

0

1

-2 -1 0 1 2

-1

0

1

-2 -1 0 1 2

-1

0

1

Figure 9: The evolution of closed curves with l6-norm anisotropy. Initial curve is an ellipse with major
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Figure 10: The evolution of closed curves with l4-norm anisotropy. Initial curve is a flower and its
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20 L. Gu, Y. Guo and M. Li

4.2. Anisotropic SSD

For the anisotropic SSD problem, we set η = 100 and σ = −0.6 and do the following

tests:

1. We plot the errors of BGN/BDFk schemes for the SSD problems for various anisotropic

surface energy at fixed time T = 1. For τk = h2, Fig. 12 shows that the BGN/BDFk

schemes achieve the convergence rate O (h2 +τk), consistent with our expectations.

2. We next evaluate the mesh quality throughout the evolution of the BGN/BDFk sche-

mes for the SSD problems, considering four distinct types of anisotropic surface en-

ergy functions. Fig. 13 demonstrates that the mesh function ψ(t) eventually con-

verges to a constant over time. Similar to the SDF case, we observe that in higher-

order schemes,ψ(t) approaches this constant more rapidly than in lower-order sche-

mes.

3. Additionally, we analyze the time evolution of the total free energy computed by

the BGN/BDFk schemes. As Fig. 14 shows, for various anisotropic surface energies

and BGN/BDFk schemes, the normalized total free energy W h(t)/W h(0) consistently

decreases over the course of the evolution.

4. Finally, we present several numerical tests to demonstrate the morphological evolu-

tion of different island films toward their respective equilibrium shapes during SSD,

under various anisotropic surface energies and different BGN/BDFk schemes. Using

Figs. 15-20, we can conclude that, regardless of the initial curves, they consistently

evolve toward the equilibrium state associated with the anisotropic surface energy.

5. Conclusions

In this paper, we develop novel higher-order temporal PFEMs for solving anisotropic

SDF and anisotropic SSD problem. These methods are based on the classical BGN formula-

tion utilizing BDFk schemes for time discretization and combining with linear finite element

approximations in space. Numerical experiments have demonstrated that the BGN/BDFk

schemes achieve second-order spatial accuracy and k-th order temporal accuracy. Although

we have not yet provided a theoretical proof of the energy dissipation property for the

BGN/BDFk schemes, the numerical results consistently indicate that they ensure energy

dissipation throughout the evolution. Additionally, the proposed schemes maintain good

mesh quality during the entire simulation process. We also investigate the long-term be-

havior of the schemes toward equilibrium for different anisotropic surface energies, further

validating their robustness and reliability.
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Figure 11: The evolution of closed curves with 4-fold anisotropy. Initial curve is an ellipse with major axis
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Figure 12: Time convergence rates εu(T ) for the BGN/BDFk schemes (3.6) on SSD. Top left: Case I,
β = 1/20 and σ = −0.6; Top right: Case II, β = 1/20 and σ = −0.2; Bottom left: Case III, σ = −0.6;
Bottom right: Case IV, σ = −0.2. Initial curve is the upper half of an ellipse with major axis 4 and
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Figure 14: The normalized energy wh(t)/wh(0) of the BGN/BDFk schemes (3.6) on SSD. Top left:
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Figure 15: The evolution of SSD with 2-fold anisotropy. Initial curve is the upper half of an ellipse with
major axis 4 and minor axis 2. β = 1/5. Top left: h = 10−2,τ= h2; Top right: h= 10−2,τ2 = h2; Bottom
left: h= 10−2,τ3 = h2; Bottom right: h= 1/1600,τ4 = h2.
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Figure 16: The evolution of SSD with 4-fold anisotropy. Initial curve is the upper half of an ellipse with
major axis 4 and minor axis 2. β = 1/17. Top left: h = 10−2,τ = h2; Top right: h = 10−2,τ2 = h2;
Bottom left: h= 10−2,τ3 = h2; Bottom right: h= 1/1600,τ4 = h2.
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Figure 17: The evolution of SSD with l4-norm anisotropy. Initial curve is the upper half of an ellipse
with major axis 4 and minor axis 2. Top left: h = 10−2,τ = h2; Top right: h = 10−2,τ2 = h2; Bottom
left: h= 10−2,τ3 = h2; Bottom right: h= 1/1600,τ4 = h2.
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Figure 18: The evolution of SSD with l6-norm anisotropy. Initial curve is the upper half of an ellipse
with major axis 4 and minor axis 2. Top left: h = 10−2,τ = h2; Top right: h = 10−2,τ2 = h2; Bottom
left: h= 10−2,τ3 = h2; Bottom right: h= 1/1600,τ4 = h2.
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Figure 19: The evolution of SSD with l4-norm anisotropy. Initial curve is the upper half of a flower,
and the parameter equation of this flower is x = (2+ cos(16πρ)) cos(2πρ), y = (2+ cos(16πρ)) sin(2πρ).
Top left: h = 1/200,τ= 10−3; Top right: h= 1/200,τ = 10−3; Bottom left: h = 1/200,τ= 10−3; Bottom
right: h= 1/200,τ= 4× 10−3.

Figure 20: The evolution of SSD with 4-fold anisotropy. The initial curve is the upper half of an ellipse
with major axis 4 and minor axis 2, which is divided into two halves and connected by two segments of
length 2 in the middle, and β = 1/17. Top left: h = 1/120,τ = 10−2; Top right: h = 1/120,τ = 10−2;
Bottom left: h= 1/120,τ= 10−2; Bottom right: h= 1/120,τ= 10−2.
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