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Abstract

In this paper, we propose and analyze a multiphysics finite element method for a non-
linear poroelasticity model. To more effectively capture the deformation and diffusion pro-
cesses, we reformulate the original nonlinear fluid-solid coupling problem into a fluid-fluid
coupling problem using a multiphysics approach. We then establish the growth, coercivity,
and monotonicity properties of the nonlinear stress-strain relation, derive energy estimates,
and use Schaefer’s fixed point theorem to prove the existence and uniqueness of the weak
solution. Furthermore, we design a fully discrete time-stepping scheme — multiphysics fi-
nite element method with P2 — P; — P; elements for spatial variables and the backward
Euler method for time variable. To handle nonlinearity, we employ the Newton iterative
method, establish discrete energy laws and give the optimal convergence order error esti-
mates. Finally, we show some numerical examples to verify the rationality of theoretical
analysis and the proposed method has no “locking phenomenon”.

Mathematics subject classification: 65N30, 65N12.
Key words: Nonlinear poroelasticity, Stokes equations, Multiphysics finite element method,
Schaefer’s fixed point theorem, Error estimates, Locking phenomenon.

1. Introduction

The poroelasticity model, a fluid-solid coupled system at the pore scale, is widely used in
fields such as geophysics, biomechanics, civil engineering, chemical engineering, and materials
science (cf. [3,13,15,20-22,25,28,30,37]). There are various types of nonlinear poroelasticity,
including the models with stress-dependent permeability tensors (cf. [4,5,9,10,16,29,38]) and
those with nonlinear constitutive stress-strain relationships for solids (cf. [2,11,23]). This paper
specifically considers a quasi-static nonlinear poroelasticity model with a nonlinear stress-strain
relationship as follows (for the linear poroelasticity model, one can refer to [18,31]):

—divé(u) +aVp = f in Qr:=Qx(0,7) c R x (0,T), (1.1)
(cop + adivu); +divvy =¢ in Qrp, (1.2)
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where
&(u) = pé(u) + Atr(E(n))I,  &(u) = %(Vu +VTu+Viuvu), (1.3)
K
vy = *’u—f(vpfpfg)- (1.4)

Here Q C R4 (d = 2,3) denotes a bounded polygonal domain with the boundary 9. &(u) is
known as the Green strain tensor, u denotes the displacement vector of the solid and p denotes
the pressure of the fluid. I denotes the d x d identity matrix. f is the body force and ¢ is the
source term. The permeability tensor K = K(z) is assumed to be symmetric and uniformly
positive definite in the sense that there exists positive constants K7 and K5 such that

Ki|¢]? < K(z)¢ - ¢ < Ka|¢|?

for a.e. x € Q and any ¢ € R%; the fluid viscosity, Biot-Willis constant and constrained specific
storage coefficient are uy, o, ¢o, respectively. In addition, &(u) is called the (effective) stress
tensor. vy is the fluid flux and (1.4) is called the well-known Darcy’s law. py is the density of
fluid and g is the acceleration of gravity. A and p are Lamé constants, o(u,p) := &(u) — apl is
the total stress tensor.

To close the above system, the following set of boundary and initial conditions will be
considered in this paper:

o(u,p)n =6(u)n —apn = f; on 90y =900 x (0,T), (1.5)
K

vf~n:f’u—f(fopfg) ‘n=¢; on JQp, (1.6)

u=uy, p=Uug in Q x {t =0}, (1.7)

where f1, 1 and ug, uy are given functions.

In some engineering literature, the Lamé constant p is also called the shear modulus and
denoted by G, and B := A 4+ 2G/3 is called the bulk modulus. A, u and B are computed from
the Young’s modulus F and the Poisson ratio v by the following formulas:

5\ = FEv Cou=G= E . B= E _
(I1+v)(1-2v) 2(1+v) 3(1—2v)

For linear poroelasticity, Showalter [35] analyzed the well-posedness of the weak solution
to a linear poroelasticity model. Phillips and Wheeler [31, 32] introduced and analyzed both
continuous- and discrete-time mixed finite element methods for poroelasticity, which approxi-
mate pressure, its gradient, and the displacement vector field simultaneously. They noted that
the continuous Galerkin finite element method is prone to “locking phenomenon”. Feng, Ge and
Li [18] developed a multiphysics finite element method to eliminate the above mentioned “lock-
ing phenomenon” and displacement “locking phenomenon”. Following the approach of [18], we
firstly reformulate the original model and prove the growth, coercivity and monotonicity of non-
linear operator N'(Vu) for the nonlinear poroelasticity model with the stress-strain relation ¢ (u)
(see (1.3)). We then derive energy estimates and use Schaefer’s fixed-point theorem to prove the
existence and uniqueness of a weak solution for the nonlinear model without any assumptions
on the nonlinear stress-strain relation. Additionally, we propose a fully discrete multiphysics
finite element method for the nonlinear poroelasticity model by using the Py — P, — P; element
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pairs for space variables and backward Euler method for time variable. And we derive the dis-
crete energy estimates, show that the existence and uniqueness of the numerical solution, give
the optimal convergence order error estimates of the time-stepping method. To our knowledge,
it is the first time to establish the existence and uniqueness of a weak solution without any
assumptions on the nonlinear stress-strain relation, propose a fully discrete multiphysics finite
element method, and derive optimal order error estimates for a nonlinear poroelasticity model.
In a word, we summarize the contributions of this paper as follows:

(1) Introducing the variables ¢ = divu, n = cop+ ag,{ = ap— \g, we transform the nonlinear
fluid-solid coupled problem to a nonlinear fluid-fluid coupled problem — a generalized
nonlinear Stokes problem coupled with a diffusion problem. Consequently, any modified
stable solver for the Stokes problem and any Lagrange element for the diffusion problem
can be applied.

(2) We establish the growth, coercivity, and monotonicity of the nonlinear stress-strain rela-
tion, derive energy estimates, and use Schaefer’s fixed-point theorem to prove the existence
and uniqueness of a weak solution with no any assumptions on the nonlinear stress-strain
relation.

(3) We propose a fully discrete multiphysics finite element method for the nonlinear poroelas-
ticity model, using Po — P; — P; element pairs, which inherently overcomes the “locking”
phenomena of pressure and displacement. We also perform a stability analysis and derive
optimal convergence order estimates.

The remainder of this paper is organized as follows. In Section 2, we use a multiphysics
approach to reformulate the original model as a fluid-fluid coupled system and define the weak
solutions for both the original and reformulated models. We then establish the growth, coer-
civity, and monotonicity properties, derive energy estimates, and apply Schaefer’s fixed-point
theorem to prove the well-posedness of the weak solution for the nonlinear poroelasticity model.
In Section 3, we introduce and analyze coupled and decoupled time-stepping schemes based on
the multiphysics approach, deriving the discrete energy law. In Section 4, we prove that the
time-stepping method achieves the optimal convergence order. In Section 5, we present some
numerical examples to verify the theoretical results. Finally, we draw conclusions to summarize
the main results of this paper.

2. Multiphysics Approach and PDE Analysis
2.1. Multiphysics approach
Introduce new variables q := divu,n := cop + aq, & := ap — Agq, and denote
N(Vu) =6 (u) — Adivul,

then we have \
N(Vu) = pe(u) + %VTuVu + S Ivul3L, (2.1)

where

g(u) = %(VTu + Vu).
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It is easy to check that

p=r&+Kan, q= k11— K3k, (2.2)
where
«@ A Co
Kl=———, ko=—F5—, K3=—5—.
YT 0 ) T 240’ T a2+ M
Then the problem (1.1)-(1.4) can be rewritten as
—divN(Vu)+ V¢ =T in Qr, (2.3)
k3 +divu = k17 in Qr, (2.4)
1 . .
n — M_fdlv [K(V(mf + Kom) — pfg)] =¢ in Q. (2.5)
The boundary and initial conditions (1.5)-(1.7) can be rewritten as
F(u)n — a(k1€ + ken)n = f; on IQp =900 x (0,T), (2.6)
K
—M—f(V(Iﬁf + Kon) — psg) m=¢1 on 07, (2.7)
u=1uy, p=po in Qx {t=0}. (2.8)

Remark 2.1. From the problem (2.3)-(2.8), it is well known that (u, &) satisfies a generalized
nonlinear Stokes problem for a given 7, and 7 satisfies a diffusion problem for a given £ and u.
Thus, this new formulation reveals the underlying diffusion process in the original poroelasticity
model.

2.2. PDE analysis

In this paper, the standard function space notation is adopted, their precise definitions can
be found in [7,12,36]. In particular, (-,-) and (-,-) denote respectively the standard L?(Q)
and L2(0Q) inner products. For any Banach space B, we let B = [B]?, and use B’ to denote
its dual space. In particular, we use (-,)dual to denote the dual product on H*(Q)" x H(€).
We also introduce the function spaces

L3(Q) = {qg € L*(Q); (¢,1) =0}, X :=H'(Q).
From [36], it is well known that the following inf-sup condition holds in the space X x L3(f):
div v,
(Y9 5 o gllisy. Vo € LY@, a0 >0 (29)
vex [vla @

Let
RM = {r:=a+bxuz; ab,zcR%}

denote the space of infinitesimal rigid motions. It is well known [7,24,36] that RM is the kernel
of the strain operator ¢, that is, r € RM if and only if e(r) = 0. Hence, we have

e(r)=0, divr=0, VreRM. (2.10)

Let L% (092) and H! (Q) denote respectively the subspaces of L?(99Q) and H'(Q) which are
orthogonal to RM, that is,

H! (Q) := {veH'(Q); (v,r) =0, Vr € RM},
L% (09) := {g € L*(00); (g,r) =0, Yr € RM}.
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The well-known Korn’s inequality [14] yields that for some ¢y > 0,

Wiy < callz)llnzey, ¥v € HL(Q). (2.11)
From [6, 18], we know that for each v € H! () there holds the following inf-sup condition:

divv,
sup (7('0) > aillelle@), Yee L%(Q), ap > 0. (2.12)
veH! () ||VHH1(Q)

For convenience, we assume that f,f;, ¢ and ¢, all are independent of ¢ in the remaining
of the paper. We note that all the results of this paper can be easily extended to the case of
time-dependent source functions. Next, we introduce the definitions of the weak solution to the
problem (1.1)-(1.7) and (2.3)-(2.8) as follows.

Definition 2.1. Letuoe H'(Q),feL?(Q), f; e L?(99), po € L*(Q), p€ L*(Q), and ¢y € L*(09).
Assume that co > 0 and (f,v) + (f1,v) =0 for any v.€ RM. Given T > 0, a tuple (u,p) with

ue L>(0,T;HY(Q)),
p € L>(0,T;L*()) NL*(0,T; H(Q)),
(cop + adivu), € L*(0,T; H'(Q)')

is called a weak solution to the problem (1.1)-(1.7), if there hold for almost every t € (0,T],

(N(Vu),e(v)) + A(divu,divv) — a(p,divv) = (f,v) + (f1, V), Vv e HY(Q), (2.13)
((cop + adivu), ) 40 + %(K(Vp —ps8), Vo) = (6,0) + (d1,9), VoeH(Q), (2.14)
u(0) = ug, p(0) = po. (2.15)

Definition 2.2. Letuge H'(Q2),feL?(Q), f; € L2(99),po € L?(Q), o€ L2(2), and ¢1 € L2 (09).
Assume that cg > 0 and (f,v) + (f1,v) = 0 for any v.€ RM. Given T > 0, a tuple (u,&,n)
with

ue L>(0,T;HL(Q)),
€€ L>(0,T; L*(9)),
n € L>(0,T;L*(9Q))
q € L>(0,T;L*(Q))

p € L>*(0,T; L*(Q)) N L*(0,T; H'())

NH'(0,T; H'(Q)),

)

is called a weak solution to the problem (2.3)-(2.8), if there hold for almost every t € (0,7,
(N(Vu),e(v)) = (&, divv) = (£,v) + (f1,V), Vv e HY(Q), (2.16)
k3(&, @) + (divu, o) = K1(n, @), VoeL*(Q), (217)

1
(nt; Q/J)dual + ,Lt_f (K(V(H1€ + ’i277) - /)fg)aVQ/J) = (¢a (10) + <¢15 (10>a V(P € Hl(Q)a (218)

p = ki€ + kKo,  q:= K1 — K3, (2.19)
1n(0) = no = copo + aqo- (2.20)
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Let
G(w) = pé(w) + Mr(é(w))I, 6(z) = pé(z) + \r(£(z))L, Vw,z € H(Q),

we establish the growth, coercivity, and monotonicity of the nonlinear stress-strain relation as
follows.

Lemma 2.1. There exist positive constants C1,Cs, Cy such that

N (VW) L2(0) < Crlle(W)|l 220, (2.21)
(N(V(W)),e(w)) = Calle(W)[ 720 (2.22)
(N (V(W)) =N (V(2)),e(w) —(2)) > Culle(w) — e(2)72(q)- (2.23)

Proof. From [39], we know that ||[Vw]|| r is bounded and the bound is positive, that is, there
exist two positive constants M and D such that M < |[|[Vw||r < D.
Using the Cauchy-Schwarz inequality, the definition of norm, Korn’s inequality, we have

uD  \dD

N sy < e2 (14 2 + 257 el (2.21)

Taking Cy = co(p + uD/2 + \W/dD/2) in (2.24), we see that (2.21) holds.
Using (2.24), we have

A D )\\/ED
HHVTWwaL S IVwlZT < @(H >||€(w)|Lz(Q). (2.25)
2 2 o) 2 2
It is easy to check
1
5[(0‘ + ba a+ b) - (a’a a‘) - (ba b)] = (av b)a (226)
2
|z + y||L2(Q (1]l L2y — 1yl L2(0))
> ||zll72(q) — W72 if and only if ||z[|z2(0) < lyllr2)- (2.27)
Using (2.25)-(2.27), we get
uD )\\/_D
WEw).ew) = (155 + 257 Il (2:28)

Taking Cy = 1 — c2(uD/2 + A\ dD/2) by choosing a suitable D such that Cy > 0, we see that
(2.22) holds.
Using the triangle inequality and (2.11), we have

A A
%vavw - gVTsz + S IVw(F1 - 5[ Va| 3.1

L2(Q)

IN

A A
gvavw - gVTsz SIVw|F1 = S|Vl

L2(Q) H L2(Q)

%VTWVW — gVTWVZJr%VTWVZ* %VTZVZ

A A
+|FIvwizT- Fival

L2(2) L)
D D
< Lo VW = Val 12(0) + 5 IVW = Va| 12(0) + AVAD | Vw = V|20

< ea(uD + AVD) =(w) — £(2) |20y (2.20)
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Using (2.26), (2.27) and (2.29), we have
N(V(W)) =N (V(2)),e(w) — () = (1~ c2(uD + \WdD))||e(w) — e(2)||72(q)-  (2:30)

Taking Cy = pu — co(D + A\V/dD) by choosing a suitable D such that Cy > 0, we see that (2.23)
holds. The proof is complete. O

Lemma 2.2. There exists positive constant C3 such that
IN(VW) = N(Vz)|12(0) < Cslle(w) — e(2)[12(0)- (2.31)
Proof. Using the Cauchy-Schwarz inequality and (2.11), one has
N (Vw) — N(VZ)HL?(Q)

P Iz A A L 1%
= H§VTWVW — §VTZVZ + §HVW||%7I — §HVZ||%I + §€(W) - 55(z)

< (n+ c2(uD + AVdD)) [e(w) — £(2)]| 20 -
Taking C3 = p1 + co(uD 4 A\/dD), then we deduce that (2.31) holds. O
Next, we present that the weak solution of the problem (2.13)-(2.15) satisfies a energy law.

Lemma 2.3. Every weak solution (u,p) of the problem (2.13)-(2.15) satisfies the following
energy law:

t

1 t t
B0)+ - [ (b~ pse). Vi) ds - /O (6.p) ds — /0 (61,p) ds = E(0) (2.32)

for all t € [0, T], where
114 2 .
E(t):= 5 [CHE(U(U) 2 + Aldivu(®)[[72q) + collp®)ll72(0

—2(f,u(t)) — 2(fy, u(t)}} , (2.33)

and C'is a positive constant satisfying C; < C < Cs.
Moreover, there holds

| (cop + adivu)il|z2(0, 1)1 ()

1
< H—fHKVP = prgllreo,ry2 ) + 1@ll2 o) + o1l 2200y < oo. (2.34)

Proof. Tt is enough to prove the case of u; € L2((0,7);L?(2)) for that the general case
can be converted into this case using the Steklov average technique (cf. [26, Chapter 2]). From
(2.21) and (2.22), we deduce that there exists C' satisfying C; < C' < Cy such that

(NM(Vu), Vu) = (N(Vu),e(u)) = C(c(u),e(u)). (2.35)
Setting v = u; in (2.13) and ¢ = p in (2.14), we get
(N(Vu),e(uy)) + A(divu, divu) — a(p, divuy) = (f,w) + (i, w), (2.36)

((cop + adiv ), p(t)) + Mif (K(Vp —psg), Vp) = (¢,p) + (¢1,p). (2.37)



8 7Z.H. GE AND W.L. HE

Adding the above two equations, using (2.35) and integrating over the interval (0,t), we have

t

E(t) + — / (K(Vp — pyg), Vp) ds — / (6.p) ds — / (61, p) ds = E(0), (2.38)

K

which implies that (2.32) holds. Eq. (2.34) follows immediately from (2.32) and (2.14). The
proof is complete. 0

Likewise, using a similar argument to Lemma 2.3, we obtain that the weak solution of the
problem (2.16)-(2.20) satisfies a similar energy law as follows, here we omit the details of its
proof.

Lemma 2.4. Every weak solution (u,&,n) of the problem (2.16)-(2.20) satisfies the following
energy law:

t
J(t) + Mif/o (K (V(k1€ + K2n) — prg), VE1€ + ko) ds
t t
— / (¢, k1€ + Kan) ds — / (¢1, k1€ + Kan) ds = J(0) (2.39)
0 0

for all t € [0,T], where

T = 5 [Clle(t) 22 + 2O ey + sl €03y — 2(E,m(0)) — 2061, u(t))] - (2.40)
Moreover, there holds
[1ell 22 (0, 7); 01 02
< uifIKV(mE + k2n) = pr8llL2(0,m);22(0)
+19llz2) + 191l L2(00) < 0. (2.41)
From Lemma 2.4, we immediately obtain the following stability estimates.
Lemma 2.5. There exists a positive constant
C1 = Ci(lwoll e, Ipoll 22y 1€l 220y, 1l 2200 8]l L2, 161l £2(00))
such that

\/EHE(U-)HL“((O,T);LZ(Q)) + VE2 |1l Loe (0,7 L2(02))

[k, ,
+ VE3l€ll Lo 0,m);02(0)) + M_f”vPHLZ((O,T);L?(Q)) < Ch, (2.42)
Iull ooz < Cry Iplnsqo.m)r2y) < Ci(k3 + kikg ?), (2.43)
IpllL2co.myzz@) < Cu €2z @) < Ciny (14 £3). (2.44)

Furthermore, by leveraging the nonlinearity of the PDE system, we obtain the following
priori estimates for the weak solution of the problem (2.16)-(2.20).
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Lemma 2.6. Suppose that ug and py are sufficiently smooth, then there exist positive constants
Cy = 62(617 Vool L2(e)) Cs = 63(61762, ol 2 (0 ol 20

such that
VEe(ua)ll 2oy 12 + VRz el L2,y 02)

K ,
+ Vsll&ell 20,1y L2(0)) + HM_;HVPHLOC((O,T);L?(Q)) < Cy, (2.45)

\/EHE(ut)||L°°((O,T);L2(Q)) + VE2 el Loe (0,1 2(02))

K ,
+ VE3ll&ll Lo 0,1):22 () + HM_flnvptHLZ((O,T);LZ(Q)) < (s, (2.46)

Ko .
el 20,7y 1 () < ”M_fQCB' (2.47)

Proof. Following the proof of Lemma 2.1, we know that there exist C; and Cy such that

IN: (V)| 20y < Crlle(ud)ll L2 (o), (2.48)
(Ne(Vu),e(wr)) = Colle(ur)[Z2(q)- (2.49)

Using (2.48) and (2.49), we deduce that there exists a positive constant C' satisfying C; <C < Cs
such that
(M(Vu), Vi) = (M(Vu),e(uy)) = C(e(uy), e(uy)). (2.50)

Differentiating (2.16) and (2.17) with respect to ¢, taking v = u; and ¢ = & in (2.16) and
(2.17) respectively, and adding the resulting equations, we have

(Ne(Vu),e(wy)) = (g1, &) = ma(ne, &) — ’*3”516”%2(9)- (2.51)

Setting ¥ = p; = k1& + komy in (2.18), we get

K d d
2, — — 2 iy = — . 2.52
K1 (N, &) + Kallnell220) + 27 dt”vP Pr8llzzc) dt[(¢’p) + (¢1,p)] (2.52)

Adding (2.51) and (2.52), using (2.50) and integrating from 0 to ¢, we have

K t o
%”Vp(t) - pfg”%?(ﬂ) +/0 [C(E(u)vs(ut)) + H2||nt||%2(ﬂ) + fingt”%Q(Q)] ds
K
= 5, 1VP0 = pr8ll720) + (6,p(t) = po) + (b1, p(t) = po),

which implies that (2.45) holds.
Differentiating (2.16) one time with respect to ¢ and setting v = uy, differentiating (2.17)
twice with respect to ¢t and setting ¢ = &, and adding the resulting equations, we get

d
(Ni(Vu),e(uy)) = (gue, &) = k1 (e, &) — %EH&HQLQ(Q). (2.53)
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Differentiating (2.18) with respect ¢ one time and taking ¥ = p; = k1& + Kan, we get

Iigd

1
Hl(ntt,gt) + ?E”Ut”QL%Q) + ’u—f(Kth, th) =0. (254)

Adding (2.53)-(2.54), using (2.50) and integrating from 0 to ¢, we obtain

C 2 Ko K3 1 [t
g‘le(ut(t))HLZ(Q) + 7”%@)”%2(9) + 7”&(15)”%2(9) + M_f/o (K'Vps, V) ds
c 2
= S lle @)z + F2llme 072 0) + #sll&(0) 720y (2.55)

which implies that (2.46) holds. Eq. (2.47) follows immediately from the following inequality:

1 Ko
(e, ) = ——(K'Vpy, Vib) < —=[|Vpi|l L2 [Vl 2(0),

K K

(2.46) and the definition of the H'(2)’-norm. The proof is complete. O

Remark 2.2. The above estimates require py € H'(Q),u:(0) € L2(Q),1,(0) € L*Q) and
&:(0) € L?(Q). The values of u;(0),7:(0) and &(0) can be computed using the PDEs as follows.
It follows from (2.18) that 7:(0) satisfies

n:(0) = ¢ + idiv [K(Vpo — psg)]-
K

Hence, 1:(0) € L?(Q2) provided that py € H2(€2). To find u;(0) and &(0), differentiating (2.16)
and (2.17) with respect to ¢ and setting ¢ = 0, we get

—divN (Vu(0)) + V&(0) =0 in Q,
k3&:(0) + divug (0) = k1m:(0)  in Q.
Hence, u(0) and &:(0) can be determined by solving the above generalized Stokes problem.
The next lemma shows that the weak solution of the problem (2.16)-(2.20) preserves some
“invariant” quantities, it turns out that these “invariant” quantities play a vital role in the

proof of existence and uniqueness of the weak solution to the reformulated problem.

Lemma 2.7. Every weak solution (u,&,n) of problem (2.16)-(2.20) satisfies the following en-

ergy laws:
Cy(t) = (n(,1),1) = (m0, 1) +[(4,1) + (@1, 1)]t, >0, (2.56)
Ce(t) = (£(-,1),1) = di@ [(N(Vu),I) + 51Cy(t) — (divu,1) — (£,x) — (fi,x)], (2.57)
Cy(t) := (q(-,1),1) = k1Cy(t) — r3Ce(t), (2.58)
Cp(t) == (p(, 1), 1) = k1 Ce(t) + kaCy (), (2.59)
Cu(t) := (u(-,t) -n, 1) = Cy(t) (2.60)
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Proof. We first notice that (2.56) follows immediately from taking ¢ = 1 in (2.18). To prove
(2.57), taking v = x in (2.16) and ¢ = 1 in (2.17), which are valid test functions, and using the
identities Vx =1, divx = d, and £(x) = I, we get

(NM(Vu),I) =d(&,1) + (£,x) + (f1, %),
(divu,1) = k1(n, 1) — k3(&, 1).

It is easy to check that

1

Ce(t) == (£(-1),1) = i

[(N(Vu),I) + 1Cy(t) — (divu, 1) — (f,x) — (f1,x)],

which implies that (2.57) holds.

Finally, since ¢ = k11 — k3&,p = k1€ + ka1, (2.58) and (2.59) follow from (2.56) and (2.57).
Eq. (2.60) is an immediate consequence of ¢ = divu and the Gauss divergence theorem. The
proof is complete. O

With the help of the above lemmas, we can show the solvability of the problem (1.1)-(1.7).

Theorem 2.1. Let ugpe H(Q),feL?(Q),f; eL2(09Q),po € L2(Q), o€ L*(Q2), and ¢1 € L*(09Q).
Suppose ¢ > 0 and (£,v) + (f1,v) = 0 for any v € RM. Then there exists a unique weak
solution to the problem (1.1)-(1.7) in the sense of Definition 2.1. Likewise, there exists a unique
weak solution to the problem (2.3)-(2.8) in the sense of Definition 2.2.

Proof. Firstly, using the Schaefer’s fixed point theorem [17, Theorem 4] and the existence of
the weak solution of linear poroelasticity model, we can prove the existence of a weak solution
of the problem (2.16)-(2.20). Here we omit the more details.

Secondly, we prove that the problem (2.16)-(2.20) has a unique solution. Lemmas 2.5 and 2.6
give the priori estimates for the weak solution. Since

Cy(t) = (n(-,),1) = (o, 1) + [(¢,1) + (¢1,1)].

It is easy to check that 7 is unique. We assume that (uy,&1,m1) and (ug, {2, 72) are the different
solutions. Using (2.16) and (2.17), we obtain

(N (Vuy) = N(Vuz),e(v)) — (& — &, divv) =0, Vv, € H'(Q), (2.61)
k3(&1 — &2, ) + (divuy —divug, ) =0, Yn € L*(Q). (2.62)

Adding (2.61) and (2.62), letting v = u; — ug, ¢ = & — &2, using (2.23), we have
0 < Calle(wr) — e(u2)||72(q) + wallér = &l 72y = 0. (2.63)
Using (2.63) and the initial value ug, we obtain
u; =uy, & =&
Since p = k1€ + kam, ¢ = K11 — K3&, so we have
b1 =PpP2, ¢1=Q2.

Hence, the solution of the problem (2.16)-(2.20) is unique. The proof is complete. O
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3. Fully Discrete Multiphysics Finite Element Method

3.1. Formulation of fully discrete finite element method

Let T be a quasi-uniform triangulation or rectangular partition of  with maximum mesh
size h, and Q = UICeTh K. The time interval [0, 7] is divided into N equal intervals, denoted
by [tn-1,tn],n =1,2,...,N, and At = T'/N, then t, = nAt. In this work, we use backward
Euler method and denote dyv™ := (v — v~ 1) /At.

Also, let (X}, M},) be a stable mixed finite element pair, that is, X; C H'(Q) and M, C L?(2)
satisfy the inf-sup condition

divvy,
sup (divvn, on) > Bollenlla)s  Von € Mo = M N L5(Q),  Bo > 0. (3.1)

viexX, |[Vallmi ()

A well-known example is the following so-called Taylor-Hood element (cf. [1,8]):

X, = {vi € C°(Q); valx € P2(K), VK € T},
My = {pn € C°(@); palx € P1(K), VK € Tr}.

Finite element approximation space W} for n variable can be chosen independently, any
piecewise polynomial space is acceptable provided that W} D M}, the most convenient choice
is Wh = Mh.

Define

Vh = {Vh S Xh; (Vh7r) = Oa Vr e RM}7

it is easy to check that X;, = V;, @ RM. It was proved in [19] that there holds the following
inf-sup condition:

diVVh, h
sup (divvn, on) > Billenll2),  Yeon € Mop, 1> 0. (3.2)
vievy IVallm o)

Also, we recall the following inverse inequality for polynomial functions [7,8,12]:
IVenllczy < eth Henllziy,  Yen € P(K), K€ T (3.3)

Now, we give the fully discrete multiphysics finite element method for the problem (2.3)-
(2.8).

Multiphysics Finite Element Method (MFEM)
(i) Compute u)) € V;, and ¢f) € W), by

0 0
u;, = Rpug, pp, = Qnpo,

where R, and Qp,, respectively, denote the elliptic and L? projection operator (see (4.1)
and (4.4)).

(ii) For n =0,1,2,..., do the following two steps:
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Step 1. Solve for (ujt*, & nitt) € V), x My, x W), such that

(N(VuZ"’l),s(vh)) — ( Z‘H,divvh)

= (fa Vh) + <f1; Vh)a VV}L € Vha (34)
/13( Z+1,<Ph) + (div uZJrl,(ph)
=K1 (T]Z+9, gah), Vgﬁh € My, (3.5)

1
(dem ™t bn) + M_f(KV (& + koY) — prg, Vi)

= (¢ tn) + (1, ¢n), Ve € Wh, (3.6)

where 8§ =0 or 1.

Step 2. Update pZH and qZH by

n+1l n+1 n4-60 n+1l _ n+1 n+1
I ’flfh +Ramy T, QT = KAy, — “35}1 . (3-7>

Remark 3.1. The Newton’s iterative method to solve the nonlinear Stokes problem (3.4)-(3.5)
when 0 = 0 is

— (AVuy : VupLe(vy)) + (£, va) + (f1,vi) + k1 (77,?‘"9, ©n)
= p(e(up™),e(vp)) + w(VTut vul, e(vi)) + p(Viapvutt e(vy))
—p(VTupvuy,e(vi)) + (2AVuy : (Vupt — vup)Le(vy))
— (& divva) 4+ k3 (& on) + (divup ™ on). (3.8)

Remark 3.2. The MFEM gives a built-in mechanism which can adopt any stable solver for
Stokes problem and any Lagrange element for the diffusion problem, and there is no “lock-
ing phenomenon”. The numerical tests of Section 5 show that MFEM has no “locking phe-
nomenon” .

3.2. Stability analysis

The primary goal of this subsection is to derive a discrete energy law which mimics the PDE
energy law. Before discussing the stability of MFEM, we first show that the numerical solution
satisfies some constraints and discrete energy law.

Lemma 3.1. Let {(u}, &, ) }n>0 be defined by the MFEM, then there hold

(77,?, 1) = Cp(tn), n=20,1,2,..., (3.9)
(&}T;al) :Cf(tnfl+9>a n:179,1, PR (310)
(up 0, 1) = Cultp-149), n=1-10,1,2,.... (3.11)

Lemma 3.2. Let {(u}, &), n))}n>0 be defined by the MFEM, then there holds the following
equality:
J}l{r()l + S}ljjol - JI?,O? l 2 05 0= 05 17 (312)
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where

JHEL =

= Ol g+l oy + sl ey 206 0007) = 26w

| =

HQAt fig At

l
At - .
S}lj‘el = Atz |:?CHdt€( +1)HL2(Q)

n=0

= |ldeny +9HL2(Q) ——|ld:&y +1||12(Q)

1
— (o, pp™) = {1, p"+1>+u—f(KVpZ“ Kpsg, Vpp™)

HlAt

— (=6 1if

(Kd, Ve, vppth|.

Proof. () When 6 = 0, based on (3.5), we can define 1, ' by
ru (s on) = ks (6, on) + (divuy, on). (3.13)
Setting vj, = dyu) ! in (3.4), we have
(N (Vupt™), e(deay ™)) — (& divdeap ™) = (£, dpa) ™) + (£, deu) ™). (3.14)
Setting o, = £ in (3.5), we get
k(e ) + (divdea) T G = ke (e, ). (3.15)

Setting ¥y, = py ! in (3.6) after lowing the super-index from n + 1 to n on both sides of (3.6),
we get

(deny, ”*1)+$(K(V(n1§;’f+mnﬁ)pfg) Vot = (6,00 ) + (o1, pp). (3.16)

Using the fact of

At

(degp ) = Hdt@?“”m @ T dtngJrlHLZ(ﬂ

we can rewrite (3.15) as

H3At

HdthHHB @ T dtHfZ“Hp @ (div dpu)tt, ZH) = k1 (dempy, n+1)_ (3.17)

Similarly, we get

Kot "
— ||dt77h||L2(Q) dtH”hHM(Q)Jr“l(dt”h’ i

A
+U—f( (Vo = prg), V1) — 2 ft(KdtVE;’Z“,VpZ“)
= (¢.pp ") + (o1, 00 ). (3.18)

Adding (3.14), (3.17) and (3.18), using (2.35) and applying the summation operator At ZL:O
to the both sides of the resulting equation, we see that (3.12) holds.
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(i) When 6 = 1, setting ¢, = &' in (3.5) and ¥y, = p}™ in (3.6), we get

K3 At " K " " "
: ||dt§h+1||L2(Q) ;dtHthHiZ(Q) (div dpuy ™, &)
= K1 (dtnn-‘rlv n+1)a (319>
K At "
Sl Gy + el ey

1
() 2 (K (VR pre) VAR

= (6, p)™) + (61,51 ). (3.20)
Adding (3.14), (3.19) and (3.20), using (2.35) and applying the summation operator At Z;:O
to the both sides of the resulting equation, we deduce that (3.12) holds. U

Lemma 3.3. Let {(u},&, ) }n>0 be defined by the MFEM with 0 = 0, then there holds the
following inequality:
J}l{,%l + S}l:,rol < ‘]}?,Oa >0 (3.21)

provided that At = O(h?). Here

l
. At - . K o,
S50 = 803 [ Sl o + —QH;uvPh“Hizm
n=0

H3At

At
m Hdtn +9HL2 )

[Casan > = (Kpse Vo) — (00) — (o0,

Proof. Using the Cauchy-Schwarz inequality, Young inequality and inverse inequality (3.3),
we get

HlAt

(Kd V§Z+1 Vanrl)

K22 n K .
<ok ||V‘E Ve @ g ; ||V P

K K33 a2 .
= 2K2 ulfi;HE o thLZ(Q) + ﬁHVthHp(Q)- (3.22)

To bound the first term on the right-hand side of (3.22), we appeal to the inf-sup condition
(3.2) and (3.4), (2.31) get

(divvp, &7 — &)

n+1 n i
Hf ‘fh”m(sz) h Vfggh HVVhHLZ(Q)
L (V) - N (V) ()
= — sup
"~ Bivnevs, [Vvallr2(a)
C At
< - Hdt n+1 HL2 Q)" (3.23)

Substituting (3.23) into (3.22) and combining it with (3.12) imply that (3.21) holds if

CKypyBih?
At < GoIE
205k7K5¢f

The proof is complete. O
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With the help of Lemmas 3.1-3.3, one can check that the following Theorem 3.1 holds. Since
the proof of Theorem 3.1 is similar to Theorem 2.1, here we omit the more details.

Theorem 3.1. The numerical solution {u} ™', &1 01}, 50 of the problem (3.4)-(3.6) exists
uniquely.

4. Error Estimates

To derive the optimal order error estimates of the fully discrete multiphysics finite element
method, for any ¢ € L?(12), we firstly define L?(£2)-projection operator Qj, : L*(2) — X by

(Qnp,¥n) = (s ¥n), i € XF, (4.1)

where X}}f = {’l/)h S CO; 7/)h|E S Pk(E>, VE € 7;1}
Next, for any ¢ € H'({2), we define its elliptic projection Sy, : HY(Q) — X} by

(KVShp,Von) = (KVp,Vor), Yen e XF, (4.2)
(Sh% ((pa 1)

Finally, for any v € H(Q), we define its elliptic projection R;, : H'(Q) — V¥ by
(e(Ruv),e(wn)) = (e(v),e(wr)), Vwy € V), (4.4)

where

Z = {Vh S CO; Vh|IC S Pk(K:), (Vh,I') =0, Vr e RM},
k is the degree of the piecewise polynomial on K. From [7], we know that Qp, Sy and R, satisfy
19—l L2(0) +hIIV(Qup—¢) L2(0) SO H @l rovi ey, Ve HTH(Q), 0<s<k, (4.5)
ISho—¢llL2(0) +RIV(Shp—=9) | 20) SCR gl o), YoeH*TH(Q), 0<s<k, (4.6)
IRV =Vl 2(0) +AIV(RV =) 2(0) SCA V] gesr), VVEH(Q), 0<s<k. (4.7)

To derive the error estimates, we introduce the following notations:

By =u(t,) —uy, EQ =&(tn) — &, E:; =n(tn) —
Eg = p(tn) —PZ, Eq = Q(tn) - QZ-

Also, we denote

E:;:Utn (
E} = p(tn) — Qu(p(tn)) + Qu(p(tn)) — pi == F)' + G},
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Lemma 4.1. Let {(u},&), ) }n>0 be generated by the MFEM and Y}, Z7!, Y Zg Y, and Zy
be defined as above, then there holds

CAt At
14803 [ Sl + 2

Hg At

n 1 on on
[e2e +1HL2(Q) —’uf(VZp'H’VZp-H)}

l
=&+ ALY [(Fr divdy 25 ) = (divd, v, Get|
n=0
l l R
+ w1 (1 —0)(At) Z (dfn(tngr), GET) + At Z (Rp*, Zy )
n=0 n=0

l l

+ ALY (Gt Y - Fr (1) (An? Y Z—; (Kd, vzt v 2T, (4.9)
n=0 n=0

where the positive constant C satisfies Cy < C< Cs, and
on+1 . pn+l n+1 n—+1 n-+0
Zp = Fp — Yp + Hng + KQGn ,

1r- 2 2 2
gt = B} [CHE(ZIZ;FI)HB(Q) + '%QHG?GHL?(Q) + RBHG?AHLZ(Q)}’

n+1 1 tnte
Ry = _E/n o el

Proof. Subtracting (3.4) from (2.16), (3.5) from (2.17), (3.6) from (2.18), respectively, we get

(N (Vu(tngr)) = N(Vup™),e(vi)) — (BET divve) =0, Vv, € Vy, (4.10)
K3 (EgH#Ph) + (div EZT, op)
= R1 (E'Z]l+05 Sﬁh) + K’l(l - H)At(dtn(t’r%Fl)v goh)v v@h S Mha (411>

1
(d:EpT0 n) + P (KVE!*, Vi)

k1At
—(1-0) L (Kd:VE{T V) = (R yn), Yy, € Wh, (4.12)
Eg=0, E{=0, E;'=0. (4.13)

Using the definitions of the projection operators Qp, S, and R}, we have

(N(Vu(tngr)) = N(Vuptt),e(va)) — (GEH, divvy)

= (Fg“rl,divvh), Vvy € Vi, (4.14)
r3(GE™ on) + (div Z5 T, on)
= k1 (G0 on) (divY ™t on) + k1 (1 — 0)At(din(tns1), on), Vn € M, (4.15)

1 . At
(deGrt0 ) + u—f(szgH, V) — (1 — 9)“L

(Kd,VEZH, V)

= (Rp*",vn), Vin e W (4.16)
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Using (2.23) and (2.31), we know that there exists C satisfying Cy < C' < Cs such that
N (Valtasn) N (V) (b)) - (™))
= é(a(u(tnﬂ)) —e(up™),e(ultngr)) —e(up™)). (4.17)
Setting vy, = d; Z21 in (4.14), we have
(N (Vultn)) =N (Vupt),e(di Z3th)) — (GeH divd, Z ) = (FEH ddiv 207 (4.18)
Setting ¢p, = G?H after applying the difference operator d; to (4.15), we get
r3(deGEHY GEM) + (div (de 2 ), G
= k1 (d Gy, GYTY) — (div (d, Y ), GET)
+ k1 (1= O)At(d7n(tns1), GEHY). (4.19)
Setting
n n n n n+6
Y = ZpH = Byt Y 4 e G ra G
n (4.16), we obtain

KlAt

(G0, 2% — (11— 0)—— o (Kd, vz ng+1)+i(Kng+1,ng+1)

Ky
= (Ry*, Zp*). (4.20)

Adding (4.18)-(4.20), using (4.4) and (4.17), and applying the summation operator At Z;:O
to both sides, we see that (4.9) holds. The proof is complete. |

Theorem 4.1. Let {(u},&r,n)} be defined by the MFEM, then there holds

n>0

max [V (25| oy + VARG | gy + VRSIGE | 2y

0<n<

=

Atzo 0 ‘VZnJrlHLQ(Q) < Cvl(T)At + CVQ(T)h2 (421)

provided that At = O(h?) when 6 =0 and At > 0 when 0 = 1. Here

CL(T) = Cllnell 2 (o,my:20) + é||77ttHLQ((O,T);Hl(Q)/)a (4.22)
Co(T) = Cll&ellz2(0,1);m2(0)) + CllE N Lo (0,152 (2)) + Clnell 20,152 (02))
+ Cllnll oy + Cllull = o rysmr) + Clldivue| ooz (4.23)

Proof. Using (4.9) and the fact of Z0 =0, Zg =0 and Zn_l = 0, we have

gt +Atz [u (KVZiH w2ty 4 %Hdt (2 3200
n=0
K At n R At mn
ek +0||L2(Q) 32 HdtGg“HiZ(Q)

< Py + Py + Py +<I>4+<I>5, (4.24)
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where

1
D = At Z [(Fg“rl’div dth}“) _ (div d, Y+, G?ﬂ)},

n=0
l
Oy = k1 (1= 0)(A)> D (din(tnir), GEHY),
n=0
l
by = Atz (RZ+97zn+1),
n=0 .
By = (1-0)(A02 Y (KA, Ze T, V2,
n=0 f
l
by = Atz (dtG;lJrG’Y;)nJrl _ F;Jrl)_
n=0

Next, we estimate each term on the right-hand of (4.24). As for ®;, using Korn’s inequality,
Cauchy-Schwarz inequality, Young inequality and the inequality of

[divwl[r20) < crlle(W)llr2), Vw e HY (),

we obtain

Atz [(Fet divd, Zp ) = (divd Yy, Gt

Até . " 2
< Atz [l o + g vz
. n Lim
+ §||d1vdtyu +1||2L2(Q) + 5‘!05“\!;@)} (4.25)

When 6 = 0, using the integration by parts and d¢n(tg) = 0, we get

l
®y = k1 (A0 (d7n(tnsr), GET)

n=0

l
= m(AD? ) L (din(ts1), G Z dn(tne), di G | (4.26)

Using the Cauchy-Schwarz inequality, Young inequality and (3.2), we have

1
A (den(tipr), GETY)

IN

1
Al 2@ IGE | ay

1 (N(Vu(tHl)) fN(Vuﬁfl),s(vh)) — (FglJrl,diVVh)

1
—_— 2 e —— Su
AtHntHL ((t1,t141);2) B Vhel‘)/h IVVvall L2

IN

1
< B At 176l L2((tr 14205 {03"5(11“) HL2(Q) + C3H€(Yli+1) HLZ(Q) + CkHFfl+1 HLQ(Q)}

(Zl“)H

< Sl P—_—
= B2 NI L2 (41, t141)592) 41y At2 L2(Q)

¢ 2
* 4rq At? HE(Y‘iJrl)HLZ(Q) + 4At2 HFlHHLz Q) (4.27)
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MN

(din(tni1), diGETY)

3
Il
-

MN

[ din(tns1)ll 20| deGET? HLZ(Q

S
o

=~ 1

1 (N (Vu(tni1)) —diN (Vup ), e(va)) — (d FEH divvy)

< din(t, 2 — su
< z;H iN(tn+1) | 22(0) - 5w valoom)

n

l
1
< Z g, ldentin) o (Clldue (25| oy + Colldie (V) | oy + nlldeFE ey |

Q

c 0 c 0
_2H77tHL2((OT) L2(Q)) ‘*‘Z [—Hdt"f(z H)Hm(n Tm"th(Yqul)"i?(sz)

,_.

c na12
+ (129

The term of ®3 can be bounded by

At Z (R0, Zn )

< Atz (el PP

n=0

l
K xn If | o
< Atz_;) {MHVZ,)“H;(Q) + ffHRhMH?P(Q)’}

At
i (4.29)

l
K . 2
< At;} [MHVZpHHLZ(Q) + o HnttHLZ((tn 1405tnt0); H(Q) )]

where we used the fact that

At [in+o )
) = ? /tn1+9 HnttHHl(Q),dt-

As for @4, using (3.3), Cauchy-Schwarz inequality, Young inequality and (3.2), we have

2
1B 2 0

1
0y = (A1) P (K, vz, vt
n=0 Mf
1
cth Kok n .
< (Ar)? Z #Hdtszr1||L2(Q)HVZPJﬂHLz(Q)
n=0
1
h=1Ksk
< (At)? an 2ol
< (a1) 7;0 frg
(dtN(u(tn+1)) - dtN(VuZH),s(vh)) - (thgnJrl, div vh) .
X sup vz, +1HL2(Q)

vrLEV) HVVhHLZ(Q)
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51 KoK

l
<A ;) (Calldee (Z5*) | ey + Colldiz (V) | e

eull Y g IV 25 |

K2k AL < [ C2 1y 1|2 C3 1y 12 o 1))
< Wfﬁ; {fi“dﬂ(zu“)HLzmﬁfintf(Yu 2oyt g MY ey
3K At (12
L (130

Using the Cauchy-Schwarz inequality and Young inequality, we get
l
n—+60 n n
Dy = At Z (d: G0 Yt — Fpthy
n=0

l
1 § n n n
— At[A_t(G%JrO’ Ylerl . FéJrl) - (Gn+0’ thp +1 _ thp +1):|
n=1

l
1 n n n
< At |:EHG£7+0HL2(Q)HYPZ+1 - F;léJrlHLZ(Q) + Z HG’V]JFGHLZ(Q)HthID - thp +1HL2(Q)
n=0

1 K 2 1 2 : n
< At {E (f\]Gﬁ]+9||L2(Q) S LR F,£+1||L2(m> 2 2 167 ey

1 l

3y 32 (I sy 4 10055 )| (1)

n=

Substituting (4.25)-(4.31) into (4.24) and applying the discrete Gronwall inequality (cf. [34]),
we obtain

1

. ) Ky .

CHE(ZII;FI>||L2(Q) + HQHG#_BHiZ(Q) + “3||Gl£+1H2L2(Q) + At Z M_fHVZpHHiz(Q)
n=0

<C

2 2
Hntt”i2((07’]’);[—]l((z)/) + ||77t||%2((0,T);L2(Q)) + HFglJAHN(Q) + ||€(Y1i+1) HLZ(Q)

l l
I ey + I ey + A8 3 NdeFE gy + A8 D (147 2y

n=0 n=0

l l
T A v d Yt 2 + A e (V) e
n=0

n=0

! !
+ AtZ HFz?HHiz(sz) + Atz H%nHHiZ(Q)}

n=0 n=0
< CA* (Il =0 mye22) + 108122 (0 rys1r1 )
+Ch? [HEtH%Z((o,T);H?(Q)) F €T o 0,y m2 ) + el T2 (0,782 )

+ ||77||2L°°((0,T);H2(Q)) + Hu||2Loo((o,T);H2(Q)) + [|div utH%Z((O,T);HZ(Q))
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provided that

A < (WBTusCKY)
~ (BK3RIRCE)

when 6 = 0 or At > 0 when 6 = 1. Hence, we deduce that (4.21) holds. O

Theorem 4.2. The solution of the MFEM satisfies the following error estimates:

VOV (ultasr) = i) | gy + VRzlnttass) = 14| o

max
0<n<N
+ VA3 ||€(tntr) — &) HLZ(Q)] < C1(T)At + Co(T)R?, (4.32)
N K 2 :
<At > u—;IIVP(th) - VpZ“\!L2(Q)> < Ci(T)At + Co(T)h (4.33)
n=0

provided that At = O(h?) when 6 =0 and At > 0 when 0 = 1. Here
C1(T) = C1(T), Co(T) = Co(T) + | Vull Lo ((0,7):12(02))-

Proof. The above estimates follow immediately from an application of the triangle inequal-

ity on
u(ty,) —up =Y + 7, §(tn) =& =Y + 20 = F + G,
W)=t = ¥+ 23 = E 4Gy plta) — bl = V) + 25 = B 4 G
and appealing to (4.5)-(4.7) and Theorem 4.1. The proof is complete. O

5. Numerical Tests

In this section, we use Matlab as the programming language, and choose Py — P, — P;
element pairs to solve the reformulated problem.

Test 1. Let Q) = (0,1) X (0,1), Iy = {(1,1‘2);0 < zo < 1}, Iy = {(.Tl,O);O <z < 1},
s ={(0,22);0 <29 <1}, Ty ={(21,1);0 <y <1}, and T = 1. The source functions are as
follows:

f=—(\+u)t(1,1) = 2(u+ Nt* (21, 22) + ate™T%2(1,1),
2k
Ky

¢ = coe®r 2 — te™ 72 4 a(xy + x2),

and the boundary and initial conditions are

p = te¥1 T2 on 9O,
1
U = iscft on I'; x (0,7), j=1,3,
1
Uy = Esc%t on I'; x (0,7), j=2,4,
on—apn =f; on 0Qr,
u(z,0) =0, p(z,0)=0 in Q,
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where

fi(z,t) = Ma1 + 22)(n1,n2)'t + pt (1m0, 2one) + pt? (zing, x%ng)l

+ A2 (x% + x%)(nl, ne) — a(ng, ng)te T2,
The exact solution of this problem is

u(z,t) = = (¢2,22),  pla,t) = temr 2.

N =+

Table 5.2 displays the spatial errors and convergence orders of displacement u and the
pressure p with the parameters of Table 5.1, which are consistent with the theoretical result.
As for the convergence order of time, we define

H,Uh,At _ ,Uh,At/2HL2

Ph,At = th,At/2 — vh"AtM”L2 7

where v = u,p. In particular, p, A+ = 2 when the corresponding convergence orders in time
are of O(At), one can refer to [27]. From Table 5.3, one can see that the time convergence
order is first-order. Figs. 5.1-5.6 display that the numerical solution closely approximates the

Table 5.1: Values of parameters.

Parameters Description Values
v Poisson ratio 0.0455
o Biot-Willis constant 1
E Young’s modulus 2.09e4
A Lamé constant le3
K Permeability tensor (le7) I
m Lamé constant led
co Constrained specific storage coefficient 2

Table 5.2: Spatial errors and convergence rates (CR) of u and p.

h [[u — e CR lp — pnllL2 CR
h=1/3 7.402¢-6 2.430¢-2
h=1/6 1.876¢-6 1.980 4.900e-3 2.310
h=1/12 4.707e-7 1.995 1.100e-3 2.155
h=1/24 1.178¢-7 1.999 2.367e-4 2.217

Table 5.3: Errors and time convergence rates of u and p with h = 1/6.

At [u—unlz> CR lp — pnllL2 CR
At =1/10 7.572e-7 9.271e-5
At =1/20 3.786¢-7 2.000 4.636¢-5 2.000
At =1/40 1.893e-7 2.000 2.318¢-5 2.000
At =1/80 9.466¢-8 2.000 1.159¢-5 2.000
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Fig. 5.1. The numerical displacement uﬁ' L at Fig. 5.2. Exact solution of displacement wu; at

T = 1 with the parameters of Table 5.1. T=1.

Fig. 5.3. The numerical displacement u;: bat Fig. 5.4. Exact solution of displacement us at

T =1 with the parameters of Table 5.1. T=1.

Fig. 5.5. The numerical pressure pZ'H at T =1 Fig. 5.6. Exact solution of pressure p at T' = 1.
with the parameters of Table 5.1.
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Fig. 5.7. Arrow plot of the computed displacement u at T'= 1 with the parameters of Table 5.1.

exact solution. Fig. 5.7 presents an arrow plot of the computed displacement u, illustrating the
stability of the MFEM.

Test 2. The Q,I';,7 = 1,2,3,4, the source functions, the boundary and initial conditions,
the exact solution and the values of parameters are same as ones of Test 1, T = 0.00001.

Table 5.4 displays the spatial errors and convergence orders of displacement u and the
pressure p at the terminal time 7" = 0.00001 with the parameters of Table 5.1, which are
consistent with the theoretical result. Due to the time step At is so small, here we ignore the
time error. From the exact solution

T .
u(z,t) = = (2%,23) . p=tsin(ray + 722),

DO | o+

it is easy to check that p; > 0 and divuj > 0. In [18,33], there will appear divu}, ~ 0 for the
case of small At and low permeability K which leads to “locking phenomenon” in numerical
pressure. Figs. 5.8-5.11 show that the numerical simulations of u and p at the terminal time
T = 0.00001 are stable, indicating the absence of the “locking phenomenon”.

Fig. 5.8. The numerical displacement u/;" b at Fig. 5.9. The numerical displacement wu};" boat

T = 0.00001 with the parameters of Table 5.1. T = 0.00001 with the parameters of Table 5.1.
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Fig. 5.10. The numerical pressure p;frl at T = Fig. 5.11. Arrow plot of the computed displace-
0.00001 with the parameters of Table 5.1. ment u at 7" = 0.00001 with the parameters of
Table 5.1.

Table 5.4: Spatial errors and convergence rates of u and p.

h llu— CR P — pallz2 CR
h=1/3 1.356e-10 2.431e-7
h=1/6 3.474e-11 1.965 4.933¢-8 2.301
h=1/12 8.819e-12 1.978 1.052e-8 2.229
h=1/24 2.222¢-12 1.989 2.367e-9 2.153

Test 3. The Q,I';,j =1,2,3,4, and T are same as ones of Test 1. The source functions are
f =0 and ¢ =0, and the boundary and initial conditions are

p=0 on 9Qr,
uy =0 on I'; x (0,T7), j=1,3,
us =0 on I'; x (0,T), j=24,

on—apn =f; :=(0,ap) on IQr,
u(z,0) =0, p(z,0)=0 in Q,

where
sint, x; €[0.2,0.8) x (0,7),
B 0, otherwise,

Figs. 5.12-5.13 present the numerical solution of pressure pZ'H and the arrow plot of the
computed displacement u, corresponding to the parameters in Table 5.5. Notably, the numerical
pressure exhibits no oscillation even when ¢y — 0 and for low permeability. And the arrows near
the boundary math very well with the arrows on the boundary. Additionally, the displacement
arrows near the boundary align well with those on the boundary. The MFEM includes a built-in
mechanism to prevent the “locking phenomenon” often caused by specific parameter choices in
the continuous Galerkin method.
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Fig. 5.12. The numerical pressure pZ‘H at T =1 Fig. 5.13. Arrow plot of the computed displace-
with the parameters of Table 5.5. ment u at T' = 1 with the parameters of Table 5.5.

Table 5.5: Values of parameters.

Parameters Description Values
v Poisson ratio 0.4
«@ Biot-Willis constant 1
E Young’s modulus 2.8e3
A Lamé constant 4e3
K Permeability tensor (le-7) I
m Lamé constant le3
co Constrained specific storage coefficient le-10

6. Conclusion

In this paper, we propose and analyze a multiphysics finite element method for the nonlinear
poroelasticity model with the nonlinear constitutive relation

F(u) = pé(u) + Mr(E(u))L

Using a multiphysics approach, we reformulate the nonlinear poroelasticity problem, trans-
forming the original fluid-solid coupled problem into a fluid-fluid coupled system. We establish
the growth, coercivity, and monotonicity of the nonlinear stress-strain relation, derive energy
estimates, and apply Schaefer’s fixed-point theorem to prove the existence and uniqueness of
a weak solution. We also design a fully discrete time-stepping scheme using the multiphysics
finite element method with Py — P; — P; element pairs for spatial variables and the backward
Euler method for time, and derive optimal convergence order error estimates. To the best
of our knowledge, this is the first demonstration of the existence and uniqueness of a weak
solution based on a multiphysics approach without assumptions on the nonlinear stress-strain
relation, and the analysis of this fully discrete multiphysics finite element method for nonlinear
poroelasticity is entirely novel.
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