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Abstract. The Hirota-Maccari (HM) system generalizing the Hirota equation, serves as

a generalized (2+1)-dimensional model in fluid dynamics, plasma physics, and optical

fiber communication. In this paper, we obtain the quasi-periodic breathers to HM system

by use of Hirota’s bilinear method and the theta function. Asymptotic analysis demon-

strates that the quasi-periodic breathers can be reduced to regular breathers under small

amplitude limits. Moreover, we also classified solutions based on their asymptotic be-

havior. Numerical examples are given to confirm the theoretical analysis.
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1. Introduction

Integrable systems and soliton equations have garnered significant attention in both

physics and mathematics. These nonlinear partial differential equations serve as powerful

tools to model various nonlinear phenomena in physical sciences, including fluid mechan-

ics, nonlinear optics, magnetic fluids, and many other areas. The solutions of soliton equa-

tions are of significant interest due to their diverse types, such as soliton solutions, breather

solutions, lump solutions, and rogue wave solutions. These solutions provide deep insights

into the behavior of nonlinear systems and have broad applications in both theoretical and

applied research.

It is well known that the Kadomtsev-Petviashvili (KP) equation is regarded as the most

fundamental integrable nonlinear dispersive wave equations in (2+1)-dimensions — cf.

[1,19,20] and references therein. This is because many integrable systems can be derived

as special reductions of the KP hierarchy, which comprises the KP equation along with its

infinitely many symmetries. Starting from the KP equations, Maccari introduced a new type

of coupled nonlinear evolution equation in (2+1)-dimensions, called the Hirota-Maccari
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system

iut + ux y + iβux x x + uv − iβ |u|2ux = 0,

3vx + (|u|2)y = 0,
(1.1)

which was derived using an asymptotically exact reduction method based on Fourier expan-

sion and spatiotemporal rescaling in [26]. The Hirota-Maccari system (1.1) is integrable

due to the existence of the corresponding Lax pairs, and it could be reduced to the (1+1)-

dimensional integrable Hirota equation [13,27,28,30,38]when x = y. Its exact solutions

including soliton solutions, periodic waves solutions, travelling wave solutions, have been

obtained using a variety of methods, such as the unified algebraic method [9], the Weier-

strass elliptic function expansion method [5], the complex hyperbolic function method [4],

the direct algebraic method [39], the solitary wave ansatz method [33], the extended trial

equation method [7] and the bilinear method [37]. Through the coordinate transformation

x → ix , y →−y, t →−it, the HM system (1.1) can be rewritten as

ut − iux y + βux x x + uv + β |u|2ux = 0,

3ivx −
�

|u|2
�

y
= 0,

(1.2)

which can be further transformed into the bilinear form
�

Dt − iDx Dy + βD3
x + βDx

�

g · f = 0,
�

3D2
x
+ 1
�

f · f = g g∗
(1.3)

under the dependent variable transformation

u=
g

f
, v = −2i(ln f )x y ,

where f is real, g is complex, ∗ means the complex conjugation, and D is Hirota operator

[14] defined as

Dm
t

Dn
x
a(t, x) · b(t, x) =

∂ m

∂ sm

∂ n

∂ yn
a(t + s, x + y)b(t − s, x − y)|s=0,y=0,

m, n = 0,1,2, . . . .

The bilinear HM equation (1.3) is a special case of the coupled DS-KP equation proposed by

Hietarinta in [12]. The rational and semi-rational solutions to (1.3) were studied in [31,34]

by use of the KP hierarchy reduction method.

Recently, the quasi-periodic solution (also called algebra-geometric solutions or finite-

gap solutions) to the (2+1)-dimensional integrable systems have been investigated by dif-

ferent methods [6, 10, 11, 17, 18, 22, 24]. This kind of solutions is expressed by the theta

function [8], a summation of an infinite number of exponential functions. Since breathers

characterized by theta functions reduce to regular breathers described by elementary func-

tions (e.g., trigonometric functions), they are termed quasi-periodic breathers. Based on

Hirota’s bilinear method and theta functions, one of the authors and her collaborators in-

troduced a direct approach for efficiently and directly computing quasi-periodic breathers
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of the Davey-Stewartson (DS) equation in [29]. Subsequently, Zhao et al. [41] and Xin

et al. [35] successfully applied this method to quasi-periodic breathers for the KP-based

system and the Fokas system, respectively. In this paper, we apply this direct method to

construct quasi-periodic breathers for the HM system (1.2) and analyze their asymptotic

behavior in the small-amplitude limit. To the best of our knowledge, no previous work has

addressed this particular aspect.

The paper is organized as follows. In Section 2, we provide a brief overview of Hirota’s

bilinear method and theta functions, which serve as the foundational tools for our study.

We then derive regular breather solutions for the HM system and conduct a detailed anal-

ysis and classification of these solutions. Section 3 focuses on constructing quasi-periodic

breather solutions by formulating an over-determined nonlinear algebraic system. Through

asymptotic analysis, we demonstrate that quasi-periodic breathers can reduce to regular

breathers under certain limiting conditions, allowing us to categorize them into three dis-

tinct types. In Section 4, we present numerical examples of quasi-periodic breathers for the

HM system. Section 5 contains discussion and conclusions.

2. Breathers of HM System and Theta Functions

In this section, we review regular breathers to the (2+1)-dimensional HM system (1.2)

and introduce theta functions of even dimension to construct the quasi-periodic breathers.

2.1. Bilinear method and breathers

In order to construct breather solutions to the HM system (1.2), we introduce the fol-

lowing dependent variable transformation:

u = a exp
�

i(k̃ x + l̃ y + w̃t + η̃0)
	 g

f
, v = −2i(ln f )x y , (2.1)

where a, k̃, l̃, w̃, η̃0 are real numbers. Then the HM system (1.2) can be transformed to

�

3D2
x
− c
�

f · f − a2 g g∗ = 0, (2.2)
�

Dt + βD3
x + 3iβ k̃D2

x −
�

3β k̃2 − l̃ + cβ
�

Dx + k̃Dy

− iDx Dy + i
�

w̃+ k̃l̃ − β k̃3 − cβ k̃
�

�

g · f = 0. (2.3)

We still call Eqs. (2.2)-(2.3) the HM system without confusions. Consider the functions

f = 1+ exp(η) + exp(η∗) + Aexp(η+ η∗), (2.4)

g = 1+ exp(η+ iφ) + exp(η∗ + iφ∗) + Aexp
�

η+η∗ + i(φ +φ∗)
�

, (2.5)

where η = kx + l y +wt +η0 and k, l, w,φ are complex numbers, η0 is an arbitrary phase,

and A is a real number. Substituting (2.4)-(2.5) into the HM system (2.2)-(2.3), we have
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the following relations:

c = −a2, (2.6)

w̃ = −k̃l̃ + β k̃3 + cβ k̃, (2.7)

k2 = −2

3
a2 sin2

�

φ

2

�

, (2.8)

w = −βk3 +
�

3β k̃2 − l̃ + cβ
�

k− k̃l +
�

kl − 3β k̃k2
�

cot

�

φ

2

�

, (2.9)

A=
−3(k− k∗)2 − 2a2 sin2((φ −φ∗)/2)
3(k+ k∗)2 + 2a2 sin2((φ +φ∗)/2)

= 1+
8a2 sin2(φ/2) sin2(φ∗/2)

3(k + k∗)2 + 2a2 sin2((φ +φ∗)/2)
. (2.10)

Non-singular solutions to Eqs. (2.1) with (2.4)-(2.5) are obtained when the inequality

A > 1 is satisfied. These solutions correspond to 1-breathers of the HM system. Under

this constraint and owing to the arbitrariness of parameters k, l, φ, three different types

of breather solutions emerge. Notably, the analysis of the following three cases remains

unchanged regardless of the value of β :

(i) In the first scenario, the parameters k, l and φ take complex values (neither pure

real nor pure imaginary). The solution in this case corresponds to general breather

solutions. The condition A> 1 is inherently satisfied.

(ii) The second situation is characterized by real values of k and l, while φ is pure imag-

inary. At this point, the parameter w is generally complex, and the resulting so-

lution remains a general breather. However, if an additional constraint R(w) = 0

holds, the corresponding solutions represent stationary breathers, manifesting peri-

odic behavior in time and spatial localization which are the same as Kuznetsov-Ma

breathers [21,25]. The condition A> 1 remains inherently satisfied.

(iii) The third case arises when both k and l are pure imaginary, andφ is real. Under these

conditions, these solutions represent approximate homoclinic orbits. Although the

condition A> 1 still holds, (2.8) implies that k must satisfy the constraint −2a2/3<

k2 < 0. To further investigate the structure of homoclinic orbits, we set k = iα, l = iγ,

w = λ1 + iλ2, η0 = σ1 + iσ2. Here α, γ, λ j, σ j ( j = 1,2) are real parameters. With

these values substituted into (2.8)-(2.9), the resulting expressions are as follows:

λ1 = ±
�

−αγ+ 3β k̃α2
�

√

√2a2 − 3α2

3α2
,

λ2 = βα
3 +
�

3β k̃2 − l̃ + cβ
�

α− k̃γ.

Additionally, the solution u can be represented as

u = a exp{i(η̃+φ)} ·
p

Acosh(λ1 t +σ1 + ln(A)/2+ iφ) + cos(αx + γy +λ2 t +σ2)p
Acosh(λ1t +σ1 + ln(A)/2) + cos(αx + γy +λ2t +σ2)

.
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Here, η̃ = k̃x+ l̃ y+ w̃t+ η̃0 is pure real. Furthermore, depending on the value of λ1,

we consider two cases: λ1 > 0 and λ1 < 0. In the first case, u→ a exp{i(η̃ + 2φ)}
as t → +∞, and u→ a exp(iη̃) when t → −∞. In the second case, u→ a exp(iη̃)

as t → +∞, and u → a exp{i(η̃ + 2φ)} when t → −∞. The asymptotic behavior

indicates that the solution first grows exponentially, reaches a point of maximum

modulation, and eventually decays back to where it started. Moreover, this type of

solution, characterized by temporal localization and spatial periodicity, is also known

as an Akhmediev breather [3].

2.2. Theta function

Quasi-periodic breathers can be effectively constructed using the theta function. In this

context, we consider the following 2N -dimensional theta function defined by its Fourier

series of the form

θ(η, 0,φ |τ) =
∑

n∈Z2N

exp

§

〈n,η+ iφ〉 − 1

2
〈τn,n〉
ª

(2.11)

with 〈·, ·〉 denoting the Euclidean scalar product

〈a, b〉 =
j=2N
∑

j=0

a j b j, 〈τa, b〉 =
2N
∑

i, j=1

τi jai b j .

Here φ ∈ C2N are characteristics, and τ ∈ C2N×2N (which is called Riemann matrix) is

a symmetric matrix whose real part is positive definite. Besides η, φ and τ satisfy the

following relation:

η j+N = η
∗
j
, φ j+N = φ

∗
j
, j = 1,2, . . . , N , (2.12)

τ j+N ,l+N = τ
∗
jl , j, l = 1,2, . . . , N , (2.13)

τ j,l+N = τ
∗
l , j+N , j, l = 1,2, . . . , N , (2.14)

where

η j = k j x + l j y +w j t +η
0
j , j = 1,2, . . . , N .

The elements k j and l j correspond to the wave numbers, w j corresponds to the frequen-

cies, η0
j

corresponds to the phase positions, the diagonal elements τ j j correspond to the

amplitudes, while the off-diagonal elements τ jl ( j 6= l) correspond to the interactions of

waves.

The theta function (2.11) has the following quasi-periodic property :

θ
�

η+ 2πiξ+τζ,0,φ|τ
�

= exp

§

2πi〈0,ξ〉+ 〈ζ,η+ iφ〉+ 1

2
〈τζ,ζ〉
ª

θ
�

η,0,φ|τ
�

,

where ξ and ζ are integer vectors [8]. The terms 2πiξ and τζ represent the periods along

the imaginary axis and the real axis, respectively.
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For convenience, we rewrite the vectors and the Riemann matrix in the following block

form:

n =

�

nA

nB

�

, τ =

�

τA τ∗
B

τB τ∗
A

�

, η =

�

ηA

η∗
A

�

, φ =

�

φA

φ∗
A

�

,

where the subscript A and B represent the upper and lower half of the vectors respectively,

nA,nB,ηA,φA are vectors of dimension N , τA is a symmetric matrix of N × N and τB is

a Hermitian matrix of N×N . As a result, theta function (2.11) and its complex conjugation

can be respectively written as

θ(η, 0,φ|τ) =
∑

nA,nB∈ZN

exp

�

〈nA,ηA + iφA〉+ 〈nB,η∗
A
+ iφ∗

A
〉 − 1

2
〈τAnA,nA〉

− 1

2
〈τ∗

A
nB,nB〉 −

1

2
〈τBnA,nB〉 −

1

2
〈τ∗

B
nB,nA〉
�

, (2.15)

and

θ ∗(η, 0,φ|τ) =
∑

nA,nB∈ZN

exp

�

〈nA,η∗
A
− iφ∗

A
〉+ 〈nB,ηA − iφA〉 −

1

2
〈τ∗

A
nA,nA〉

− 1

2
〈τAnB,nB〉 −

1

2
〈τ∗

B
nA,nB〉 −

1

2
〈τBnB,nA〉
�

. (2.16)

Substituting the transformations nA 7→ n
′
B
, nB 7→ n

′
A

in Eq. (2.16) and comparing it to

Eq. (2.15), we have the following proposition.

Proposition 2.1. If f = θ(η, 0,φ|τ) is the theta function of the form (2.11)-(2.14), then its

conjugation is f ∗ = θ(η, 0,−φ|τ).

It follows from Proposition 2.1 that the conjugation of the theta function is only related

to φ. Therefore, θ (η, 0,φ|τ) is real when φ = 0.

3. Quasi-Periodic Waves in Form of Theta Functions

In this section, we conduct a detailed study of the quasi-periodic breathers constructed

by the theta function and Hirota’s bilinear method. We further show that, through asymp-

totic analysis, these quasi-periodic breathers can be reduced to regular breathers.

Firstly, we show how to construct quasi-periodic breathers by theta functions. Based

on these expressions of breathers, an over-determined complex algebraic system with com-

plex and real unknown parameters can be obtained. To simplify the problem, we separate

the real and imaginary parts of the unknown complex parameters and treat each complex

equation in the system as a set of independent real equations. Thereby, the complex alge-

braic system is transformed into a purely real system with real unknowns, which can be

formulated as a nonlinear least squares problem. Secondly, we verify the existence of an

asymptotic relation between the quasi-periodic breathers and regular breathers in the case

of N = 1.
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3.1. Conditions for quasi-periodic breathers and numerical approach

Set f and g as

f = θ(η, 0,0|τ), (3.1)

g = θ(η, 0,φ|τ). (3.2)

According to Proposition 2.1, f is real and

g∗ = θ(η, 0,−φ|τ). (3.3)

Note that according to [14], the operator D has the following property:

F(Dx )e
k1 x · ek2 x = F(k1 − k2)e

(k1+k2)x , (3.4)

where F is an arbitrary polynomial. Substituting the expressions (3.1)-(3.3) into the bilin-

ear equations (2.2)-(2.3) with the identity (3.4), leads to the following theorem.

Theorem 3.1. Functions f , g defined by (3.1)-(3.2) are quasi-periodic breathers of the bilin-

ear equations (2.2)-(2.3) if

F1(m) = 0, (3.5)

F2(m) = 0 (3.6)

for all m ∈ Z2N with elements m j = 0,1, j = 1,2, . . . , 2N, where

F1(m) =
∑

n∈Z2N

�

3〈2n −m, k〉2 − c − a2 exp
�

i〈2n −m,φ〉
�	

× exp

§

−1

2
〈τn,n〉 − 1

2
〈τ(m − n), m − n〉

ª

,

F2(m) =
∑

n∈Z2N

¦

〈m − 2n, w 〉+ β〈m − 2n, k〉3 + 3iβ k̃〈m − 2n, k〉2

+ k̃〈m − 2n, l〉 −
�

3β k̃2 − l̃ + cβ
�

〈m − 2n, k〉
− i〈m − 2n, k〉〈m − 2n, l〉+ i

�

w̃+ k̃l̃ − β k̃3 − cβ k̃
�

©

× exp

§

1

2
i〈m − 2n,φ〉 − 1

2
〈τn,n〉 − 1

2
〈τ(m −n), m − n〉

ª

.

Proof. Substituting (3.1)-(3.3) into (2.2)-(2.3) gives

�

3D2
x
− c
�

f · f − a2 g g∗ =
∑

n∈Z2N

∑

n′∈Z2N

�

3〈n − n
′, k〉2 − c − a2 exp (i〈n − n

′,φ〉)
	

× exp

§

〈n′ + n,η〉 − 1

2
〈τn,n〉 − 1

2
〈τn
′,n′〉
ª

m=n+n
′

======
∑

m∈Z2N

∑

n∈Z2N

�

3〈2n −m, k〉2 − c − a2 exp
�

i〈2n −m,φ〉
�	
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× exp

§

〈m,η〉 − 1

2
〈τn,n〉 − 1

2
〈τ(m − n), m − n〉

ª

=
∑

m∈Z2N

F1(m)exp
�

〈m,η〉
�

.

Analogously, we write

�

Dt + βD3
x + 3iβ k̃D2

x −
�

3β k̃2 − l̃ + cβ
�

Dx + k̃Dy

− iDx Dy + i(w̃+ k̃l̃ − β k̃3 − cβ k̃)
�

g · f

=
∑

m∈Z2N

F2(m)exp

�

〈m,η〉+ 1

2
i〈m,φ〉
�

.

This proves that for any m ∈ Z2N , f and g will be the solutions of the bilinear HM system

(2.2)-(2.3) if F1(m) = 0, F2(m) = 0.

Let e j denote the 2N -dimensional vector whose j-th element is 1 and all other elements

are 0. Then for any m ∈ Z2N , we have

F1(m − 2e j) =
∑

n∈Z2N

�

3〈2n −m + 2e j, k〉2 − c − a2 exp
�

i〈2n −m + 2e j,φ〉
�	

× exp

§

−1

2
〈τn,n〉 − 1

2
〈τ(m − n − 2e j), m − n − 2e j〉

ª

n
′=n+e j

======
∑

n′∈Z2N

�

〈2n
′ −m, k〉2 − c − a2 exp

�

i〈2n
′ −m,φ〉
�	

× exp

§

−1

2
〈τ(n′ − e j),n

′ − e j〉 −
1

2
〈τ(m − n

′ − e j), m − n
′ − e j〉
ª

= F1(m) · exp
�

〈τe j , m〉 − τ j j

	

. (3.7)

Similarly, we can prove

F2(m − 2e j) = F2(m) · exp
�

〈τe j , m〉 −τ j j

	

. (3.8)

Eqs. (3.7)-(3.8) imply that if F1(m) = 0 and F2(m) = 0 for all m with m j = 0,1, then they

hold for all m ∈ Z2N , and the proof is complete.

Observing that the nonlinear algebraic equations (3.5) and (3.6) hold for all m j = 0,1,

j = 1,2, . . . , 2N , the total number of equations is 2×4N . This system has parameters k j, l j ,

w j , φ j , τ jl , τ j,l+N for l ≥ j = 1,2, . . . , N and k̃, l̃, w̃, a, c. Among them, τ j, j+N , k̃, l̃, w̃, a

and c must be real. Generally, parameters k j, l j , τ j j, k̃, l̃, a are assumed to be known, while

w j , φ j , τ jl , l > j, τ j,l+N , l ≥ j, w̃ and c are treated as unknowns. Then the problem of

finding quasi-periodic breathers for the HM system becomes a nonlinear algebraic system

with 2 × 4N equations and N2 + 2N + 2 unknowns. It is worth noting that τ j, j+N , w̃ and

c must be real while the remaining parameters are complex. To facilitate the numerical

calculations, we consider real and imaginary parts separately. As a result, the total number

of unknowns is 2N2 + 3N + 2.
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On the other hand, the nonlinear algebraic systems generated by (3.5) and (3.6) are

complex and involve certain real unknowns. Therefore, one may encounter complex solu-

tions when solving it directly. This mixed real-complex structure also increases both com-

putational complexity and numerical difficulty. To overcome these challenges, it is essential

to reformulate the system in real forms before applying numerical algorithms.

Rewrite the integer vector m in the block form

m =

�

mA

mB

�

, m̂ =

�

mB

mA

�

,

where m̂ is adjoint vector of m. We have the following proposition for functions F1(m)

and F2(m).

Proposition 3.1. For any m ∈ Z2N ,

{F1(m)}∗ = F1(m̂), {F2(m)}∗ = −F2(m̂).

Proof. First, we prove that the function F1(m) is even with respect to m. Indeed,

F1(−m) =
∑

n∈Z2N

�

3〈2n +m, k〉2 − c − a2 exp (i〈2n +m,φ〉)
	

× exp

§

−1

2
〈τn,n〉 − 1

2
〈τ(−n −m),−n −m〉

ª

n
′=n+m
======
∑

n′∈Z2N

�

3〈2n
′ −m, k〉2 − c − a2 exp (i〈2n

′ −m,φ〉)
	

× exp

§

−1

2
〈τn
′,n′〉 − 1

2
〈τ(n′ −m),n′ −m〉

ª

= F1(m). (3.9)

Second, using the block form of vectors, we rewrite F1(m) as

F1(m) =
∑

nA,nB∈ZN

¦

3
�

〈2nA −mA, kA〉+ 〈2nB −mB, k∗
A
〉
�2 − c

− a2 exp
�

i(〈2nA −mA,φA〉+ 〈2nB −mB,φ∗
A
〉)
�

©

× exp

§

−1

2
〈τn,n〉 − 1

2
〈τ(m − n), m − n〉

ª

.

Consequently, we have

�

F1(m)
�∗
=
∑

nA,nB∈ZN

¦

3
�

〈2nA −mA, k∗
A
〉+ 〈2nB −mB, kA〉

�2 − c

− a2 exp
�

−i(〈2nA −mA,φ∗
A
〉+ 〈2nB −mB,φA〉)

�

©

× exp

§

−1

2
〈τ∗n,n〉 − 1

2
〈τ∗(m − n), m − n〉

ª
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n
′
A
=−nB

======
n
′
B
=−nA

∑

n
′
A
,n′

B
∈ZN

¦

3
�

〈2n
′
B
+mA, k∗

A
〉+ 〈2n

′
A
+mB, kA〉
�2 − c

− a2 exp
�

i(〈2n
′
B
+mA,φ∗

A
〉+ 〈2n

′
A
+mB,φA〉)
�

©

= F1(−m̂)
(3.9)
==== F1(m̂).

Analogously, one can show that the function F2(m) is even respect m. Then, by using the

block form of vectors, we rewrite F2(m) as

F2(m) =
∑

nA,nB∈ZN

¦

�

〈mA − 2nA, wA〉+ 〈mB − 2nB, w
∗
A
〉
�

+ β
�

〈mA − 2nA, kA〉+ 〈mB − 2nB, k∗
A
〉
�3

+ 3iβ k̃
�

〈mA − 2nA, kA〉+ 〈mB − 2nB, k∗
A
〉
�2

+ k̃
�

〈mA − 2nA, lA〉+ 〈mB − 2nB, l∗
A
〉
�

−
�

3β k̃2 − l̃ + cβ
��

〈mA − 2nA, kA〉+ 〈mB − 2nB, k∗
A
〉
�

− i
�

〈mA − 2nA, kA〉+ 〈mB − 2nB, k∗
A
〉
�

×
�

〈mA − 2nA, lA〉+ 〈mB − 2nB, l∗
A
〉
�

+ i
�

w̃+ k̃l̃ − β k̃3 − cβ k̃
�

©

× exp

�

1

2
i
�

〈mA − 2nA,φA〉+ 〈mB − 2nB,φ∗
A
〉
�

− 1

2
〈τn,n〉 − 1

2
〈τ(m − n), m − n〉

�

.

It follows that
�

F2(m)
�∗
=
∑

nA,nB∈ZN

¦

�

〈mA − 2nA, w
∗
A
〉+ 〈mB − 2nB, wA〉

�

+ β
�

〈mA − 2nA, k∗
A
〉+ 〈mB − 2nB, kA〉

�3

− 3iβ k̃
�

〈mA − 2nA, k∗
A
〉+ 〈mB − 2nB, kA〉

�2

+ k̃
�

〈mA − 2nA, l∗
A
〉+ 〈mB − 2nB, lA〉

�

−
�

3β k̃2 − l̃ + cβ
��

〈mA − 2nA, k∗
A
〉+ 〈mB − 2nB, kA〉

�

+ i
�

〈mA − 2nA, k∗
A
〉+ 〈mB − 2nB, kA〉

�

×
�

〈mA − 2nA, l∗
A
〉+ 〈mB − 2nB, lA〉

�

− i
�

w̃+ k̃l̃ − β k̃3 − cβ k̃
�

©

× exp

�

− 1

2
i
�

〈mA − 2nA,φ∗
A
〉+ 〈mB − 2nB,φA〉

�

− 1

2
〈τ∗n,n〉 − 1

2
〈τ∗(m − n), m − n〉

�
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n
′
A
=−nB

======
n
′
B
=−nA

∑

n
′
A
,n′

B
∈ZN

¦

�

〈mA + 2n
′
B
, w
∗
A
〉+ 〈mB + 2n

′
A
, wA〉
�

+ β
�

〈mA + 2n
′
B
, k∗

A
〉+ 〈mB + 2n

′
A
, kA〉
�3

− 3iβ k̃
�

〈mA + 2n
′
B
, k∗

A
〉+ 〈mB + 2n

′
A
, kA〉
�2

+ k̃
�

〈mA + 2n
′
B
, l∗

A
〉+ 〈mB + 2n

′
A
, lA〉
�

−
�

3β k̃2 − l̃ + cβ
��

〈mA + 2n
′
B
, k∗

A
〉+ 〈mB + 2n

′
A
, kA〉
�

+ i
�

〈mA + 2n
′
B
, k∗

A
〉+ 〈mB + 2n

′
A
, kA〉
�

×
�

〈mA + 2n
′
B
, l∗

A
〉+ 〈mB + 2n

′
A
, lA〉
�

− i
�

w̃+ k̃l̃ − β k̃3 − cβ k̃
�

©

× exp

�

− 1

2
i
�

〈mA + 2n
′
B
,φ∗

A
〉+ 〈mB + 2n

′
A
,φA〉
�

− 1

2
〈τ∗n,n〉 − 1

2
〈τ∗(m − n), m − n〉

�

= − F2(−m̂) = −F2(m̂).

The proof is complete.

According to Proposition 3.1, if m = m̂, then F1(m) is real and F2(m) is pure imaginary.

While if m 6= m̂, F1(m) and F2(m) are conjugate with F1(m̂) and −F2(m̂) respectively.

Remark 3.1. Due to the properties of F2(m), our discussion will focus on iF2(m). At this

point, iF2(m) is real with m = m̂. In contrast, for m 6= m̂, it satisfies the conjugation

property {iF2(m)}∗ = iF2(m̂).

As a result, for each complex equation in this system, the real and imaginary parts

can be separated into two independent real equations. Combining it with the original

real equation (m = m̂) leads to a real nonlinear algebraic system with real unknowns.

This system is equivalent to the equations in Theorem 3.1. Notably, the total number of

equations remains 2×4N during this transformation process. Consequently, the problem of

finding the quasi-periodic breathers can be formulated as a real nonlinear algebraic system

consisting of 2×4N equations with 2N2+3N+2 real unknowns. We formulate the problem

as a nonlinear least square problem i.e. as the minimization of the following objective

function:

S(x )=
∑

P
2
j (x ),

where x is the vector of the unknowns and P j represent all the nonlinear algebraic equa-

tions generated from (3.5)-(3.6). Using classical numerical iterative algorithms such as

Gauss-Newton and Levenberg-Marquardt methods, we can solve the nonlinear least square

problem and obtain unknown parameters in the theta functions. Note that related numer-

ical examples are given in Section 4.
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3.2. Asymptotic analysis

There is an asymptotic connection between quasi-periodic and regular breathers, and

this relation can be effectively demonstrated by using the theta function. In what follows,

we establish this relation analytically and support it by numerical examples. For simplicity,

we consider the case of N = 1, so that (2.11) has the form

θ(η, 0,φ |τ) =
∑

n1,n2∈Z
exp

§

n1(η1 + iφ1) + n2(η
∗
1 + iφ∗1)−

1

2
n2

1τ11 −
1

2
n2

2τ
∗
11 − n1n2τ12

ª

.

Because of the arbitrariness of η0
1
, we can write η1 as η1 +τ11/2, thus obtaining

f = 1+ exp(η1) + exp(η∗1) + exp(η1 +η
∗
1 −τ12) + O
�

e−R(τ11)
�

,

g = 1+ exp(η1 + iφ1) + exp
�

η∗
1
+ iφ∗

1

�

+ exp
�

η1 +η
∗
1
+ i(φ1 +φ

∗
1
)−τ12

�

+ O
�

e−R(τ11)
�

.

Setting exp(−τ12) = A and considering the limit R(τ11) → +∞, we note that f and g

tend towards the form of regular breathers (2.4) and (2.5).

According to Section 3.1, Theorem 3.1 consists of 8 equations formed by (3.5)-(3.6)

with m1 = (0,0)⊺, m2 = (1,0)⊺, m3 = (0,1)⊺, m4 = (1,1)⊺. These equations contain

an infinite series of exponential functions. Through detailed computation, we derive the

following asymptotic forms of F1(m1) and F2(m1):

F1(m1) = (c + a2) + O
�

e−R(τ11)
�

,

F2(m1) = i
�

w̃+ k̃l̃ − β k̃3 − cβ k̃
�

+ O
�

e−R(τ11)
�

.

These expressions correspond to the relations (2.6)-(2.7) asR(τ11) tends to+∞. Notably,

F1(m1) is real but F2(m1) is pure imaginary. Similarly, for F1(m2) and F2(m2), we have

the following asymptotic expressions:

F1(m2) = 2
�

3k2 − c − a2 cos(φ)
�

e−τ11/2 + O (e−3R(τ11)/2),

F2(m2) = 2i

�

�

w+ βk3 − (3β k̃2 − l̃ + cβ)k + k̃l
�

sin

�

φ

2

�

+
�

3β k̃k2 − kl
�

cos

�

φ

2

�

�

e−τ11/2 + O
�

e−3R(τ11)/2
�

,

which correspond to the relations (2.8)-(2.9). As for F1(m3) and F2(m3), we obtain the

following results:

F1(m3) = 2
�

3(k∗)2 − c − a2 cos(φ∗)
�

e−τ
∗
11/2 + O
�

e−3R(τ∗11)/2
�

,

F2(m3) = 2i

�

�

w∗ + β(k∗)3 − (3β k̃2 − l̃ + cβ)k∗ + k̃l∗
�

sin

�

φ∗

2

�

+
�

3β k̃(k∗)2 − k∗l∗
�

cos

�

φ∗

2

�

�

e−τ
∗
11/2 + O
�

e−3R(τ∗11)/2
�

.
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It is worth noting that F1(m3) and iF2(m3) are complex conjugate of F1(m2) and iF2(m2),

consistent with the proof of Proposition 3.1. Analogously, asymptotic expressions of F1(m4)

and F2(m4) indicate that F1(m4) is real and F2(m4) is pure imaginary, furthermore we can

obtain (2.10). However, these two asymptotic expressions are much more complicated, and

for the sake of brevity, they are not presented here. The above analysis clearly shows that in

the limit R(τ11)→ +∞ the quasi-periodic breathers can reduce to the regular breathers.

4. Numerical Results

Here we present numerical examples of the quasi-periodic breathers for the HM system.

The detailed classification of the breather solutions is given in Section 2.1. It depends

on whether certain parameters are complex, real or pure imaginary and contains three

categories of breather solutions. These types of breathers correspond to three quasi-periodic

breathers. A detailed classification is shown in Table 1. It is worth noting that for sufficiently

large R(τ), the quasi-periodic breathers tend to the regular breather solutions.

In numerical computation, we choose β = 1. The parameters k j, l j , τ j j , k̃, l̃ and a

are given, and we solve for the unknowns w j , φ j , τ jl , w̃ and c for j = 1,2, . . . , N . The

given parameters have to satisfy the conditions specified in Table 2. All the numerical

experiments were conducted using Matlab R2022a (academic use) on a computer equipped

with a 2.90 GHz CPU and 16 GB of main memory. The initial values for Gauss-Newton and

Levenberg-Marquardt methods are randomly selected, and the errors of all the algebraic

equations are within 10−14. The numerical results are consistent with the classification

shown in Table 1.

Table 1: Classification of the quasi-periodic breathers.

k, l, iφ w Normal τ R(τ)→ +∞
(i) complex complex General quasi-periodic breather Regular breather

(ii) real
complex General quasi-periodic breather Regular breather

imaginary Quasi-periodic stationary breather Regular stationary breather

(iii) imaginary complex Quasi-periodic homoclinic orbit Regular homoclinic orbit

Table 2: Conditions for the given values of k, l and a.

k, l Hirota-Maccari system

(i) complex NULL

(ii) real NULL

(iii) imaginary −2/3a2 < k2 < 0

4.1. Quasi-periodic 1-breather

When N = 1, the resulting solutions are quasi-periodic 1-breathers. In this scenario,

we are faced with a nonlinear algebraic system of 8 real equations and 7 real unknowns

(τ12, c, w̃, real and imaginary parts of w1, φ1).
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Table 3 and Fig. 1 illustrate two representative examples of quasi-periodic 1-breathers

to the HM system with complex wave numbers: k1 = π/5+πi/3, l1 = π/4+ 2πi/3, and

k̃ = 0.16π, l̃ = 0.15π, a = 1.2. The difference between the two examples lies in the values

of R(τ11): The first example with a normal R(τ11) represents a general quasi-periodic

breather. In the second example, τ11 with a much larger real part, leading to a solution

that behaves like a regular breather.

As shown in Table 4 and Fig. 2, for the case where k1 = π/5, l1 = π/4, k̃ = 0, l̃ = 0

and a = 1.2, the value of w obtained is complex, with the solution representing a general

quasi-periodic breather when the R(τ11) is normal, and a regular breather when the real

part of τ11 is large. However, Table 5 and Fig. 3 present a different scenario where, by

appropriately selecting parameters such as k1 = π/5, l1 = 20π/23, k̃ = 0.6π, l̃ = 0.2π

and a = 1.2, w becomes pure imaginary. In this case, when R(τ11) take normal values,

the solution can be seen as a quasi-periodic stationary 1-breather. While quasi-periodic

1-breather behaves as a regular stationary breather with a larger R(τ11).

Table 3: Quasi-periodic 1-breathers of the HM system with complex k, l.

τ11 w1 φ1 τ12 c w̃

1.9π+ 2.7πi 0.3207− 2.6190i 1.7342− 1.7793i −1.6076 −1.3380 −0.9955

7.6π+ 4.6πi 0.3582− 2.8764i 1.7281− 1.7451i −1.5442 −1.4400 −0.8337

(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 1: Quasi-periodic 1-breathers with complex wave numbers. (a)-(d): First example in Table 3.
(e)-(h): Second example in Table 3. (a) 3D plot of |u|, y = 0; (b) contour plot of |u|, y = 0; (c) 3D
plot of |u|, t = 0; (d) contour plot of |u|, t = 0; (e) 3D plot of |u|, y = 0; (f) contour plot of |u|, y = 0;
(g) 3D plot of |u|, t = 0; (h) contour plot of |u|, t = 0.
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Table 4: Quasi-periodic 1-breathers of the HM system with real k, l and complex w.

τ11 w1 φ1 τ12 c w̃

1.6π+ 2.4πi −1.1190− 0.9603i 0.0114+ 1.2109i −0.3470 −1.4521 −0.0535

7.6π+ 4.6πi −1.1528− 0.9142i 0.0000+ 1.2078i −0.3445 −1.4400 −0.0000

(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 2: Quasi-periodic 1-breathers with real wave numbers. (a)-(d): First example in Table 4. (e)-(h):
Second example in Table 4. (a) 3D plot of |u|, y = 0; (b) contour plot of |u|, y = 0; (c) 3D plot of |u|,
t = 5; (d) contour plot of |u|, t = 5; (e) 3D plot of |u|, y = 0; (f) contour plot of |u|, y = 0; (g) 3D plot
of |u|, t = 10; (h) contour plot of |u|, t = 10.

Table 6 and Fig. 4 provide two examples for the HM system with imaginary wave num-

bers: k1 = πi/5, l1 = πi/4, k̃ = 0.16π, l̃ = 0.15π and a = 3.2. In the first example,

R(τ11) is set to a normal value, resulting in a quasi-periodic homoclinic solution. In the

second example, τ11 with a much larger real part, leading to a solution that behaves like

a homoclinic solution.

4.2. Quasi-periodic 2-breather

When N = 2, the resulting solutions are quasi-periodic 2-breathers. In this scenario,

we are faced with a nonlinear algebraic system consisting of 32 real equations and 16 real

unknowns (τ13, τ24, c, w̃, real and imaginary parts of w1, w2, φ1, φ2, τ12, τ14).

Table 7 and Fig. 5 show two examples of quasi-periodic 2-breathers to the HM system

with complex wave numbers k1 = π/5 − 2πi/5, l1 = π/4 − 2πi/3, k2 = 2k1, l2 = 2l1,

k̃ = 1.6π, l̃ = 1.2π and a = 5.0. Tables 8 and 9, together with Figs. 6 and 7, present

two types of examples for the HM system with real wave numbers. In the first case, with
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Table 5: Quasi-periodic 1-breathers of the HM system with real k, l and imaginary w.

τ11 w1 φ1 τ12 c w̃

1.6π+ 2.4πi −0.0196+ 0.8945i 0.0114+ 1.2109i −0.3470 −1.4521 2.7116

7.6π+ 4.6πi −0.0000+ 0.9556i 0.0000+ 1.2078i −0.3445 −1.4400 2.7987

(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 3: Quasi-periodic 1-breathers with real wave numbers. (a)-(d): First example in Table 5. (e)-(h):
Second example in Table 5. (a) 3D plot of |u|, y = 0; (b) contour plot of |u|, y = 0; (c) 3D plot of |u|,
t = 10; (d) contour plot of |u|, t = 10; (e) 3D plot of |u|, y = 0; (f) contour plot of |u|, y = 0; (g) 3D
plot of |u|, t = 10; (h) contour plot of |u|, t = 10.

parameters k1 = π/5, l1 = π/4, k2 = −2k1, l2 = −2l1, k̃ = 0, l̃ = 0, and a = 5.0, the

resulting value of w is complex. In contrast, the second case uses k1 = π/5, k2 = 2k1,

l1 = 1000π/539, l2 = 2000π/553, k̃ = 1.6π, l̃ = 1.2π, and the same a = 5.0, resulting

in a pure imaginary w. Table 10 and Fig. 8 provides two examples for the HM system

with imaginary wave numbers: k1 = πi/5, l1 = πi/4, k2 = 2k1, l2 = 2l1, k̃ = 1.6π,

l̃ = 1.2π and a = 5.0. Besides, in Tables 7-10, the first examples feature normal R(τ11)

(τ11 = 1.5π+2.6πi) andR(τ22) (τ22 = 1.9π+2.2πi), whereas the second examples have

much larger R(τ11) (τ11 = 6.8π+ 2.6πi) and R(τ22) (τ22 = 7.8π+ 2.2πi).

Table 6: Quasi-periodic 1-breathers of the HM system with imaginary k, l.

τ11 w1 φ1 τ12 c w̃

1.6π+ 2.4πi −0.4470− 6.4108i −0.4855− 0.0007i −0.0595 −10.2420 −5.2760

7.6π+ 4.6πi −0.4111− 6.4005i −0.4857− 0.0000i −0.0596 −10.2400 −5.2571
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 4: Quasi-periodic 1-breathers with imaginary wave numbers. (a)-(d): First example in Table 6.
(e)-(h): Second example in Table 6. (a) 3D plot of |u|, y = 0; (b) contour plot of |u|, y = 0; (c) 3D
plot of |u|, t = 5; (d) contour plot of |u|, t = 5; (e) 3D plot of |u|, y = 0; (f) contour plot of |u|, y = 0;
(g) 3D plot of |u|, t = 30; (h) contour plot of |u|, t = 30.

Table 7: Quasi-periodic 2-breathers of the HM system with complex k, l. The first example with normal
R(τ11) and R(τ22). The second example with large R(τ11) and R(τ22).

w1 φ1 τ12 τ13 c

97.4473− 17.8700i 0.6148+ 0.3229i 0.1213+ 0.2215i −0.1217 −25.2525

96.4784− 18.2093i 0.6175+ 0.3217i 0.1229+ 44.2062i −0.1226 −25.0000

w2 φ2 τ14 τ24 w̃

−64.7895− 132.8832i −1.2239− 0.7303i −0.8033+ 4.6696i −0.5282 −21.4827

−62.5622− 133.2172i −1.2280− 0.7364i −0.7911− 1.6584i −0.5360 −17.6116

Table 8: Quasi-periodic 2-breathers of the HM system with real k, l and complex w. The first example
with normal R(τ11) and R(τ22). The second example with large R(τ11) and R(τ22).

w1 φ1 τ12 τ13 c

−15.9719− 3.3020i 0.0002+ 0.3065i −2.1879− 0.0928i −0.0234 −25.0143

−15.9560+ 3.2441i −0.0000− 0.3066i −2.2433− 0.0000i −0.0234 −25.0000

w2 φ2 τ14 τ24 w̃

33.3000+ 6.7734i −0.0003− 0.6068i 0.0461− 0.0000i −0.0907 −0.0537

33.4003− 6.7097i 0.0000+ 0.6063i 0.0460− 6.2832i −0.0905 0.0000
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 5: Quasi-periodic 2-breathers with complex wave numbers. (a)-(d): First example in Table 7.
(e)-(h): Second example in Table 7. (a) 3D plot of |u|, y = 0; (b) contour plot of |u|, y = 0; (c) 3D
plot of |u|, t = 0; (d) contour plot of |u|, t = 0; (e) 3D plot of |u|, y = 0; (f) contour plot of |u|, y = 0;
(g) 3D plot of |u|, t = 0; (h) contour plot of |u|, t = 0.

(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 6: Quasi-periodic 2-breathers with real wave numbers. (a)-(d): The first example in Table 8.
(e)-(h): Second example in Table 8. (a) 3D plot of |u|, y = 0; (b) contour plot of |u|, y = 0; (c) 3D
plot of |u|, t = 0; (d) contour plot of |u|, t = 0; (e) 3D plot of |u|, y = 0; (f) contour plot of |u|, y = 0;
(g) 3D plot of |u|, t = 0; (h) contour plot of |u|, t = 0.



Quasi-Periodic Breathers of Hirota-Maccari System 19

Table 9: Quasi-periodic 2-breathers of the HM system with real k, l and imaginary w. The first example
with normal R(τ11) and R(τ22). The second example with large R(τ11) and R(τ22).

w1 φ1 τ12 τ13 c

0.0084− 15.1186i −0.0002− 0.3065i −0.0461+ 0.0000i −0.0234 −25.0133

−0.0000+ 15.0583i 0.0000+ 0.3066i 2.2432+ 6.2832i −0.0234 −25.0000

w2 φ2 τ14 τ24 w̃

0.0344+ 32.2543i 0.0003+ 0.6068i 2.2044+ 0.0046i −0.0907 −17.7419

0.0000+ 32.4091i 0.0000+ 0.6063i −0.0460+ 0.0000i −0.0905 −17.6116

(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 7: Quasi-periodic stationary 2-breathers with real wave numbers. (a)-(d): First example in
Table 9. (e)-(h): Second example in Table 9. (a) 3D plot of |u|, y = 0; (b) contour plot of |u|, y = 0;
(c) 3D plot of |u|, t = 2; (d) contour plot of |u|, t = 2; (e) 3D plot of |u|, y = 0; (f) contour plot of |u|,
y = 0; (g) 3D plot of |u|, t = 4; (h) contour plot of |u|, t = 4.

Table 10: Quasi-periodic 2-breathers of the HM system with imaginary k, l. The first example with
normal R(τ11) and R(τ22). The second example with large R(τ11) and R(τ22).

w1 φ1 τ12 τ13 c

−35.0681+ 25.9352i −0.3091− 0.0002i 0.0488+ 0.0001i −0.0240 −25.0133

−35.0518+ 25.8492i −0.3090− 0.0000i 0.0488+ 0.0000i −0.0240 −25.0000

w2 φ2 τ14 τ24 w̃

67.6009+ 52.9592i 0.6253+ 0.0004i −2.1186− 0.0116i −0.0993 −17.7079

67.5041+ 53.1867i 0.6258+ 0.0000i −2.1484− 12.5664i −0.0995 −17.6116
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 8: Quasi-periodic 2-breathers with imaginary wave numbers. (a)-(d): First example in Table 10.
(e)-(h): Second example in Table 10, behaving like a homoclinic orbit solution. (a) 3D plot of |u|, y = 0;
(b) contour plot of |u|, y = 0; (c) 3D plot of |u|, t = 0.2; (d) contour plot of |u|, t = 0.2; (e) 3D plot of
|u|, y = 0; (f) contour plot of |u|, y = 0; (g) 3D plot of |u|, t = 0.2; (h) contour plot of |u|, t = 0.2.

5. Conclusions and Discussions

In this paper, we use a direct approach based on Hirota’s bilinear method and theta

function identities to analyze quasi-periodic breather solutions and the dynamic behav-

ior of the HM system. Through a rigorous asymptotic analysis, we have shown that the

quasi-periodic breathers could be reduced to the regular breathers as diagonal elements of

the Riemann matrix tend to infinity. In addition, we classify the quasi-periodic breathers

into three types: general quasi-periodic breathers, quasi-periodic stationary breathers and

quasi-periodic homoclinic orbit. Several numerical examples are provided by applying the

Levenberg-Marquardt method to the cases N = 1 and N = 2. These examples also serve to

confirm the results of the theoretical analysis.

It is known that the investigation of the nonlocal integrable systems has become one

of the most popular topics in soliton theory and nonlinear mathematical physics — cf.

[2,15,16,23], and the general N -breather solutions for the nonlocal HM system have been

obtained via the KP hierarchy reduction approach [36]. Observing that the quasi-periodic

wave solutions to the nonlocal nonlinear Schrödinger equation have been studied [32,40],

but as far as we know, there are very few results about the quasi-periodic breathers in the

nonlocal case. Thus, it is also interesting and meaningful to explore the direct approach to

computing the quasi-periodic breathers for the nonlocal integrable equations that possess

breathers, such as the nonlocal HM system. We would like to study this problem in the

future.
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