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Abstract

The weak convergence analysis plays an important role in error estimates for stochastic
differential equations, which concerns with the approximation of the probability distribu-
tion of solutions. In this paper, we investigate the weak convergence order of a splitting-up
method for stochastic differential equations. We first construct a splitting-up approxima-
tion, based on which we also set up a splitting-up numerical solution. We prove both
of these two approximation methods are of first order of weak convergence with the help
of Malliavin calculus. Finally, we present several numerical experiments to illustrate our
theoretical analysis.
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Key words: Stochastic differential equation, Splitting-up method, Weak convergence, Mal-
liavin calculus.

1. Introduction

Stochastic differential equations play an important role in many fields such as physics [18],
biology [28], finance [5], medicine [20], etc. Most stochastic differential equations (SDEs) arising
in practice cannot be solved explicitly. Thus, the construction of efficient numerical methods is
of great importance.

The weak error, sometimes more relevant in various fields such as finance and engineering,
concerns with the approximation of the probability distribution of solutions [23,31]. It measures
the error made by sampling from an approximate probability law of the exact solution at a fixed
time, rather than the deviation from trajectory of the exact solution, as for the strong error [2].
There are different strategies on studying weak convergence of numerical schemes for SDEs.
Kohatsu-Higa [24] study the weak convergence of Euler-Maruyama scheme for nonlinear SDEs
via integration by parts formula in Malliavin calculus. Zygalakis [42] study the weak conver-
gence of numerical schemes for SDEs via weak Taylor expansion. Usually, the weak convergence
order is twice of the strong convergence order. Meanwhile, there are also many studies on weak
convergence to various types of stochastic differential equations. Buckwar and Shardlow [11]
study the weak convergence rate of a forward Euler approximation to stochastic differential
delay equations. Kohatsu-Higa et al. [25] study weak convergence of Euler-Maruyama scheme
for SDEs with irregular drift coefficient. Zhao and Wang [41] study the weak convergence or-
der of numerical schemes for SDEs with super-linearly growing coefficients. Cui et al. [14,16]
discretize stochastic partial differential equations (SPDEs) with non-globally Lipschitz coeffi-
cients by Galerkin finite element method (FEM) spatial semi-discretization and backward Euler
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temporal semi-discretization and analyze the weak convergence order of the numerical scheme.
Cai et al. [12] discretize stochastic Allen-Cahn equation by spectral Galerkin spatial semi-
discretization and tamed exponential Euler temporal semi-discretization and analyze its weak
convergence order. Cai et al. [13] discretize SPDEs with fractional noise by spectral Galerkin
spatial semi-discretization and exponential Euler temporal semi-discretization and analyze its
weak convergence order. The temporal weak convergence order of the above numerical schemes
is twice of the strong convergence order.

Splitting-up methods [30,35] can convert a complicated equation into several easily solvable
ones and improve computational efficiency. Splitting-up methods have been widely applied to
various fields, such as Hamilton system [3], Maxwell equation [26], nonlinear Schrédinger equa-
tion [15], nonlinear filtering [40], etc. There are a few achievement on studying the splitting-up
method of stochastic differential equations, and many scholars focus on the strong convergence
analysis for splitting-up numerical approximation [1,4,7-10,19]. For SDEs with global Lips-
chitz coefficients, Wang and Li [36] study the mean-square convergence of split-step forward
methods for autonomous SDEs and obtain convergence order of 1/2. Ding et al. [17] construct
a split-step theta method for SDEs with global Lipschitz coefficients and obtain mean-square
convergence order of 1/2. Singh [34] study the strong convergence of split-step forward Milstein
methods for autonomous SDEs and obtain convergence order of 1.

Meanwhile, as for numerical approximation for SDEs with coefficients under more relaxed
conditions, splitting-up backward methods are applied. Higham et al. [21] study p-th-moments
strong convergence of split-step backward methods for autonomous SDEs which drift coeffi-
cient satisfies one-sided Lipschtiz condition and obtain convergence order of 1/2. Huang [22]
constructs a split-step §-method for SDEs with one-sided Lipschtiz drift coefficient and analyze
its exponential mean-square stability. Wu and Gan [38] analyze the mean-square convergence
rate of the split-step #-method for SDEs with non-globally Lipschitz diffusion coefficients and
obtain convergence order of 1/2. Liu et al. [29] analyze the split-step balanced theta method
for autonomous SDEs under a non-globally Lipschtiz condition and obtain the strong conver-
gence order of 1/2. Yang and Zhao [39] analyze a split-step theta scheme for nonlinear SDEs
with jump and obtain the strong convergence order of 1/2. Beyn et al. [6] study the split-step
backward Milstein scheme for SDEs with super-linearly growing drift and diffusion coefficients
and get the strong convergence of order 1. Wu and Gan [37] study the split-step theta Milstein
scheme for SDEs with super-linearly growing drift and diffusion coeflicients and get the strong
convergence of order 1. The splitting-up method have been successfully applied in solving
various SDEs, which results that the analysis of weak convergence rate becomes a hot topic.

The main work of this paper is to analyze the weak convergence properties of a numerical
approximation to SDE based on splitting-up technique. We divide an SDE into two equations:
one is an SDE without drift term and the other one is a determined ordinary differential equation
(ODE). Based on these two equations we construct a splitting-up approximation. Furthermore,
applying Euler-Maruyama and Euler method to these two equations, respectively, we construct
a splitting-up numerical approximation. With the help of theory of Malliavin calculus, we
prove that both of these two approximations converge to the exact solution of SDE with weak
convergence order of 1.

The rest of this paper is organized as follows. In Section 2, we introduce some preliminaries
and notations used in this paper, and gives a brief introduction of Malliavin calculus. In
Section 3, we construct a splitting-up approximation to an SDE and prove its weak convergence
order is of 1. In Section 4, we construct a splitting-up numerical solution and obtain its
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first order of weak convergence. In Section 5, we carry out several numerical experiments to
demonstrate the theoretical analysis.

2. Preliminaries

2.1. Notations and main assumptions

Let (R%,||-||) be an Euclidean space for d > 1 and (€2, F,P) be a complete probability space.
For any integer m > 1, by C™ we denote the space of smooth functions which together its all
partial derivatives up to order m are continuous. Let C;" (R?) be the space of smooth functions
f : R? - R with continuous and bounded Fréchet derivatives up to order m. (R™ ™ | -||)
denotes the space of all R™*™ matrix endowed with Frobenius norm which is induced by R¢%-
norm. For A, B € R™*"™ define an inner product by

(A,B) = Z ZAMBZ-J.

i=1 j=1
Consider an autonomous SDE in R¢
dX (t) =b(X(t))dt + (X (t))dW(t), te (0,T], (2.1)
X(0) = Xo. (2.2)

We assume that

(H1) b : RT — R, o : RY — R¥™ are C3 smooth functions and all their derivatives are
bounded.

(H2) W (t),0 <t <T,is astandard R™-valued Brownian motion.
(H3) Xo € ,5a LP(% R9) is an R%valued random variable independent of W.

It directly follows from (H1) that there exists a constant § > 0 such that

o)l < B+ [lz[),  llo(@)] < BA+ [l«f), VaeR™ (2.3)
Let 0 = (01, -+ ,0m) and W = (W?!,--. - W™)T where o; is an R%-valued function and W is
a standard one-dimensional Brownian motion for ¢ = 1,...,m, respectively. Then (2.1) can be
written as .
dX () = b(X(t))dt + > 0 (X ())dW'(t), te€ (0,T]. (2.4)
i=1

Define a filtration F(t) = 0{Xo, W(s),s € [0,t]} for any 0 < ¢ < T. By L2, (0,T) we denote

dxm
Rdxm

the space consisting of F(t) progressively measurable -valued stochastic processes &(+)

satisfying
T
E/ €(t)]]2dt < oco.
0

According to [21, Theorem 2.4.1] and (H1)-(H3), (2.1)-(2.2) possesses a unique solution pro-
gressively adapted to F(t) satisfying for each integer p > 2,

E|X@)|IP < (1 +El|lXolP)e", ¢ e [0,T], (2.5)

where C'= C(p) > 0 is a constant.
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Let L (0 < s <t < T) with ®% = T be the solution operator of (2.1), then &% (s < t) is
a semigroup due to the autonomous property of (2.1), and hence ®%(Xy) = ®f *(X). Then,
P! (Xp) solves a stochastic integral equation

®L(Xg) = Xo +/ b(P%(Xo))dr + Z/ 0 (®5(Xo))dW'(r), te€[s,T). (2.6)

The following lemma presents the differentiability of the stochastic flow ®¢ with respect to the
initial value Xj.

Lemma 2.1 ([24, Lemma 7.4]). Assume (H1)-(H3) hold. Let X € (5, LP(Q;RY), then for
each integer p > 2, there exists a constant C' = C(p) such that

sup E sup Hvkqﬁ )‘
s€[0,T] te[s,T

f=<c k=123, (2.7)

where VE represents the k-th Fréchet derivative with respect to x.

2.2. Malliavin calculus

C;jly(R”) we denote the space of all infinitely continuously differentiable functions f :

R™ — R such that f and all of its partial derivatives have at most polynomial growth. Denote
by H = (L?([0,T];R™), || - ||) the Hilbert space endowed with the inner product

(91,92) :/0 (91(7), g2(7))dr.

For any h = (h',--- ,h™)T € H, define

MZZAMWM%)

which is a Gaussian process on H. By S we denote the class of all R%valued smooth random
variables which is expressed as

d
F:(fl”fd Z aW(hn))eJa

where n > 1 is any integer, hy, -+ ,hy, € H, f1,- - ngly(]R") and {ej}?zl is the standard

basis of R?. The Malliavin derivative of fi(W(hl), , W(h )) is an H-valued random variable
given by
Dfi(W(ha), -+, W(hn)) = > 0;fi(W(ha), -+, W (hn))hy,
j=1

and the second order Malliavin derivative of f;(W(h1),--- , W (hy)) is an H ® H-valued random
variable given by

Din (W(hl), c ;W(hn)) = Z ajakfi (W(hl)a e aW(hn))hJ ® hka

jk=1
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where the tensor product h; ® hj, denotes a bounded symmetric bilinear map from H x H to R
defined by (h; ® hi)(u1,u2) = (hj, u1)(hi, us) for (ui,u2) € H x H. The Malliavin derivative
of vector-valued function F' € S is an L2([0, T]; R?*™)-valued random variable given by

d n
DF = Z Za]fi (W(hl)v T 7W(hn))hj X e;.
i=1 j=1
Noticing
L2(Q;L2([O,T];Rd><m)) ~ LQ([O,T] « Q;Rde)’
DF ={D,F,7 € [0,T]} is a measurable function on [0, 7] x €, which can be understood to be

an R ™-valued stochastic process. The second order Malliavin derivative of F' € S is defined
by

d n
DF =33 0,06 fi(W(h), -, W(ha))hj ® hi @ e;.
i=1 j,k=1
More precisely, D*F = {D?
[0,T] x [0,T] x Q.
For any integer p > 2, let D''? be the closure of S with respect to the norm

70T, 72 € [0,T]} is a measurable function on the product space

T
IF|Z, = E|F|]” + E / |D,F|, . dr
0

For any given 0 < s < t < T,®(Xy) € L?(0,T) and its Malliavin derivative D,®%(X,) is
an R*™-valued stochastic process with

D, ®!(Xy) = V0L (®] (X))o (PL(Xp)) ae. for s<7<t,
D,®.(Xy) =0 a.e. for 7<s or 7>t

cf. [27]. Furthermore, its second Malliavin derivative satisfies

Dil L®0(X0) =0 ae. for max(r, ) >t and min(r,7) <s.

According to the following lemma, we have ®§(X) € D12 and D, ®}(X,) € D2

Lemma 2.2 ([33, Theorem 6.4]). Assume (H1)-(H3) hold. Then for each integer p > 2,
there exists a constant C' = C(p) such that

sup sup E sup HD (X, Hp <C,
T€[0,T] s€[0,T] t€ls,T]

» (2.8)
sup sup E sup HD L (Xy) H <C.
71,72€[0,T] s€[0,T] t€[s,T]

T1,T2
Direct computation indicates that V,®%(X,) satisfies the integral equation, also see [27]

V@ (X) = Iy + / (7 (X0)) VBT (Xo)dr + / o! (@7 (X0)) Vs @7 (Xo)dW (1),

S

Following the proof of [27, Theorem 6.1.1], we get the conclusion below.
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Lemma 2.3. Assume (H1)-(H3) hold. Then for each integer p > 2, there exists a constant
C = C(p) such that

sup sup E sup ||DTV1<I>';(X0)HP <C,
T€[0,T] s€[0,T] t€[s,T]

sup sup E sup HDT TQVI(I)Z(XO)HP <cC
71,72€[0,T] s€[0,T] t€[s,T)

(2.9)

The following two lemmas introduce the Malliavin integration by parts formula and chain
rule, respectively.

Lemma 2.4 ([32, Lemma 1.2.1]). Suppose that F € D"? and G € L3, (0,T), then

IE/OT(DTF,G( dr =E ( /G )dW (1 ) (2.10)

Lemma 2.5 ([32, Proposition 1.2.3]). Let ¢ : R? — R? be a continuously differentiable
function. Suppose that F = (F1,--- | F4) € DY2. Then ¢(F) € D% and

D(¢(F)) = Vop(F)DF.

3. A Splitting-up Approximation and Weak Convergence Analysis

In this section, we construct a splitting-up approximation for (2.1)-(2.2) and analyze its
weak convergence order.

3.1. Splitting-up approximation

In this section, we construct a splitting-up approximation for stochastic differential equa-
tions. The basic idea of the splitting-up method is to decomposed (2.1) into an SDE without
drift term and a determined ODE. The prototype of these equations are defined as follow: For

€ (0,7), find X; and X5 such that

dX,(t) =

(X1 (t)dW (1), (3.1)
dXs(t) 3.2

b(X2(t))dt.

By Q. (0 < s <t <T) with Q5 = I we denote the solution operator of (3.1). By R
(0<s<t<T)with R = I we denote the solution operator of (3.2).

Noticing that b(-) = 0 implies ® coincides with Q%, and o(-) = 0 leads to ®% coincides
with R}. Therefore, for any X € (5, L(©2,R?), the two solution processes Q%(X) and R}(X)
also satisfy estimates in Lemmas 2.1 and 2.2, which is sumerized as below.

Lemma 3.1. Assume (H1)-(H3) hold. Let X € (1,5, LP(S;RY), then for each integer p > 2
and k = 1,2, 3, there exists a constant C = C(k,p) such that for 0 < s <t <T,

sup E sup Hka |$:XHP <C,
s€[0,T] t€[s

sup E sup HV’“R’5 |$:XHP <C.
s€[0,T] t€[s,T)
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For a positive integer N > 0, let xk = T//N be a time stepsize and t; = ix,i =0,1,..., N, be
the uniform partition of interval [0, T]. Then, we define the splitting-up approximation solution
Xi at t; by

Xo=Xo, X;=Rj (QF (Xi-1)), i=1,...,N. (3.3)
According to (H1)-(H3), we have
Xie () LP(RY), i=0,1,...,N. (3.4)
p>2

We introduce two stochastic processes Xi, and Xa, on [0,7] with X;,(0) = X, and
X24(0) = QF(Xo). For any t € (0,T], there exists an integer 0 < ¢ < N — 1 such that
t € (ti—1,t;], then define

Xln() Qtl 1( i— 1) XQK(t)* (Qtl 1( i— 1)) (3-5)

Then Xi,(t) is F(t)-measurable and Xo,(¢) is ]-'(ti)-measurable for t € (ti—1,t;]. The pro-
cess Xo,(t) interpolates the splitting-up approximation solution in the sense Xy, (t;) = X;.
Therefore, we have

Xi= Ry, (Q,(Xi)

= Xue(ti) + /ti b(Xon (1)) dt
/ o (X1 (1)) dW (1) + / b(Xax(t))dt
o [ ot Keaw + [ w06 T

/ 1 ( " 1+/ti1 o (Xn(s ))dW(S))dW(t)

ti—

+/t“b(Xz_1+/t b(X%(S))der/ti a(XQK(s))dW(s))dt. (3.6)

ti—1 ti—1

3.2. Weak convergence order of the splitting-up approximation

In this subsection, we analyze the weak convergence order of the splitting-up approximation.
Firstly, we transform the global weak error to the summation of local weak errors. Secondly,
we derive some prior estimates and obtain the estimate of the local weak error. Finally, we
accumulate local weak errors to obtain the global weak convergence order.

Lemma 3.2. Assume (H1)-(H3) hold. Then for any test function ¢(-) € C3(R?), there holds
that

E¢(X(T)) — E¢(Xn) ZE (O (B, (Xiz1) — X)), (3.7)
where ©; is an R%-valued random variable given by
1
T T
0= [ V.8l (6(0) V.0 (0] (6(0))) db
0
&i(0) =09y (X;_1) + (1—0)X,,

and V¢ € R1? is the Fréchet derivative of ¢.



8 M.X ZHANG AND Y.K. ZOU
Proof. X(T) and Xy can be represented by the solution operator of (2.1) as follows:
X(T) =0} (Xo), Xn=2] (Xn).
By the properties of semigroup ®¢ (0 < s <t < T'), there holds

T T &ti ;
o) =3[0 i=1,...

ti—1?

N.

)

Then by the mean value theorem and properties of conditional expectation, we have

I
E = o=

Il
(=
=
<
—~
ca
&3
=
I&
>
L
=
\
<
—~
o
&N
>
=

s
Il
—

|
.tgz

N
Il
-

I
.FQZ

s
Il
—

1E[¢(<I>Z(zz)) - 05(‘1)2(%))]

11:4%71 (Xiz1)yi=X; }

I
.FQZ

{
{
{EU; Voo (®F (0z; + (1 — 0)y:)) Vo @F (025 + (1 — 0)y;)do

=1
x (@i — yz)] 5 3 }
Ii:¢2271 (Xiz1),yi=Xi
N ~ ~
=Y E[O] (¥} (Xi1) - Xi)],
i=1
where ©; is an R%-valued random variable given by (3.8). O

To derive the local weak error estimates, we need the following boundedness property for
O,.

Lemma 3.3. Assume (H1)-(H3) hold. Then for any ¢(-) € C3(R?), there exists a positive
constant C' independent of k such that for i =0,1,..., N,
E|6;|*+ sup E|D,6;]*+ sup E|D2 0" <C. (3.9)
7€[0,T] 1,72€[0,T) '
Proof. From (3.4), it follows that &;(0) € (1,55 LP(2, R?) forall @ € [0,1] and i = 0,1,..., N.

For any given ¢(-) € C3(R?), there exists a constant C' = C(¢) > 0 such that |[Vie())| < C,
i =1,2,3. Then, by Holder inequality and Lemma 2.1, we have

4

E[0,]* = EH | (60 Va0 07 0) Tt

S AZACOINZCARONN )
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1 4
<cu( [ .o (o))
1 9 2
< ci( [ 7. (o))
0
1
< CE/ V.07 (&(9))||"a0 < C.
0
By Lemma 2.5, we have for 7 € [t;, T,

T

D6, - /O D,v, 87 (¢:(6)) V.0 (27 (¢:(6))) a0
+ /0 V.07 (6(0)) V26(DF (&(6)))" D, BT (¢:(6))db

and D.0; =0 for 7 € [0,¢;). Obviously, we have

4

1
E||D,0,]* < 8EH /O DV, (£(0)) V.o (DT (¢(0))) " d6

4

1 8E /O V.07 (6:(0)) V26 (7 (6,(0))) T DT (¢:(6)) do

=1+11

By Holder inequality, (3.4) and Lemmas 2.2, 2.3, we obtain

4
r<sa( [ |pv.al60)] Vool 60) o)
4
§801E(/ HDTVzd)tTi(«Ei(G))HdO)
0
1
< SCE/ 1D, v,.oF (&(0))||'d0 < C.
0
Similarly, we have
1 T 4
11 < s( [ 9,97 (60)'V20(07 (6(0))) D3] (5(0)) a9
4
< e [ Iva2T (60) | |72 (0 (€0) ] - [D-07 (6 0)0)
4
<sca( [ V.o o) -0 (60) a0)
<8CE/ V.97 (€(0)]|* - | -7 (€:(0)) | *ap

:4CE/ (V.9 ()| + [|D-oF (6:(0)) ) a0 < C.

Thus, we have proved

sup E|D,6,* < C.
T€[0,T]
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In a similar way, we can prove

sup E|D? _0;*<C.

T1,T2
71,72€[0,T]
The proof is complete. O

Theorem 3.1. Assume (H1)-(H3) hold. Then for any ¢(-) € C3(R?), there exists a positive
constant C' independent of k such that

|E¢(X(T)) —E¢(Xn)| < Ck. (3.10)
Proof. From Lemma 3.2, it follows that

[E¢(X(T)) — Ed(Xn)]
N

>

1=1

IN

E(0] (21, (Xi-1) = Xi))]

E(©;, ‘I’Z,I(Xi—ﬂ - Xz)|a

|
.sz

i=1

here we use the fact that 2Ty = (z,v).
First, we calculate the expression of the local weak error E(©;, @’éjfl(f(i,l) - X;) for i =
1,..., N. Similarly to (3.6), we have

B (Ko =Kot [ ofel (Kt [ o(eh (R 0)aw)

ti—1 ti—1

Xi1+/tjilb<f(“+/t b(X(s))ds+/t a(X(s))dW(s)>dt

ti—1 ti—1

+/titi10'()2i—1+/t b(X(S))der/t U(X(s))dW(S))dw(t)_

ti—1 ti—1

Subtract the above equation and (3.6) and by mean value theorem, we get
oy (Xio1) — X,

_ / ti / VLB, (K1) + (1= 0)Xou0)d0(®), (i) — Xan(t))de

+ /ti /1 Voo (0! (Xi1)+ (1= 0)X1,.(8))dO(®E (Xi1) — X1a(t))dW (1)
ti—1J0

@3@)(@3,1()@71)*in(t))dwr/i OF (t)(®f, , (Xi—1) — X1x(t))dW (t)

ti—1

—
= ~
| N
L

t

_ /tt @%(t)( /tjlb(X(s))b(X%(s))dH /tilo(X(s))dW(s) / ’ o(Xln(s))dW(s)) it

ti—1

+/tjil®f(t)</tjlb(X(s))ds+/t U(X(s))J(XM(S))dW(S))dW(t)

ti—1
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where fOI‘ t e [tifl, ti],
0= [ Vb(00, ,(Fica) 4 (1 0)Xarli) 0 € RO
/ Voo (0®)  (Xic1) + (1 —0)X1,(t))d0 € LR R™).

Following the proof for Lemma 3.3, there exists a positive constant C' independent of x such
that
E sup [|©())*+ sup B sup HDTGj(t)H4 <C, j=1,2. (3.11)

te[ti—1,ti] T€[0,T] te€[ti—1,ti]

Thus ©}(t), ©?(¢) € D14, and there holds that
E(0i, @} (Xi—1) — X;) = E(6;, 1) + E(©;, II). (3.12)

Next, we estimate the local weak error. Now we study the first item in above equation. By
triangle inequality, we have

|E(0;,I)| < ‘E(@Z—,/:l SHG) /t b(X(s)) b(X%(s))dsdtﬂ

ti—1

+ ‘E(@i,/:il CHG) /tjl U(X(s))dW(s)dlf)‘
+ }E(@i, /tt eL(t) /tt U(Xln(s))dW(s)dt> ‘

7

By Holder inequality, Lemma 3.3 and mean value theorem, we have

2

‘E(@i,/t;il el /t b(X(s)) b(XQK(s))dsdt>

ti—1

< E[l6;]*- E’ A : @}(t)/t b(X(s)) — b(Xax(s))ds dt
< C]E</t [IEHEG H/ / Vab(0X (s) + (1 — 0) Xa,(s))d0 (X (s) — Xon(s)) dsdt>
< Okt

Obviously, 1,_, 4(7)o(X(7)) € L2, . .(0,T). Applying Malliavin integration by parts in Lem-
ma 2.4, we obtain

< /tl oL /t (X (s))dW(s)dt)‘

<@“@ 0( (s))dW(s))dt‘
- / 1E<@ “ 1[@ L(ro(X (T))dW(T)>dt‘

- /t /ti1IE(DT(G%(t)TGi),U(X(T)))drdt‘

I
ﬁ
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IN

(070)|* + || (X (7)) ||*) dra

Wt
T
- ﬁ
?

N

IN

tw
/ ]E 2HD oLt Te,||” +2||e( TDTGZ-HQnLﬂ(lnL||X(T)H2))d7dt
ti—1 Jti—1

N~ NI~ N

IN

/ / E(|[D-0! )" + 10:]* + |OL®)]|* + |1D-64l|* ) drat

+%/t l/tilﬂ(lJr(1+E||X0||2)620T)d7dt
< Ck2.
Similarly, we get
‘E(@i,/ti ol(t) /tti U(Xl,{(s))dW(s)dt>‘ < Ok
ti—1 i—1

Therefore, we have proved |E(0;,I)| < Ck?.
Applying Malliavin integration by parts in Lemma 2.4 twice to E(©;, IT), we get

E(0;,1I) = IE<G)Z-, /OT (1[“17“]@?@) /tt b(X(s))ds> dW(t)>

+E<@Z—, /0 ' (1[”1@]@5@) /t t o(X(3) - a(xln(s))dW(s)) dW(t)>

i—

= ]E/,:il <DT®1-,@§(T) [ b(X(s))ds) dr

7

+E/:1 <Dr®i,@?(’r) /T1[t“ﬂo(X(s)) - U(Xl,{(s))dW(s)) dr

_E/ti (D 0;,0%(r )/tjlb(X(s))ds)dT
+E/:1/u 1 7)7D0,),0(X(p) 7 (X1x(p)) ) dpdr.

In a similar way, we can prove |E(0;, )| < Ck?. Therefore, we have
|E(®z; @271 (Xifl) - Xz)‘ S CHQ.

Finally, we obtain the estimate for weak error

|Eé(X(T)) — E¢(Xy)| Z\E (01, @ (X;1) |<ch = Ck.

This completes the proof. ]

4. A Splitting-up Numerical Solution and Weak Convergence
Analysis

In this section, we construct a splitting-up numerical scheme for (2.1)-(2.2) and analyze its
weak convergence order.
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4.1. Splitting-up numerical scheme

We discretize (3.1) and (3.2) by the Euler-Maruyama and explicit Euler scheme, respectively,
to obtain fori=1,..., N,

Xln,i = le'i,i—l + O'(lei_l)AWi = Q§:71X1H7i_1, (41)
Xow,i = Xowio1 + 0(Xow,i—1)k == Ry Xop i1, (4.2)
where AW; = W (t;) — W (ti—1), and Q}° | and Ry’ | denote the corresponding iterative map-

pings from ¢, to t;, respectively. Then, we define an auxiliary function X, ; and the splitting-
up numerical solution X; at t; by

Xini=Qf X1, X;=Ry Q) X,.1, i=1,...,N, (4.3)

where X is given in (H3). Furthermore, X, ; and X; are F(t;)-measurable, and we have

t;
Xi =Xk +/ b(X1x,i)dt

ti—1

= X1 + / ’ o(Xi_1)dW (t) + / ’ b(X“+ / ’ J(X“)dW(s))dt. (4.4)

ti—1 ti—1 ti—1
The following lemma gives the boundedness property for X;.

Lemma 4.1. Assume (H1)-(H3) hold. Then X; € (1,5, LP(Q;RY),0 < i < N, and for any
given p > 2, there exists a constant C = C(p) independent of k such that

[ X5l o (ray < C- (4.5)

Higham et al. [21, Lemma 3.7] proved a similar property, where the implicit Euler scheme
is used. The conclusion of this lemma can be obtained by following a similar proof.
Noticing that X;_; is independent of AW;, by (2.3), we have for p > 1,

E|| X1x,ill?P < 227 'E|| X1 [P + 2% 'E||0(Xi—1) AW, P
< 2 7UE|| X[ 4 2% 7 Ko (Xi—1 ) | PE| AW *
= 221)_1E||Xi_1”2p + 22;0_122;0_1621)(1 + E|‘Xi_1||2p),‘<&p,

thus, there exists a constant C' = C(p) independent of x such that

| X1k,ill 2o (0,ray < C. (4.6)

4.2. Weak convergence order of the splitting-up numerical solution

In this section, we analyze the weak convergence order of the splitting-up numerical solu-
tion X;. Firstly, we transform the global weak error to the summation of local weak errors.
Similarly to Lemma 3.2, we obtain that

E¢(X(T)) — Ed(Xn) = Y E[AT(f_ (Xio1) - XJ)], (4.7)

i=1
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where

A = / Vo], (1:(6)) Voo (@], (1:(6))) "o,

n:(0) = 02)  (Xi—1) + (1 —0)X.

According to Lemmas 3.3 and 4.1, there exists a positive constant C independent of x such
that for i =0,1,..., N,

E|A*+ sup E[D,A*+ suwp E|D2 A <C (4.8)

T€[0,T] 71,72€(0,T]
Theorem 4.1. Assume (H1)-(H3) hold. Let X (t) be the solution to (2.1)-(2.2) and X; be its
splitting-up numerical solution. Then for any ¢(-) € C? (RY), there exists a positive constant C

independent of k such that
|E¢(X(T)) — E¢(Xn)| < Ck. (4.9)

Proof. From (4.7), it follows that

N
[E¢(X(T)) — E¢(Xn)| < Y |E(A;, @ (Xio1) — X3)]-
i=1
First, we calculate an expression of the local weak error E(A;, @Zﬁl (Xi—1)—X;) fori=1,...,N.

By the property of solution operator ®%, (4.4) and the mean value theorem, direct computation
gives

Py (Xim1) — X
ti 1
:/ / Vab(0! (Xiy)+ (1 - 0)X1)dO(D (Xi 1) — Xyn)dt
ti—1 JO

ti 1
+ / / VEO—(Q@;,l(Xifl) + (1 - H)Xi,l)dt?(@i%l (Xifl) - Xzfl)dW(t)
ti—1J0

/;:A%@)(/t b(X(s))der/t J(X(s))dW(s)/ti U(X“)dvv(s)>dt

+/:1A§(t)1(/t_t lb(X(s))ds:r/t_t la(X(s))dW(s)de(t)
1, . V

where for t € [t;—1, ],
1
ALt) = / V(0! (X)) + (1 - 0)Xy,,)do € R,
0
1
AZ(t) = / Vo (09 (Xi—1) + (1 —0)X;1)do € LRP*T R™).
0

According to Lemmas 3.3, 4.1 and (4.6), there exists a positive constant C' independent of x
such that

E sup [[M@)|*+ sup E sup |[DA@)| <O i=1,2. (4.10)
tG[tifl,ti] TE[O,T] tG[tifl,ti]
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Thus, A} (t),A2(t) € D%, and there holds that
E(As, @7 (Xi—1) — X;) =E(Ag, 1) + E(A;, 11). (4.11)

Next, we estimate the local weak error. Now we study the first item in above equation. By
triangular inequality, we have

By Holder inequality and (4.10), we have
t; t
‘E( l,/ A1 / ds dt)
ti—1 ti—1
t
/ / X (s))dsdt
7, 1 7, 1
2
< C]E</ / AL - [5(X (5))]|ds dt> < CKt,
’L 1 7, 1

Obviously, 1y, , 4(T)o(X (7)) € LZ,,,(0,T). Applying Malliavin integration by parts in Lem-
ma 2.4, we obtain

]E<Ai,/t;i1 Al(t) /tjlo(X(s))dW(s)dtﬂ
- / <A1< )T, /OT T~ <7>o<X<T>)dw<T>>dt‘
[ E-ioma).o(xe)ina

[
/.
/;1 t; = (DAL @ + 18l + AL + 1D As|*)drde

t;
%/ / B(1+ (1 +E||Xo|2)e2°T ) drdt
ti—1 Jti—1

< Ok2.

2

2
<EJ|A? - \

IN

/ E|| D, (AL 6)TA)||° + El|jo (X (7)) ||*drdt

ti—

IN

1

2 1

5[ ECIPANOTAL + 2l DA 4 501+ IXC) Yara
7, 1

1

2

IN

Similarly, we can prove

’E(Ai,/t;il Aj(t) /tt a(Xl(s))dW(s)dt)’ < CK2.

Therefore, we have proved [E(A;, )] < Ck?.
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Applying Malliavin integration by parts in Lemma 2.4 twice to E(A;, IT), we get

E(A;, IT) E(Ai,/OT< et AT (E )/:lb(X(s))ds>dW(t)>

i

+E(Ai,/OT (1[“1,“]&2@) /:la(X(s))dW(s)>dW(t))

7

:E/t;il (DTAZ-,Af(T) /tT b(X(s))ds) dr

+E /tt (DTAZ-,Af(T) /O T1[t“77]a(X(s))dW(s)) dr

E/jl (DTAZ-,Af(T) /tjlb(X(s))ds) dr

+E/:1/m 1 77D, A). (X (p)) )dpdr.

In a similar way, we can prove |E(A;, IT)| < Ck?2. Therefore, we have
B(A B (i) — X0)| < O

Finally, we obtain the weak error estimate

N
‘E(b(X(T ) E¢ XN Z ‘E A“(I)tl — XZ)| < ZCH2 — Ok,
=1

This completes the proof. ([l

5. Numerical Experiments

In this section, we present several numerical experiments to illustrate theoretical analysis.
In order to grasp weak convergence order, we take several step size 7; = 27%,i = 5,...,10, to
calculate the splitting-up numerical solution Xi. And we regard X/ as the reference “real”
solution. Taking ¢(z) = sinz, we define a weak error function

= [E[o(X(T))] —E[s(XT)]]-
Based on Monte-Carlo technique, we choose M = 10000 independent sample trajectories X i (w)
to approximate
el m Y |o(XF°) — o(XF (w))]/10000.
We approach the weak convergence order by (log(e?,) — log(ei1))/(log 7t — log 7¢~1).
Example 5.1. Consider the one-dimensional stochastic differential equation on [0, 1]
dX (t) = =X (t)dt + cos (X ())dW (t), X(0)=1,

where W is a standard Brownian motion. For each fixed step size 7;, we compute its 10000
independent sample trajectories to approximate weak error e, and derive the convergence order,
cf. Table 5.1 and Fig. 5.1.
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Table 5.1: Weak error and convergence order.

T Weak error Order
275 1.317 x1073
26 6.436 x10~* 1.0333
2-7 3.165 x10~4 1.0241
2-8 1.515 x10™* 1.0627
279 6.834 x107° 1.1485
— —% - - weak order
6.5 slope = 1 *
i s
75F -
>
% 8 *
- -85
ol
95 i
10l ‘ . ‘ . ‘ .
6.5 -6 5.5 -5 4.5 -4 -3.5

logr

Fig. 5.1. Weak convergence order in log-log scale.

Example 5.2. Consider the two-dimensional stochastic differential equation on [0, 1]

X1 X1 SiD(Xl) 0 dWl Xl(O) 1
d = dt + 2| = )
XQ X2 0 COS(XQ) dw XQ(O) 1
where W1 and W? are two independent Brownian motions on [0, 1]. For each fixed step size 7;,

we compute its 10000 independent sample trajectories to approximate weak error e, and derive
the convergence order, cf. Table 5.2 and Fig. 5.2.

21 [ weak error *
slope = 1 x -
25k 7
¥
3F
~ P
33 35 . P
[} -
e} e
-4
/*/
451
«
5+
-6.5 -6 5.5 -5 4.5 -4 -3.5
logr

Fig. 5.2. Weak convergence order in log-log scale.
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Table 5.2: Weak error and convergence order.

T Weak error Order
275 1.321 x107!

26 6.568 x1072 1.0072
277 3.282 x1072 1.0138
278 1.579 x1072 1.0600
279 7.424 x1073 1.0886
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