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Abstract

In this paper, we propose and analyze a multiphysics finite element method for a non-

linear poroelasticity model. To more effectively capture the deformation and diffusion pro-

cesses, we reformulate the original nonlinear fluid-solid coupling problem into a fluid-fluid

coupling problem using a multiphysics approach. We then establish the growth, coercivity,

and monotonicity properties of the nonlinear stress-strain relation, derive energy estimates,

and use Schaefer’s fixed point theorem to prove the existence and uniqueness of the weak

solution. Furthermore, we design a fully discrete time-stepping scheme – multiphysics fi-

nite element method with P2 − P1 − P1 elements for spatial variables and the backward

Euler method for time variable. To handle nonlinearity, we employ the Newton iterative

method, establish discrete energy laws and give the optimal convergence order error esti-

mates. Finally, we show some numerical examples to verify the rationality of theoretical

analysis and the proposed method has no “locking phenomenon”.

Mathematics subject classification: 65N30, 65N12.
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1. Introduction

The poroelasticity model, a fluid-solid coupled system at the pore scale, is widely used in

fields such as geophysics, biomechanics, civil engineering, chemical engineering, and materials

science (cf. [3, 13, 15, 20–22, 25, 28, 30, 37]). There are various types of nonlinear poroelasticity,

including the models with stress-dependent permeability tensors (cf. [4, 5, 9, 10, 16, 29, 38]) and

those with nonlinear constitutive stress-strain relationships for solids (cf. [2,11,23]). This paper

specifically considers a quasi-static nonlinear poroelasticity model with a nonlinear stress-strain

relationship as follows (for the linear poroelasticity model, one can refer to [18, 31]):

−div σ̃(u) + α∇p = f in ΩT := Ω× (0, T ) ⊂ R
d × (0, T ), (1.1)

(c0p+ αdiv u)t + div vf = φ in ΩT , (1.2)
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where

σ̃(u) = µε̃(u) + λtr
(
ε̃(u)

)
I, ε̃(u) =

1

2
(∇u+∇⊤u+∇⊤u∇u), (1.3)

vf = −K

µf

(
∇p− ρfg

)
. (1.4)

Here Ω ⊂ R
d (d = 2, 3) denotes a bounded polygonal domain with the boundary ∂Ω. ε̃(u) is

known as the Green strain tensor, u denotes the displacement vector of the solid and p denotes

the pressure of the fluid. I denotes the d × d identity matrix. f is the body force and φ is the

source term. The permeability tensor K = K(x) is assumed to be symmetric and uniformly

positive definite in the sense that there exists positive constants K1 and K2 such that

K1|ζ|2 ≤ K(x)ζ · ζ ≤ K2|ζ|2

for a.e. x ∈ Ω and any ζ ∈ R
d; the fluid viscosity, Biot-Willis constant and constrained specific

storage coefficient are µf , α, c0, respectively. In addition, σ̃(u) is called the (effective) stress

tensor. vf is the fluid flux and (1.4) is called the well-known Darcy’s law. ρf is the density of

fluid and g is the acceleration of gravity. λ and µ are Lamé constants, σ̂(u, p) := σ̃(u)− αpI is

the total stress tensor.

To close the above system, the following set of boundary and initial conditions will be

considered in this paper:

σ̂(u, p)n = σ̃(u)n− αpn = f1 on ∂ΩT := ∂Ω× (0, T ), (1.5)

vf · n = −K

µf

(
∇p− ρfg

)
· n = φ1 on ∂ΩT , (1.6)

u = u0, p = u0 in Ω× {t = 0}, (1.7)

where f1, φ1 and u0,u0 are given functions.

In some engineering literature, the Lamé constant µ is also called the shear modulus and

denoted by G, and B := λ + 2G/3 is called the bulk modulus. λ, µ and B are computed from

the Young’s modulus E and the Poisson ratio ν by the following formulas:

λ =
Eν

(1 + ν)(1 − 2ν)
, µ = G =

E

2(1 + ν)
, B =

E

3(1− 2ν)
.

For linear poroelasticity, Showalter [35] analyzed the well-posedness of the weak solution

to a linear poroelasticity model. Phillips and Wheeler [31, 32] introduced and analyzed both

continuous- and discrete-time mixed finite element methods for poroelasticity, which approxi-

mate pressure, its gradient, and the displacement vector field simultaneously. They noted that

the continuous Galerkin finite element method is prone to “locking phenomenon”. Feng, Ge and

Li [18] developed a multiphysics finite element method to eliminate the above mentioned “lock-

ing phenomenon” and displacement “locking phenomenon”. Following the approach of [18], we

firstly reformulate the original model and prove the growth, coercivity and monotonicity of non-

linear operatorN (∇u) for the nonlinear poroelasticity model with the stress-strain relation σ̃(u)

(see (1.3)). We then derive energy estimates and use Schaefer’s fixed-point theorem to prove the

existence and uniqueness of a weak solution for the nonlinear model without any assumptions

on the nonlinear stress-strain relation. Additionally, we propose a fully discrete multiphysics

finite element method for the nonlinear poroelasticity model by using the P2−P1−P1 element
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pairs for space variables and backward Euler method for time variable. And we derive the dis-

crete energy estimates, show that the existence and uniqueness of the numerical solution, give

the optimal convergence order error estimates of the time-stepping method. To our knowledge,

it is the first time to establish the existence and uniqueness of a weak solution without any

assumptions on the nonlinear stress-strain relation, propose a fully discrete multiphysics finite

element method, and derive optimal order error estimates for a nonlinear poroelasticity model.

In a word, we summarize the contributions of this paper as follows:

(1) Introducing the variables q = divu, η = c0p+αq, ξ = αp−λq, we transform the nonlinear

fluid-solid coupled problem to a nonlinear fluid-fluid coupled problem – a generalized

nonlinear Stokes problem coupled with a diffusion problem. Consequently, any modified

stable solver for the Stokes problem and any Lagrange element for the diffusion problem

can be applied.

(2) We establish the growth, coercivity, and monotonicity of the nonlinear stress-strain rela-

tion, derive energy estimates, and use Schaefer’s fixed-point theorem to prove the existence

and uniqueness of a weak solution with no any assumptions on the nonlinear stress-strain

relation.

(3) We propose a fully discrete multiphysics finite element method for the nonlinear poroelas-

ticity model, using P2 −P1 −P1 element pairs, which inherently overcomes the “locking”

phenomena of pressure and displacement. We also perform a stability analysis and derive

optimal convergence order estimates.

The remainder of this paper is organized as follows. In Section 2, we use a multiphysics

approach to reformulate the original model as a fluid-fluid coupled system and define the weak

solutions for both the original and reformulated models. We then establish the growth, coer-

civity, and monotonicity properties, derive energy estimates, and apply Schaefer’s fixed-point

theorem to prove the well-posedness of the weak solution for the nonlinear poroelasticity model.

In Section 3, we introduce and analyze coupled and decoupled time-stepping schemes based on

the multiphysics approach, deriving the discrete energy law. In Section 4, we prove that the

time-stepping method achieves the optimal convergence order. In Section 5, we present some

numerical examples to verify the theoretical results. Finally, we draw conclusions to summarize

the main results of this paper.

2. Multiphysics Approach and PDE Analysis

2.1. Multiphysics approach

Introduce new variables q := divu, η := c0p+ αq, ξ := αp− λq, and denote

N (∇u) = σ̃(u)− λdivuI,

then we have

N (∇u) = µε(u) +
µ

2
∇⊤u∇u+

λ

2
‖∇u‖2F I, (2.1)

where

ε(u) =
1

2
(∇⊤u+∇u).
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It is easy to check that

p = κ1ξ + κ2η, q = κ1η − κ3ξ, (2.2)

where

κ1 =
α

α2 + λc0
, κ2 =

λ

α2 + λc0
, κ3 =

c0
α2 + λc0

.

Then the problem (1.1)-(1.4) can be rewritten as

−divN (∇u) +∇ξ = f in ΩT , (2.3)

κ3ξ + divu = κ1η in ΩT , (2.4)

ηt −
1

µf
div
[
K
(
∇(κ1ξ + κ2η)− ρfg

)]
= φ in ΩT . (2.5)

The boundary and initial conditions (1.5)-(1.7) can be rewritten as

σ̃(u)n− α(κ1ξ + κ2η)n = f1 on ∂ΩT := ∂Ω× (0, T ), (2.6)

−K

µf

(
∇(κ1ξ + κ2η)− ρfg

)
· n = φ1 on ∂ΩT , (2.7)

u = u0, p = p0 in Ω× {t = 0}. (2.8)

Remark 2.1. From the problem (2.3)-(2.8), it is well known that (u, ξ) satisfies a generalized

nonlinear Stokes problem for a given η, and η satisfies a diffusion problem for a given ξ and u.

Thus, this new formulation reveals the underlying diffusion process in the original poroelasticity

model.

2.2. PDE analysis

In this paper, the standard function space notation is adopted, their precise definitions can

be found in [7, 12, 36]. In particular, (· , ·) and 〈· , ·〉 denote respectively the standard L2(Ω)

and L2(∂Ω) inner products. For any Banach space B, we let B = [B]d, and use B′ to denote

its dual space. In particular, we use (· , ·)dual to denote the dual product on H1(Ω)′ ×H1(Ω).

We also introduce the function spaces

L2
0(Ω) := {q ∈ L2(Ω); (q, 1) = 0}, X := H1(Ω).

From [36], it is well known that the following inf-sup condition holds in the space X× L2
0(Ω):

sup
v∈X

(div v, ϕ)

‖v‖H1(Ω)
≥ α0‖ϕ‖L2(Ω), ∀ϕ ∈ L2

0(Ω), α0 > 0. (2.9)

Let

RM := {r := a+ b× x; a,b, x ∈ R
d}

denote the space of infinitesimal rigid motions. It is well known [7,24,36] that RM is the kernel

of the strain operator ε, that is, r ∈ RM if and only if ε(r) = 0. Hence, we have

ε(r) = 0, div r = 0, ∀ r ∈ RM. (2.10)

Let L2
⊥(∂Ω) and H1

⊥(Ω) denote respectively the subspaces of L2(∂Ω) and H1(Ω) which are

orthogonal to RM, that is,

H1
⊥(Ω) := {v ∈ H1(Ω); (v, r) = 0, ∀ r ∈ RM},

L2
⊥(∂Ω) := {g ∈ L2(∂Ω); 〈g, r〉 = 0, ∀ r ∈ RM}.
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The well-known Korn’s inequality [14] yields that for some c2 > 0,

‖v‖H1(Ω) ≤ c2‖ε(v)‖L2(Ω), ∀v ∈ H1
⊥(Ω). (2.11)

From [6, 18], we know that for each v ∈ H1
⊥(Ω) there holds the following inf-sup condition:

sup
v∈H1

⊥
(Ω)

(div v, ϕ)

‖v‖H1(Ω)
≥ α1‖ϕ‖L2(Ω), ∀ϕ ∈ L2

0(Ω), α1 > 0. (2.12)

For convenience, we assume that f , f1, φ and φ1 all are independent of t in the remaining

of the paper. We note that all the results of this paper can be easily extended to the case of

time-dependent source functions. Next, we introduce the definitions of the weak solution to the

problem (1.1)-(1.7) and (2.3)-(2.8) as follows.

Definition 2.1. Let u0∈H1(Ω), f ∈L2(Ω), f1∈L2(∂Ω), p0∈L2(Ω), φ∈L2(Ω), and φ1∈L2(∂Ω).

Assume that c0 > 0 and (f ,v) + 〈f1,v〉 = 0 for any v ∈ RM. Given T > 0, a tuple (u, p) with

u ∈ L∞
(
0, T ;H1

⊥(Ω)
)
,

p ∈ L∞
(
0, T ;L2(Ω)

)
∩ L2

(
0, T ;H1(Ω)

)
,

(c0p+ αdiv u)t ∈ L2
(
0, T ;H1(Ω)′

)

is called a weak solution to the problem (1.1)-(1.7), if there hold for almost every t ∈ (0, T ],

(
N (∇u), ε(v)

)
+ λ(divu, div v) − α(p, div v) = (f ,v) + 〈f1,v〉, ∀v ∈ H1(Ω), (2.13)

(
(c0p+ αdivu)t, ϕ

)
dual

+
1

µf

(
K(∇p− ρfg),∇ϕ

)
= (φ, ϕ) + 〈φ1, ϕ〉, ∀ϕ ∈ H1(Ω), (2.14)

u(0) = u0, p(0) = p0. (2.15)

Definition 2.2. Let u0∈H1(Ω), f ∈L2(Ω), f1∈L2(∂Ω), p0∈L2(Ω), φ∈L2(Ω), and φ1∈L2(∂Ω).

Assume that c0 > 0 and (f ,v) + 〈f1,v〉 = 0 for any v ∈ RM. Given T > 0, a tuple (u, ξ, η)

with

u ∈ L∞
(
0, T ;H1

⊥(Ω)
)
,

ξ ∈ L∞
(
0, T ;L2(Ω)

)
,

η ∈ L∞
(
0, T ;L2(Ω)

)
∩H1

(
0, T ;H1(Ω)′

)
,

q ∈ L∞
(
0, T ;L2(Ω)

)
,

p ∈ L∞
(
0, T ;L2(Ω)

)
∩ L2

(
0, T ;H1(Ω)

)

is called a weak solution to the problem (2.3)-(2.8), if there hold for almost every t ∈ (0, T ],

(
N (∇u), ε(v)

)
− (ξ, div v) = (f ,v) + 〈f1,v〉, ∀v ∈ H1(Ω), (2.16)

κ3(ξ, ϕ) + (div u, ϕ) = κ1(η, ϕ), ∀ϕ ∈ L2(Ω), (2.17)

(ηt, ψ)dual +
1

µf

(
K
(
∇(κ1ξ + κ2η)− ρfg

)
,∇ψ

)
= (φ, ϕ) + 〈φ1, ϕ〉, ∀ϕ ∈ H1(Ω), (2.18)

p := κ1ξ + κ2η, q := κ1η − κ3ξ, (2.19)

η(0) = η0 := c0p0 + αq0. (2.20)
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Let

σ̃(w) = µε̃(w) + λtr
(
ε̃(w)

)
I, σ̃(z) = µε̃(z) + λtr

(
ε̃(z)

)
I, ∀w, z ∈ H1(Ω),

we establish the growth, coercivity, and monotonicity of the nonlinear stress-strain relation as

follows.

Lemma 2.1. There exist positive constants C1, C2, C4 such that

‖N (∇w)‖L2(Ω) ≤ C1‖ε(w)‖L2(Ω), (2.21)
(
N
(
∇(w)

)
, ε(w)

)
≥ C2‖ε(w)‖2L2(Ω), (2.22)

(
N
(
∇(w)

)
−N

(
∇(z)

)
, ε(w)− ε(z)

)
≥ C4‖ε(w)− ε(z)‖2L2(Ω). (2.23)

Proof. From [39], we know that ‖∇w‖F is bounded and the bound is positive, that is, there

exist two positive constants M and D such that M ≤ ‖∇w‖F ≤ D.

Using the Cauchy-Schwarz inequality, the definition of norm, Korn’s inequality, we have

∥∥N
(
∇(w)

)∥∥
L2(Ω)

≤ c2

(
µ+

µD
2

+
λ
√
dD
2

)
‖ε(w)‖L2(Ω). (2.24)

Taking C1 = c2(µ+ µD/2 + λ
√
dD/2) in (2.24), we see that (2.21) holds.

Using (2.24), we have
∥∥∥∥
µ

2
∇⊤w∇w +

λ

2
‖∇w‖2F I

∥∥∥∥
L2(Ω)

≤ c2

(
µD
2

+
λ
√
dD
2

)
‖ε(w)‖L2(Ω). (2.25)

It is easy to check

1

2
[(a+ b, a+ b)− (a, a)− (b, b)] = (a, b), (2.26)

‖x+ y‖2L2(Ω) ≥
(
‖x‖L2(Ω) − ‖y‖L2(Ω)

)2

≥ ‖x‖2L2(Ω) − ‖y‖2L2(Ω) if and only if ‖x‖L2(Ω) ≤ ‖y‖L2(Ω). (2.27)

Using (2.25)-(2.27), we get

(
N
(
∇(w)

)
, ε(w)

)
≥
(
µ− c2

(
µD
2

+
λ
√
dD
2

))
‖ε(w)‖2L2(Ω). (2.28)

Taking C2 = µ− c2(µD/2 + λ
√
dD/2) by choosing a suitable D such that C2 > 0, we see that

(2.22) holds.

Using the triangle inequality and (2.11), we have
∥∥∥∥
µ

2
∇⊤w∇w − µ

2
∇⊤z∇z+

λ

2
‖∇w‖2F I−

λ

2
‖∇z‖2F I

∥∥∥∥
L2(Ω)

≤
∥∥∥∥
µ

2
∇⊤w∇w − µ

2
∇⊤z∇z

∥∥∥∥
L2(Ω)

+

∥∥∥∥
λ

2
‖∇w‖2F I−

λ

2
‖∇z‖2F I

∥∥∥∥
L2(Ω)

=

∥∥∥∥
µ

2
∇⊤w∇w − µ

2
∇⊤w∇z+

µ

2
∇⊤w∇z−µ

2
∇⊤z∇z

∥∥∥∥
L2(Ω)

+

∥∥∥∥
λ

2
‖∇w‖2F I−

λ

2
‖∇z‖2F I

∥∥∥∥
L2(Ω)

≤ µD
2

‖∇w −∇z‖L2(Ω) +
µD
2

‖∇w −∇z‖L2(Ω) + λ
√
dD‖∇w −∇z‖L2(Ω)

≤ c2(µD + λ
√
dD)‖ε(w)− ε(z)‖L2(Ω). (2.29)
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Using (2.26), (2.27) and (2.29), we have

(
N
(
∇(w)

)
−N

(
∇(z)

)
, ε(w)− ε(z)

)
≥
(
µ− c2(µD + λ

√
dD)

)
‖ε(w)− ε(z)‖2L2(Ω). (2.30)

Taking C4 = µ− c2(µD+λ
√
dD) by choosing a suitable D such that C4 > 0, we see that (2.23)

holds. The proof is complete. �

Lemma 2.2. There exists positive constant C3 such that

‖N (∇w) −N (∇z)‖L2(Ω) ≤ C3‖ε(w)− ε(z)‖L2(Ω). (2.31)

Proof. Using the Cauchy-Schwarz inequality and (2.11), one has

‖N (∇w) −N (∇z)‖L2(Ω)

=

∥∥∥∥
µ

2
∇⊤w∇w − µ

2
∇⊤z∇z +

λ

2
‖∇w‖2F I−

λ

2
‖∇z‖2F I+

µ

2
ε(w)− µ

2
ε(z)

∥∥∥∥
L2(Ω)

≤
(
µ+ c2

(
µD + λ

√
dD
))
‖ε(w)− ε(z)‖L2(Ω).

Taking C3 = µ+ c2(µD + λ
√
dD), then we deduce that (2.31) holds. �

Next, we present that the weak solution of the problem (2.13)-(2.15) satisfies a energy law.

Lemma 2.3. Every weak solution (u, p) of the problem (2.13)-(2.15) satisfies the following

energy law:

E(t) +
1

µf

∫ t

0

(
K(∇p− ρfg),∇p

)
ds−

∫ t

0

(φ, p) ds−
∫ t

0

〈φ1, p〉 ds = E(0) (2.32)

for all t ∈ [0, T ], where

E(t) :=
1

2

[
C̃
∥∥ε
(
u(t)

)∥∥2
L2(Ω)

+ λ‖divu(t)‖2L2(Ω) + c0‖p(t)‖2L2(Ω)

− 2
(
f ,u(t)

)
− 2〈f1,u(t)〉

]
, (2.33)

and C̃ is a positive constant satisfying C1 ≤ C̃ ≤ C2.

Moreover, there holds

‖(c0p+ αdiv u)t‖L2((0,T );H1(Ω)′)

≤ 1

µf
‖K∇p− ρfg‖L2((0,T );L2(Ω)) + ‖φ‖L2(Ω) + ‖φ1‖L2(∂Ω) <∞. (2.34)

Proof. It is enough to prove the case of ut ∈ L2((0, T );L2(Ω)) for that the general case

can be converted into this case using the Steklov average technique (cf. [26, Chapter 2]). From

(2.21) and (2.22), we deduce that there exists C̃ satisfying C1 ≤ C̃ ≤ C2 such that

(
N (∇u),∇u

)
=
(
N (∇u), ε(u)

)
= C̃

(
ε(u), ε(u)

)
. (2.35)

Setting v = ut in (2.13) and ϕ = p in (2.14), we get

(
N (∇u), ε(ut)

)
+ λ(divu, divut)− α(p, div ut) = (f ,ut) + 〈f1,ut〉, (2.36)

(
(c0p+ αdiv u)t, p(t)

)
+

1

µf

(
K(∇p− ρfg),∇p

)
= (φ, p) + 〈φ1, p〉. (2.37)
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Adding the above two equations, using (2.35) and integrating over the interval (0, t), we have

E(t) +
1

µf

∫ t

0

(
K(∇p− ρfg),∇p

)
ds−

∫ t

0

(φ, p) ds−
∫ t

0

〈φ1, p〉 ds = E(0), (2.38)

which implies that (2.32) holds. Eq. (2.34) follows immediately from (2.32) and (2.14). The

proof is complete. �

Likewise, using a similar argument to Lemma 2.3, we obtain that the weak solution of the

problem (2.16)-(2.20) satisfies a similar energy law as follows, here we omit the details of its

proof.

Lemma 2.4. Every weak solution (u, ξ, η) of the problem (2.16)-(2.20) satisfies the following

energy law:

J(t) +
1

µf

∫ t

0

(
K
(
∇(κ1ξ + κ2η)− ρfg

)
,∇κ1ξ + κ2η

)
ds

−
∫ t

0

(φ, κ1ξ + κ2η) ds−
∫ t

0

〈φ1, κ1ξ + κ2η〉 ds = J(0) (2.39)

for all t ∈ [0, T ], where

J(t) :=
1

2

[
C̃
∥∥ε
(
u(t)

)∥∥2
L2(Ω)

+ κ2‖η(t)‖2L2(Ω) + κ3‖ξ(t)‖2L2(Ω) − 2
(
f ,u(t)

)
− 2〈f1,u(t)〉

]
. (2.40)

Moreover, there holds

‖ηt‖L2((0,T );H1(Ω)′)

≤ 1

µf
‖K∇(κ1ξ + κ2η)− ρfg‖L2((0,T );L2(Ω))

+ ‖φ‖L2(Ω) + ‖φ1‖L2(∂Ω) <∞. (2.41)

From Lemma 2.4, we immediately obtain the following stability estimates.

Lemma 2.5. There exists a positive constant

Ć1 = Ć1

(
‖u0‖H1(Ω), ‖p0‖L2(Ω), ‖f‖L2(Ω), ‖f1‖L2(∂Ω), ‖φ‖L2(Ω), ‖φ1‖L2(∂Ω)

)

such that

√
C̃‖ε(u)‖L∞((0,T );L2(Ω)) +

√
κ2‖η‖L∞((0,T );L2(Ω))

+
√
κ3‖ξ‖L∞((0,T );L2(Ω)) +

√
K1

µf
‖∇p‖L2((0,T );L2(Ω)) ≤ Ć1, (2.42)

‖u‖L∞((0,T );L2(Ω)) ≤ Ć1, ‖p‖L∞((0,T );L2(Ω)) ≤ Ć1

(
κ

1
2

2 + κ1κ
− 1

2

3

)
, (2.43)

‖p‖L2((0,T );L2(Ω)) ≤ Ć1, ‖ξ‖L2((0,T );L2(Ω)) ≤ Ć1κ
−1
1

(
1 + κ

1
2

2

)
. (2.44)

Furthermore, by leveraging the nonlinearity of the PDE system, we obtain the following

priori estimates for the weak solution of the problem (2.16)-(2.20).
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Lemma 2.6. Suppose that u0 and p0 are sufficiently smooth, then there exist positive constants

Ć2 = Ć2

(
Ć1, ‖∇p0‖L2(Ω)

)
, Ć3 = Ć3

(
Ć1, Ć2, ‖u0‖H2(Ω), ‖p0‖H2(Ω)

)

such that

√
C̄‖ε(ut)‖L2((0,T );L2(Ω)) +

√
κ2‖ηt‖L2((0,T );L2(Ω))

+
√
κ3‖ξt‖L2((0,T );L2(Ω)) +

√
K1

µf
‖∇p‖L∞((0,T );L2(Ω)) ≤ Ć2, (2.45)

√
C̄‖ε(ut)‖L∞((0,T );L2(Ω)) +

√
κ2‖ηt‖L∞((0,T );L2(Ω))

+
√
κ3‖ξt‖L∞((0,T );L2(Ω)) +

√
K1

µf
‖∇pt‖L2((0,T );L2(Ω)) ≤ Ć3, (2.46)

‖ηtt‖L2((0,T );H1(Ω)′) ≤
√
K2

µf
Ć3. (2.47)

Proof. Following the proof of Lemma 2.1, we know that there exist C̄1 and C̄2 such that

‖Nt(∇u)‖L2(Ω) ≤ C̄1‖ε(ut)‖L2(Ω), (2.48)
(
Nt(∇u), ε(ut)

)
≥ C̄2‖ε(ut)‖2L2(Ω). (2.49)

Using (2.48) and (2.49), we deduce that there exists a positive constant C̄ satisfying C̄1≤ C̄≤ C̄2

such that (
Nt(∇u),∇ut

)
=
(
Nt(∇u), ε(ut)

)
= C̄

(
ε(ut), ε(ut)

)
. (2.50)

Differentiating (2.16) and (2.17) with respect to t, taking v = ut and ϕ = ξt in (2.16) and

(2.17) respectively, and adding the resulting equations, we have

(
Nt(∇u), ε(ut)

)
= (qt, ξt) = κ1(ηt, ξt)− κ3‖ξt‖2L2(Ω). (2.51)

Setting ψ = pt = κ1ξt + κ2ηt in (2.18), we get

κ1(ηt, ξt) + κ2‖ηt‖2L2(Ω) +
K

2µf

d

dt
‖∇p− ρfg‖2L2(Ω) =

d

dt
[(φ, p) + 〈φ1, p〉]. (2.52)

Adding (2.51) and (2.52), using (2.50) and integrating from 0 to t, we have

K

2µf
‖∇p(t)− ρfg‖2L2(Ω) +

∫ t

0

[
C̄
(
ε(u), ε(ut)

)
+ κ2‖ηt‖2L2(Ω) + κ3‖ξt‖2L2(Ω)

]
ds

=
K

2µf
‖∇p0 − ρfg‖2L2(Ω) + (φ, p(t) − p0) + 〈φ1, p(t)− p0〉,

which implies that (2.45) holds.

Differentiating (2.16) one time with respect to t and setting v = utt, differentiating (2.17)

twice with respect to t and setting ϕ = ξt, and adding the resulting equations, we get

(
Nt(∇u), ε(utt)

)
= (qtt, ξt) = κ1(ηtt, ξt)−

κ3
2

d

dt
‖ξt‖2L2(Ω). (2.53)
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Differentiating (2.18) with respect t one time and taking ψ = pt = κ1ξt + κ2ηt, we get

κ1(ηtt, ξt) +
κ2
2

d

dt
‖ηt‖2L2(Ω) +

1

µf
(K∇pt,∇pt) = 0. (2.54)

Adding (2.53)-(2.54), using (2.50) and integrating from 0 to t, we obtain

C̄

2

∥∥ε
(
ut(t)

)∥∥2
L2(Ω)

+
κ2
2
‖ηt(t)‖2L2(Ω) +

κ3
2
‖ξt(t)‖2L2(Ω) +

1

µf

∫ t

0

(K∇pt,∇pt) ds

=
C̄

2

∥∥ε
(
ut(t)

)∥∥2
L2(Ω)

+ κ2‖ηt(0)‖2L2(Ω) + κ3‖ξt(0)‖2L2(Ω), (2.55)

which implies that (2.46) holds. Eq. (2.47) follows immediately from the following inequality:

(ηtt, ψ) = − 1

µf
(K∇pt,∇ψ) ≤

K2

µf
‖∇pt‖L2(Ω)‖∇ψ‖L2(Ω),

(2.46) and the definition of the H1(Ω)′-norm. The proof is complete. �

Remark 2.2. The above estimates require p0 ∈ H1(Ω),ut(0) ∈ L2(Ω), ηt(0) ∈ L2(Ω) and

ξt(0) ∈ L2(Ω). The values of ut(0), ηt(0) and ξt(0) can be computed using the PDEs as follows.

It follows from (2.18) that ηt(0) satisfies

ηt(0) = φ+
1

µf
div [K(∇p0 − ρfg)].

Hence, ηt(0) ∈ L2(Ω) provided that p0 ∈ H2(Ω). To find ut(0) and ξt(0), differentiating (2.16)

and (2.17) with respect to t and setting t = 0, we get

−divN
(
∇ut(0)

)
+∇ξt(0) = 0 in Ω,

κ3ξt(0) + divut(0) = κ1ηt(0) in Ω.

Hence, ut(0) and ξt(0) can be determined by solving the above generalized Stokes problem.

The next lemma shows that the weak solution of the problem (2.16)-(2.20) preserves some

“invariant” quantities, it turns out that these “invariant” quantities play a vital role in the

proof of existence and uniqueness of the weak solution to the reformulated problem.

Lemma 2.7. Every weak solution (u, ξ, η) of problem (2.16)-(2.20) satisfies the following en-

ergy laws:

Cη(t) :=
(
η(·, t), 1

)
= (η0, 1) + [(φ, 1) + 〈φ1, 1〉]t, t ≥ 0, (2.56)

Cξ(t) :=
(
ξ(·, t), 1

)
=

1

d+ κ3

[(
N (∇u), I

)
+ κ1Cη(t)− (div u, 1)− (f ,x)− 〈f1,x〉

]
, (2.57)

Cq(t) :=
(
q(·, t), 1

)
= κ1Cη(t)− κ3Cξ(t), (2.58)

Cp(t) :=
(
p(·, t), 1

)
= κ1Cξ(t) + κ2Cη(t), (2.59)

Cu(t) := 〈u(·, t) · n, 1〉 = Cq(t). (2.60)
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Proof. We first notice that (2.56) follows immediately from taking ψ ≡ 1 in (2.18). To prove

(2.57), taking v = x in (2.16) and ϕ = 1 in (2.17), which are valid test functions, and using the

identities ∇x = I, div x = d, and ε(x) = I, we get

(
N (∇u), I

)
= d(ξ, 1) + (f ,x) + 〈f1,x〉,

(divu, 1) = κ1(η, 1)− κ3(ξ, 1).

It is easy to check that

Cξ(t) :=
(
ξ(·, t), 1

)
=

1

d+ κ3

[(
N (∇u), I

)
+ κ1Cη(t)− (divu, 1)− (f ,x) − 〈f1,x〉

]
,

which implies that (2.57) holds.

Finally, since q = κ1η − κ3ξ,p = κ1ξ + κ2η, (2.58) and (2.59) follow from (2.56) and (2.57).

Eq. (2.60) is an immediate consequence of q = divu and the Gauss divergence theorem. The

proof is complete. �

With the help of the above lemmas, we can show the solvability of the problem (1.1)-(1.7).

Theorem 2.1. Let u0∈H1(Ω), f ∈L2(Ω), f1∈L2(∂Ω), p0∈L2(Ω), φ∈L2(Ω), and φ1∈L2(∂Ω).

Suppose c0 > 0 and (f ,v) + 〈f1,v〉 = 0 for any v ∈ RM. Then there exists a unique weak

solution to the problem (1.1)-(1.7) in the sense of Definition 2.1. Likewise, there exists a unique

weak solution to the problem (2.3)-(2.8) in the sense of Definition 2.2.

Proof. Firstly, using the Schaefer’s fixed point theorem [17, Theorem 4] and the existence of

the weak solution of linear poroelasticity model, we can prove the existence of a weak solution

of the problem (2.16)-(2.20). Here we omit the more details.

Secondly, we prove that the problem (2.16)-(2.20) has a unique solution. Lemmas 2.5 and 2.6

give the priori estimates for the weak solution. Since

Cη(t) =
(
η(·, t), 1

)
= (η0, 1) + [(φ, 1) + 〈φ1, 1〉].

It is easy to check that η is unique. We assume that (u1, ξ1, η1) and (u2, ξ2, η2) are the different

solutions. Using (2.16) and (2.17), we obtain

(
N (∇u1)−N (∇u2), ε(v)

)
− (ξ1 − ξ2, divv) = 0, ∀vh ∈ H1(Ω), (2.61)

κ3(ξ1 − ξ2, ϕ) + (divu1 − divu2, ϕ) = 0, ∀ϕh ∈ L2(Ω). (2.62)

Adding (2.61) and (2.62), letting v = u1 − u2, ϕ = ξ1 − ξ2, using (2.23), we have

0 ≤ C4‖ε(u1)− ε(u2)‖2L2(Ω) + κ3‖ξ1 − ξ2‖2L2(Ω) = 0. (2.63)

Using (2.63) and the initial value u0, we obtain

u1 = u2, ξ1 = ξ2.

Since p = κ1ξ + κ2η, q = κ1η − κ3ξ, so we have

p1 = p2, q1 = q2.

Hence, the solution of the problem (2.16)-(2.20) is unique. The proof is complete. �
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3. Fully Discrete Multiphysics Finite Element Method

3.1. Formulation of fully discrete finite element method

Let Th be a quasi-uniform triangulation or rectangular partition of Ω with maximum mesh

size h, and Ω̄ =
⋃

K∈Th
K̄. The time interval [0, T ] is divided into N equal intervals, denoted

by [tn−1, tn], n = 1, 2, . . . , N , and ∆t = T/N , then tn = n∆t. In this work, we use backward

Euler method and denote dtv
n := (vn − vn−1)/∆t.

Also, let (Xh,Mh) be a stable mixed finite element pair, that is, Xh⊂H1(Ω) andMh⊂L2(Ω)

satisfy the inf-sup condition

sup
vh∈Xh

(divvh, ϕh)

‖vh‖H1(Ω)
≥ β0‖ϕh‖L2(Ω), ∀ϕh ∈M0h :=Mh ∩ L2

0(Ω), β0 > 0. (3.1)

A well-known example is the following so-called Taylor-Hood element (cf. [1, 8]):

Xh =
{
vh ∈ C0(Ω); vh|K ∈ P2(K), ∀K ∈ Th

}
,

Mh =
{
ϕh ∈ C0(Ω); ϕh|K ∈ P1(K), ∀K ∈ Th

}
.

Finite element approximation space Wh for η variable can be chosen independently, any

piecewise polynomial space is acceptable provided that Wh ⊃ Mh, the most convenient choice

is Wh =Mh.

Define

Vh := {vh ∈ Xh; (vh, r) = 0, ∀ r ∈ RM},

it is easy to check that Xh = Vh

⊕
RM. It was proved in [19] that there holds the following

inf-sup condition:

sup
vh∈Vh

(div vh, ϕh)

‖vh‖H1(Ω)
≥ β1‖ϕh‖L2(Ω), ∀ϕh ∈M0h, β1 > 0. (3.2)

Also, we recall the following inverse inequality for polynomial functions [7, 8, 12]:

‖∇ϕh‖L2(K) ≤ c1h
−1‖ϕh‖L2(K), ∀ϕh ∈ Pr(K), K ∈ Th. (3.3)

Now, we give the fully discrete multiphysics finite element method for the problem (2.3)-

(2.8).

Multiphysics Finite Element Method (MFEM)

(i) Compute u0
h ∈ Vh and q0h ∈ Wh by

u0
h = Rhu0, p0h = Qhp0,

where Rh and Qh, respectively, denote the elliptic and L2 projection operator (see (4.1)

and (4.4)).

(ii) For n = 0, 1, 2, . . . , do the following two steps:
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Step 1. Solve for (un+1
h , ξn+1

h , ηn+1
h ) ∈ Vh ×Mh ×Wh such that

(
N
(
∇un+1

h

)
, ε(vh)

)
−
(
ξn+1
h , div vh

)

= (f ,vh) + 〈f1,vh〉, ∀vh ∈ Vh, (3.4)

κ3
(
ξn+1
h , ϕh

)
+
(
divun+1

h , ϕh

)

= κ1
(
ηn+θ
h , ϕh

)
, ∀ϕh ∈Mh, (3.5)

(
dtη

n+1
h , ψh

)
+

1

µf

(
K∇

(
κ1ξ

n+1
h + κ2η

n+1
h

)
− ρfg,∇ψh

)

= (φ, ψh) + 〈φ1, ψh〉, ∀ψh ∈Wh, (3.6)

where θ = 0 or 1.

Step 2. Update pn+1
h and qn+1

h by

pn+1
h = κ1ξ

n+1
h + κ2η

n+θ
h , qn+1

h = κ1η
n+1
h − κ3ξ

n+1
h . (3.7)

Remark 3.1. The Newton’s iterative method to solve the nonlinear Stokes problem (3.4)-(3.5)

when θ = 0 is

−
(
λ∇un

h : ∇un
hI, ε(vh)

)
+ (f ,vh) + 〈f1,vh〉+ κ1

(
ηn+θ
h , ϕh

)

= µ
(
ε
(
un+1
h

)
, ε(vh)

)
+ µ

(
∇⊤un+1

h ∇un
h , ε(vh)

)
+ µ

(
∇⊤un

h∇un+1
h , ε(vh)

)

− µ
(
∇⊤un

h∇un
h, ε(vh)

)
+
(
2λ∇un

h :
(
∇un+1

h −∇un
h

)
I, ε(vh)

)

−
(
ξn+1
h , div vh

)
+ κ3

(
ξn+1
h , ϕh

)
+
(
divun+1

h , ϕh

)
. (3.8)

Remark 3.2. The MFEM gives a built-in mechanism which can adopt any stable solver for

Stokes problem and any Lagrange element for the diffusion problem, and there is no “lock-

ing phenomenon”. The numerical tests of Section 5 show that MFEM has no “locking phe-

nomenon”.

3.2. Stability analysis

The primary goal of this subsection is to derive a discrete energy law which mimics the PDE

energy law. Before discussing the stability of MFEM, we first show that the numerical solution

satisfies some constraints and discrete energy law.

Lemma 3.1. Let {(un
h, ξ

n
h , η

n
h)}n≥0 be defined by the MFEM, then there hold

(
ηnh , 1

)
= Cη(tn), n = 0, 1, 2, . . . , (3.9)

(
ξnh , 1

)
= Cξ(tn−1+θ), n = 1− θ, 1, 2, . . . , (3.10)

〈
un
h · n, 1

〉
= Cu(tn−1+θ), n = 1− θ, 1, 2, . . . . (3.11)

Lemma 3.2. Let {(un
h, ξ

n
h , η

n
h)}n≥0 be defined by the MFEM, then there holds the following

equality:

J l+1
h,0 + Sl+1

h,0 = J0
h,0, l ≥ 0, θ = 0, 1, (3.12)
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where

J l+1
h,θ :=

1

2

[
C̃
∥∥ε
(
ul+1
h

)∥∥2
L2(Ω)

+ κ2
∥∥ηl+θ

h

∥∥2
L2(Ω)

+ κ3
∥∥ξl+1

h

∥∥2
L2(Ω)

− 2
(
f ,ul+1

h

)
− 2
〈
f1,u

l+1
h

〉]
,

Sl+1
h,θ := ∆t

l∑

n=0

[
∆t

2
C̃
∥∥dtε

(
un+1
h

)∥∥2
L2(Ω)

+
κ2∆t

2

∥∥dtηn+θ
h

∥∥2
L2(Ω)

+
κ3∆t

2

∥∥dtξn+1
h

∥∥2
L2(Ω)

−
(
φ, pn+1

h

)
−
〈
φ1, p

n+1
h

〉
+

1

µf

(
K∇pn+1

h −Kρfg,∇pn+1
h

)

− (1− θ)
κ1∆t

µf

(
Kdt∇ξn+1

h ,∇pn+1
h

)]
.

Proof. (i) When θ = 0, based on (3.5), we can define η−1
h by

κ1
(
η−1
h , ϕh

)
= κ3

(
ξ0h, ϕh

)
+
(
divu0

h, ϕh

)
. (3.13)

Setting vh = dtu
n+1
h in (3.4), we have

(
N
(
∇un+1

h

)
, ε
(
dtu

n+1
h

))
−
(
ξn+1
h , div dtu

n+1
h

)
=
(
f , dtu

n+1
h

)
+
〈
f1, dtu

n+1
h

〉
. (3.14)

Setting ϕh = ξn+1
h in (3.5), we get

κ3
(
dtξ

n+1
h , ξn+1

h

)
+
(
div dtu

n+1
h , ξn+1

h

)
= κ1

(
dtη

n
h , ξ

n+1
h

)
. (3.15)

Setting ψh = pn+1
h in (3.6) after lowing the super-index from n+ 1 to n on both sides of (3.6),

we get

(
dtη

n
h , p

n+1
h

)
+

1

µf

(
K
(
∇
(
κ1ξ

n
h + κ2η

n
h

)
− ρfg

)
,∇pn+1

h

)
=
(
φ, pn+1

h

)
+
〈
φ1, p

n+1
h

〉
. (3.16)

Using the fact of

(
dtξ

n+1
h , ξn+1

h

)
=

∆t

2

∥∥dtξn+1
h

∥∥2
L2(Ω)

+
1

2
dt
∥∥ξn+1

h

∥∥2
L2(Ω)

,

we can rewrite (3.15) as

κ3∆t

2

∥∥dtξn+1
h

∥∥2
L2(Ω)

+
κ3
2
dt
∥∥ξn+1

h

∥∥2
L2(Ω)

+
(
div dtu

n+1
h , ξn+1

h

)
= κ1

(
dtη

n
h , ξ

n+1
h

)
. (3.17)

Similarly, we get

κ2∆t

2

∥∥dtηnh
∥∥2
L2(Ω)

+
κ2
2
dt
∥∥ηnh

∥∥2
L2(Ω)

+ κ1
(
dtη

n
h , ξ

n+1
h

)

+
1

µf

(
K
(
∇pn+1

h − ρfg
)
,∇pn+1

h

)
− κ1∆t

µf

(
Kdt∇ξn+1

h ,∇pn+1
h

)

=
(
φ, pn+1

h

)
+
〈
φ1, p

n+1
h

〉
. (3.18)

Adding (3.14), (3.17) and (3.18), using (2.35) and applying the summation operator ∆t
∑l

n=0

to the both sides of the resulting equation, we see that (3.12) holds.
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(ii) When θ = 1, setting ϕh = ξn+1
h in (3.5) and ψh = pn+1

h in (3.6), we get

κ3∆t

2

∥∥dtξn+1
h

∥∥2
L2(Ω)

+
κ3
2
dt
∥∥ξn+1

h

∥∥2
L2(Ω)

+
(
div dtu

n+1
h , ξn+1

h

)

= κ1
(
dtη

n+1
h , ξn+1

h

)
, (3.19)

κ2∆t

2

∥∥dtηn+1
h

∥∥2
L2(Ω)

+
κ2
2
dt
∥∥ηn+1

h

∥∥2
L2(Ω)

+ κ1
(
dtη

n+1
h , ξn+1

h

)
+

1

µf

(
K
(
∇pn+1

h − ρfg
)
,∇pn+1

h

)

=
(
φ, pn+1

h

)
+
〈
φ1, p

n+1
h

〉
. (3.20)

Adding (3.14), (3.19) and (3.20), using (2.35) and applying the summation operator ∆t
∑l

n=0

to the both sides of the resulting equation, we deduce that (3.12) holds. �

Lemma 3.3. Let {(un
h, ξ

n
h , η

n
h)}n≥0 be defined by the MFEM with θ = 0, then there holds the

following inequality:

J l+1
h,0 + Ŝl+1

h,0 ≤ J0
h,0, l ≥ 0 (3.21)

provided that ∆t = O(h2). Here

Ŝl+1
h,0 := ∆t

l∑

n=0

[
∆t

4
C̃
∥∥dtε

(
un+1
h

)∥∥2
L2(Ω)

+
K1

2µf

∥∥∇pn+1
h

∥∥2
L2(Ω)

+
κ2∆t

2

∥∥dtηn+θ
h

∥∥2
L2(Ω)

+
κ3∆t

2

∥∥dtξn+1
h

∥∥2
L2(Ω)

− 1

µf

(
Kρfg,∇pn+1

h

)
−
(
φ, pn+1

h

)
−
〈
φ1, p

n+1
h

〉]
.

Proof. Using the Cauchy-Schwarz inequality, Young inequality and inverse inequality (3.3),

we get

κ1∆t

µf

(
Kdt∇ξn+1

h ,∇pn+1
h

)

≤ K2
2κ

2
1

2K1µf

∥∥∇ξn+1
h −∇ξnh

∥∥2
L2(Ω)

+
K1

2µf

∥∥∇pn+1
h

∥∥2
L2(Ω)

≤ K2
2κ

2
1c

2
1

2K1µfh2

∥∥ξn+1
h − ξnh

∥∥2
L2(Ω)

+
K1

2µf

∥∥∇pn+1
h

∥∥2
L2(Ω)

. (3.22)

To bound the first term on the right-hand side of (3.22), we appeal to the inf-sup condition

(3.2) and (3.4), (2.31) get

∥∥ξn+1
h − ξnh

∥∥
L2(Ω)

≤ 1

β1
sup

vh∈Vh

(
div vh, ξ

n+1
h − ξnh

)

‖∇vh‖L2(Ω)

=
1

β1
sup

vh∈Vh

(
N
(
∇un+1

h

)
−N

(
∇un

h

)
, ε(vh)

)

‖∇vh‖L2(Ω)

≤ C3∆t

β1

∥∥dtε(un+1
h )

∥∥
L2(Ω)

. (3.23)

Substituting (3.23) into (3.22) and combining it with (3.12) imply that (3.21) holds if

∆t ≤ C̃K1µfβ
2
1h

2

2C2
3κ

2
1K

2
2c

2
1

.

The proof is complete. �
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With the help of Lemmas 3.1-3.3, one can check that the following Theorem 3.1 holds. Since

the proof of Theorem 3.1 is similar to Theorem 2.1, here we omit the more details.

Theorem 3.1. The numerical solution {un+1
h , ξn+1

h , ηn+1
h }n≥0 of the problem (3.4)-(3.6) exists

uniquely.

4. Error Estimates

To derive the optimal order error estimates of the fully discrete multiphysics finite element

method, for any ϕ ∈ L2(Ω), we firstly define L2(Ω)-projection operator Qh : L2(Ω) → Xk
h by

(Qhϕ, ψh) = (ϕ, ψh), ψh ∈ Xk
h , (4.1)

where Xk
h := {ψh ∈ C0; ψh|E ∈ Pk(E), ∀E ∈ Th}.

Next, for any ϕ ∈ H1(Ω), we define its elliptic projection Sh : H1(Ω) → Xk
h by

(K∇Shϕ,∇ϕh) = (K∇ϕ,∇ϕh), ∀ϕh ∈ Xk
h , (4.2)

(Shϕ, 1) = (ϕ, 1). (4.3)

Finally, for any v ∈ H1(Ω), we define its elliptic projection Rh : H1(Ω) → Vk
h by

(
ε(Rhv), ε(wh)

)
=
(
ε(v), ε(wh)

)
, ∀wh ∈ Vk

h, (4.4)

where

Vk
h :=

{
vh ∈ C0; vh|K ∈ Pk(K), (vh, r) = 0, ∀ r ∈ RM

}
,

k is the degree of the piecewise polynomial on K. From [7], we know that Qh,Sh and Rh satisfy

‖Qhϕ−ϕ‖L2(Ω)+h‖∇(Qhϕ−ϕ)‖L2(Ω)≤Chs+1‖ϕ‖Hs+1(Ω), ∀ϕ∈Hs+1(Ω), 0≤s≤k, (4.5)

‖Shϕ−ϕ‖L2(Ω)+h‖∇(Shϕ−ϕ)‖L2(Ω)≤Chs+1‖ϕ‖Hs+1(Ω), ∀ϕ∈Hs+1(Ω), 0≤s≤k, (4.6)

‖Rhv−v‖L2(Ω)+h‖∇(Rhv−v)‖L2(Ω)≤Chs+1‖v‖Hs+1(Ω), ∀v∈Hs+1(Ω), 0≤s≤k. (4.7)

To derive the error estimates, we introduce the following notations:

En
u
= u(tn)− un

h , En
ξ = ξ(tn)− ξnh , En

η = η(tn)− ηnh ,

En
p = p(tn)− pnh, En

q = q(tn)− qnh .

It is easy to check that

En
p = κ1E

n
ξ + κ2E

n
η , En

q = κ3E
n
ξ + κ1E

n
η . (4.8)

Also, we denote

En
u = u(tn)−Rh

(
u(tn)

)
+Rh

(
u(tn)

)
− un

h := Y n
u + Zn

u ,

En
ξ = ξ(tn)− Sh

(
ξ(tn)

)
+ Sh

(
ξ(tn)

)
− ξnh := Y n

ξ + Zn
ξ ,

En
η = η(tn)− Sh

(
η(tn)

)
+ Sh

(
η(tn)

)
− ηnh := Y n

η + Zn
η ,

En
p = p(tn)− Sh

(
p(tn)

)
+ Sh

(
p(tn)

)
− pnh := Y n

p + Zn
p ,

En
ξ = ξ(tn)−Qh

(
ξ(tn)

)
+Qh

(
ξ(tn)

)
− ξnh := Fn

ξ +Gn
ξ ,

En
η = η(tn)−Qh

(
η(tn)

)
+Qh

(
η(tn)

)
− ηnh := Fn

η +Gn
η ,

En
p = p(tn)−Qh

(
p(tn)

)
+Qh

(
p(tn)

)
− pnh := Fn

p +Gn
p .
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Lemma 4.1. Let {(un
h, ξ

n
h , η

n
h)}n≥0 be generated by the MFEM and Y n

u
, Zn

u
, Y n

ξ , Z
n
ξ , Y

n
η and Zn

η

be defined as above, then there holds

E l+1
h +∆t

l∑

n=0

[
C̊∆t

2

∥∥dtε
(
Zn+1
u

)∥∥2
L2(Ω)

+
κ2∆t

2

∥∥dtGn+θ
η

∥∥2
L2(Ω)

+
κ3∆t

2

∥∥dtGn+1
ξ

∥∥2
L2(Ω)

+
1

Kµf

(
∇Ẑn+1

p ,∇Ẑn+1
p

)]

= E0
h +∆t

l∑

n=0

[(
Fn+1
ξ , div dtZ

n+1
u

)
−
(
div dtY

n+1
u

, Gn+1
ξ

)]

+ κ1(1− θ)(∆t)2
l∑

n=0

(
d2tη(tn+1), G

n+1
ξ

)
+∆t

l∑

n=0

(
Rn+θ

h , Ẑn+1
p

)

+∆t

l∑

n=0

(
dtG

n+θ
η , Y n+1

p − Fn+1
p

)
+ (1− θ)(∆t)2

l∑

n=0

κ1
µf

(
Kdt∇Zn+1

ξ ,∇Ẑn+1
p

)
, (4.9)

where the positive constant C̊ satisfies C4 ≤ C̊ ≤ C3, and

Ẑn+1
p := Fn+1

p − Y n+1
p + κ1G

n+1
ξ + κ2G

n+θ
η ,

E l+1
h :=

1

2

[
C̊
∥∥ε
(
Z l+1
u

)∥∥2
L2(Ω)

+ κ2
∥∥Gl+θ

η

∥∥2
L2(Ω)

+ κ3
∥∥Gl+1

ξ

∥∥2
L2(Ω)

]
,

Rn+1
h := − 1

∆t

∫ tn+θ

tn−1+θ

(s− tn)ηtt(s)ds.

Proof. Subtracting (3.4) from (2.16), (3.5) from (2.17), (3.6) from (2.18), respectively, we get

(
N
(
∇u(tn+1)

)
−N

(
∇un+1

h

)
, ε(vh)

)
−
(
En+1

ξ , div vh

)
= 0, ∀vh ∈ Vh, (4.10)

κ3
(
En+1

ξ , ϕh

)
+
(
divEn+1

u
, ϕh

)

= κ1
(
En+θ

η , ϕh

)
+ κ1(1− θ)∆t

(
dtη(tn+1), ϕh

)
, ∀ϕh ∈Mh, (4.11)

(
dtE

n+θ
η , ψh

)
+

1

µf

(
K∇En+1

p ,∇ψh

)

− (1− θ)
κ1∆t

µf

(
Kdt∇En+1

ξ ,∇ψh

)
=
(
Rn+θ

h , ψh

)
, ∀ψh ∈Wh, (4.12)

E0
u = 0, E0

ξ = 0, E−1
η = 0. (4.13)

Using the definitions of the projection operators Qh,Sh and Rh, we have

(
N
(
∇u(tn+1)

)
−N

(
∇un+1

h

)
, ε(vh)

)
−
(
Gn+1

ξ , div vh

)

= (Fn+1
ξ , div vh), ∀vh ∈ Vh, (4.14)

κ3(G
n+1
ξ , ϕh) +

(
divZn+1

u
, ϕh

)

= κ1
(
Gn+θ

η , ϕh

)(
div Y n+1

u , ϕh

)
+ κ1(1− θ)∆t

(
dtη(tn+1), ϕh

)
, ∀ϕh ∈Mh, (4.15)

(
dtG

n+θ
η , ψh

)
+

1

µf

(
K∇Ẑn+1

p ,∇ψh

)
− (1− θ)

κ1∆t

µf

(
Kdt∇En+1

ξ ,∇ψh

)

=
(
Rn+θ

h , ψh

)
, ∀ψh ∈ Wh. (4.16)
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Using (2.23) and (2.31), we know that there exists C̊ satisfying C4 ≤ C̊ ≤ C3 such that

(
N
(
∇u(tn+1)

)
−N

(
∇un+1

h

)
, ε
(
u(tn+1)

)
− ε
(
un+1
h

))

= C̊
(
ε
(
u(tn+1)

)
− ε
(
un+1
h

)
, ε
(
u(tn+1)

)
− ε
(
un+1
h

))
. (4.17)

Setting vh = dtZ
n+1
u

in (4.14), we have

(
N
(
∇u(tn+1)

)
−N

(
∇un+1

h

)
, ε
(
dtZ

n+1
u

))
−
(
Gn+1

ξ , div dtZ
n+1
u

)
=
(
Fn+1
ξ , dtdivZ

n+1
u

)
. (4.18)

Setting ϕh = Gn+1
ξ after applying the difference operator dt to (4.15), we get

κ3
(
dtG

n+1
ξ , Gn+1

ξ

)
+
(
div (dtZ

n+1
u

), Gn+1
ξ

)

= κ1
(
dtG

n+θ
η , Gn+1

ξ

)
−
(
div (dtY

n+1
u ), Gn+1

ξ

)

+ κ1(1− θ)∆t
(
d2tη(tn+1), G

n+1
ξ

)
. (4.19)

Setting

ψh = Ẑn+1
p = Fn+1

p − Y n+1
p + κ1G

n+1
ξ + κ2G

n+θ
η

in (4.16), we obtain

(
dtG

n+θ
η , Ẑn+1

p

)
− (1− θ)

κ1∆t

µf

(
Kdt∇Zn+1

ξ ,∇Ẑn+1
p

)
+

1

µf

(
K∇Ẑn+1

p ,∇Ẑn+1
p

)

=
(
Rn+θ

h , Ẑn+1
p

)
. (4.20)

Adding (4.18)-(4.20), using (4.4) and (4.17), and applying the summation operator ∆t
∑l

n=0

to both sides, we see that (4.9) holds. The proof is complete. �

Theorem 4.1. Let {(un
h , ξ

n
h , η

n
h)}n≥0 be defined by the MFEM, then there holds

max
0≤n≤l

[√
C̊
∥∥ε
(
Zn+1
u

)∥∥
L2(Ω)

+
√
κ2
∥∥Gn+θ

η

∥∥
L2(Ω)

+
√
κ3
∥∥Gn+1

ξ

∥∥
L2(Ω)

]

+

[
∆t

l∑

n=0

K1

µf

∥∥∇Ẑn+1
p

∥∥2
L2(Ω)

] 1
2

≤ Ĉ1(T )∆t+ Ĉ2(T )h
2 (4.21)

provided that ∆t = O(h2) when θ = 0 and ∆t > 0 when θ = 1. Here

Ĉ1(T ) = Ĉ‖ηt‖L2((0,T );L2(Ω)) + Ĉ‖ηtt‖L2((0,T );H1(Ω)′ ), (4.22)

Ĉ2(T ) = Ĉ‖ξt‖L2((0,T );H2(Ω)) + Ĉ‖ξ‖L∞((0,T );H2(Ω)) + Ĉ‖ηt‖L2((0,T );H2(Ω))

+ Ĉ‖η‖L∞((0,T );H2(Ω)) + Ĉ‖u‖L∞((0,T );H2(Ω)) + Ĉ‖divut‖L2((0,T );H2(Ω)). (4.23)

Proof. Using (4.9) and the fact of Z0
u
= 0, Z0

ξ = 0 and Z−1
η = 0, we have

E l+1
h +∆t

l∑

n=0

[
1

µf

(
K∇Ẑn+1

p ,∇Ẑn+1
p

)
+
C̊∆t

2

∥∥dtε
(
Zn+1
u

)∥∥2
L2(Ω)

+
κ2∆t

2

∥∥dtGn+θ
η

∥∥2
L2(Ω)

+
κ3∆t

2

∥∥dtGn+1
ξ

∥∥2
L2(Ω)

]

≤ Φ1 +Φ2 +Φ3 +Φ4 +Φ5, (4.24)
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where

Φ1 = ∆t

l∑

n=0

[(
Fn+1
ξ , div dtZ

n+1
u

)
−
(
div dtY

n+1
u , Gn+1

ξ

)]
,

Φ2 = κ1(1− θ)(∆t)2
l∑

n=0

(
d2tη(tn+1), G

n+1
ξ

)
,

Φ3 = ∆t

l∑

n=0

(
Rn+θ

h , Ẑn+1
p

)
,

Φ4 = (1− θ)(∆t)2
l∑

n=0

κ1
µf

(
Kdt∇Zn+1

ξ ,∇Ẑn+1
p

)
,

Φ5 = ∆t

l∑

n=0

(
dtG

n+θ
η , Y n+1

p − Fn+1
p

)
.

Next, we estimate each term on the right-hand of (4.24). As for Φ1, using Korn’s inequality,

Cauchy-Schwarz inequality, Young inequality and the inequality of

‖divw‖L2(Ω) ≤ ck‖ε(w)‖L2(Ω), ∀w ∈ H1
⊥(Ω),

we obtain

Φ1 = ∆t

l∑

n=0

[(
Fn+1
ξ , div dtZ

n+1
u

)
−
(
div dtY

n+1
u , Gn+1

ξ

)]

≤ ∆t

l∑

n=0

[
c2k
C̊∆t

∥∥Fn+1
ξ

∥∥2
L2(Ω)

+
∆tC̊

4c2k

∥∥div dtZn+1
u )

∥∥2
L2(Ω)

+
1

2

∥∥div dtY n+1
u

∥∥2
L2(Ω)

+
1

2

∥∥Gn+1
ξ

∥∥2
L2(Ω)

]
. (4.25)

When θ = 0, using the integration by parts and dtη(t0) = 0, we get

Φ2 = κ1(∆t)
2

l∑

n=0

(
d2t η(tn+1), G

n+1
ξ

)

= κ1(∆t)
2

[
1

∆t

(
dtη(tl+1), G

l+1
ξ

)
−

l∑

n=1

(
dtη(tn+1), dtG

n+1
ξ

)
]
. (4.26)

Using the Cauchy-Schwarz inequality, Young inequality and (3.2), we have

1

∆t

(
dtη(tl+1), G

l+1
ξ

)

≤ 1

∆t
‖dtη(tl+1)‖L2(Ω)

∥∥Gl+1
ξ

∥∥
L2(Ω)

≤ 1

∆t
‖ηt‖L2((tl,tl+1);Ω) ·

1

β1
sup

vh∈Vh

(
N
(
∇u(tl+1)

)
−N

(
∇ul+1

h

)
, ε(vh)

)
−
(
F l+1
ξ , div vh

)

‖∇vh‖L2(Ω)

≤ 1

β1∆t
‖ηt‖L2((tl,tl+1);Ω)

[
C3

∥∥ε
(
Z l+1
u

)∥∥
L2(Ω)

+ C3

∥∥ε
(
Y l+1
u

)∥∥
L2(Ω)

+ ck
∥∥F l+1

ξ

∥∥
L2(Ω)

]

≤ C

β2
1

‖ηt‖2L2((tl,tl+1);Ω) +
C̊

4κ1∆t2
∥∥ε
(
Z l+1
u

)∥∥2
L2(Ω)

+
C̊

4κ1∆t2

∥∥ε
(
Y l+1
u

)∥∥2
L2(Ω)

+
c2k

4∆t2

∥∥F l+1
ξ

∥∥2
L2(Ω)

, (4.27)
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l∑

n=1

(
dtη(tn+1), dtG

n+1
ξ

)

≤
l∑

n=0

‖dtη(tn+1)‖L2(Ω)

∥∥dtGn+1
ξ

∥∥
L2(Ω)

≤
l∑

n=1

‖dtη(tn+1)‖L2(Ω) ·
1

β1
sup

vh∈Vh

(
dtN

(
∇u(tn+1)

)
−dtN

(
∇un+1

h

)
, ε(vh)

)
−
(
dtF

n+1
ξ , div vh

)

‖∇vh‖L2(Ω)

≤
l∑

n=1

1

β1
‖dtη(tn+1)‖L2(Ω)

[
C3

∥∥dtε
(
Zn+1
u

)∥∥
L2(Ω)

+ C3

∥∥dtε
(
Y n+1
u

)∥∥
L2(Ω)

+ ck
∥∥dtFn+1

ξ

∥∥
L2(Ω)

]

≤ C

β2
1

‖ηt‖2L2((0,T );L2(Ω)) +

l∑

n=1

[
C̊

4κ1

∥∥dtε
(
Zn+1
u

)∥∥2
L2(Ω)

+
C̊

4κ1

∥∥dtε
(
Y n+1
u

)∥∥2
L2(Ω)

+
c2k
4

∥∥dtFn+1
ξ

∥∥2
L2(Ω)

]
. (4.28)

The term of Φ3 can be bounded by

∣∣∣∣∣∆t
l∑

n=0

(
Rn+θ

h , Ẑn+1
p

)
∣∣∣∣∣

≤ ∆t

l∑

n=0

∥∥Rn+θ
h

∥∥
H1(Ω)′

∥∥∇Ẑn+1
p

∥∥
L2(Ω)

≤ ∆t
l∑

n=0

[
K

4µf

∥∥∇Ẑn+1
p

∥∥2
L2(Ω)

+
µf

K

∥∥Rn+θ
h

∥∥2
H1(Ω)′

]

≤ ∆t

l∑

n=0

[
K

4µf

∥∥∇Ẑn+1
p

∥∥2
L2(Ω)

+
µf∆t

3K
‖ηtt‖2L2((tn−1+θ,tn+θ);H1(Ω)′ )

]
, (4.29)

where we used the fact that

∥∥Rn+θ
h

∥∥2
H1(Ω)′

≤ ∆t

3

∫ tn+θ

tn−1+θ

‖ηtt‖2H1(Ω)′
dt.

As for Φ4, using (3.3), Cauchy-Schwarz inequality, Young inequality and (3.2), we have

Φ4 = (∆t)2
l∑

n=0

κ1
µf

(
Kdt∇Zn+1

ξ ,∇Ẑn+1
p

)

≤ (∆t)2
l∑

n=0

c1h
−1K2κ1
µf

∥∥dtZn+1
ξ

∥∥
L2(Ω)

∥∥∇Ẑn+1
p

∥∥
L2(Ω)

≤ (∆t)2
l∑

n=0

c1h
−1K2κ1
µfβ1

× sup
vh∈Vh

(
dtN

(
u(tn+1)

)
− dtN

(
∇un+1

h

)
, ε(vh)

)
−
(
dtY

n+1
ξ , div vh

)

‖∇vh‖L2(Ω)

∥∥∇Ẑn+1
p

∥∥
L2(Ω)
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≤ (∆t)2
c1K2κ1
hµfβ1

l∑

n=0

[
C3

∥∥dtε
(
Zn+1
u

)∥∥
L2(Ω)

+ C3

∥∥dtε
(
Y n+1
u

)∥∥
L2(Ω)

+ ck
∥∥dtY n+1

ξ

∥∥
L2(Ω)

]∥∥∇Ẑn+1
p

∥∥
L2(Ω)

≤ (∆t)2
K2

2κ
2
1c

2
1∆t

µfh2β2
1

l∑

n=0

[
C2

3

K1

∥∥dtε
(
Zn+1
u

)∥∥2
L2(Ω)

+
C2

3

K1

∥∥dtε
(
Y n+1
u

)∥∥2
L2(Ω)

+
c2k
K1

∥∥dtY n+1
ξ

∥∥2
L2(Ω)

]

+
3K1∆t

4µf

l∑

n=0

∥∥∇Ẑn+1
p

∥∥2
L2(Ω)

. (4.30)

Using the Cauchy-Schwarz inequality and Young inequality, we get

Φ5 = ∆t

l∑

n=0

(
dtG

n+θ
η , Y n+1

p − Fn+1
p

)

= ∆t

[
1

∆t
(Gl+θ

η , Y l+1
p − F l+1

p )−
l∑

n=1

(Gn+θ
η , dtY

n+1
p − dtF

n+1
p )

]

≤ ∆t

[
1

∆t

∥∥Gl+θ
η

∥∥
L2(Ω)

∥∥Y l+1
p − F l+1

p

∥∥
L2(Ω)

+

l∑

n=0

∥∥Gn+θ
η

∥∥
L2(Ω)

∥∥dtY n+1
p − dtF

n+1
p

∥∥
L2(Ω)

]

≤ ∆t

[
1

∆t

(
κ2
4

∥∥Gl+θ
η

∥∥2
L2(Ω)

+
1

κ2

∥∥Y l+1
p − F l+1

p

∥∥2
L2(Ω)

)
+ κ2

l∑

n=1

∥∥Gn+θ
η

∥∥
L2(Ω)

+
1

2κ2

l∑

n=1

(∥∥dtFn+1
p

∥∥2
L2(Ω)

+
∥∥dtY n+1

p

∥∥2
L2(Ω)

)]
. (4.31)

Substituting (4.25)-(4.31) into (4.24) and applying the discrete Gronwall inequality (cf. [34]),

we obtain

C̊
∥∥ε(Z l+1

u )
∥∥2
L2(Ω)

+ κ2
∥∥Gl+θ

η

∥∥2
L2(Ω)

+ κ3
∥∥Gl+1

ξ

∥∥2
L2(Ω)

+∆t

l∑

n=0

K

µf

∥∥∇Ẑn+1
p

∥∥2
L2(Ω)

≤ Ĉ

[
‖ηtt‖2L2((0,T );H1(Ω)′ )

+ ‖ηt‖2L2((0,T );L2(Ω)) +
∥∥F l+1

ξ

∥∥2
L2(Ω)

+
∥∥ε
(
Y l+1
u

)∥∥2
L2(Ω)

+
∥∥Y l+1

p

∥∥2
L2(Ω)

+
∥∥F l+1

p

∥∥2
L2(Ω)

+∆t

l∑

n=0

∥∥dtFn+1
ξ

∥∥2
L2(Ω)

+∆t

l∑

n=0

∥∥dtY n+1
ξ

∥∥2
L2(Ω)

+∆t

l∑

n=0

∥∥div dtY n+1
u

∥∥2
L2(Ω)

+∆t

l∑

n=0

∥∥dtε
(
Y n+1
u

)∥∥2
L2(Ω)

+∆t

l∑

n=0

∥∥Fn+1
p

∥∥2
L2(Ω)

+∆t

l∑

n=0

∥∥Y n+1
p

∥∥2
L2(Ω)

]

≤ Ĉ(∆t)2
(
‖ηt‖2L2((0,T );L2(Ω)) + ‖ηtt‖2L2((0,T );H1(Ω)′ )

)

+ Ĉh4
[
‖ξt‖2L2((0,T );H2(Ω)) + ‖ξ‖2L∞((0,T );H2(Ω)) + ‖ηt‖2L2((0,T );H2(Ω))

+ ‖η‖2L∞((0,T );H2(Ω)) + ‖u‖2L∞((0,T );H2(Ω)) + ‖divut‖2L2((0,T );H2(Ω))

]
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provided that

∆t ≤ (h2β2
1µf C̊K1)

(8K2
2κ

2
1c

2
1C

2
3 )
,

when θ = 0 or ∆t > 0 when θ = 1. Hence, we deduce that (4.21) holds. �

Theorem 4.2. The solution of the MFEM satisfies the following error estimates:

max
0≤n≤N

[√
C̊
∥∥∇
(
u(tn+1)− un+1

h

)∥∥
L2(Ω)

+
√
κ2
∥∥η(tn+1)− ηn+1

h

∥∥
L2(Ω)

+
√
κ3
∥∥ξ(tn+1)− ξn+1

h

∥∥
L2(Ω)

]
≤ Č1(T )∆t+ Č2(T )h

2, (4.32)

(
∆t

N∑

n=0

K1

µf

∥∥∇p(tn+1)−∇pn+1
h

∥∥2
L2(Ω)

) 1
2

≤ Č1(T )∆t+ Č2(T )h (4.33)

provided that ∆t = O(h2) when θ = 0 and ∆t > 0 when θ = 1. Here

Č1(T ) = Ĉ1(T ), Č2(T ) = Ĉ2(T ) + ‖∇u‖L∞((0,T );H2(Ω)).

Proof. The above estimates follow immediately from an application of the triangle inequal-

ity on

u(tn)− un
h = Y n

u
+ Zn

u
, ξ(tn)− ξnh = Y n

ξ + Zn
ξ = Fn

ξ +Gn
ξ ,

η(tn)− ηnh = Y n
η + Zn

η = Fn
η +Gn

η , p(tn)− pnh = Y n
p + Zn

p = Fn
p +Gn

p .

and appealing to (4.5)-(4.7) and Theorem 4.1. The proof is complete. �

5. Numerical Tests

In this section, we use Matlab as the programming language, and choose P2 − P1 − P1

element pairs to solve the reformulated problem.

Test 1. Let Ω = (0, 1) × (0, 1), Γ1 = {(1, x2); 0 ≤ x2 ≤ 1}, Γ2 = {(x1, 0); 0 ≤ x1 ≤ 1},
Γ3 = {(0, x2); 0 ≤ x2 ≤ 1}, Γ4 = {(x1, 1); 0 ≤ x1 ≤ 1}, and T = 1. The source functions are as

follows:

f = −(λ+ µ)t(1, 1)′ − 2(µ+ λ)t2(x1, x2)
′ + αtex1+x2(1, 1)′,

φ = c0e
x1+x2 − 2K

µf
tex1+x2 + α(x1 + x2),

and the boundary and initial conditions are

p = tex1+x2 on ∂ΩT ,

u1 =
1

2
x21t on Γj × (0, T ), j = 1, 3,

u2 =
1

2
x22t on Γj × (0, T ), j = 2, 4,

σn− αpn = f1 on ∂ΩT ,

u(x, 0) = 0, p(x, 0) = 0 in Ω,
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where

f1(x, t) = λ(x1 + x2)(n1, n2)
′t+ µt(x1n1, x2n2)

′ + µt2
(
x21n1, x

2
2n2

)′

+ λt2
(
x21 + x22

)
(n1, n2)

′ − α(n1, n2)
′tex1+x2 .

The exact solution of this problem is

u(x, t) =
t

2

(
x21, x

2
2

)′
, p(x, t) = tex1+x2 .

Table 5.2 displays the spatial errors and convergence orders of displacement u and the

pressure p with the parameters of Table 5.1, which are consistent with the theoretical result.

As for the convergence order of time, we define

ρh,∆t =
‖vh,∆t − vh,∆t/2‖L2

‖vh,∆t/2 − vh,∆t/4‖L2

,

where v = u, p. In particular, ρh,∆t ≈ 2 when the corresponding convergence orders in time

are of O(∆t), one can refer to [27]. From Table 5.3, one can see that the time convergence

order is first-order. Figs. 5.1-5.6 display that the numerical solution closely approximates the

Table 5.1: Values of parameters.

Parameters Description Values

ν Poisson ratio 0.0455

α Biot-Willis constant 1

E Young’s modulus 2.09e4

λ Lamé constant 1e3

K Permeability tensor (1e-7) I

µ Lamé constant 1e4

c0 Constrained specific storage coefficient 2

Table 5.2: Spatial errors and convergence rates (CR) of u and p.

h ‖u− uh‖H1 CR ‖p− ph‖L2 CR

h = 1/3 7.402e-6 2.430e-2

h = 1/6 1.876e-6 1.980 4.900e-3 2.310

h = 1/12 4.707e-7 1.995 1.100e-3 2.155

h = 1/24 1.178e-7 1.999 2.367e-4 2.217

Table 5.3: Errors and time convergence rates of u and p with h = 1/6.

∆t ‖u− uh‖L2 CR ‖p− ph‖L2 CR

∆t = 1/10 7.572e-7 9.271e-5

∆t = 1/20 3.786e-7 2.000 4.636e-5 2.000

∆t = 1/40 1.893e-7 2.000 2.318e-5 2.000

∆t = 1/80 9.466e-8 2.000 1.159e-5 2.000
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Fig. 5.1. The numerical displacement un+1
1h at

T = 1 with the parameters of Table 5.1.

Fig. 5.2. Exact solution of displacement u1 at

T = 1.

Fig. 5.3. The numerical displacement un+1
2h at

T = 1 with the parameters of Table 5.1.

Fig. 5.4. Exact solution of displacement u2 at

T = 1.

Fig. 5.5. The numerical pressure pn+1
h

at T = 1

with the parameters of Table 5.1.

Fig. 5.6. Exact solution of pressure p at T = 1.
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Fig. 5.7. Arrow plot of the computed displacement u at T = 1 with the parameters of Table 5.1.

exact solution. Fig. 5.7 presents an arrow plot of the computed displacement u, illustrating the

stability of the MFEM.

Test 2. The Ω,Γj , j = 1, 2, 3, 4, the source functions, the boundary and initial conditions,

the exact solution and the values of parameters are same as ones of Test 1, T = 0.00001.

Table 5.4 displays the spatial errors and convergence orders of displacement u and the

pressure p at the terminal time T = 0.00001 with the parameters of Table 5.1, which are

consistent with the theoretical result. Due to the time step ∆t is so small, here we ignore the

time error. From the exact solution

u(x, t) =
t

2

(
x21, x

2
2

)⊤
, p = t sin(πx1 + πx2),

it is easy to check that p1h ≥ 0 and divu1
h ≥ 0. In [18, 33], there will appear divu1

h ≈ 0 for the

case of small ∆t and low permeability K which leads to “locking phenomenon” in numerical

pressure. Figs. 5.8-5.11 show that the numerical simulations of u and p at the terminal time

T = 0.00001 are stable, indicating the absence of the “locking phenomenon”.

Fig. 5.8. The numerical displacement un+1
1h at

T = 0.00001 with the parameters of Table 5.1.

Fig. 5.9. The numerical displacement un+1
2h at

T = 0.00001 with the parameters of Table 5.1.
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Fig. 5.10. The numerical pressure pn+1
h

at T =

0.00001 with the parameters of Table 5.1.

Fig. 5.11. Arrow plot of the computed displace-

ment u at T = 0.00001 with the parameters of

Table 5.1.

Table 5.4: Spatial errors and convergence rates of u and p.

h ‖u− uh‖H1 CR ‖p− ph‖L2 CR

h = 1/3 1.356e-10 2.431e-7

h = 1/6 3.474e-11 1.965 4.933e-8 2.301

h = 1/12 8.819e-12 1.978 1.052e-8 2.229

h = 1/24 2.222e-12 1.989 2.367e-9 2.153

Test 3. The Ω,Γj , j = 1, 2, 3, 4, and T are same as ones of Test 1. The source functions are

f = 0 and φ = 0, and the boundary and initial conditions are

p = 0 on ∂ΩT ,

u1 = 0 on Γj × (0, T ), j = 1, 3,

u2 = 0 on Γj × (0, T ), j = 2, 4,

σn− αpn = f1 := (0, αp) on ∂ΩT ,

u(x, 0) = 0, p(x, 0) = 0 in Ω,

where

p =

{
sin t, x1 ∈ [0.2, 0.8)× (0, T ),

0, otherwise,

Figs. 5.12-5.13 present the numerical solution of pressure pn+1
h and the arrow plot of the

computed displacement u, corresponding to the parameters in Table 5.5. Notably, the numerical

pressure exhibits no oscillation even when c0 → 0 and for low permeability. And the arrows near

the boundary math very well with the arrows on the boundary. Additionally, the displacement

arrows near the boundary align well with those on the boundary. The MFEM includes a built-in

mechanism to prevent the “locking phenomenon” often caused by specific parameter choices in

the continuous Galerkin method.
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Fig. 5.12. The numerical pressure pn+1
h

at T = 1

with the parameters of Table 5.5.

Fig. 5.13. Arrow plot of the computed displace-

ment u at T = 1 with the parameters of Table 5.5.

Table 5.5: Values of parameters.

Parameters Description Values

ν Poisson ratio 0.4

α Biot-Willis constant 1

E Young’s modulus 2.8e3

λ Lamé constant 4e3

K Permeability tensor (1e-7) I

µ Lamé constant 1e3

c0 Constrained specific storage coefficient 1e-10

6. Conclusion

In this paper, we propose and analyze a multiphysics finite element method for the nonlinear

poroelasticity model with the nonlinear constitutive relation

σ̃(u) = µε̃(u) + λtr(ε̃(u))I.

Using a multiphysics approach, we reformulate the nonlinear poroelasticity problem, trans-

forming the original fluid-solid coupled problem into a fluid-fluid coupled system. We establish

the growth, coercivity, and monotonicity of the nonlinear stress-strain relation, derive energy

estimates, and apply Schaefer’s fixed-point theorem to prove the existence and uniqueness of

a weak solution. We also design a fully discrete time-stepping scheme using the multiphysics

finite element method with P2 − P1 − P1 element pairs for spatial variables and the backward

Euler method for time, and derive optimal convergence order error estimates. To the best

of our knowledge, this is the first demonstration of the existence and uniqueness of a weak

solution based on a multiphysics approach without assumptions on the nonlinear stress-strain

relation, and the analysis of this fully discrete multiphysics finite element method for nonlinear

poroelasticity is entirely novel.
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