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Abstract e
: When one compares a differencs mhemﬂ with a.nuther, unly a quahta.twe comparison is 113113113" .'
given. Such a comparison is not encugh. :E‘ormmple, sohemaﬂmfnom accurate than scheme B, but .
it would take more time to use scheme 4 ‘than to use scherhe ‘B, Ino;de:todetermme which schems is

the best, it is necessary to make a quantitative comparison among difference schemos.
‘When the state equation is non-convex, the numerical solution’is semsitive 1o methodst ), Wa

make a numerical tast with 10 different schemes for such a problem. From the computed results the
following conclusions are obtained: B Ry

The physically relevant solutions can ha ubta.med if. the Godunov scheme and the first-order E-O
sch me are used, but the solutions are not so accurate. Iu onr. p:toblem. it i® mecossary to take at least
80000 mesh points inghe space direction in order to obtain a solution with an error of 10-3, The
physically relevdnt solotion can also be obtained by using the Laxmhm& but its accuracy is lower

than those of the Godunov schemse ard the B-O scheme.. - .- I
The physically relevant solutions cannot be obtained by: umng tha L—W ﬂcheme, the MacCormack

scheme, the Murman auhame, the Richimyer scheme, the Oomnt .achame and the second—order
one-sided scheme.

The physically relevant solutions can also be obtained by using the second-order gingularity-
separating method (88 scheme for short). For our problem, 15—25 mesh poinis in the space direction
are enough for a solation whose error is 10-3. That is, in this Ca30 the number of mesh points for the

5-8 method is ,321{) - 53’;0 of that for the Godunov scheme or the first—order E-O scheme. We know

f£rom the computation that the convergence tates of the Godunov schems and the first-order E-O scheme
are about O(4t17%) in L, space, but that of the B-8 method is O(4%) . We can see that the higher the
required accuracy, the larger the difference of the computation amount. Moreovar, because of the
rounding errors, wo cannot make the computational error infinitely small. If we solve our problem
using a computer with a word length of 82 bits (the Jongth of mantissa is 24 bits), the smallest poesible
error i3 7% 103 for the E-O scheme, but it iz 10-5 for the 88 method. This is becauss the amount of

computation for cur method is less, and the problem of rounding errors is not so serious.

§ L The Problem

We consider the followmg initial~boundary—-value problam with a non—convex
equatmn nf state:

v | 3# I 3‘3 ? S _- 5 T |
-t . . [0.656-200(z+0.001), —O. 001<z< —0.0005,
o ! oy | 0-656+200a, —0. 0005'@:{0

w, 0)=

0.0144+170w, o@n«::o 0005
L0. 014 —170(z—0. 001), o 0005-@@40 001,
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[U( —0.001, t) =), 6566 — 4:51(5)

U(0.001, t) =0.014—
where the equation of state is

3 %(t)

F(O) =-=U‘/2-— 19U“/30+U“‘/4 33U /1000,
‘and z,(t), #2(t) are implicitly given by the followmg formulag

&4 (t)
ﬂig (t)

§

=1f'(0.8566—42,()),
=-tf (0. 014 3. 45,.(4:))

2, The Schemes

The following schemes are used for the a.boﬁ prdblem
1. The smgulanty—saparatmg method: (‘tha 8-8 method)®1®

Thigs method has been proven
both in theory and in practice to

be a very good method for the

initial ~-boundary—value problem
of the first—order . quasi—linear
hyperbohc equ&tlpns. The discon-
tinuity conditions are used on the

discontinuity lines and there is

no difference across the discon-
tinuity lines in the system of dif-
ference equations. More accurate
solutions can be obtained by using
g foew mesh points because of the

gmall truncation errors. The figure

of the solution for our problem is

right cnntact discontinuity left mntact discontinuity.
=X 0 — 0L

Fig. 1 Locations of the diseontinuities of U(z, &) in
plane (z, #) (the -8 method)

shown in Fig. 1. In order to solve this problem by the 8~8 method, we introduce a
new coordma.te gystem through the following ¢ coordinate transformation:

2 (4) —2i-1(3)

t=1,

{§-= % —213(1) +I—1 ﬁm;_i(t)ﬁmﬁm;(t),_

Here 2;(t) Tepresents a boundary ]JJJ.E OT 2 dmcontmuity line (From Fig. 1 it is clear

that there are several discontinuity lines).
Through the above transformation, a prﬂblem w;lth movable boundarieﬂ is

changed into a problem wﬂsh fixed
accurately. Suppose

boundaneﬂ Tis eonvamant for treating boundaries

then the equation in the new courdmsa.te syshem can be written as: Py
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o=A—F, F’ m= _(Fm-f-ifn‘[" Fm—ifﬂ) ?
A-Fm"“F Fm-1,1 A+F = mA4Ll F!ﬂ: '
L o Sy, if 0,
"(ﬁﬁﬁU)m » { md-l- ﬂ'm%

| mA—Um, ]f ﬂ'ﬂ;"o
If || <1, the schemse ozt

1, :"u.‘l,tl

UHHE s Uk _ - CO'AUU)H:

UI:+1= UE. (pa.i:-l-l 2, :l: 1) A*Ulﬁiﬂ

Is &dOpth ,:r_ _J;"E" ‘-i; s;;f-
If |0 =1, the follﬁwmg schame ig aged:
e --"#‘efi.bhﬂii 1 .

_(Uk+u2+UHle.2)+"Mm£I{2AE AT R #"“r—"(Um"l'U :I:l)j

—(Uk+1+U:I;11) +"— Mi’f{ﬂdiUHI (U +‘Htﬂ1) ""— !-W' f 22/-15:

In the above scheme, there are fourteen slgns i The upper s1gns are used if A<0, and
the lower signs are used if A>>0; either can be used-if A=0,- ¢ is the abbreviation of
g(maE, kat), where g Fopregents any function of vmabﬁ.es g and ¢, Computed results
have been obtained for the problem in § 1 by using ﬂ]lﬂ schama In our computation
each subregion is divided into 5, 10, 20, 40 or 80 pa.rbs

2. The Godunov ﬁchame“ A

Ui =Uh— 2 (40 (T, | ::)—hﬂ(ur? Th0),
where | -I min - fl:U) 1f Uk {Um+1; |

G k k U: ‘E‘Uﬁl i
h (Ulﬂ-l-l: ﬂi)

max f(U), lfUi.H_{U

| Ok . <U -:U*

In our 1c0mputation, A, satisfies tha relation ma.x f | (Ui) | ﬁtk =0.95, and the

computationéi region in the » directlon ig dlwded mt-o n equa.l parts (n=100, 200,

400, 800), e
3. The Engquxst—Osher scheme (E—O scheme)m |

O =Us - A4, (O M4 ),

e
';ﬂ{‘:-.’,-. Bl o2 _.‘. Jf+(U) - j' x(ﬂf’(#)ds e
o I 1, if f'(s ?0
o x(s) {0 if fu"( )
_ TR 76 <0,
il st UHES Ay By P F*‘ffw

il F" ==-F" .F".;.aﬁ:ﬂ*

In our cnmputatmn, _,dt% mtlaﬁm the relatlon lf AU by <, =0.95, and the
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Tl

Hﬂ; 4

computational region in the » dn‘ectmn s dlwded into n equal paris’ (n= 100 200,

400, 800, 1600).
4. The Lax Echemem

Uﬁ:ﬂ (UnH—i + Uﬁ:—l’) T (f (U +1) f (Uﬁ:—i))

In our computation, Ay satisties the mlation max] F{U%) | =0.95, and the

computational region in the i d.lrection ig dlwded mtﬁ 7 Bqua.l parts (n.-—- 100 200,

f w .I-_.':".i.i- T

400, 800), . - ' AR Mg
5. The Murman ﬁehemem

g =T — Mml:- )~ WU, Th-)),

where ¥ (U% ., ) e [ f (II.,,H) —l— f (Ufi.) - ﬂm+ so(Uk 1 —Ua)],
b= [ _%"ﬁﬂ E 1l—m) = o

In our cnmputa,tlon, At; aa.tmﬁes the relatmn ma.zl f (U )]ﬁt" =0.95, and the

computational raglon in the @ dJIectmn is dlwded into n equal parts (n==50, 100,

200, 400, 800)"
‘8. The Courant scheme™

o= - A po(o),
where o ([ OE)—F O, i 7 (%) <0,
. hﬂ(U’")_E{f(U*)-—f(U;_l) if £ (U%)>0.

In our computation di Batlsﬁea the relation maxl f (U) ] Loy —0.95 (or 0.75), and

the computatmna.l region in the = direction is dwlded into n equal parts (n=100,
200), - |

- W v - i

B

7. The meond—ordar one-—alded schame‘“’

o - | Ut-}mn'ﬂf“ -1 Aty ﬂ*f(Uﬁlr y

2 Az

- :ﬂiwﬂﬂ"-"-—% .aifcm,ﬂﬂ), -

where B Hr T~ Ty AP -=F,. P,
In the above scheme, there are several gigns 4+, The upper ﬂlgns are used if f'(U%)
<0, and the lower ﬂ:gns ‘are usedif f’ Us)>0.. In our computation Aty satisfies the

la,tion ma.xj I (U )| =1.9 (DJ._‘_ 0 95, .or 0. 5), and. the eomputatmnal region in

tha z direction is dwzded into 100 equa.l pa.rts
3 'I'ha I.ax—Wenili‘Eiﬂ‘ acheme“”’ |

(f(Uin) f {U 1)) +—(—~) ij(“;ﬂﬂf-'ﬂ-f (Uﬁ'?); 4 ey d.

2272 r
.'....'-;?. fu _.‘!.',;.'-'.'.! *,,:-..ii',l. g h""*"' 3&5“?‘;

l -
. ;—r )+. Tl . ‘L.1 J!.. i ::r-‘. l"‘_‘it:‘;'.i.j:. o ]
LS -r. ll... il ; e 0 w bl rF o .-: T 'I:- l-.':.-{t::i-l. L, :
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In our computation, 4% satisfies the following relation
max| f'(U%) |"-“fk=0 95,

and the computational region in the dJJ:ec’ﬁ:Lon ig d.lwded into 100 equa.l parts.
9. The Mao(}ormaﬂk scheme™®

T =T — 22 (f (Tan) —1 (U ))+s o (f Ohan) —~2f (U2 +f (Tnsa)),

U*+1=_(m+m+0:.)—iﬁ( f(U"*m) -—f(U’ﬁ.t’i’“)) 2, Ay ooy

2 A
—2f (U +f (URA).
where 8 =0 or 8=1, For the problem in §1iwe. ta.ka o
{1 if K=an odd number,
—_ .
0, if K —an éven number
Tn our computation, 4 satisfies the following . relatmn

ma.x]f (U.'f,)ldt" =(. 95(0r0 75 01'0 5)

The computatmna.l region in the @ dlrectlon i8 dlwded mbo n equal paris (ﬂ- 100,
200, 400). -

10. The Rmhtmyar scheme™

T, - —(U.,.+1+ AL

2 (f Un +1) f (Uﬁ)),
Uﬁ:+1 _;Uk ‘dt’f' (f (‘U'it+1 2 ) _'f (U {22)) 1

In our computation, A satisfies the re.latwn Iax i f’ (U%) l dt" =0.95, and the
computational regmn in the % direction is d.l"i'lded mto 100 equa.l pa.rta

§ 3. Computatlon of the Boundary Values

Because the boundary condition ig not an expliclt eqmﬁun, a nonlinear equa.tmn
in 21 (or o%*!) must be solved to obtain the bounda.ry values U at time (k4-1)4¢,
The secant iterative method is used for the equation. The initial value of variable
2 +1(2%M) 18 2%(w%), which is the value at the lagt timbe step, and another value is
pear #(a%). When o5 (or #5**) is obtained, U(——O 001 (i:+ 1)4t) (or U(0.001,

(Ia+1).-.-:lt)) can be obta.nwd immedmtely ' |

§4. Numerlca] Resulta and Analysu

“The schéiiéd in'§ 2 have been used for our prﬁb’la&. Tha errors at £=0. 036 in
the sense of Ly-norm: o T ey T ek

ST DR

. ‘have been"’*‘gﬂ%ﬂ i bl . Here, 4 —0.001, 520 001 and: U™ represents the

ki

exact solution.:The distributions of U at t=Q OGQﬂbbained by using these schemes
are given in. Flgs 919, In-what follows, ‘we shall difétiss’ and analyse these regulte.
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| utz, 0.066)

Standard solution

nxaxxcx Godunov scheme

R, T - 0.001
: ;
Il‘lg 2 Comparmon betwoen the solution of the Godunov- scheme
Eﬂﬂequalpartﬂ)anﬂthestandardmluhon |
: .‘?H(ﬁ'ﬂ.oﬁﬁ}
r
- % "0-5 -
L seae—e Standard solution
- f-0.4 xxxxxxx 10 scheme
~—0.001 0 0.001
=
Fig. 3 UompanmnbetmnthsmluhonnftheE—Ouchema
(800 aqual paris) and the standard solution
jutz, 0.066)
+0.6 e Standard solutiom
»===m=y=- Lax scheme

- L
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| ¢z, 0.066)

Standar& solution
 emee—u—e Murman scheme

. (800 equal parts)
0.4 i xxxexx Murman scheme

200 equal parts)

-

_h’

—0.001 ) N

f -———*ﬁ-J

Ha‘

0001

Fig. & Gompa.nson between the solution of the Murman scheme (800 equa.l parts
~ . and 200 equal‘ pa:r:tﬂ) a.nd. the standard, soluﬁqn

TZ0.001

0,000 .

Fig. 6 Gompa.rmun between the solution of the Courant scheme (100 equal parts
. a.nd 200 equal pa.r@) and. the atanﬁard aolnt_:lcn

~0.95, 0. 75)

(max|r ) |- iy
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l u{z, 0.066)
+0.8 |
'- 0‘.3 i Stanidard solution,
Richtmyer scheme
[, ] ——— *
©=0.001 - .k
©a=0.2q].
Fig. 8 Comparison between the solution of the Bichtmyer scheme
(100 aequal parts) and standard solution
P = u(z, 0.066
) 0.6 .
Standard solution
| |
—=m===—L-W scheme
0.4 |
~0.001 0.001
: " Pig. 9 ' Comparison betwoen the solution of the L~W scheme
(100 equal parts) and the standard solution - .
{ u(z, 0.066)
* -b.G" 1 o _-.._,:
; : - Standard solution
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sz, 0.066)

Standard solution

; S MacCormack schemé

~(,001 0.001

- Fig. ]l'_(;lom'pafisdn botwean ﬂﬁ{mlﬂtinnofthellaoﬂh rmack scheme
(100 equal parts) ufltha standard solution
(max| 7 (U2} [2:=0.75) |
- |umo.088

vAd_ oty

‘n.'ﬁ‘
— Standard solutiorf
X g MacCormack scheme
T e
ST e - i | PR S ———
-0.001 ) 0.001

Fig. 12 Comparison between ﬂ’:e nﬁlﬁﬁun of the MacCormack scheme
| (100 equal paris) and the standard sclution

From Table 1 i} is known that the more the mesh points, the less the errors of
the results corresponding o the singularity-separating method, the Godunov scheme,
the B-O scheme® and the Lax scheme. And we see from Figs. 2—4 that the results
' of the Godunov scheme, the E-O schemerand!the Lax scheme are in good agreement
with the physically relevant solution. Though the errors of the regulis corresponding
to the Murman scheme decrease slightly if the numbeér of mesh points increases, we
know from Fig. 5 that they are 110t the physically relevant solution. From Table 1
and Figs. 6—12, it:is also-known -that-the re yults of the Courant scheme, the second-
order one-gided schems; the L—W schems, tﬁe Richtmyer scheme and the MacOormack
‘scheme are 1ot the physically relevant sglution. - e

£ b

~ The Godunov scheme, the E-O scheme and the Lax scheme are good schemes for
nonconvex problems because among all 8 oék*ﬁaptuﬁng ‘schemes used in this paper

Wil Ly T '
J X

only these schemes:give, correct resulid. . “{askpown from Table 1,that the accuracy

of the first two schémes are almost the.ssme. And-the accuracy of the Lax scheme i
. lower than those gat; ‘the other two schemeg. For the {s'a.lil'e“ accuracy, the number of

- ]. 35 TS S t«.q CT D sasndS fien ey Lane BUEY B . |
P LRE e N - l mfamé” in {181 is actually 3 result of the Courant scheme. We made
" amistake in that papar. < 3.0=-cmilDjnlma)

Y i, R _ x1 8
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Table1 The errors at ¢t—=0.068 in the sense of L,—norm

Sehemos

Numbers of mesh points

Ermm(lcrﬂ)

55 method

15(5 equal parts in each subregion)
30(10 aqual parts in each subregion)
60(20 oqual parts in each subregion)

0.767x10-3%
0.19%10~%
0.48x 104 .

(FGodunov scheme

50

100

200
- 400
800

0.365x 101
0.260x 101
0.182x10-1 ..
0,142 % 10-1
0.92x10-3

50 ©0,383x10-!
100 0.281 x 10-1
' #, 200 0.202x 101
i ‘ 400 0.151 x 10~
800 0.103x 10-1
1600 0.71x 10~
~ 100 0.885x10-1
_ 200 0.699x10-1
B dphnnis 400 0.547 %101
) 800 0.428 101
50 0.934 % 10-1
100 0.960 x 10-1
Murman scheme 200 0.944x 101
| - 400 0.834 x 10-1
- 800 0,727 % 10-1
’~ 100 1.029% 1071
(sl 081 0.9 R
ﬁouré.ntachema - T T
- 100 1.029 x 101
4 ) i
b (l_nf!f =
O 200 - 1.035x10-1

I_r-w %uhq-lﬂe m’t

Rl
100 (maz f(;;rf.f,;)

i*m e fees ;;;.r*._.;'-'* SR P L1000 DT

i 2 2 - o=
- - *
R
5 o
r =

Moy F

““"* ~1. 9)

‘j:: 095)

g o r, . et B i
| lﬁﬂ(mﬂ rFaun Lis ) |
i =
Tl v 2 A pega . g bl weslle B —

5 il estiony eiii o

X bes 2

1.406 X 10-1

'1 407:(10-1

L}

+it 407;10—1 AR gL
i ﬂﬂi“ "'..' i

;.,_ H,;;, e a*:fmgsxgu:-iﬁ‘r_ﬁ ﬁ;
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. (Tabie 1 Continued) i

Bchemes Numbers of mesh poinis o Brrors(fol)
Richtmyer scheme | 100 | ~0.938x10-1
- 100 e e I 0.662%10-
| (smax| 7 @8 | 5=0.5)

200 o 0.689 %101

100 SRS 0,986 x 101

MacCorina | 200 (ma.zl f (T i) =..u‘75) 1.005 x 10-1

schoma m A

400 i 1.021% 10-1

1m e DL . u-,..-a:.__-.__“...,..... -_ S - l-ms xlu__.]_

200 (mas| FO% i'%mu.gﬁ) 1.005 % 10-1

400 e 1.022% 10

* Jor the 5-8 mat’ﬁ'ud the definition of the error is

: 1/2
prh=| 25|, - TPt P +a—?]
where &, a5 are #he exact locations of tbe two shocks and 24, %a 819 approximato ones.

megh points In the" o—direction needed by the Lax schemse iﬁ at least ten fimes mOI®
than that needed by the w0 scheme. Therefore only the E—O scheme is further

ana,lysé& in the following. |
From Table 1, it 18 known that the error of the result of the Q-8 method will

reduce to about 1/4 of the original one if At Treduces to one half of the original one,
that is, the convergence rate 18 0(48)"™. And the orrors of the results of the
Godunov scheme and the E-O scheme will only Teduce to about 1/ 2 of the original
one in the same case, that 18, the convergence rate 18 0(4¢4%), When 1600 equal
parts are taken In +he ¢ direction, the error of the results of the £_O schems i8 0.71

«10-3. Becauge the convergence rato is only O(Afiff); 1600 % (7.1)*=80000 oqual
parts in the » direction must be taken if we wan® the error to be equal to 107°. ¥or
the 88 method & equal parts in each subregion is enough. At +=0.066 there are 3
subregions; this means that 15 parts in the whole dﬁmﬁﬁtq.tional region are enough.
The ratio of the mesh points of two mothods for 'i;]:_iié_iérror_ ia 5300. (At the very
beginning there are 5 subregions for the S8 mathod;_"_}sfq 95 parts are taken In the
. whole region. Therefore, the ratio for those dime levels is 3200.) Because the

mnveféenoe rato fTor the 8-S method is O(Af)' aﬁ.tI :lihat for the E-O scheme 18
O(4tV/?), for an.error equal to 1077 (k>3), 'fkhaﬂtiﬁ of the mesh poinis will be

80000 X (10°~)2. _ xaniy ¢ (m;_ﬁ’)z;a

N 5% (107572 o oy UM
This means that the higher the expected accuraoy; the larger the ratio. For examplo,

if =B theratio will be 5300000, T ER LI UEIE .
| o Tha:lcqmpnter—_-ﬁmw ‘which are neaded forithe - E-O scheme and the S-S method

" in different cases aTo given - Table 9. T4 is known from the fablo thst for ine E-O
soheme the OPU ime is directly proporiional-o-the usre-of the number of parts i
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|

Table 2
Mw‘_l
E-O acheme 1 = " B-8 method '

Numbers of points . Time Numbers of points | Time
: : = {5 equal parts in) '
: 5( . . 12,44 sec.
100 parts 13.43 sec. (cach subrogion
| | : 10 equal parts in
. 30 (oo cabsogion ) 18.65 sec.
... .200.parts | .. 47.5Zsec.. .| .. m(gmﬁ Pﬂﬂ;m) | 87.75 s
SR ———|— —— f&(}equalpartsm)
e Bl g . & mke&ehmhmgmﬂ 98.57 EEG .
400 parts 179 .45 see. '
- 80 oqual parts ;m) ~ - -
s sl | . 24(3 (eaeh subregion 316..18 sec.
¥l L A Rl ; 4 : i i .
- Compilation . . 6.8 see. . . |- . ~Compilation ' 18.58 see.

_—_-—_'_“m_f-__.—--__—-_—__-. ‘

the @ dlree'l:mn. Beeauﬂe the OPU time for 400 parts is 179 .45 seo., it will be 7. 2 % 10°
soc. for 80000 parts. For this accuracy (107%), only 12.44 sec. is needed for the S-S
method. The ratio of times between the two methods is 5.8%10°. If the number of
the mesh pointg is great enough, the OPU time will also be directly proportional to
the square of the number of parts in the z direction for the 8-S method. It is seen
that for an error equa.l to 10"‘(1:;33), the ratio of the UPU fimes of the two methods

18

B.8X10°x (%E"ﬂ;ﬁ;; ~ 5.8 X 10° (10",

Therefors, the ratio grows very fast while the required accuracy raises. Fer example,
if the required error is 10~* or 10~%, the ratio of the OPU times will be 5.8 x10° or
5.8 x 10, . However, if the required error is much less than 10-3, the ratio will be
much less than 5.8 x10°, Moreover, the error we discuss here is the total error and
it comes mainly from the region near the discontinuity lines. Therefore, the number
of ‘mesh points for-the E-O scheme may greatly reduce if .the solution near the
dlseentmujty lines is not so important. In .many practical problems the required
error is not very small and sometimes the solution near the discontinuily lines is not
important. In those cases, the E-O scheme, the Godunov scheme, etc., will give
required results by usé of a usual grid, i.e., they are quite efficient in theee cases.

- ’I‘he errors of the E-O scheme in two computers whose word lengths are 32 and
48 are: gwen in Table 8.. The difference between the two errors shows.the rounding
error on the first: eemputer -whose word length'ig:32. It is seen from the results that
if the number of mesh points in the & dJreetlen mereasee by 2% times, the diff erence
wﬂl!iﬁcreaee b}' 3" times. Whén' 800 pe.rte are taken vihe difference is 0.00023, If &

LL S

" I gie fé.ken (k}BOﬂ), the d.:ﬁ'erenee wﬂ.l be 0 00023 xslﬂ-ﬂfﬂ"‘“ The: truncation.
ald be 00108 / /o8 error ferthlsmethe&m |
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Table 8 -
£ o i bhetween | 'Ratina of
| Numbers O Rrrors (32)* rs (48) Differences n . P
mesh points e | two errors diflarences
100 | 0.028133 0.028125
200 0.020292 0.020266
400 0.015218 0.015143
T s | 0.010541 0.010813

* Hrrors (32) means the errors on a ﬂumputei- whnaawo::d length is 32 bits.

o e i e = =

tells us that for our problem the minimal amr for the E—O soheme in a computer
whose word length is 32 is about 7x107%, - R | '
Therefore, the physically relevant solution with some accuracy Can be obtained

by using the E-O scheme, but it will take much OPU .time o raise the acouracy

- L] T ' e g rad e oG - —ai, STV ik sy M e
| ]

and it will soon almost be impossible to further raise the socuracy because of the

rounding error. The main problem is that its mnvergenaara.te ig only O(4t*), This'

problem exists in all shock—capturing methods.” 7" T |

The compilation times of two routines are also given in ‘Table 2. The #ime for
the 8-S mathod‘is almost three times ag much as thé.t_ fofjha'E—;—O scheme. This means
that the Toutine for the §-8 method is more complicated than that for the E-O

soheme. It is the shortcoming of the S5 method.” Anotﬁérah rtoomiing is that if the
number of mesh points are the same, the OPU time needed by the S-S method is

510 times as muoch as that needed by the E-O Sﬁhem.BThlS can be remedied by it

‘high accuracy if the 8-S method is used, i.e., by the fact that only a few megh poinis
oo needed. In fact for the same acouracy, the OPU time needed by the S-S method ig
much less than that needed by the E-O scheme. Because the computation amount id
small and the rounding error is not so large for the. 8-S method; it is possible o
obtain a result of our problem with an accuracy of 107° in a computer whose word
longth is 32 bits. o A g e o 7" - .
Tt is shown in Figs. 5—12 that the nnnfphy'sioally relevant solutions are given
by the Murman schems, the Qourant scheme; the ;_ﬂepﬂlid__—.-b_rder one—-sided scheme, the
1,-W soheme, the Richtmyer scheme and the MacOormack scheme. I% is worth notice
that the weak solutions given by +he Murman scheme; the:Courant scheme and the

second—order one—sided scheme are very ° ‘gharp”, and jthe siructure. of the solutions

of both the Courant scheme and the second—order. ﬁnerﬁd@d_éﬂdheme is not related t0
the step lengths and the ratio of the step lengths. 10./4" certain exient, but the

difference among these solutions and the physically relévani solution is large. Now.

wo ‘analyse :the. reason why the Oourant: scheme . and :he: gegdond—-order ona—sided
schéme’ give .such results. It is known from-¥ i21;7EHia¥ there are a lefi contaock

discontinuity and a right one at #~40 in the physial

sppesr a Tight-facing shook wave in the loff rogiop a2

' disoontinuity, ‘changing into a new rlght-faeiné “ghook” wave; and the lefi-facing

shock wave does so 1;11 .:'l';hé** loft oﬂntaetdismn nui fkgh;nging into a new left-

4 B £ . E U
Y 'il.; - ‘?—1:' 1 :l' B

fmg shook wave. | i L wE '&ﬁ{ Tt et gt T e e P g

‘picinre. ‘After some time there
g ST Togl0l :jlefli—tfaﬂmg shock wave in
the right Tegion. Later the right-facing shock wave ifitérabts with 'the right contact

- R I W . Ll P - Tl PO il
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Tt ig clear that the direction of the space difference depends on the value of
f(U%) in the Courant scheme and in the second-order one-sided scheme. Therefore,
if f/(U%)>0, f' (Un41) <0 at some point =1, o=om and if the difference between
U* and U%,, is large, then the sharp jump of U would remain until there.appears
some k* for which the condition ' (Un) >0 or f/(Uhy1) <0 is not satisfied, no matter
how big the step lengths and the ratio of the step lengths are. In -this problem the
spitial value at =0 hag & jump at the point =) '

Ul 4eo-=0.658, . U|.e0=0.014,

and it is known from Fig, 18 that - /@&~
£(0.656)>0 and f'(0:014)<0, At . o T
{>0, the mumerical solutions of the
two sochemes will keep the.above pro-
perties, so the numerical golutions of
these methods would keep the sharp
jump at the point x=0 - That iy, the

left contaoct discontinuity and the right

- Lo.oos .

0.004

one, which exist in the physically rele- . | 'y 5.8
vant solution, do not appear for these ~— | Lo
methods. " - | Ne
As méntioned above, after some  —p.002 0L, =0 0018 - O
time there appear gradually swoshocks 5 ey, “RARRE
in the right and the left regions. Fig. . - h Wig. il ‘e squation of siate
14 and Fig. 15 show that the fwo - Oy =T 19 oyl B8 p
shocks can be obtained if we uge these 2 30 4 1000

schemes. In the results of the Courant scheme the values of U both in front of and
behind the left shock wave are larger than 0.55. And it iy known from Fig. 13 that
the corresponding values of f' are all larger than zero. Therefors, the shock wave
continues to move to the right until it meets the discontinuity line #=0. The values
of U both in front of and behind the right shock weve are less than 0.1: so the
corresponding values of f' are all less than zero. Thus, the shock wave continues to
move 0 the loft until it meets the discontinuity line z=0, That is, the golution of the
Courent scheme possesses the structure sliown in Fig. 16. Because the discontinuiiy
at the point 2=0 does noé satisfy the eniropy condition, this solution is mnot =
physically relevant solution. In the resulis of the second ordér one-sided scheme at
$=0.012 for a certain m(z~ —0.0005), U%>0.556 and U%,1<0.55 (for the correot
solution both Uk, and Uk should be larger than 0.55) and tho difference between
U% and Uk, is very large. Moreover, it is known from Fig. 13 that f/(U%)>0, and
(O%41) <0, It i clear that one-gided schemes often make such discontinuities keep
ghatp and immovable. Therefore, thera Appears an- immovablo shock in the lefi
region which should originally mgve o the right. At-£=0.018 for & certain m(z=
0.0005); U%>0.1, 4,1 <0.1 (for the ‘correct solution both U, and U, should be
less than 0.1) and the difference between: Uk, and"Uns: is very large. It 48 known
from Fig. 13 thab-4here again-appear- f” (Un)=0 and f(U%,1)<Q, Therefore, in the
right region’there'alsoappesrs a stationary shook: ‘Which should originally ‘move 10

‘Thatfs;#hemalation given by, the seoondwailer. dnezsidsd eshomarhas three

= " .oy
R . e
]

U.”:.‘r:'?-- I,.I.- e R g o g - =
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:-:u.‘mé- . ‘#‘ | ‘ .
4=0.01 A
(w0014 " 1=0.024

¢=0.018 - N UI=0.024

il

?_5.001
- Fig. 14 'The results of the Courant scheme &t different fimes

uiz, o _'
0.1

-

e L .v.. e ! ; : ,
(=0.006 7 > « e 1=0.008
g=00%0 . ey t=0.010

el e e NN _1=0.014

0.4

0.3
$=0.018 . o
£=0.014 02 {=0.018

i=0.010 ’ : =014
4m0.006 NN\ log o =001
A I N/ A=0906
T =% . S e
. ;o - -

Fig. i5 The Tesults of the second-order one-staea scheme at different times
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¢ -—-—-—"'"—"'_"_-' o P ———
t ”
0.12 " : i
\ : | £
| 'I S-S method
|
]. gsecond-order
one-sided scheme
F' e S . — ; : i . .. i . e,
- ' —'ﬂ.ml L C L mEdamm ma -mu: g J = 4 Lo
i " - Fig 17 Compirison betwesn discontinuities of the sscond-order

one-sided schome and the S8-8 method

ek b w

"
. i
= —e== 200 equal parts
—r =800 equal parts
S-S method
’ 2
—o.006L 0 . .00

Fig. 18 Comparison between discontinuities of the Murman schems
. (800 and 200 equal parts) and the 55 method
(1) The result of 800 equal parts and that of 200 equal parts overlap;
. {2) The Tesult of 800 equsl parts and that of the S-8 method overlap.

sharp discontinuity lines as shown in Fig. 15 and it is also far from the physically
relevant solution. In order %o test whether the structure of these results is related to

the step lengths or the Tatio of gtep lengths, for the cage max|f (Ua) I%=0‘95,

different numbers of mesh points, including 100, 200, 400, 800, 1600, are taken and
when the number of mesh points is 100, different ratices of step lengths, including

max | ' (Um) [£=0.5, 0.95, 1.9, are taken. All the results give the same physiocal

L'

A
picture (see Fig. 17), = . . o Tt

- Though the Murman scheme is basically & one-sided scheme, the different resul
from-thoss of the Bobrant schems and the second—order one-sided scheme is obtained.
This is because iia algorithm in the place where 'f’: changes its sign is different from
the Courant scheme. From Fig. 5 and Fig. 18, it is known that for iis result there id
onlyHis #dnsitional ‘point on thie ‘hook wave'snd that there appears's rarefaction
shokwaye:iFig.18 gives the phygical pictare,of the solution of the Murmsan soheme
when different step lengths are taken. The figure shows that the result is closer 1o

the physically relevs j—ﬁ solution than those of the Courant scheme and the Booond-
e : Exan ﬂig_..'.,,rs.,,,: : , 11ll:.:f”“ TR P 5

FNING 5 B U Dkl wem Bl Nt N s e #
order ‘one—gided scheme.” [‘ e RO [Ligs

ﬁ " L .-“- ke 1 ; Py = The L
. r £ L] --' 5 N . T
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As well known, the main problem of the Rm,htmyer scheme is that there usually
appears quite sirong ogoillation. f/ increases monﬂtanﬁusly when U>0.55" and U<
0.1: so max|f’| must be very large when the strong oscillation a.ppea.rs By the
Courant condition, 4 must be very sma.ll in this oa.ge and the computation hag 10 be
stopped sometimes. . ,

Tt is seen from Figs. ‘912 that the phennmennn that a shock sphts up into two
discontinuities Joes not appear in the results of the L—W scheme and the MaocCormack
scheme. Figs. 10—12 also show that dlﬁ'eren‘b solutions are given by the MacCUormack

scheme with different step lengths. ,m 1
' Finally, it must be pointed out that beca.usa the problem s much more complicat-
ed, it ig difficult to give an exach analyﬁa eXpression for U" (m, ), In the process of
computing the errors given in Table 1 ‘we substitute the rosult given by the 8-S
method with a grid of 40 equal paris. in’ éach sybregion for the exact solution. In
what follows, we shall show that such & subshtutibn does not mﬁuenﬁe the data

Bec&uﬂe we take -ggt— —gongt. in the B—E method*anitha -8 method has the

second order aacuraﬁy, the fallowmg method can be ased to estimate the exect solution

accurately.
Let the exach au‘Iutmn of the problem be u (a: i) and the solution obtained by

our difference scheme be U(z, #, 4¢). Suppose-that Tf tonds to U" at a convergence
rate of O((4t)?) in the maximum norm, ie., Ulw, t, 4)—-U" (2, ) =c(w, t, 46)4°.
Wo also suppose c(z, t, 4¢) = (2, t) —I—b (a; t) At +O((At) E) Therefora there is the
following formula . -

g (ﬁt) =07+ m(dt)“+ b (At)“—P—O((At)*) :

(Clearly, for U4, ff( ) ( ) which a‘ﬁ&_n& for the difference solutions

corresponding to the grids of 10, 20, 40 aqua.l parta in emh subregion respectively,
we ha.va the relations

T Y =T+ (41" )“+b(dt*)“+0((ﬁt‘)‘),
tf( 4 ) U'+a( )+b—-— +O((At*)*),

LEA L TL
_ A* 4 a( ) +b( 4t ) ‘+0((At Y4y
s0.there 15;!'.11& fﬂllnmn.g relation: |

-2 ()= ff(-———)+—-—ff(ﬂt')+0((df>*)

G et S
Accor_ci't___ to t-h:s expreaamn a.nd our nummeal iresulﬂ s, we have the est mate
- R & Thie- T B W 3 i Tt i 1" e il

Wit --,.. Ilr.i !.Eir ‘__;' _-:;;‘. : “ ) ’,::;9 OME ;Y j.u.i

o 8 U e T .H:i e S

I,’I‘herefo:;ef though our result i8 not tha exact solqh%, ha er;ror musd by subshtutmg
ff —‘-42-4 for U" dDEE not mﬁuanﬁe thﬂ borrecflmeﬁ dl:'f %ﬂ valuea gwen in. Table 1

.'..;r- 5 "'-r]- - -\. 2 *‘ MMHH

uﬂﬁ 7
L T L e =T
- [ | - o .
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where U represents a d.lffﬂl'ﬁllﬁﬁ solution obtained b}r one of the schemes in ,Ta.ble 1.
However, there i3 an exception. If we substltute U( e )fnr U’, the second

significant digit of the error of the S—S method with a grid of 20 equal parts in each
subregion will not be correct since the error itself is very sma.ll In order fo give a

sorrect value of the error, we substitute ﬁ( ABt ,

We have had a useful discussion with Prof. Teng Zhen-huan on some problems
of this paper. The authors wish to express their appreciation to him.
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