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SEMI-LINEAR DIFFERENCE SCHEMES®

SuN Jia—craNG (FpE#R)
(Computing Center, Academia Sinica, Betjing, Ching)

Abstract

A clags of semi~linear numerical differentiation formulas is designed for functions with stsep
gradients. A semi-linear second-order difference scheme is constructed to solve the two—point singular
perturbation problem —eu"+p(z)u'+q(@)u=7(s), u(0)=u{1) =0, I} is shown that this semi-linear
scheme has one more order of approximation precigsion than the central difference scheme for small ¢

and saves computation time for required accuracy. Numerical results agreeing with the above analysis
are included.

1. Introduction

Numerical differential formulag play a very important role in oconstructing
difference sghefhes of differential equations. However, the usual numerical differen-
tiation formulas based on polynomial approximaiions may lead to very poor results
when the functions are not emooth. Usnally there are two ways to avoid thig difficul-
ty; one is to refine the mesh, and the other is to use a higher order polynomial
Interpolation.

A different approach is introduced in this paper by considering ‘“weak’” nonlinear
numerical differentiation formulas beyond linear functional approximation. In
section 2, we derive some semi-linear numerical differentiation formulag. Such a
scheme is semi-linear as an operator; besides, the numerical differentiation formula,
chosen for a function with steep gradients, should depend on the behavior of tha
function. As an example, a detailed analysis is given in section 8 for a model
problem: —eu” +u' =0, ©(0) =0, ©(1)=1, whioh was recently discussed by other
authors™ % In section 4, we consider a more general elliptio singular perturbation
problem: —eu”+pu'+gu—=Ff, The semi—linear scheme presented there is shown to
have one more order of precision than the conventional central difference schemse
for the singular perturbation problem if A<C2¢/|p|, where % ig a uniform mesh gize
in the “singular” subdomain. In the larger “regular” subdomain the megh size can
be used as large ag one degires. While maintaining the same acouracy, the semi-linear
scheme costs less UPU time than the linear schemse. There ig a simple way t0 reduce
the resulting semi-linear system to an iteration with the corresponding linear system.
The numerical tests presented in section & match the above analysis very well. A
similar study in the two-dimensional case will appear in another separate paper.

2. Semi-linear Numerical Differentiation Formulas

Let (@) be & function defined in (a, b) with large derivatives. Without loss of
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generality, suppose () is monotonioe in the interval, and uw=Fg is a one-to—one
map.

Denote z_1=a<we<<xy=>5, and lel G‘ bo defined as an indefinite integral of ¥
suoch that

G@) =j Foda, _ 1)

By the mean value theorem, there exist two points z_; and é;'i: T_g<<2_1<Lp<21<¥1,
such that

I: 3 3 F_lﬂ‘-l:l G =u’(2—1) » [F_l'u'i: F-iu’O] G = U (Ei) ? (2)

where [#1, #,]Y denotes the divided diﬁ'ei:'enﬁe-' (@1, @] Y = Y (1) :::;(wﬂ) :

we look for an approximate formula for the ﬁrst deriva’awe at the node x=2a,, based
on the formulas (2), as follows: '

— —2:1;_1 ([F-*uy, Fug]G— [F 0, P lu_i]G). 3)

If we take F ag the identity map, and G(x)—=2?/2, then (3) is just the usual
central difference formula based on the guadratio interpolation. In general, we
assume ¥ to be an admisgible one-to—one map such that G- can be obtained from (1)
directly. For any such ¥, (8) defines a numerical formula for the first derivative at
the node z=,. As an example, let F7f =f", where s is a real parameter. Suppose
w(2)>0in (z_4, x1); from (3) and (1), we obtain |

_2‘?.: {u%w ,H%+r ‘?-If%}+ u1+r} |

(1+7) (@1—>_4) Uy — U —uly J’
where u;=u(z;), 1=—1, 0, 1,

Now

w' (2o) ~

w (@) =

(4)

When sr-——%_, mu-—%(wl—l—m_i), (4) becomes

o (@) = (U=l (P + ), h=ay a0,

Theorem 1. Let u, F CC*(ax_1, @1) where k=38 or 4, F'u is ¢ one-io—0oné map,
h=go—_1=o1— 0. Then, the remainder of the numerical differenitaiton formula (3)
equals

[Py, F gl G~ [Fuy, Fu_4]1G) —u (@)

= (
R d i g Ry (dF 1y "1} %
T {2% 42 3 ( E ) E#EH"I'O(}& ). (6)

Proof. Applying the Taylor expansion for G (y) upon 2z, one obtains
G(y) —G(2) = (y—2) G @) + (y—2)*@"(2) /2+ (y—2)*G(2) /31
+ (y—2)*@*(2) /41 +0((y—2)°).

Henoe
W (41, Yo, Y-1) = G (91) :i(@fﬂ) G(@;) _ﬁ_{y—i)
i 1—2?!—1 Q" (9f0) (41— Yo)® ‘;1(% :T)'—:L) G® (y10)+ O (g2 — ?}-1) i

By means of rules for finding the derivative function in the implioit case, it ig
easily seen that
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W (Fuy, Flug, Flu_q)

N ; R d { 7 ’9 d2F Yy ( dF Ty _1}! %41 |
= (] 4 12 da e du® ( ds ) '¢=s.+0(h ).

Corollary 1. If the map F satisfies the relation
N
then formula (8) has an error of third or fourth order for k=3 or 4, respeotively.
Corollary 2. If k=2, the error estimate ig of second order, and the second term
on the right gide of (B) ig evaluated at a point £ € (z_1, 21).
The dominant term of the truncation error of formula (4) is

R d i }
12 dw {2“ Hlr—1)- -
A fourth order mumerical differentiation formula may be obtained if ¢ is so
chosen that the above term vanishes; for instance,

or r#—l—i—ﬁ(ui L )
ﬂa ; ‘H-—1

Both schemes above are implicit. However, they are useful in constructing a high
order diffarerfbe scheme for differential equations, even for partial differential
equations,

The limiting case of (4) in which ¢ tends to zero i interesting for solving
singular perturbation problams

; _ w(xq) —a (@) w(xy) —u(w_y)
R s R

AP
12 dz 2

From Theorem 1 it follows that formula (4) ig of fourth order if the funotion «
- satisfies

— {],
=%

rr
UL

==t
2’4

E=a»

+0(4%). (6)

=&y

2uy”’ — (L—r)u'?= b,

where b =oonstant. One particular solution for =0 is a power function

2
u(x) = (cx+d) T,
where ¢, d are constants. This means that the “logarithmic typs” numerical differen-

tiation formula (6), specifically designed for solutions with large derivatives, is also
good for smooth funotions.

Similarly, we may derive some numerical differentiation formulag for higher
derivatived. For ingtanoe, there is an analogue of Theorem 1 for second derivatives.

Theorem 2. If u, FEO‘-"(Q:_I, 1), h=xo—2_1=21— 29, ond F'u i3 ¢ one—to—
one map, then

w (20) = '%{ [P s, B ] G4 [F M, Flu_1]G —2u}

T
-5 S (5. o, 0

where & is defined by (1) and u, is given by (3). |
The proof of Theorem 2 follows from the proof of Theorem 1, using the Taylor
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expangion and differentiation of implicit functions. (7) is an extension of the second
order centiral difference scheme; the latter is only a partioular case of £ =1I,

3. Model Problem Analysis

In this seotion our attention is devoted %o the following model problem, disoussed
by various authors, of. Barrett and Morton', Christie et al. %,

Ini=—ev’+4'=0 in (0, 1),

w(0) =0, u(l)=1, = (8)
with solution K
gfe__q
% () = :1”_1 . (9)

Lot o;=jh{§=0, 1, +++, N; A=1/N). Using tho conventional central difference
for the first and second derivatives in (8) leads to the following ditference equation

L;.U?-—-—(a.—l—%) ;*_1—{—2:3U}‘1(% a)U?+1=0, 1<i<N—1, (10)

with U3 =0 and UY =1, where mz%_

The exact solwtion of the difference equation (10) is given by

Ut = _?(h)j—l
' a1’
where p= ‘:;j gg : (11)

In order to preserve the increasing monotonic property of the solution (9), it is
reasonable 10 demand

m}%, i.e. h<(2e, (12)

Let B'=u(z;)—U?, E*=max B! From (9), (11) and (12), for small ¢, we
have an agymptotio estimate for small A,

V< B B = Bt g2l - (13)
‘ 12 12¢%°

Hence, the difference socheme doesn’t converge for small e, if the mesh size A is

of the same order of €. Meanwhile, (13) shows that the maximum error always ooccurs

at the lagt interior mesh point. This shows that the scheme (10) yields a poor

approximate solution near the layer boundary at the right-hand end point. In faoct,

substituting the exact solution (9) into (10) and using equation (8) yields the local
truncation orror

€ 1 _
Tr ;= A (41— 2005 + U;_4) 'Jf"_LT (g1 %s-1)

A~
From (9), note that when ¢ tends to 0, both terms »*(#) and {%} tend to

infinity as @ near 1, but their difference

& fu;"ﬂ

(3) -3.—1/¢

L 4 ¥ > E @ -—1-0,
( ) dxr o
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Henoe, we suggest adopting the “logarithmio type” numerical differential formula
(6) near the layer boundary. Thus, the difference scheme (10) is revised as follows:

LU=~ (a—l—%)U}‘_1—l—2aU}‘+ (—:—L-'—m)UL;, for 2j<N,

2
LU= —(a+3) b1+ 2007+ (5 —a )T
—QUi-, U, Ulh), for N<Zj<2N, (14)
where | |
U:i+1_U:!—1 { U.'T;i-l_Uf it U:i”“Uf-i }
B0, Upe D=3 g Ur/U) ~ Tg /T

with Ui=0 and U%=1, m=-§r-_

The local trunocation error of the scheme becomes

_i?;— P, if 2j<N, "
Loty = A3 .. d W | ' o
h-ﬁ{u‘m e } ,? if N<<2j<<2N,
or o omy o | |
’ A if 2j<N '
' FATe 3 i 2 i gEmE e
Ll . @18

12578 T'r a1} = <
6:!5

if N<2j<2N,

NG
where #=jk. The maximum local trunoated error of (14) can be easily found to be

T — T R hﬂ 61;[26') : 'hB' “ll."'(ﬂ‘ﬁ}. =% 17 :
rut=max Trui~—45 Frms 15~ 13 € e, (17

Note that there is a striking contragt between the truncation errors for the revised
schems (14) and for the original linear scheme (10). The maximum truncation error
has no power of the mesh size & for (10), but is of second order for (14) wiih a
coefficient which tends to 0 as € does, |
Now we discuss how 1o solve the resulting sysiem
AU =d+QU), (18)

where 4 and & ocoincide with the corresponding linear scheme, and the non-linear

term Q(U) arises from using the semi-linear scheme for &> -,

D . |
1  where

Let D,=det (4,), Bun= .
| 2 —(a—1/2) |
— (a+1/2) 2a —(a—1/2)
A, =] A N S ,
- (a+1/2) 24 —(a—1/2)
— (a+1/2) 2a

then, we have the following recursions

_Dn—_ﬁgﬂ_Dn*i—(ﬂg—%:)D"_g, .Du=1, D1=2£5,
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For m}%—, B=lim B, =

a+1/2 7 and

_ a—1/2 . s
0<Bn+1 Bn‘*"g w+1/2 (ﬁn Bﬂ-—-i): D gﬂnﬁﬁ 11]]1 Bn a 1{;2 @

The inverse matrix A~ can be ea,sily found' such that

1= (ﬁi }):
e - (a+1/2)* ‘D;_ 1D _/D., if i>j,
where afj'—"{ 3 v %
(@—1/2)*D;_1Dy_y/D,, i <],

(19)
Hence, we have

Lemma 3. ZFor m:*-%—, A1 4s @ positive matriz given by (19). Moreover,
Gizata, of iz,  &i<aga,  of <, (20)

o ' 1
| A< (VD) B2 < 573y

»

Wo need the following Lemmas 0 estimate the nonlinear influence of @ in (18).
Lemma 4. Ifa, >0, then |

1/9 a—b a-+b
(@) < Tog@my <2 .

where the equality holds if and only if a=05,
Proof. In fact, integrating ¢ from O to 1 on both sides of the maqnahtms i
< (1—1%)a+tb gives the right hand side of (21), and the left-hand side of (21) can

be obtained by .
j: (%)t-ifﬂ i =J':fﬂ{(%)t-1f’ﬂ _I_:(h%)#ﬂifﬂ } d>1.

~ Corollary. Fora, 6>0,

Oaﬂﬂr(ﬂ, b) = ﬂ—é—b 10; (ﬂ?’b) (blm 1!2)2' .l (22)

A straightforward computation yields
Lemma 5 If a, b and ¢ ore pﬂS’I«#@ﬂE and Q(a, b ¢) =r(b, c) fr(m b) then

Gt % e (bi"*“ a3<Q(a, b, c)ﬁ (62— b”ﬂ)”

(ii) If c}b?m}[} and b?<Cac, then Q(ﬁ b, ¢) =0 with “=" iff c=a,

Now we estimate | A2 (Q())|, where J() is the Jacobi matrix of Q. Note
that each component @ in (15) is homogeneous with redpect o the variables. Hence,
due to the well-known Euler theorem wo have the following relationship

{J(Quw)ju};={Qw)};, i j<N -1, (23)
whioh greatly simplifies the estimations of A7 _(Q{U)) |. Henos
JQ@)u=10, =+, 0, Qu, *++, Quoz, Qiady

where
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i =

Uyt y_q My — U4
2 log (2/%;-1)°

o . OQw—_y
Q1= 1 EmN Ux

Suppose 1>u4,>0, 1<j <N, uy=1 for ngmﬁﬂ 1. A strmghtforward ocompu-
ta,tlun yields |

Q=712 Ti-1/2, Ti-1/3= j=n, -, N—-2, 2n=N,

aIZ{A_lJ (Q (“))%}1““@ N-1RN. Vi 2 {ﬂ‘i Pl 1 ;-1}‘-*' 4—1/1 ﬁi_jrn—-lfﬂ

f=n+1

='€I;,N—1RN.N-1 e 5 2 {0‘4 _f—:l."ﬂi j} T ;--1;2 2 {Oﬁ ; — &, :—1} “-":—ifﬂ “i n‘T'n-ix'ﬂ:

or Uy Uy 1—wy_4
h =g N-1/2 _ Un-1 N—1 N—1
where Ry y_1=1wy 1:*2 | 3%1; o D 1Og..uﬂ_1_ (logfu:y_l)"’ :
Using Lemma 4, for 0<<u<1, we have -
© U 1—u % + u ~

2 *logu. (log u)* log 1./1 logl,’w
| Q‘\/_{,\/_ J— 1}{\: \/1.5{\/— w4}

2 log u'/®
and | o L
% _ W L~ . w I+w v wu—1 _wu_ 1tu
3 logw (loguw)®*” 2 logu 2logl/u 2 2logwu” 2 4 °
3/4
Hence, -—%Q——]i-(l—-uy 1)< By, xS '“”'" ! (1 —ul/) <0,
Lot ry=max r,_3,5.Uging (22) and (2{}) leads to |
o, m~1RH,N-1'—'?‘HG¢,¢ <o 1By, v_1 Ty (05{} — O N—1) . (24)
-1
From (19), ( +-— >a;l>a; 5 1. Henoce, inequality (24) implies
1 1
= rg+z~)=§_(w+-§-)a;{rg._ .
From (22}, O-‘éru%—%— if 0<u,<1. Fin__a.lly, we obtain an upper bound
s | : 3 :
-1 ; == 1J : 25
| 4747 Q) | = sup 147 @)l < prpray (25)

Ags a consequenoce, the following two theorems are obtained:
Theorem 6. The map

o Pw=47Q (ﬂ»)
43 contractive and has a unique ﬁmd point @f
1 | w8

Theorem 7. When hqze the sm*zrlww schma (14) has & unique sr.:hatam and
4t can be solved by the following “stmple” steration

AU®=d,  AUP=d+QU*),  k>1, - (@D

Besides, from (11) and Lemma 5, U} id a monotonio inoreasing sequenoce of j and
Q(U® is nonnegative. By induction, it can be proved that, for the model problem
{8), U% in the iteration (27) preserve the monotonically increasing property with j



100 JOURNAL OF COMPUTATIONAL MATHEMATICS Vol. 2

for each k. Hence, when % tends to oo, the monofonically increaging property still
remaing true, i.e.,

U}'QUJH: .7"'—_0 1 2 i

Now we consider the convergence in another meaning: the convergence of the
solution U™ of the nonlinear difference equation (14) to the exact solution 2 of the
differential equation (8). Substituting the exact solution  into the scheme (18), we
have |

Au=d Q(u)—[l-Tr(u),

where Tr(u) is the truncation error veoctor. Subtracting (18) from the above yields
the error equation

A(u—U* =Q(x) —Q(U*) +Tr(u).
When h<2¢ and A™ exists, the above formula is equivalent to
u—UP=A7(Qw) —QUM) + A Tr (u). (28)

Acocording to Lemma 6, for A<(2, A™'Q(u) is a contraction map in the maximum
norm. Hence, from (2b),

1 434Q(w) ~ QW) < gz 7ay T =TI~
Applying Lemma 3 and (17), we obtain

—1 ,
Ju—TMe<{i- aeay) M4l Tr () |- <Om,
where the congtant -
C =%é‘1" 0e=%g ; { E }3 <3.6, (29)

Therefore, we have proved the following main result of thig section:

Theorem 8. - The solution of the semi—linear scheme (14) converges to the exact
solution of the singular perturbation problem (8) with second order rate in the following
sense

(U —u|<<Ch*, if &h<2¢, (30)
where the coefficient C d@ﬁmd in (29) i uniformly bounded for all ¢ and tends to zero as

€ doss.
Note that the restricted mesh condition A<Z2¢, oaused by introducing the semi-

linear scheme, is only needed in the steeper gradient interval z>>1/2. Henoe, it is
possible to restriot the mesh condifion only in the inferval. As & matter of fact, in
block matrix form, the scheme (14) can beé written as -

(o )l
_. Agy Az J\U _d QU, V) )
1ot 2y and % be two diﬁ'erent uniform megh sizes used for #<<1/2 and 2>1/2,

respeotively, and let a=— h ; Ei'.-h;i

. Applying Gansgian elimination of matrix form, the a.bove gystem can. be reduced
fo

A sl =d+QU, — A7 4,,U), | (81)



No. 2 3 SEMI-TINEAR DIFFERENCE SCHEMES 101
1 ¥ & i 1 1 'ﬂ;—l"l 2 A . . *
whero A= (o), oh—a—3+-2 b 2, dy=ay (5, )E 1),

When e>a4, i.e., A<Chy, Lemma 3 still holds. Hence, the above conclusion can be

improved further by the next assertion.
Theorem 9. If

h<<min(ky, 2¢), (82)
then the iterative procedure (27) converges for the system (81) and the error estimate
(80) s still valid.

4. Linear Second Order Two-point Boundary Layer Problems

Now we consider a more general linear second order singular pertarbation
problem . |
Lu=—ev’+p(@)w' +q(@)u—=f(x), in [0, 1],
" % (0) =« (1) =0, =% 3Y)

where ¢ ig a small positive parameter and p(@), ¢(z) and f (=) are sufficiently smooth

that their second derivatives are unilormly bounded for all z in [0, 1] and for all
¢>>0; besides, () =p" >0, ¢(2) >0 and ¢(&) —p'(x) /226>00on [0, 1]. Let
LU= — (a+py/2D U1+ Qa+gh*) T} + (P/2—a)Ujq. - (34)

'Tha interval [0, 1] is divided into two subintervals: [0, 1] I+ 1, Where I, is
called a regular subinterval over which the first derivative of w() is bﬁunded by a

control umber w", and I, defines a singular subinterval over which w () may be
very large, - '
Similar to (14), in thig caso 'hhra semi-linear scheme becomes
(g, it |m Ve Vod |t
LyU? = 7 7 - (35)
(RS — 95U, U3, Ugr) 1 lf:’! ”1% =2\ >ut;
where 9;(‘!&;.;_1, U; 'u’:l'—I) .@J:i(r(u‘:+1: Uy, G) 'r(ﬂ’f: Us1; {?))
at+b b—a (36)

ey b SRS 04E) = e e S T

and ¢ is a parameter to be chosen. The purpose of introducing ¢ is two—fold. First, to
make the scheme well-defined; second, to lead to a better approximation.

Now the corresponding matrix A in (18) becomes

20+hgy —(a—p1/2)
( —(a+ps/2) 2a+hgs —(@—pi/2) | \

lllllllllllllllllllllllllllllllllllllllllllllllllllllllll

@D

A Tl e eereret—aeeaea——asinn—aearranaaeraas
k — (@+px_2/2) 2a+hqy_a — (ﬂ“?N—ﬂffz)/
: | —(a+py_1/2) 2a+hgy_3 |
Denote the determinant of the first j and the lagt N —4 principal determinant by
D; and D, y_;, respectively, and’ | |
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E —D:i'-hi N-1
ﬁll_ D“ BJ#N“]-_' D_-f g o
Then  D,= (20+hgs) Dus—(a~Lt)a+ LoD, 5, Do=1, Di=2a+hg,,
. : _ - B A |
" 20+hgn— (@—Pa-1/2) (@+Pa/2) Bt
and | D;.N—1=' (2!34-.}"»?;) DJ+1.N--1-__( & %) (*'11 'n, —Pgi )Dﬂ-ﬂ.N—_h |
Dy, y.1=1, Dy_s,v1=2a+hgy_s, " (38)
1

B"N_1= 2ﬂ+hq;—' (ﬁ "_pj,/g) (ﬂ“i“?jq—i/z) -B;{"I':I-IN-;' ’
Lemma 10. .Assume that

(1) a=3> H*pllm, , (39)

(ii) q;l_--"‘?; (29;_.4_1 p;..l) fOT mEE j (40)
Then | | _

' 47

By Buva<gy foralla<N-1, (41)

Remark. As a discrete form of an inequality ¢(w)=>p’ (m) (40) is a suf’ﬁment
condition of an elliptic form for equation (33).

Proof. The first inequality of (41) is trivial for n=1. By induction, suppose it
holds for n—1. Then from (38) with the condition (40),

ﬁn"*& {2‘3 f+ ‘L—)" (f’nq.i f"n—i) (“:3 '_,'pn—I/z) } = {ﬁ +.'pn+1/2} P

The second part of (41) can be proved in the same manner.

Theorem 11. -The inverse mairie of A defined in (37) 4s pﬂ&@tmw and satisfies
(20) if (89) and (40) both hold.

Proof. In fact, it is not diffioult to identify the elements of the inverse matrix

'ﬁ(cz p Lkl )D; Dy , if 4>j,

oy 2 +1!N—1 DN_:'_
ﬂ::}:: D"-{-iiﬂ—i 1‘?;_1 » i if i'=j.l : (42)
¥
i
| Lk Di 1 e
| | lé;.[i( % )D;+1,N_1 Dy 3’ if £<4,
Hence, in the case ¢>1,
—1
Oy,5 -D;f—i e _1. 1 _
a1 (@+D/2)Dsa  (a+pi/2) B = e x
' —1_ D. ' 1 — .
therwwa "'"“ 1 de it T =1,
" (‘3 —i/2) Dypanoa’ (‘5‘!“23;/ 2) By, -1 ¢

Though the nn'nlmear term Q(UU*) in (18) whose components are deﬁned in (86),
is not homogeneous for U" 11; is homogeneous for V =U*+¢, where ¢ denotes a constant

vectior. HEIIEB

TQUIVI=QW, # j<N-1, R )

and
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o={A7TQWV))V}i=py-10a; .ﬁl-f—1RN~. N¥-1

N-—1
o =iq o
- jE {p,m,} ‘“Pf—iﬁi.,f-i}'?'.f—ifﬂ ™ PnCg,nTu—1/2,
=1
h o . =¢r(V,;. V, R = L OTN_1/32
where 9'5-1;ﬂ=’1'( §s 1—1): NeN-17=TN_179"1 o .
N

It is easily seen that if condition (26) now is changed to (89), Theorem 8 still
remaing true when p'>>0. Therefore, we obfain an extension of Thenrem't’i below.

Theorem 12. Suppose
.’ﬁf (ﬂ}) }OJ m Qﬁ:}

1 .
2h _.'p.f—i.) » f{)rr ﬂzz j o

Then the map P(V)=A4""Q(V) is contractive ¢f (39) holds. -
When »'(#) is negative somewhere, the derivation of conditions for the map

P(V)=A"Q(V) to be contractive.is little more nomphﬂated In this case, set
=T+ 2,

where the two terms on the right haud side denote a posltave part and a non—pogitive

part respectively. Since O0<<r;<<ry, from Theorem 11,

;
jZ {?ﬂ:} +P§—1¢I}-1}T i—1/32 +Pnﬂii’f‘ n—1/3
= »

“Q‘F'H(Piﬂi i T Paly, n) + Dall;, P 1g2+2 {E’i—ias i—1 — Pyl j} {‘?'M i 1;9}

L1
<Pyt { - 4 2: (Pi—1—24) }

=n+

© ‘{H 2{a+pi,1/2) —%u (Pr1=2y).

In the same manner as in tha darwa‘umn in the lagh section, we obtain the following

result,
Theoxrem 18. The conclusion in Theorem 12 still holds even if the condition p'=>0

is removed, provided that inequality (89) 42 changed to
| N—1
w%max{ "pg”"“ » 2 27 (Pamp) —-51,— PN}. | (44)

In order to get an error estimate for «—07*, from (28), it is only needed to find a
bound for | A™ Tr(u) |~ when the map i3 contractive. This reduces t0 estimating the
bound of the truncation error. Substituiing the exant solution ¥ in the scheme (35)

yields

Lﬁ.ﬂg == hfj 5 fg —eu'® 2}3%5{3)} ] for j & 1‘,,

and
Lsy=hf;—gy(ty3, © 'u")+’“3{~i' -+ 2 p () ]
Ay i — i\ Y1, Yy, f+]_- | 12 4 | _pu’ P c+u ﬂ:

where 0<C¢&, n<1, g i |
It has been noted™ that the exaot solution c-f (33) ha-.s a fmtonmtmn whlch

consists of two parts: t:me is regular, the other is singular; |
| | | u(m) .},{ Z (m) 4-g P(i)(:l.—#);’s}l S i : (46)
where 7 is a constant which is bounded uniformly for all 0<{e <.1 a.nd |

for y€1,, (45)
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Z@) <0, |Z@)|<C, |2"@)] @0{1+% g—m—m},

where C is a constant independent of ¢, and 0< 8<p",

Set ¢ in (86) equal to -y which is ﬂomputable. Beoause the singularity of the
exact solution «(w) is only near #=1, the width of the boundary layer in which u(2)
hag large derivatives ig less than £ times ¢. For such a constant £, no matier how
small ¢ ig, this implies that ome can choose Z,==(1—ke, 1), and on [0, 1—4kel,
u (%) and its first and fourth derivatives are uniformly bounded. Hence we only need
to oconsider the maximum error within the boundary layer From (46), when
h<le||p|~/2, in the interval I,

~eu® +p (@) u® = c{ (2D 1 1p(2) - p () 1erra-ore— ez 1 p(a) zwl} =0,

e 2 (B s 20

{ ‘Pil) g~ PLX1-8)/e 3. Z]ﬂ}

i ¢’ —?{1){1:“-5)!5 p(1) [ p(1) _
s E [ =) (Z+1) 2]+

7, w'? t _ g —p(iyi—-2)/e { P (1) * P (1) i
{ﬂ' c+u}_u+c = | ( ¢ ) [ el 2]+
Since vu(1)=0, Z{1)=-—1,
17 w'? . — { 2} “m }r= e 3B
W O (™), 2 woey Oh—2),

Substituting info (45), we obtain an estimation of the {runcation error in the
maximum sense:

max | Tr () | ~0(h)

xEly
Note that the ﬂﬂrrespondmg truncation error ig O(1) for the oase of the usual linear
central difference scheme with the same mesh constraint. It means that introducing
the semi-linear scheme may give one more order of precision. -
Congsidering that the width of the boundary layer I, is only ke, the number of
knots in using the semi-linear scheme is always less than a congtant if the ratio

h .
= remaing a constant. Hence

|47 Tr(@) |-=0(h).
Since the error system |
Au—U" =Q(u) —QUY+Tr(w),

u— UM <[ A(Q(u) —QUM) | + | 47 Tr(a) ],
u—TP| < {1— AT (Q(w)) [} 1|4 Tr(a)],
and if | 4~ (Q(w)) | Ju—TP] <1.

Therefore, we have extended the error estimate The{}rem 8 for the general

problem (88),
Theorem 14. The solution of the semi-linear scheme (85) converges to the ewact
solutton of the singular perturbation problem (33) as h lends o zero if (40) holds.

so0 that
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Moreover, if the ratio of h to € satisfies inegquality (39) or (44), according to the
conditions of Theorems 12 and 18 respectively, there ewists an error bound such that

[T — 14| << Ch, (47)
where the coefficient C is uniformly bounded for all €0,

Using the same block matrix technique described in the last section, the mesh
constraint (89) or (44) can be limited only in the interval f,. However, in the

regular inferval, a larger mesh step is allowed.

5. Computaﬁonal Results

In this seotion, three numerical examples are presented to show the effectiveness
of the semi-linear scheme. Only uniform mesh sizes are used throughout this section.
The Fortran program was run in double—precision, on a DEC—System 2060 computer
at Yale. The emphasis is on the comparison among the semi-linear scheme, the
corresponding linear central difference scheme, and an upwind method deseribed by

Christie et af. inf3],
Ezample 1. Model problem (8)

o ? Tu=—eu"+u'=0, in (0, 1), u(0)=0, »(1) =1,
Numerical results for the model problem (8) are presented in Tables 1—8, and a
comparison of three different methods is given for ¢e=1/60 and hA=1/40 in the sense
of the point—wise error. For the linear central difference scheme, there is a relative
error of 86% at the last interior mesh point £=0.975. The Upwind Symmetric
Quadratios Method has a relative error 1.2% at the same point. The advantage of the
semi-linear soheme is clear. Three or seven digits can be improved for an iteration.
error of 0.1.D—3 or 0.1D--8, regpectively. For a given goouracy, the required CPU
time reduced to half in using the semi-linear scheme instead of the usual linear

scheme. |
Table 1. (e=1/60, h=1/40)

Theoretical Linear Semi-linear Upwind
& solution scheme I o sty R method
0.800 0. 000006144 0. 00G0001LT3 0.0000Go141 0.000006144 —_
0.850 0.000123410 0.000008500 (.000123447 0.000123410 e
0.875 {.000553084 0.000059499 0.000553305 0.000553085 —
0.900 F 0.,002478752 0.000416453 0.002477749 0.002478752 0.0026
0.925 0.011108997 0.002015452 (.011110675 0.011108997 0.0115
0.950 0.049787068 0.0204081.63 {,049785741 0,049787068 0.0510
0.975 0.283130160 0.142857143 0.223130576 0,223130160 0.2258
1.000 1.0 1.0 .0 1.0 1.0
Max error of ¢ —0.8027—01 0.1679-—5 0.2044—-9 0.27—-2
Location of max error 0.975 0.925 0.875 0.975
Max error of o' 0.56+1 0.95—4 0,11 -7 —
Number of iterations 1 12 22 1
CPU time (scconds) 0.07 0.15 0.26 —

Remark. ei—the admissible error for iterations of the semi--linear schemse,
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For the same ¢, Table 2 desoribes the convergence rate. For an admissible error
0.50—4, the semi-linear scheme requires a mesh size k approximately 1/80, while
the linear scheme requires a mesh size 1/2000. The total OPU time between these two
schemes differs by a factor of 2 40 8. For the first derivative, the difference between

the two schemes is even grea,ter.

(6=1/60, &i (ST1)=0.1-4, £i(812) =0.1—8)

" Table 2. |
W‘
M 1/ 20 30 40 60 640 1920
s o e T ~0.2540 | —0.1440 { —0.80—1 { —0.35—1 | —0.27—3 | —0.30—4
SL1 ~0.464+1 | 0.54—5 | 0.17-5 | —0.35~6 | -0.37—9 | —0.51~12
gLk, SL2 —~0.46+1 | 0.32—-9 | 0.20—9 | —0.51—-10| 0.46—12| 0.46—16
. 7, 0.70+1 | 0.66+1 | 0.56+1 | 0.394+1 | 0.80~1 | ~0.25-1
SL1 ~0.20+4 | 0.831-3 | 0.95-4 | —0.21—¢ | —0.13—6 | 0.50—9
g 87,2 —0.10+4 | 0.19-7 | o0.11-7 | —0.28—=8 | 0.16—-9 | 0.51-13
I 0.01 0.02 0.07 0.08 0.46 1.30
OPU time 871 0.93(100) | 0.51(35) | 0.15(12) | 0.16 () | 0.90¢3) | 2.78 (3)
SL.2 0.93 (100) | 0.74¢71) | 0.28 22 | 0.2a012 | 1.10¢0 | s.21 (&)

Hemark. 1. The number in the bracket is the number of iterations required to reduce the error to less

than the admissible range ei.
2. Max w'=60,

' The influence of the convergence of the semi-linear discretization is desoribed in
Table 8, depending upon the ratio of ¢ to A. We consider three cases: A/e=2, 1.5 and
1. Aoccording to Theorem 3.2, the iteration converges if A/e<<2. These numerical
y the theory. The iteration is also convergent for h=2¢: however, this is
not recommended because the rate of convergence is too slow. For a practical choice
of #/e=1.5, a higher precision can be obtained with less OPU time.

Hence, to get the same accuracy, one may solve a small semi-linear system
instead of the original large linear system. Besides, the errors in the two schemes
behave differently. For the linear scheme, when the ratio ¢/h is congtant, the error ig
also constant independent of the size of €. For the semi-linear scheme the error
converges {0 zero as € does.

results gabis

Table 8-1. (h/c=2) .
M
1/e 10 20 GO 100
el 0.1—4 0,.1-4 0.1-8 0.1-12
" L —0.1440 —0.1440 —0.144-0 —0.14+0
Error of u
SL —0.45+0 —0,96—4 0.32- 9 3.20-12
; L 0.1141 0.2241 0.664+1 G.11+-2
Error of o
SL 0.45+1 —0.,20—-2 0.19-7 0.18—-10
L 0.01 0.01 0.03 0.11
CPU time SL 0.21 0.35 0.70 1.76
(100) (100) (TL) {100)

ml
Hemark. The number in the bracket is the number of iterations requu'ed to reduce the error to less than
the admissible range ei.
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- Table 3-2. (h/c=3/2)
_-————H-ﬂhh-l_—l——-l_—ﬂ—-_—__—-_—-—
1/¢e . 15 30 60 00
ei 0.1—4¢ 0.1—4 0.1--8 0.1-12
L -—0,80--1 - —0.80—-1 —0.80—1 R e N
Error of ¢ ‘ ' : ‘
8L - —0.23--3 0,15—5 0.20—9 - 0.28-13
5 5y o 0.144+1 - 0.2841 0.56-+1 0,84+1
S S —0.39—2 0.43—4 0.11-7 0.24—11
| 4 0.01 0.01 0.03 0.11
CPU time SL 0.03 0.07 0.25 0.70
¥ (12) (12) L (22) (30)
—_—__—_————h__——-__—-.i-—_—_
- | | Table 3-3. (h/e=1) | *
1/e 5 10 20 60 100
et Bil—a - 0.1-4 0.1—4 0.1—8 S 0,1-12
s ; L —0.35—-1 —-~0,85—1 —0.35—1 —0.85-1 —0.35—1
T
w8 87, —0.49—2 —0.92—3 _0.64—5 | —0.51-10 | —0.60—14
2 £ 7 $0.3240 00,6440 0.13+1 0.38+41 0.64-4+1
MR ST, 0.35—1 o T —0.15—3 | —0.28—8 | —0.59—12
7 0.0L 0.01 0.02 0,06 0.21
CPU time S a.01 0.02 0.05 0,23 g.71
(7 (7) (7) (12) (17)
Example 2. A linear singular perturbation problem with constant coefficients

I+ is not dif

Tu=—cu’+4'+ (1+e)u=Ff(2), in (0, 1), u(0) =u(l) =0,
where f(z)=(1+e)(a—b)z—ea—0b, a=1
‘H’(E?) —g —(1+&s)(1—x)/6

ieult to find that the coefficient v in (46) here is equal to 1 without

e-1tede p=1-+e¢t, with exaoct solution
+e*—a+ (a—b)w,

knowing the exact solution in advance. The result listed in Table 4 shows that
iterations converge monotonically if the ratio k/e<<2 and that the caloulated results
agree well with the theoretical analysis. More small ¢ is contained, more advantages
the semi-linear scheme has. Therefore, with the same acouraocy, by using the semi-
linear scheme, a large linear system arising from the linear socheme is replaced by 2
smaller semi-linear gystem. For instance, when ¢=0.01, the maximum error in using
the semi-linear scheme with N =60 (after 13 iterations) is less b0 % than the usual
linear scheme with N =200; meanwhile the ratio of OPU time iz 0.27:1.12 (sec.).
When € =0.001, the maximum error in using the semi-linear scheme with VN =600 is
less than ten times of the usual linear scheme with N =2000, and the ratio of CPU

$ime ig 3.22:7.87 (sec.).
Ezample 8. A semi-linear singular perturbation problem

Ju=—evt'+u'+ (A+te)u=Ff(z, u),
with the same solution as the problem in Example 2, where

f'(m,-u) =a—0b (1+e){a"’“—ul
b='1+a_1, |

— =G
g="1-+e¢ GreVe

in (0, 1), ©(0)=2(1)=0,

C

uta— (a—~b)z—e
o — p21FE)1-2)/6

b }f

(48)
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Table 4-1. (¢=0.1, ¢i==1.0-—5)

h=1/N T max(BEr{u)) max (Hr(u")) CPU NE
: L 0.800 0.1935D-00 0.1247D 401 0.01 1
8L 0.800 0.1935D 400 0.1247D+01 0.0l 2
» z 0.833 0.1474D4-00 | ©.1163D401 0.01 1
ST 0.833 0.4765D—01 0.8202D— 01, 0.03 10
" i 0.900 0.6548D—01 0.7837D+00 0.01 1
SL 0.800 0.2955D~01 | —0.2642D-+00 0.08 7
i i 0.950 0.1974D—01 0.3247D+00 0.02 1
SL 0.850 0.6793D—02 | —0.1112D+00 0.04 4
i I 0.975 0.5493D —02 0.1057D 400 0.05 1
ST, 0.850 0.14890—02 | —0.3305D—01 0.10 4

Remazk. NE is the number of iterations required to reduce the error to less than the admissible rangs

€3.

Table 4-2. (c=0.01, ei==1.0—5)
—W
h=1/N > i max (Er(u) ) max{ Br{u’)) CFPU NE
" I 0.980 | 0.1595D4-00 0.1116D 402 0.15 1
SL 0.960 0.7958D—02 | —0.1829D4-01 0.40 94
- L 0.983 0.1230D4-00 0.10200+02 0.18 1
8L 0.967 0.6016D0—02 | —0.1545D4-01 0.27 13
55 7 0.950 0.5561D—01. 0.6581D+-01 0.20 1
ST 0.970 6.9872D—02 | —0.6184D+00 0.43 7
. I 0.995 0.1688D—01 | - 0.2624D-+01 0.57 1
ST 0.970 0.6339D—03 | —0.1742D4+00 | 0.69 4
il L 0.998 0.47050 —02 0.8364D+00 1.12 1
ST, 0.870 0.1681D—03 | —0.5743D—01 1.36 4
Table 4-8. (e=0.001, ei=1.0—5)
h=1/N % max (Er () ) max (Br(u')) CPU NE
- L 0998 0.1568D400 |  0.1102D+03 2.05 1
81, 0.992 ~-0.1991D—02 | —0.2046D-401 3.42 24
o_ 7 0.998 0.1210D400 0.1006+03 2.47 1
_SL 0.995 0.9313D—03 | —0.2414D 401 3,92 14
- 7 0.999 0.5475D—0L |  0.6450D+02 3.03 1
ST, 0.995 0.2977D-—03 | —0.8986D+00 5.16 7
- T 0.999 0.4045D—01 | 0.5219D+02 477 1
. 87, 0.995 0.21500—03 | —0.6389D4-00 5.58 6
S0 L 0.999 0.1663D—01 0.2565D4+02-| = 7.87 1.
SL 0.996 . 0.9066D—04 | —0.2710D+00 9.00 4
e I IO 1720 e, (R i . s s A | D S LR R |
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1.000

0.667

o_m{] ‘ . 1 ] ) |
0.875 0906 0938 0.969 1.000 0.000 0.25) 0.500 0.750 1.000
x - +
1. Bolntion £=0.975, u=0,2331.
2. Linearscheme u=0,1429, 1. eps=0.1.
3. Bomi-linear scheme u=0.2231, 2. eps=0.01.
4, Upwind u=0, 3258, - 3. eps=0.001.
Fig. 1. Three methods comparing (eps=1/60, h=1/40 Fig. 2. True solution of exampleg 2 and 3
#
0.1600

01067
0.0533
0.0000 &
SO0. 875. 1250, 1625.
1/4

1. Linear scheme function error.
2. Bemi-linear schemo funeticn error.
Fig. 8. Table 4-3
eps=0.001, 1/h=500-—2000

— Ty e e
e el e
2
1.0e—04 ik it bl iy | L da
0.0010 0.0100 0.1000
eps

1. Linear scheme function error.

2, Bemi-linear scheme function error.

3. Linear scheme first derivative error,

4, Bemi-linear scheme first derivative error.
Fig. 4. From Table 4

h/epse=5/3, eps=0.,1, 0.01, 0.001

This example shows more advantageé of using SL-scheme fhan I-scheme ag
described in Example 2, because both schemes have o be solved by iteration for thig
semi-linear problem, and in this case SI~scheme requires less JPU time than

I—scheme even Tor the same mesh size.

Two different results of two semi-linear schemes are listed in Table 5. SIi1
scheme ig described in section 4. SL2 scheme comes from a semi-linear Galerkin

At any rate, the advantage of both semi-linear schemes over the linear

scheme is olear. The stronger the gingularity of the solution of the differential

equation, the more the advantages.
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Table 5-1. (e=0.1, e¢i=1.0—5)
R=1/N z max(Br(w)) | max(®Br@w)) CPU NE
| . L 0.833 .| 0.1413D+00 0.1163D+01 0.25 100
| SL.2 0.667 | 0.1913D-01 0.1468D+00 0.16 11
L .0.800 | 0.1111D+00 | . 0.7837D--00 0.43 100
. v 10 SL ~ 0.900 0.2463D—0% | —0.2786D+00 0.60 100
] SL2 0.800 0.2715D—01 0.2356D 400 0.17 13
W v B 0.950 | 0.2517D—01 | 0.3247D4-00 0.86 100
- 20 SL 0.900 0.1110D—0} | —0,1286D+00 1.12 100
SL2 0.850 0.5012D—-02 | —0.9715D—01 0.32 13
L © 0.975 | 0.6984D—02 0.1057D 400 0.30 44, -
40 SL - 0.900 0,2445D-02 | —0.4427D—01 0.35 14
812 0.825 0.1004D-02 | —0.2500D—01 0.70 13
L 0.987 0.1812D-- 02 0.3023D—01 | - 0.63 14
80 SL 0.900 0.6265D—03 | —0,1872D—01 0.73 14
S12 0.837 0.2561D—03 | —0,7389D~02 1.33° i

- 3 " Table 5-2. (¢=0.01, ei==1.0—5) | .

he=1/N . 2 max (Br(u)) max (Br (u’)) OPU NE
N W 0.980 0.1391D+00 0.1116D 402 £.33 100
£Q STl 0.960 0.8372D—02 | —0.1886D+01 4.72 100
K512 0.960 0.7927D—02 | —0.1662D+01 11.67 100

” '/ 0.983 | 0.1255D400 | 0.1020D+.02 7.37 100
SI1.2 0.967 0.5378D—03 | —0.1375D401 1.47 10

3 1 0.990 0.5766D—01 0.6581D 401 1.08 10

100 871 0.970 | 0.3158D—02 | —0.6583D+00 1.11 . g
SL2 0.960 0.2617D—02 | —0.5572D+00 2.20 g ..

7 0.995 0.1733D--01 0.2624D4-01 2.05 g

200 SL1 0.975 0.6970D—-03 | —0.1894D400 2 14 g
SL2 0.965 0.5763D—03 | —0.1500D+400 4.44 9

L - 0.998 0.4813D—02 | 0.8364D4-00 4.13 9

400 S11 0.973 0.1845D0-03 | —0.62870—01 4.51 9
ST.2 0.968 0.1536D0—03 | —0.4842D—01 8 .86 9

Table 5-8. (c=0.001, eimal.0—5)
s o P e e e 4 o e e a —— T [ —— e

hel/N 2 max (Br(wu)) max (Er(u')) CPU | NE
. E 0.998 0.2043D—01 0.1103D 403 58.29 100

500 Sr1 0.994 0.10200~02 | —0.8495D401 59.28 100
872 1 0.994 0.1129D—02 | —0.3240D-+01 153.863 100

wo L 0.998 . | 0.1211D+00 0.1006D403 71.83 100
8712 - 0.995 - 0.9154D—-03 | —0.2334D+01 23.29 11

L 0.999 0.5494D—01 |- 0.6459D402 14.16 0

1000 - SI1 0.995 0.3019D—~03 | —0.9171D-+00 - 14.05 9
812 0.995 0.2907D—03 | —0.8533D+-00 28,66 9

‘ E. T

L 0.999 0.1667D—01 0.2565D+02 27 .66 g

2000 SL1, 0.996 0,9201—04 | —0.2771D4-00 27 .70 g
| 812 0.995 0.8845D—04" | ~0.2594D 400 57.68 9

]

W
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