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Abstract

The rigorous error analysis of a class of serendipity virtual element methods applied to
numerically solve semilinear parabolic integro-differential equations on curved domains is
the focus of this study. Different from the standard virtual element method, the serendipity
virtual element method eliminates all the internal-moment degrees of freedom only under
certain conditions of the mesh and the degree of approximation. Consequently, if the in-
terpolation operators are utilized to approximate the nonlinear terms, the implementation
of Newton’s iteration algorithm can be simplified. Nonhomogeneous Dirichlet boundary
conditions are considered in this paper. The strategy of approximating curved domains
with polygonal domains is taken into consideration, and to overcome the issue of subopti-
mal convergence caused by enforcing Dirichlet boundary conditions strongly, Nitsche-based
projection method is employed to impose the boundary conditions weakly. For time dis-
cretization, Crank-Nicolson scheme incorporating trapezoidal quadrature rule is adopted.
Based on the concrete formulation of Nitsche-based projection method, a Ritz-Volterra
projection is introduced and its approximation properties are rigorously analyzed. Build-
ing upon these approximation properties, error estimates are derived for the fully discrete
scheme. Additionally, the extension of the fully discrete scheme to 3D case is also included.
Finally, we present two numerical experiments to corroborate the theoretical findings.

Mathematics subject classification: 65M15, 65M60.
Key words: Serendipity virtual element method, Curved domain, Nitsche-based projection
method, Semilinear parabolic integro-differential equation.

1. Introduction

Parabolic integro-differential equations (PIDEs) are widely used in various scientific disci-
plines to model phenomena with memory effects, such as heat transfer in materials with mem-
ory [29], nonlocal flow in porous media [20], temperature changes within nuclear reactors [32],
and the dynamics of epidemic spread and evolution [18].

In this study, we focus on the following semilinear PIDEs with nonhomogeneous initial-
boundary value conditions:
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apuy — V - (a1 Vu) _/0 V- (a2 Vu(r))dr +b(u) = f in Qx(0,7), (1.1a)
u=g on 90 x (0,T), (1.1b)
u(-,0) = ug in Q, (1.1c)

where we consider € as a bounded, convex, and open subset of R? (d € {2,3}), with its bound-
ary OS2 consisting of a finite number of curves (surfaces) {(99);}¥%. Tt is assumed that each
curve (surface) (09); is sufficiently smooth, and the overall boundary 92 possesses Lipschitz
continuity. The coefficients ag,a; and as are dependent solely on the spatial variable . The
finite terminal time is denoted by 7. The source function f, boundary value g, and initial
value ug are provided as given information. The term b(u) represents the nonlinearity in the
equation.

Research interest in the field of mathematics has been significantly driven by the practical
importance of PIDEs. For the analysis of PIDEs regarding existence, uniqueness, and regu-
larity, some relevant results can be found in [23,31,40] as well as the cited references therein.
Nevertheless, due to the intricate nature of the shape of the domain 2 and the presence of
nonlinear terms, it is challenging to provide an explicit solution for the problem (1.1). Hence, it
is imperative to consider efficient and accurate numerical methods for (1.1). The methods for
discretization in temporal direction of PIDEs include backward-Euler scheme with rectangular
quadrature rule [25], Crank-Nicolson scheme with trapezoidal quadrature rule [35], discontinu-
ous Galerkin time-stepping scheme [30], and Laplace transformation [28]. Spatial discretization
approaches range from finite element methods [36] to weak Galerkin finite element methods [41],
mixed finite element methods [34] and hybridizable discontinuous Galerkin methods [26].

Despite the increasing interest in numerical methods for PIDEs, there has been a notable
lack of focus on methods that can effectively handle polygonal or polyhedral meshes. These
types of meshes offer more flexibility and accuracy in representing complex geometries com-
pared to traditional triangular or quadrilateral meshes. As a result, the field of computational
mathematics has experienced a growing interest in developing the numerical methods that are
able to accommodate polygonal (polyhedral) meshes in recent years. Among these approaches,
one particularly effective method is virtual element method (VEM) [4]. This method has gained
popularity in various scientific and engineering applications, as discussed comprehensively in [8].
The use of L2-projection operator is a common strategy in virtual element methods for handling
nonlinear terms. It has been employed in a wide variety of initial boundary value problems,
such as semilinear parabolic equations [1], N-coupled nonlinear Schrodinger-Boussinesq equa-
tions [27] and nematic liquid crystal flows [42]. However, this strategy comes with increased
computational complexity of Newton’s iteration algorithms for the resulting system, due to the
need for element-wise integral computations, see [2].

Recently, a new strategy was proposed in [22] to address the aforementioned limitations
by employing interpolation operators in serendipity virtual element method (SVEM) spaces to
approximate the nonlinear terms [7]. As a modified version of VEM, SVEM strives to minimize
the dimension of approximation spaces. SVEM has demonstrated its applicability in a wide
range of physics problems, including linear magneto-static models [5], nonlinear elasticity [38],
and general second order elliptic equations [6], among others. This study specifically focuses
on a specialized type of SVEM that imposes specific requirements on the relationship between
the mesh element shape and the SVEM order, thereby enabling the complete elimination of the
internal-moment degrees of freedom. This specific method, also known as SVEM in the ideal
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case [22], simplifies the implementation of Newton’s iteration algorithms if the interpolation
operators are utilized to approximate the nonlinear terms, in comparison with the strategies
utilizing L2-projection operators, as discussed in [2,22].

To handle the problem (1.1) on curved domains, we adopt polygonal (polyhedral) domain
approximations for curved domains. And to tackle the suboptimal convergence for high order
methods caused by imposing Dirichlet boundary conditions in a strong manner, we employ
Nitsche-based projection method to impose the boundary conditions weakly, which was first
proposed in [13] and then extended into the framework of VEM in [11,12]. In order to im-
plement the Nitsche-based projection method, it is necessary to determine the higher-order
derivatives of virtual element functions at the element boundaries. However, we do not have
access to the closed-form expressions of virtual element functions according to the construc-
tion of VEM spaces, let alone their higher-order derivatives. Therefore, in order to ensure the
computability of the scheme, we employ the higher-order derivatives of L2-projection of virtual
element functions.

Crank-Nicolson scheme coupled with trapezoidal quadrature rule is utilized for temporal
discretization. The key tool for error analysis is a special Ritz-Volterra projection, which is
constructed based on the concrete form of Nitsche-based projection method. By establishing
some approximation properties of this projection, we provide error analysis for the fully discrete
scheme.

The subsequent sections of this paper are organized as follows. Section 2 provides the
construction of the fully discrete scheme in 2D case. The optimal a priori error estimates for
the fully discrete scheme in 2D case are discussed in Section 3. The extension of the fully
discrete scheme to 3D case is addressed in Section 4. In Section 5, two numerical experiments
are conducted to validate the theoretical derivations. Section 6 concludes with some remarks.

2. 2D Fully Discrete Scheme

2.1. Preliminaries

Let w be a 2D or 3D domain. The seminorm and norm in Sobolev space W*P(w), where the
indices s > 1 and p > 1, are denoted as |-|s . and ||||s.p.w, respectively. The domain w C R?
(d € {2,3}) is assumed to be bounded. In the case p = 2, the Sobolev space W*?(w) is denoted
as H*(w). In H*(w), we denote the seminorm and norm as |-|s ., and ||-||sw, respectively. |||
and (-, ), are used to represent L2-norm and inner product in L?(w), respectively. The space

of the traces of H*(w)-functions is denoted as H*~'/?(dw). Denote the space of polynomials of
degree m on w as P, (w) in which m > 0 is an integer. In the space LP((0,7);H) (1 < p < o0),

we denote its norm as 1
T ;
oo myine) = ( / |u<t>|;dt) |

where the Hilbert space # is equipped with norm ||-||% and the real number 7 > 0. In addition,
we denote the norm in the Bochner space L>=((0,7T); H) as

||U||L°°((O,T);"r£ = €8s Supte(O,T)”u(t)”H-
To carry out the subsequent analysis of this paper, we put forth the following assumptions.

Assumption 2.1. The following conditions are assumed to be satisfied by the coefficients and
data in (1.1):
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(A1) ap, a1, and as belong to L>°(Q2) and satisfy the following inequalities:
ap < ap(x) <ag, a1 <ai(x)<ar, az<ax)<as, Va e, (2.1)
where ag,ag, a1, a1, az, and a3 are all strictly positive constants.
(A2) g € HY/2(0Q) for any t € (0,T), f € L?((0,T); L*()),uo € H'(Q).
(A3) b(u) is Lipschitz continuous in regard to u for any u € R.

The existence and uniqueness of the weak solution for problem (1.1) can be obtained by As-
sumption 2.1, the standard lift argument [21] and [39, Theorem A.1].

2.2. Serendipity virtual element space

In order to approximate the curved domain 2, we introduce a sequence of polygonal do-
mains {Qp}, with vertices located on the boundary 0€2. The subscript h (0 < h < 1) signifies
the proximity of €, to €2, with smaller values of h indicating a closer approximation. It is worth
noting that the convexity of {2 guarantees the convexity of €2;, and that €}, is a subset of 2. To
decompose each polygonal domain €2, we utilize a polygonal mesh denoted as T;+. The sub-
script h* corresponds to the size of the polygonal mesh, which is defined as h* := maxgeq, . hE,
where hg represents the diameter of a polygonal element E. For simplicity, we set h = h*. In
other words, the finer the mesh 7+, the closer its corresponding polygonal domain 2y, is to 2.
For any point & belonging to the boundary 9, of ), it is assumed that there is a nonnegative
function p(x) which depends on & such that = + p(x)n € 99, where n represents the outward
unit normal on 9€2,. From [11-13], it is known that the function p(x) satisfies

plx) < Coh?, (2.2)

where Cq is a positive constant that does not depend on h.

The mesh 7;, is assumed to have the shape regularity described in [12]. To be more specific,
besides assuming a uniform bound on the number of edges in each element of the mesh, we also
assume that each element F € 75 is star-shaped with respect to a sphere with radius greater
than or equal to Bhg, and that the length h. of any edge e on the boundary of E satisfies
he > Bhg, in which § is a positive constant. Additionally, we assume the existence of a positive
constant B such that BhE > h for every element E € T;,. The set of mesh edges in 7, is
denoted as %, and gather the edges lying on 92, into the set Zp. The set of mesh vertices
of 7;, is denoted by 4},. We introduce the notation N 1ines(0F) to represent minimum number
of straight lines needed to completely enclose F (the boundary of E) for each mesh element
E € 7;,. We then define

h — s
Nlines T énel% Nlines(aE)-

It is evident that A%, .. > 3.

We make the assumption that k is a positive integer representing the order of SVEM, and
require that 1 < k < A%... As described in [7], we first define an auxiliary space V(E) for
any element F € 75 in the following manner:

V(E) := {v, € H'(E) : Avy, € Py(E), valor € C°(OE), uple € Prle), Ye C IE},

where C°(OF) refers to the space of continuous functions on the boundary dE. Actually, V (E)
can be viewed as a class of local virtual element spaces [8], and in order to uniquely determine
a function vy, in V(E), we need the following degrees of freedom:
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(L1) Values of v, taken at all vertices of E.

(L2) Values of v, taken at k — 1 distinct internal points on every edge e C OF.

(L3) Moments (v, p)g/|E|,Vp € Pr(E).

Nevertheless, the inclusion of degrees of freedom (L3) complicates the computation of the
Jacobian matrix if the interpolation operators are utilized to approximate the nonlinear terms,
see [1,2,22]. Fortunately, since we assume that k < (%, __. it is possible to uniquely determine
a polynomial of degree k using only the information from degree of freedom (L1) and (L2),
see [7]. As a result, we can further completely eliminate the degrees of freedom (L3).

To do this, we introduce some notations. Let N7 represent the number of edges in E. It is
widely recognized that the number of vertices in E is equal to Ng as well. Furthermore, it can
be observed that the number of degrees of freedom (L1)-(L2) is equal to kNg. These degrees
of freedom (L1)-(L2) can be ordered and labeled as sy (vn), s2(vn), - - -, Skne (va). We introduce
an operator Sg : V(E) — R¥VE | defined as

[5EUh]i = Si(’l}h), 1 <i<EkNg. (2.3)
We then define a projection operator H?’E . V(E) — Py(E) as
k,E
(5E (H5 ’Uh),SEp)RkN;J = (SEUh,SEp)RkN%, Vpe Pk(E), (2.4)

where (-, -)prvg denotes the Euclidean scalar product in RFY 5. Based on the analysis in [7], it
is established that the projection H?’Evh can be uniquely determined by the degrees of freedom
(L1) and (L2).

We define the k-th order local serendipity virtual element space V(FE) using the opera-
tor H’;’E as,

V(E) = {vn € V(E) : (vn,p)e = (15 vn,p) . Vp € Pi(E)}. (2.5)

The unisolvency of the degrees of freedom (L1)-(L2) for the local serendipity virtual element
space V(FE) is established in [7].
We define the global space Vs as

Vs = {Uh S Hl(Qh) : Uh|E S V(E), VE € ‘fh}. (2.6)

The global degrees of freedom in Vi are determined by standard coupling of the local degrees
of freedom specified by (L1) and (L2).

Next, we introduce some L2-projection and interpolation operators that are necessary for
constructing the discrete scheme. Recall the following definitions of standard L?-projection
operators HS’E and Hlffl’E for scalar and vector fields on any element E € T;:

(w,p)p = (Hg’Ew,p)E, Yw € L*(E), Vp € Pp(E), (2.7)
(w,p)p = (I} ""Pw,p),, Ywe[L*(E)?, Vpe [Pri(E)> (2.8)

Through an examination of the definition of V(E), for any v, € V(FE) and its gradient Vuy,
the computation of Hg’Evh and Hlffl’EVvh can be achieved by utilizing H?’Evh.
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Lemma 2.1 ([14,15]). The L2-projection operators HS’E and Hlffl’E have the following prop-
erties for any sufficiently reqular function v defined on E € Ty

kB
150l < Tollz. (2.9)
k—1,E
T2, < IVl .10
157 0], ;< Cunlohy,e, (2.11)
Vo - PV, < Cuahlplvlrie, re{0,1,... k), (2.12)
‘U—HS’E’U‘SE < Cy3hy ®|vlnE, s,re{0,1,....k+1}, s<r, (2.13)
where Cy1,Cy 2, and Cy 3 are positive constants that are independent of hg and |-lo.g = ||| &-

It is evident that the total number of global degrees of freedom N for V; is equal to
(k—1)N¢+N" where N¥ and N€ represent the number of vertices and edges in 7;,, respectively.
Let DOF; be the i-th global degree of freedom for V, then the interpolation operator I :
H()—V is defined by

DOF;(¢) = DOF,(Is¢), i=1,2,...,N;. (2.14)
Lemma 2.2 ([19,22]). For any function ¢ € H"(Q) with r € {2,3,...,k + 1}, the interpola-

tion Is¢ satisfies
16 — Isdlle + helé — Is¢l1.e < Cihg|dl 5, (2.15)

where C is a positive constant that is independent of hg.

2.3. Discrete bilinear forms

The definition of the virtual element space V; implies that the closed form of functions
within it cannot be obtained. As a result, the computability of bilinear form (agvn,wp)q,,,
(a1Vun, Vwr)q, and (a2Vop, Vwp)q, cannot be guaranteed for any vy, wp, € Vs. To address
this issue, it is necessary to construct the corresponding approximate discrete bilinear forms.

Following [17,39], for each element E € Tj,, define local bilinear forms A¥(-,-), A¥(-,-) and
AE(-;)on V(E) x V(E) as

ALY (vn, wr) (aOH op, TP Ewh) + aoh?, (SE ('Uh - H'S’Evh),SE (wh - H'S’Ewh))ng,
AE U}Hwh (alﬂk L EV’U}“Hk L vah) + a1 (5E (Uh - H]S’ ) SE (wh - ))RkN >
A (o, wp) = (a2l V0, IE w0y ) 4 ao (S5 (on — 15 o), S5 (wn — T Fwp)) g

R 1/ . 1/ R 1/
ap=— [ ap(x)dx, a1 =-— | ar1(x)dx, a4y =-— | ao(x)dx
0= Jp o =g [, a@de de = ] el

By summing up the above local bilinear forms for each element FE € 73, we obtain the global
bilinear forms AR (-,-), AL(-,) and A%(-,), ie.

Ag(vh,wh) = Z Agj(vh,wh), Y op, wp € Vs,

EeT,

A}f(’U}L,’LUh) = Z ‘AIE(Uh’wh)’ V’Uh,’wh € VS)
EeT,

A (vp, wp) = Z AL (v, wy),  Yop,wp € Vs.

EeT,

where
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Based on the continuity and coercivity of the stabilization terms with respect to the energy
norm established in [9] and the norm equivalence of the stabilization terms given in [19], we
can obtain the continuity and coercivity of A%(-,-), A%(-,-) and A%(-,-) (see also [17,22,37]).
Specifically, we have

|AG (o, wn)| < C8llonlle, [wnllo,, Vv, wn € Vs, (2.16)
Al (wp,, wy) > CSHwhH?zh, Ywyp, € Vs, (2.17)
‘A}f(vh,wh)‘ < CYonlranlwnl,,, Yon, wy € Vs, (2.18)
Al (wp,wi) > Clwnli g, , Ywy, € Vs, (2.19)
‘Ag(vh,wh)‘ < Chlvnlia,lwnlia,, Yon,wn € Vs, (2.20)
Al (wn, wp) > Cilwnlf g, , Ywy, € Vs, (2.:21)

where C§, C8,C?, C$,C% and C§ are all positive constants that are independent of h.

We now shift our focus to the construction of bilinear forms NJ(-,-) and NJ(-,-) based on
the Nitsche-based projection method [11,12]. Set m = [(k + 1)/2|. For any vp,wp € Vs, the
bilinear form N (vp,,wy,) is defined as

NY (vn,wr) = Af (vh, w) — Z /alv(H’S’EEvh) -nwpds

b e
e€E,

X (o 3 ) 0
e j::l M

b
e€E),

where 97, denotes the j-th order normal derivative, E. € 7j, represents the unique element
satisfying e C OF., h. denotes the length of e, and ; is the penalty parameter in the Nitsche-
based projection method.

In a similar fashion, for any vy, wy € Vs, we define the bilinear form N5 (vy,, wy,) as

N;l(vh,wh) = Ag(vh,wh) — Z /QQV(H§7EEvh) ~nwhd8

b e
e€E,

X (o 3 ) s 0 )
€ ]:1 °

b
e€E,

where v is the penalty parameter in the Nitsche-based projection method.
We are now in a position to present the proofs for the continuity and coercivity of NJ'(-, )
and N2 (-,-). Prior to that, we define an energy norm for Vs, which takes the form

lonllzr = lonl: g, + |vnl3q,, Yvn € Vs, (2.22)

where
onl3e, = D he lvall?.

b
ecEy

If we have ||vp,||& = 0, it implies that vy, is constant in Q, and vanishes on 9€,. As a result,
we can conclude that v, = 0 in Qy,. It is clear that ||-|| o~ defines a norm on Vs. Furthermore, in
accordance with [12], |||~ is in fact also a norm on H'(€,). More specifically, [|v][1.0, < C|v]r
for any v € H'(Qy,), where C is a positive constant independent of h.
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Lemma 2.3 ([14,16]). We have the following discrete trace inequality:

_1
IVolloe < Cashg?|ph,e, VpePu(E), VEE€ET,
where the positive constant Cqy, is independent of h.

Lemma 2.4. For any e € EP and any p € Py(E,), we have

m 5 m

hat 1P 0pl. < Culpl 5, Y (CaBh)™,

j=1 j=1

where the positive constant Cyy, is independent of h.
Proof. From [12, Lemma 4.3], we know that
_ . . 2 “ .
hig |0 9pl|, < Cind™ ol ..

where ¢ satisfies that

p ()
max max
cezt z€e hp,

IN

0.

By (2.2), we have

h ~
A2 _ conto < coph,
hE, hE,

thus we can select 9 = CoBh. Summing up (2.25) for j = 1,2,...,m, yields (2.24).

Theorem 2.1. If the penalty parameters v1 and 72 satisfy that

2(a1CatCi1)? 2(@3C4:C 1)?
1 > o= ATCCna) s L qpsqg e ABCaCA]
1

and h (h < 1) is sufficiently small such that

Cnn 5 — 1 (jd
hC*ylﬂ_’L“ 3 Cqp (alCdt(C’*yl) + 571) < 717

G
B

h Czn 5
5717770*,1\/ 7095 <m -,
h Czn 5
5’727710*,1“ 70525 <72 — 78,

and Cofh < 1, then NT'(-,-) and N}(-,-) are coercive and bounded.

hC*Jm

N 1 Ccs
Cqp G2Cdt(c*,1)+§72 <55

(2.23)

(2.24)

(2.25)

Proof. We will only present the analysis process for NJ'(-,-), as the analysis for N2(-,-)
follows a similar approach. By (2.1), Cauchy-Schwarz inequality, (2.11) and (2.23), we have for

any vn, wn € Vs,

Z a1V(H§’Eevh) - nwpds

e

b
e€E,



SVEM for Semilinear Parabolic Integro-differential Equations

<ar 3 |V (I on) || b e

b
ecEy

< a@1CaqCy 1|vnl1,0, |whlog, -

Similarly, we can derive that

Z/UMMVH’ € )-nds

ecEd ¢

By Cauchy-Schwarz inequality, it is simple to observe that

Z /Uh'}/lh Ywpds < y1lvklaq, [whlaq,, -

ecEd " °
From (2.1), (2.11), (2.23), (2.24) and the assumption CoBh < 1, we obtain

ZL(ii 03, (I " ))alv( ey - nds

ecEd

<o 3 BV o) | 2<Z,W (15, m)

e€E?

< a1C4;Cy 1|wp 1,0, [vr]ogy, -

ga—l( > henv(n's%h)ni)Q( > (Z loroa s )”e>2>

e€E? ecEd
<[5 ( 3 o ) (S outn
ecEp eCE)
— 2 Cin o
< @mCqy(Ci 1) 3 CapBhlwn 1,0, |vnl1,0,-

In a manner similar to (2.29), we can find that
> (S5

< ymCi 1 \/ Cﬂﬁh|vh|1 an lwnlaq, -

By utilizing (2.18) and (2.26)-(2.30), we can establish the following continuity of N} (-,

any vp,wp, € Vs:

VT (vn, wn)| < O [lonllallwnllav,

where

Wmax{Cl,alc’dtC* 1, a1mCqy (C 1/ mC’Qﬂ y1mC, 1/ a8, 71}

el

N[

W=

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

-) for
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Based on (2.26), (2.27), (2.29), (2.30), and noticing (2.19), we arrive at

Cin 5
Nh(wh’ wh) (Cl — almCdt(C ) \ [ 7096h> |’LU}L|%,Q’1

—201CatCy 1|wn 1,0, |wn|oq,

e -
— 1mCiy 1 ﬁm CaBhlwpl1,a, [whloq, +71|whl3q,

then the application of Young’s inequality results in

Ci n

5 Cafh — eaiCaiC

Nh(wh, wyp) > <01 — a1mCay (Cl, 1)?

1 Cin A
— 5’}/17’710*,1 ﬂ Cﬁﬁh> |wh|%,(2h

1 CVin A
+ (71 — 671(1_10&0*,1 - 57177_10*,1“ 7095h> |wh|%gh~

Choosing € as C¢/(2a1C4;C, 1) and recalling the assumption for 7; and h and the setting of 79,
we get the following coercivity of N7*(-,-) for any wy, € Vi:

N (wn, wn) > OF||wall3r,

where
.| CE _ | Cin -, 5(__ 1 1 _ Cin -, 3
YV =min { = —hC, 11y | —=Coff (@ Cas (Co)+571 ) v 11— —s1mClry | —Cofbhy .
1 2 3 2 2 3
The proof is complete. O

2.4. Fully discrete scheme

Prior to presenting the construction of the discrete scheme, it is necessary to introduce
the strategy mentioned in [22] that utilizes the interpolation operator I defined in (2.14) to
approximate the nonlinear terms.

By substituting ag with 1 in the bilinear form AR (-, ), we obtain an approximation BA(-, )
for the inner product (-,-)q,. Then we approximate the nonlinear term (b(-),)q, as

(b('Uh);wh)Qh ~ B{}(I;b(vh),wh), Y op, wp, € Vs.

For any wy, €Vs, an approximation f"(¢;wy,) can be constructed for the inner product (f(t), ws)q,

as follows:
t wh Z / Hk Ef whda:

EeT;,

Consider the uniform temporal partition ¢, = nAt for n =0,1,..., Ny, where At = T/Nrp
and N is a positive integer. Then we define the fully discrete scheme as finding a sequence



SVEM for Semilinear Parabolic Integro-differential Equations 11

{u}N, of functions in Vs such that

n_ ,n—1 n n—1
AP <M,vh> 4N (M,vh) TN (QE,u)
At 2
Lsb(ul) + Lsb(uj ™ 2.31
+B¢ ( sb(u) 25 (i ),Uh> = Ly (tnsvn), Yo, € Vs, (2:31)
’LL(])I = ILsuo,
where the linear form £/ (¢,;v,) is defined as
1
LM (tnsvp) = 3 (F"(tnsvn) + [ (tn=1;vn))
1,. . _
- Z /E(g(tn) + §(tn-1)) (alv(H’S’Eevh) n —yh, 'op)ds
ecx V¢
[ R -
— 5/0 Z /g(T) (aQV(Hg’Eevh) -m — y2h 1vh)dsd7'
ecEh © €
A . kE -1
~3 Z g(7) (aQV(HO’ Evh) - — Y2h, vh)dsdT,
0 eczp U
in which
§(r) =g(x + p(x)n,7), T €[0,t,].
Here, the definition of the trapezoidal quadrature rule Q" is as follows:
At At
IU?L + Tullm n= 15
At ,  3At , At , _
Qhi={ 5 Un + 3 Y T Uk n=2, (2.32)
At = 3AE ., At
7uh+AtzluZ+ 3 U + - Un > 3.
P

Next, we will present the Newton’s iteration algorithm for solving (2.31) and briefly intro-
duce the Newton’s iteration algorithm for the fully discrete scheme based on the strategy of
imposing Dirichlet boundary conditions strongly. Any function ¢; € Vs can be expressed as

Ny
on = ZDUFi(@h)@, (2.33)
=1

where ¢; represents the i-th basis function for Vi. Let A%, N1, N2 and B" be the matrices
corresponding to the bilinear forms A% (-,-), NJ(-,-), N&(-,-) and BE(-,), respectively, and
introduce the following vector notations:

D(¢p) = [d1,da,...,dn,]", d; = DOF;(pn), i=1,2,...,Ng,
B(Soh): [blaan"'abN‘g]T; bl:b(DDFl((ph))a i:1523"'5N55
L(t,)=[L1,La,...,Ln,)", Li=rclt.¢:), i=1,2,... N
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Then according to (2.14), (2.33) and [22], we can rewrite the nonlinear term Bf(Lsb(p), vs) as

Ny
Bl (15b(pn), vn) = Y DOF; (b(eon)) Bl (¢1, vn) = Zb DOF; (1)) BG (4, vn)-

Therefore, we can express the fully discrete scheme (2.31) as

5 T N2) D(up) + =—B"B(u}})

2

At e At
= (AO - 7Nl) D(up™") = 5 B"B(u; ") + ALL(t) - AtN2Q"_,
where At
o), n=1,
At 0 3At
Qr | = TD(uh)—" 4D( ) n=2,
At 3At n—1
2 +AtZD D(uh ), n > 3.
For n = 1,2,..., N, setting uh’ = uh_ , the Newton’s iteration algorithm for (2.31) is
then defined by finding u;"" € Vs for r > 1 such that
JD(up") = JD(u}" ") — F, (2.34)
where Jacobian J takes the following form:
A (At)® At

with T
B = [ } BO(QS’UQSJ)b/(DDF ( W 1))7 7’5]: 1527"'7]\]57
and the term F' is defined as

= <A° F oINS (At) N2> D(u )

+ 2B () - (AO - %N1> D)

n—1-

At
+ 7BhB(u;;*l) — AtL(t,) + AtN3Q

Apparently, the computation of the Jacobian J here is simple and does not require looping over
all mesh elements in 7;, and calculating some numerical integrals within each element, which is
exactly what needs to be done for the strategies utilizing L2-projection operators, see [1,2].

Now we turn to the strategy of imposing Dirichlet boundary conditions in a strong manner.
The corresponding fully discrete scheme is defined as finding a sequence {u’}2\7, of functions
in Vs such that

nl n n—l
Uy — U Uy +u
Ay (B )t (B2 ) et

Ish Isb(u) ™t Mt M(tn_1;
+Bg< (i )+25( ),Uh>f( 7vh)+2f( l’vh), Vo, € Vs,

u% = Isup.
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For n = 1,2,..., Ny and r > 1, setting uZ’O = uZ_l, the corresponding Newton’s iteration
algorithm is defined as finding u;"" € Vj such that

JsD(u") = F, (2.35)
where
Js = A+ %Al + %Az + %Eh, F=J,Du}"") - F,
in which
Fs = (AO + %Al + %ﬁ) D(up"™ )

+ %BhB(uZ’“l) - <A° - %Al) D(up™)

+5'B" B

At

D) (f(tn) + f(tn—l)) + AtAz(@Z—l-

Here, A and A2 are the matrices corresponding to the bilinear forms A%(-,-) and A%(-,),
respectively, and

f(tj):[f15f27"'5fN5]T7 fzth(t]7¢l)a i:172a"'7N57 je{nilan}

Decompose the vector D(u,") as
n,r Dj
D(uh7 ) = {D‘B] )

where B denotes the set of indices for degrees of freedom associated with the points on the
boundary 0€2;, and J denotes the set of indices for degrees of freedom associated with the points

inside €. Then (2.35) can be rewritten as
D’ F’

To impose the Dirichlet boundary conditions, we need to specify the value of D®. For any

33 JB
Js Js

BT BB
Js Js

index j € B, we use x; = (x;,y;) to represent its corresponding boundary point. It should be
noted that unless x; is a vertex of (), the value of the true boundary conditions taken at «x;
is not available. Therefore, we assign the value to D?® in the following approximate way:

(D®); = DOF; (u") =~ g(z; + p(x;)n,t,), VjeB. (2.36)
Then D? is obtained by solving the following problem:
JPDy=F — I Dy,

Remark 2.1. We remark that as k increases, the approximation error generated in (2.36) may
dominate, and thus a suboptimal convergence order may occur, see also [10,11]. In Section 5,
we will verify this assertion with numerical results.
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3. Error Analysis in 2D Case

We derive in this section the error estimates for the fully discrete scheme (2.31) in the norms
|I-lla- and [|-]|q,. The tool utilised is a special Ritz-Volterra projection R”* defined according
the bilinear forms NJ*(-,-) and NJ(-,-). Starting from here, the inequality a < Cb is reduced
to a < b for a positive constant C' with no dependence on h. Additionally, for the sake of error
analysis, we assume that the coefficients and data in (1.1) have enough regularity so that the
weak solution u of (1.1) satisfies the required regularity.

3.1. The Ritz-Volterra projection

For any function w satisfying w(-,t) € H™1(Qy,) where t € [0,T], Ritz-Volterra projec-
tion M w is defined by finding R w(t) € Vi such that

t
Nlh(%hw,vh)Jr/ N{l(mhw(T),vh)dT
0
t
:Nl(w,vh)—i—/ No(w(T),vp)dr, Vup € Vs, (3.1)
0

where

N (w,vp) = (a1 Vw, Vup)q, — Z /a1Vw nvpds

€

e€E)
Gl e e
eCcE) €
Nao(w,vp) = (a2Vw, Vup)g Z /GQVU] nvpds
ecxp V¢

_ Z/e<w+z ) (a2 V (I8 Ewy) - — yoh Moy ) ds.

ecEd

Next, we will establish the continuity of the right-hand side of Eq. (3.1). Before that, we recall
the following trace inequality.

Lemma 3.1 ([14]). For a function v € H'(E) with any E € T},, we have
_1 1
[vllor S hp® vl + hElvlh, e (3.2)
It is easy to derive from (2.23), (3.2) and the fact 0 < h < 1 that

_1
N (w, vn)] S [l lonlia, + D ([wlys, + he, he lvnle

e€Ep
+ 7 he e (V@) |, + b el
eCEp
+D (ZhQ] B [wlj e, + |w|j+1,Ee)> (he% IV (g "on) |, + het ||”h||e)
eczp \j=1

S (lwllmsrn + lwlia)lvalla,
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then we obtain the continuity of the right-hand side of (3.1), i.e.

‘Nl(w,vh) + /()th(w(T),vh)dT

t
< (||w|m+1,szh + [Jwlla +/0 (Jw(™)l[mt1,0. + Iw(T)IN)dT) [[on |- (3-3)

Recalling the continuity and coercivity of NJ(-,-) and N3(-,-) established in Theorem 2.1, one
can conclude that R” is well posed [41]. The lemma below establishes the stability of R".

Lemma 3.2. For any w € L*°((0,T); H™1(Q,)) with wy,wy € L®((0,T); H™F1(Qy,)) and
any t € (0,T), we have

IR Wil < NwlFgn0, + lwli + /Ot (I 71,0, + w3 dr, (3.4)
1@ 0)e 3 S N0lZrra, + 0l + il q, + il
+/Ot (w7410, + (D)3 dr, (3.5)
@ w0l S NwlZsra, + Tl + lwelZ o, + loclie + iz g, + ol
+/Ot (lw(MFr1,0, + o)) dr. (3.6)

Proof. Replacing vj, with ®"w in (3.1), we obtain by (3.3), the coercivity of N7(-,-) and
the continuity of NJ(-,-)

198" w]|%r < (lwllimrr,0n + [wlan) 98wl

+/ (lo(D)llm+1.00 + ko) a) R w(t) | rdr
0

t
+ / 198w 98w ()

then employing Young’s inequality and the continuous Gronwall’s inequality leads to (3.4).
Differentiating (3.1) with respect to t, we have

N{L((S‘{hw)t,vh) +N2h(i)‘{hw,vh) = Ni(we,vp) + No(w,vp), Vo, € V. (3.7)

Then taking vy, = (R"w),, (3.5) follows from Young’s inequality and (3.4). Differentiating (3.7)
with respect to ¢, we get

Nlh((mhw)tt,vh) +N2h((i)‘{hw)t,vh) = N1 (wi,vp) + No(we,vp), Vo, € Vs. (3.8)

Replacing vy, with (9t"w); in (3.8), (3.6) can be obtained from Young’s inequality and (3.5).
The proof is complete. O
Next, we move on to analyzing the approximation properties of ’" for the solution of (1.1).

Lemma 3.3. Assume the weak solution u of (1.1) satisfies u € L=((0,T); H*1(2)), then for
any t € (0,T), the following estimates hold:

1
2

t
u(t) = Rra()l < B (|u|z+m+ / |u<¢>|i+1,gdr) . (3.9)
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Proof. Utilizing the interpolation operator I, we can split u — R u as
w—R"u = u — Lu+ Lu— R,
then in light of (2.15) and (3.2), we have

lu = Loullf = fu— Lsuli g, + Y hotllu— Lsul]?

e€L)
<h2Ru? o+ hot (hp llu — Isullg, + he,|u— Luli g,)
~ Ulk+1,0 e E, U — LUl g, E U — [sU|1 g,
e€E)
S P uff g (3.10)

We now proceed to estimate 1 = I;u — R u. It follows from (3.1) that
Nlh(nh,vh) + /Ot/\/'Qh(nh(T),vh)dT =T+ 7172

with

T = N (I5u,v) — Ny (u, vp),

T2 _ /Ot./\th(ISU(T),vh) = No(u(r),vp)dr.
By the concrete forms of NJ(-,-) and Ni(-,-), T' can be written as

T =T'+Ty, + T3 + T}
with
T = A]f(ISU,vh) — (a1Vu, Vup)a,

T21 = Z /alv(U7H§7EEISU) 'n’l)hdS,

ecp V¢

Ti = Z (u— ISU)(mV(ng’Eevh) m —y1h; top)ds,
ecEl ¢

-y [ (Z o) (o T >) (@ VT o) = o).
eczb V¢ \j=1""

In line with [39, Lemma 4.1], the upper bound of T}! can be determined as
T} S b lulisr,n onl1,0, S B ulierollonllae

The estimate of T3 can be obtained by utilizing the trace inequalities (2.23) and (3.2) in the
following manner:

T3 ) IV (=1 rsu)]| flonll.

b
e€E,

< Z (|u—H§,Eeu|LEe + hp,

b
e€E,

k,E. h_%
U*HO U‘Q,Ee+|u*15u|1,Ee) e H'Uh”e

< B ulkg1.0, vnloe, S B [ulkerallvnlly.
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Considering the trace inequality (3.2), we can estimate T3 as
k,E. -
TS Y = gsulle ([ (@5 on) |, + b onll. )
4

_1
< (g~ tsulli, + Ju— suly . ) (Jonly s, + he * [l

b
ecEy

< hFulesra, (valna, + [valoa,) S hF [ulksrollvalla

In order to estimate T}, it is necessary to utilize the inequalities (2.24) and (3.2), and the
estimation can be done in the following way:

EDY (Z (ARSI fsu)He> (V5= on) |, + A2 flonle)
j=1

e€Ep

Z(anﬂaﬂ ’s’EeU)ue)(||v<n§%>||e+he1nvhne)

ecE) \j=1
m
Ly (anﬂaﬂ uw)ue)(uwn's%m+h;nvh|e)
ecE) \Jj=1
m . i
=53 <Zh2jhEi\u - H’S’EWILEG) (lonlu,z. + he *lonll)
ecz? \j=1 4
> (Zh%lu Feul; E> (Ionln.z. +he *fnllc)
e€E} 4
D he 2(2 05, (115 (s — fm)He) (Ionlve. + b ¥ flnll.)
e€Ep
m ‘ .
<> <th+]|u|k+1,Ee> (|Uh|1,EE + he thlle)
ecE) \Jj=1
1
m . bl
+ ( > (Zh2j>|u Isuﬁ,Ee) (Jvnli.e, + [vnlog,)
ect \Jj=1
m .
N (thﬂ> [ulk+1,0, ([vn]1,0, + vnloa,)
j=1

S ulernallonllv S B lulker,ellonlla,

where the fact that h < 1 has been used.
In a similar vein to the analysis of T, T2 can be estimated as

¢
T < hk/o [u(7) |kt1,0[|vn| [ ArdT

Consequently, we can infer that

t t
NG ) + [ ARG ) h’“(|u|k+1,n|vh|w+ / |u<f>|k+1,a||vhwdr),
0 0
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then substituting v, with 7" and utilizing the coercivity of NJ*(-,-) and the continuity of
NI (-,-), we have by Young’s inequality that

t t
I |N<h2’€(|u|i+1,n+ / |u<f>|i+1,ndr)+ [ 1@ ea

The desired result (3.9) can be obtained by further utilizing the continuous Gronwall’s inequality
and (3.10). O

Given Lemma 3.3, we are now ready to give the estimates for ||u — R"ul|q, by the duality
argument.

Lemma 3.4. Suppose that for (1.1), the weak solution u satisfies u € L>((0,T); H**1(Q)).
Then for any t € (0,T), we have the following estimates:

1
2

t
Jute) = R u@ll, <1 (oo + [ ) adr) (3.11)
Proof. Consider the following dual problem with the solution ¢ € H?(Q,) N H} (Q,):
V- (a1(2)V¢) = u— Ry, x ey,
¢=0, x € 0O,
The convexity of the domain , leads to the following regularity result:
I¢l2,0, S llu—R"ullo,. (3.12)

By utilizing the boundary condition for ¢ and the definition of the global degrees of freedom
for Vs, we can infer that the interpolation of ¢ in Vi, denoted as Is¢, satisfies I;(|aq, = 0. We
further deduce from (2.15) and (3.12) that

1€ — IsCli.a, < hllu—RMullq, . (3.13)
Taking into account (3.1) and the definition of N7 (-,-) and N(-,-), we have
lu — R'ull, = R' + R* + R® + R* + R° + R® + RT (3.14)
with
R' = (a1 V(u— %), V(¢ = 150)) g, ,
R? = A} (R, 1€) — (a1 VR"u, V()

Qn’
Z/ aV( I eISC) n—a; V(- n)(u—R"u)ds,
eczh V¢
Z/(ijaﬂ (u — 15 e Ry )>a1V(H’ “I5¢) - nds,
eczh V¢

/ A2 %h ISC) (GQVU(T),VISC)Q dr

/ > [ (Vs 1) - ) (u(r) — Ru(r)dsdr

ecEd ¢

/ ZL(ZP 0%, (u(r) — g™ R u(r )))aQV(H’S’EeISQ - ndsdr.

24
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The estimate for R! is straightforward by (2.15) and (3.9), and can be expressed as

R' < |u—R"ul1,0,¢ — ICl10,
t 3
< pht <|U|i+m 4 / |u<7>|i+1,gd7) lu— Rl (3.15)

According to [39, Lemma 4.2], we can establish the upper bound of R? as

1
t 3
Y (LI TRy R TR P (3.16)
For R3, based on (2.13), (2.15), (3.2) and (3.9), it follows that
R <Y [V (g™ 15) = V¢ flu— 93l
e€Ep

S Y (6™ ¢ = ¢, + b,

b
e€E,

S hlCl2.0llu — Rullyr

k,Ee -3
TG 16 = ¢, )he  lu = Rl

t 3
5h’“+1<|u|i+1,9+ / |u<7>|i+1,9d7) lu— Rl (3.17)

Similar to the analysis of 7} in Lemma 3.3, the estimation for R* can be performed in the
following manner:

RS (Zh’““wwe)|15<|1,EE + < > <Zh2j> |u%hu|iEe> 1 I5¢]1,0,

EEZ}’L Jj=1 eE'ZE 7j=1
m + %
k+j 2 2
N <Zh > <|“|k+1,9 Jr/0 |u(7)|k+1,9d7) |I5¢] 1,0,
i=1

t 3
< Wt (|“|i+1,sz +/0 |“(T)|i+1,szd7) (|ISC = (o + |C|1’Q’1)

t 3
< pi (Mim -/ |u(T>|i+1,QdT> s — Rulg. (3.18)
0
Rewrite the integrand function of R® as

Ay (RMu(r), 150) = (asVu(r), VIs() o, = > (RY(r) + R3(r) + R3(7)),

where
RY(7) = A5 (Ru(r) =TTy Pu(7), 15¢ = T ™"¢)
— (a2V (u(r) = Mg Pu(7)), V (1s¢ = 5 EQ) ) s
R3(r) = A (R"u(7), Ty P ¢) — (aaVu(r), VIIgTC) 4,
R5(r) = AF (1§ P u(r), 15¢) — (a2 VII§ Pu(r), VIsC) .
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The following estimates for R?(7) and R3(7) can be obtained by using [39, Lemma 4.2]:

S™(RY(r) + Ry(r) < W1 <|u(7>|i+1,g +f ' |u<a>|i+1,gdo) ut) - Rru()]la,

Rewrite R3(7) as
R3(r) = (a2 (IF~HPVRMu(7) — VR (7)), VI P¢)
+ (a2(VR"u(7) = Vu(r)). ¥ (I57C ~ 0))
+ (az (V%hu(T) — VU(T)) , VQE

Employing [39, Lemma 4.2] again, using (2.15), (3.9), and integrating by parts, we have

1
> m0 £ H (una+ [ Tuo)Eiade) ) - Rubla,

EcT;,

+ (a2 (VR"u(7) = Vu(7)), V()

1
2

=14 (Ju) s+ [ (000 ) () = Roult)le,
— (RMu(r) —u(r), V- (a2V()), + Z/agvg (Rhu(r) — u(r))ds

< (|u(7>|i+1,g - |u<a>|i+1,gda) ut) — Rout) o
) = R o)~ Fu(Olo, + 3 [ 9 n( u(r) — utr)ds.

ecER ¥ °

To sum up, we get

R < / hk+1(|u< Nrat / u(o |k+mda) lu(t) — R*u(t)] o, dr

/Hu (Dl llu(t) = Ru(t)lle,dr
/ Z /@V@“ n(R u(r) — u(r))dsdr. (3.19)

For RS, adding and subtracting a2 V¢ - n, and employing a similar analysis for R3, we obtain
1
< [ (e + / ) s 0o ) ult) = K u(0) o, o7
/ Z /GQVC n( R'u(r))dsdr. (3.20)

ecEd

Analogous to R*, we can estimate R’ as

t T %
#5140 [ (e + [ uo)fannde) T - Ruladr. G20
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Inserting the estimates (3.15)-(3.21) into (3.14), we have by Young’s inequality that
t t T
- 933, < B <|U|i+1,sz n / () 2 0 + / / |u<a>|i+1,gdad7)
t
4 / lu(r) — Ru(r)|3, dr
0

' t
< B (|“|i+1,sz +/0 |u(7)|i+119d7) +/0 Ju(r) — mhu(T)H?lth’

then utilizing the continuous Gronwall’s inequality yields the desired result (3.11). O

In order to establish the error estimates of the fully discrete scheme, it is necessary to
estimate ||us — (M u)¢|lq, . To do this, we can utilize the standard duality argument and focus
on estimating |Ju; — (R"u)||» as a starting point.

Lemma 3.5. Suppose for (1.1), the weak solution u satisfies u € L>((0,T); H*(Q)) with
ug € L((0,T); H*1(R2)), then for any t € (0,T), the following estimates hold:

1
2

t
Jue = @l £ 1 (1 s+ s+ [ Wagar) . @22
Proof. Let n* = Isu; — (R"u)s, and according to (3.7), we have
Nlh(nfvvh) :/\Gh(fsut,vh) — Ni(ut, vn) +N2h(9%hu,vh) — Na(u, vp).

In line with the analysis established in Lemma 3.3, we arrive at

2

t
WHmhk(|u|i+1,gz+|ut|i+1,g+ / |u<¢>|i+1ygdr) |

then employing the triangular inequality, (2.15) and (3.2) leads to (3.22). O

Lemma 3.6. Assume for (1.1), the weak solution u satisfies u € L>((0,T); H**1(Q)) with
ug € L=((0,T); H*1(R2)), then for any t € (0,T), the following estimates hold:

1
2

t
Hut—wunnghshk+1(|u|i+1,g+|ut|i+1,g+ / |u<r>|i+1,gdf) . (32)

Proof. Consider the following dual problem with the solution ¢ € H2(Qy,) N HL(Qp):

-V (al(IB)VCA) = Ut — (iﬁhu)t, T € Qh,

¢=0, x € 0.
Carrying out an analysis similar to that of (3.14), we obtain
[ ur — (mhu)tHéh R L R+ R AR R+ RS+ BT
with

R' = (a1V (us — (R"u);), V(C = 15€))
R? = A} ((RMu)y, I15C) — (a1V(9‘{hu)t,V15§:)Qha
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Z / a1V EI5§) n—a1 V(- n) (ut — (Eﬁhu)t)ds,

ecEl ¢

ZL(ZP 03, (uy — 11 kE “(R'u ))>G1V(H§’EEI5CA)-nds,

e€Ep

R == Ag (%huv I.Sg) - (GQVU, VI.Sg)th

R® = Z /GQV(HS’Ee 155) -n(u — R"u)ds

ecEl V¢

Z / (Zp 83 Hg’Eeiﬁhu)>a2V(Hg’EeISé) -nds.
ecEl ¢

Then, in a similar vein to the proof of Lemma 3.4 and using Lemmas 3.3 and 3.5, we obtain
(3.23). The proof is complete. O

3.2. Error estimates for the fully discrete scheme

In this subsection, we begin by deriving error analysis for the terms that involve the Dirichlet
boundary condition g. Subsequently, the error estimates are presented for the fully discrete
scheme (2.31) based on the approximation properties of the Ritz-Volterra projection R".

Lemma 3.7 ([19]). For any E € T, and any vy, € V(E), we have the following inverse
inequality:
lonlie S hg'llvalle- (3.24)

Lemma 3.8. Assume that the weak solution u of (1.1) satisfies u(-,t) € WmHL22(Q) for t €
(0,T), then for any t € (0,T) and any vy, € Vs, we have

Z/( ip_ )‘“V(HM )= ) ds

eCE)
S Bl 00,00k, (3.25)
/ Z/( —u(r Zp— ) GQV( h) n — yoh, vy )dsdr
eexp V¢ j=1
< HEH / () 10007 0 (3.26)
0

Proof. For & € 9, we have the following estimates according to Taylor expansion [12]
and (2.2):

S B2 [ul g1 00,0



SVEM for Semilinear Parabolic Integro-differential Equations 23

Since we set m = [(k +1)/2], the value of m is (k+1)/2 when k is odd and k/2 when k is
even. Then we have
prmee _ {hk+3, if ks odd,
hFt2 if k  is even.

Due to the fact that 0 < h < 1, we arrive at

g(t) —u— Z %(%Lu < P2 Ul 0.0 (3.27)

j=1

Utilizing (2.23), (3.2), (3.24) and (3.27), we obtain

> / (“” Sum ) %8%“> (a9 (55 0n) - 10— b on ) ds
(&) :1

350

= |

< Z hk+2he§|u|m+1,oo,fz(HVHI(?EeUhHe + h;1||vh||e)

(|| vz P unll, + hotllvnlle)

e€E)
S Pl s (fonlm + hpHlvnlle.) S PF ulmni 0o 0llvallo, -
e€L)
Therefore, (3.25) is demonstrated. In a similar way, (3.26) can be obtained. g

Theorem 3.1. Let u be the solution of (1.1) and {u}}N7, be the solution of (2.31). Assume

ue L®((0,7); H¥HQ) n W™ heo(Q)), wuy € L=((0,T); H* (),

U € LOO((O, T), HﬁH_l(Q)), Ut € LQ((O, T), LQ(Q)),
fib(u) € L=((0,7); H*1(Q)), ug € H*1(Q), At <1,
then for allm =1,2,..., Ny, we have the following error estimates:
[utn) —uillg, < < A (||U||L2((o,tn);m+1(n)) + uell 200,60 )57 +1 () + 1 | Loe ((0,80): HE+1 (02))

+ [0(u)l| Lo ((0,60): 57 +1 () + 1ll Lo ((0,80): 041 (02)) + [tolkt1,0
+ [l Lo (0,6, );wm+1.0 () + ||U||L2((o,tn);Wﬁ+1,w(sz)))
+ (At) (||Uttt|\L2((o tn):L2()) T HUHLz((Ot Yy H™+1(Q)) T ||U||L2((o tn);HL(Qn))
+ llwell L2 (0,t,);mm+1 ()) + [uell 220,805 (1))
+ el 220,00 )14+ (2)) + ||UttHLZ((o,tn);Hl(ﬂh)))a (3.28)
Jeutta) =il S 0 (ulloqoaiarssn o+ Nuellaqoan s @ + 1 llm oo
+ [0(w)l| Lo ((0,40): 041 (2)) + ll Loe ((0,60): 041 () + [to]kt1,0
+ [l Lo (0,6, );wm+1.0 () + ||U||L2((o,tn);wm+1,w(g)))

+ hk(HUJHL“’((O,tn);H’“H(Q)) +[lull 20,60 ) HE41L () + |uo|k+1,n)
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(02 (Jhutte | 200020y + Ml z2(0.00)ctm 41 + [l 20,0013 027
1wt 20,60 ); Hm 1 () F 1wel L2000, )5 E7 ()

el oy + sl i @) (3.29)

where

¢ 3
ooy = ([ Tuar) . we (wua
0

Proof. Through the Ritz-Volterra projection R", we can decompose the error u(t,) — u} as
u(tyn) —up = (u(ty) — R'u(ty)) + (R u(tn) — u) = OF + O3,
and Lemmas 3.3 and 3.4 have provided the following established estimates for O}

107 [l S * (Il oo (0.6 ):mrt+1 () + Il 20,8051 (02)))

3.30)
H@"th < K (HuHLw((O,tn);H’Hl((z)) + HUHLZ((O,tn);H’Hl(Q)))- 3.31)
Introduce the following notations:
_ =n _ En—l - =n + En—l
E" =E(t,), 02" = U =n = — = e {u,u, f,§,02,up}.
For model problem (1.1), it is easy to deduce that for any vy, € V5,
(f,vn)a, = (agus,vi)q, + (a1Vu, Vo )a Z /a1Vu nupds + (b(u),vn) g,
eczh V¢
+/ (a2Vu(r), Vor), Jdr— / Z /aQVu ) - nupdsdr, (3.32)
0 »Je
e€E,

then it follows from (2.31), (3.1) and (3.32) that
Af (305, vs) + N (O3, v)

= iA’g (R u(tn) — RMu(tn_1),vs) + %N{‘ (R u(tn) + R u(

~1),0n)
+ N} (QL vh)-i- 80(15 (up) + Lsb(up ™), vn) — LI (tns vn)
—EAS(%hu(tn)—i)‘{h U(tn—1),v0n) + N3 (QF, vn) — L] (tn; vn)
+ %B(’}(ISb(u’g) + Isb(up =), vn) + N (U™, on) + % /Otn Na(u(r),vn)dr
+3/t" N (u(r), vi)dr — OtnNg(mhu(T),vh)dT
——/ NF (R u(r),vp)dr
=0+ +Q°+ Q'+ +Q°+q” (3.33)
with

1 _
QL = EA’(} (R"ultn) — R ultn-1),vn) = (aouf,vn)g, ,
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@ = (Fon)g, — 5 (" (bui ) + (1 0),

1 1
Q° = 5B (15 (uh) + Isb(uy ™) vn) — 5 (b(u™) +b(u" "), v ),

— . &y
=3 [ (é" —T-y %8%u"> (T (o) -0 =710 ) s,
j=1

b e
e€E)

Q= %/ / (@(r) SICEDS %azm) (a2 (T " vn) - 2 = ok vy ) dsdr,
exp € j=1
Q" =N QL vp) — %/Ot NZ (R u(r), vp)dr — Otn NP (R u(r),vp)dr
By replacing v;, with ©F in (3.33), we have
Al (303,03) + N(03,05) =+ + Q> + Q' +° +@° + Q. (3.34)

In view of the symmetry of AZ(-, ), its left-hand side can be rewritten as

A (003, 05) + N7 (03, 63)

1 - n n— n n
= oA A0 (05 — 371 05 + 037) + N (05, 8%)

1 - n— n n
= 57 (A0(65,03) — A5 (0571,0371)) + N (67, 85).

Then, multiplying both sides of (3.34) by 2At, we derive
AG(03,05) — Aj(0371,057") + 2AtN7 (03, 65)
=2AtQ" +Q*+Q° +Q* +Q° +Q° + Q). (3.35)
Similarly, replacing vy, with 0% in (3.33), we obtain
A} (503,505) + N (05,503) =@' +@* +Q* +Q* +Q° +Q° + @, (3.36)
whose left-hand side can be rewritten as
Al (50%,505) + N (05,507
= A (603,00%) + ﬁ/\f{t (03 + 0571, 05 —657)
= Aj(F05,508) + 5 (N (05,05) - AT (04, 05 7)
R CHRNCIO R CHNCI )
Then, multiplying both sides of (3.36) by 2At, we have
NI (©3,03) — N (0371, 0371) + 2AtA5 (305, 605)
=2At@" + @2+ @2+ +@° +Q° + Q")
+NH(O5,0571) — N (0571, 05). (3.37)
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To estimate Q', we first rewrite it as

Q! = éAg(i)‘{hu(tn) —u 4 u" —u" T u T = Rt 1), o) — (aouy, ’Uh)Qh
=0Qf +0Q3
with
= Bt -t
Q= A} (6u", vp) — (aou, Uh)Qh'
By (3.23), Q} can be estimated as
_ 1
At

hE+1 tn tn 3
ST ([ ke +amadr+ o [T dr) ol
tn—1 0

[2%
Q / A’g((mhu)t — g, vp)dT

tn—1

From (3.35) and (3.37), it can be found that the coefficient h**!/At in the estimate for Q}
becomes h¥*! for AtQ'. Thus, no restrictions on At are required.
With the L2-projection operator HS’E, we can rewrite Qi as

Q% = Z AOE (gu" — Hg’Egu",vh) + (aoHIS’Egu”,HS’EUh)E - (GOW; vh)E
EeT,

= Z A(})E (gu" — HS’ESU", vh) + (HS’E(QOHS’EEU") — aOHS’Egu",vh)E
E€T,

+ (aOHS’Egu" — apuy, ’Uh)E,
then employing (2.13) yields
Qs < P OU g allonlla, + [|0u” — uf ||, llvnllq, -

It is easy to derive that

_ un _ unfl 1 tn 1 tn
|ou" k41,0 = =— / uy(7)dr S o [t (7) k41,047,
At e At w0 At Sy,
<, n n 1 n n—1 n n—1
Héu —utHQ = EHQU —2u"T — Atuy — Atuy Hsz
1 tn1 +tn
< ——[2u™ — 2u™ " — 2Atuy, o Bk
2A¢ 2 aQ
1 th_1 +1tn _1
() g g
2 2 o
1 (tn+tn-1)/2 tn
= E / (T — tn_l)Q’U/ttt(T)dT + / (T — tn)Q’uttt(T)dT
tl Je, s (tn+tn_1)/2 Q
11t (tnttn_1)/2
+ 3 / (T — tn)ugee (7)d7 — / (T — tn—1)ug (T)dT
(tnttn_1)/2 tn 1 Q

[2%
< At/ e (7)ol

tn—1
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Hence, we arrive at

pR+1 tn tn 1
Q' < | s+ s adr + At( / |u<7>|i+1,9d7) ol
tn—1 0

At

tn
Y / lueee(™) ldr onlle,.

tn—l
By [22, Theorem 1] and (2.13), we can derive the following estimates for Q* and Q*:
Q? S A1 ke + 17 Hksre) lonl
Q% < A s + 10" ke + [ kere + 4" ko) lvnlla,

+ (Il = upllg, + e~ = wp ™ g, )lenlan-
The following estimates for Q*, Q° and Q° can be obtained immediately from Lemma 3.8:
Q' S A (Ju 00,0 F U s 1.00.0) [[0R]] 0

tn tn,—l
0+ Q° < A / (7)1, 00,0207 [0y + HF / (7 1,00, 07 .

We now begin to establish the estimates of ||©%||q, for n =1,2,..., Np. It is easy to derive
the following error formula for the trapezoidal quadrature rule:

(r(ta) + r(tb)) — /t ' r(r)dr = —% /t ' (1 —ta)(T — tp)ree(7)dT. (3.38)

a

ty — ta
2

a

In the case of n = 1, we see that

A . A h h 1 t1
0" =~ 5N (BFm) + §N$(m S “(“)wh) -3 | M. )ar,
0

At~ 1M
= 77N2h (03, vn) — Z/ 7(1 — tl)Ng((%hu)tt(T),vh)dT. (3.39)
0
Taking n = 1 and replacing v;, with ®_§ in (3.33), and also noticing the above estimates for Q*
to Q7, we have
10311, + Al + (an? (]
211y, 21N 21N
S hzm(”“”%%(o,tl);mﬂmn el Zaqo0ysmm 1)) + 1 IToe 0,00)s 10012

+ Hb(u)||2L°°((O,t1);HK‘+1(Q)) + HUH%“((O,tl);H’V+1(Q)))
1
+ Atz 103113, + (At)*[luseelZ2((0.6,):12(0))
q=0
+ p2kt2 (|U0|i+1,9 + ||U||iw((o,t1);wm+1m(Q)) + ||u||%2((0,t1);Wm+1v°°(Q)))

+ (At)4(HUH%Z((O,tl);H’ﬁ+1(Q)) + Hull%?((o,tl);Hl(Qh)) + ||Ut||2L2((o,t1);Hﬁ+1(Q))

+ ||ut||2L2((0,t1);H1(Qh)) + HuttH%Z((O,tl);Hm+1(Q)) + Hutt||2L2((o,t1);H1(Qh)))a
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where we have made use of the continuity and coercivity of AR(-,-), NI(-,-) and N2 (-,),
Young’s inequality, (3.31) and the stability (3.6) of (93"u);,. Further using the discrete Gron-
wall’s inequality [33], we obtain
103, <P (||U||L2((o,t1);Hk+1(sz)) + el 220,00y () + 1 lpoe (0,60)s5041 (2))
F 10| oo ((0,60)s 1041 (2)) + 1wl oo ((0,60); 1741 (02))
o 0wrmsiey + 2o,y + luolisi.0)
+ (At)Q(Huttt||L2((0,t1);L2(Q)) + lullz(0,00): 1)) + 1wl L2(0,00): 51 ()
ez, + lluell 2oy n)

+ lweell L2 (0,00); 5741 (02)) + ||'UJtt||L2((0,t1);H1(Qh)))- (3.40)

In the case of n =2,3,..., Ny, it follows from (3.38) that

B 1t
Q' = 3 7./\/'2 (uf +ud™ o) — 3/, NG (R u(r),vp)dr
q=0
1e= At b, a 4 ,a+1 Lo
+ 3 7/\/'2 (uf +ul™ vn) — 5 ), N (R u(T),vn)dr
q=0
n—1 At s
——atY N L) - A @5 n)
qg=1
1) pten
12 [ =t )N (@ () ) dr
q=0""q
1gs [ h((oph
12 [ ) =t AR (). v
q=0""2

Substituting ©% for vy, in (3.33), employing Young’s inequality, the inequality (3.6), and the
above estimates for Q! to Q7, we have

Aj(03,05) — Af (0571, 057) + At|[8F|
S h2k+2(||u||%2((tn,1,tn);HHl(sz)) + ||ut||%2((tn,1,tn);ﬂk+l(sz)))
+ Ath2k+2(HUH%Q((O,tn);H’“*l(Q)) +lullZoo 0,605 100100 F I F W Loe 0y i1 )
F D) oo (1 e+ ) + ||“||%x((tn,l,tn);mﬂ(n)))

k
+ Ath? +2(IIUII%oc((tH,tn»vvmlvw(Q)) + ||“||2L2(<o,tn>;wm+1v°°<n)>)

+ At(”@gH;h + Heg-lnéh) + (A et 2oty iz T (A2 05

q=0
+ (A1) (flullZ . + [Jull? + [l 17 .
L2((0,t,)sH™1(2)) L2((0,t0):HY () T 11U L2((0,,); 7 +1.(2))

+ ||ut||2L2((O,tn);H1(Qh)) + ||utt||2L2((0,tn);Hm+1(Q)) + ||utt||2L2((0,tn);H1(Qh)))'
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By adding the above inequality for n from 1 to r, where r is an integer satisfying 2 < r < Nrp,
and using the discrete Gronwall’s inequality, we obtain
105, S ! (HUHLZ((O,tT);H’Hl(Q)) + el 20,0,y 641 ) + 1 f oo ((0,6,): 741 ()
+ [[6(w) | Loo (0,8, ); 841 () + 1wl Loo 0,8,y HE+1 ()
+ llull oo ((0,6,) Wm0 ()) + Ul L2((0,6,) W m+1.00(02)) + |uo|k+1,ﬂ)
+ (At)Q(||Uttt||LZ((o,tT);LZ(sz)) + llullL2((0,6,):m+1(9)) + [wllL2(0,60): 51 ()
+ luell L2(0,6):mm+1 ()) + el 20,051 @) + lweel L2 (0,8, )7 +1 ()

ol 2o )

then employing (3.31) and (3.40) leads to (3.28).
We now proceed to give the estimates of ||OF||n for n =1,2,..., Np. In the case of n =1,
replacing v, with 604 in (3.39), we have by Young’s inequality that

1 t1
@S 3 [O8l + (a0° [ @ ugto
q=0

Taking n = 1 and replacing vj, with 603 in (3.33), and employing the estimates for Q' to Q7,
(3.40) and Young’s inequality, we arrive at

<olll2 12
At[|o0, g, + [|1©2[
S hTE (”““izaom);m“(m) el (0 00); k041 ) + I Lo (0,001 )

1B w0050y + 100w 00008 )

1
+ Atz 103113 + (A6) ! [Jwseel|72 (0,4, y:22(02)) + 195113
q=0
+ h%w('“("iﬂvﬂ Lo 0,60 )wm 10 ) T ||“||%2<<oyn>;wm+11°°<sz>>)
+ (At)4(HUH%2((0,t1);H’ﬁ+1(Q)) + Hull%?((o,tl);Hl(Qh)) + ”ut||%2((0,t1);H’ﬁ+1(Q))
+ ”ut”%Q((O,tl);Hl(Qh)) + ||utt||2L2((0,t1);H’7L+1(Q)) + ||utt||%2((0,t1);H1((2h)))'

Utilizing (3.9), (3.10) and discrete Gronwall’s inequality, we deduce that

182]] < A* (||u||L2((o,t1>;Hk+1<m) Flluell 20,00 mm 1 @) + Il Lo 0,00)s 41 (2))

10w Loo 0,81y x4 1 () + 1wl Lo (0,00 )41 () + U0l k41,0
F |l oo ((0,80)wm 100 (02)) F ||U||L2((O,t1);W’ﬁ+1v°°(Q))) + h¥uo|k41,0
+ (At)? (||“ttt||L2<<o,t1>;L2<sz>> Fllull z2o,eysmmr@)) + lullz o, @)
+ lluell L2 (0,00);m+1.(9)) + el 2(0,60): 11 ()

sl aqo.nyerms ey + el oy ) (3.41)
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In the case of n = 2, based on the process of analysing ||©3]|x, we can similarly get

[CHIS hk“(|\U|\L2((o,t2);m+1(sz)) + Jutl p2(0,60); 541 () + 1l Loe((0,802): 151 (02))
F 10(w)[| oo ((0,£2): 5+ 1 () + [l oo ((0,00): 117 +1 (2)) + |w0lk+1,0
+ ull oo ((0,t2); w100 () + HUHLZ((O,t2);WﬁI'+1v°°(Q))) + hFluglks1,0
+ (At)Q(HutttHLZ((O,tz);LQ(Q)) + ||U||L2((o,t2);Hﬁ+1(Q)) + llull L2((0,62); 1 ()
+ Juell L2 0,t2); m 41 () + lwellL2(0,62): 5 (@)

+ lweell L2 (0,00); 541 (02)) + HuttHLZ((O,tg);Hl(Qh)))- (3.42)

In the case of n = 3,4, ..., Np, by substituting 604 for vj, in Q7 and performing straightforward
calculation, we arrive at

Q7 = N2 (Qh.FOy) - % /0 "N (RPu(r), 560 )dr — % Ot“ NP (Ru(r),507)dr
At~ 7 sony L[ foh Fon
=5 ;NQ (uf,60%) — 5/0 N (R u(r),008)dr
At — 1 [tnt -
+ - ;/\@h (uf,00%) — 5/, N (Ru(r),60%)dr

1 n o n—1 o B
~3(Seemen - Sararer)
q=1 qg=1
1 fn

[2%
- — </ Nzh (%hu(T),@g)dT - ./V'Qh (mhu(T), @gl)d7'>
2At\ o o

1 n—1 o n—2 o
(Sm@en - Saramer)
g=1

g=1

th—1 th—2
([ v i [ gt 65
t\ Jo 0
1 tn n— =
T oar ), Nzh(th(T)aez H)dr — _N2 (u, ©37)
1 s - n—
tonr ) AR u(n), e )dr Nh( w057

—2

Replacing v, with 3@3 in (3.33), employing Young’s inequality, the inequality (3.6), and the
above estimates for Q!-Q7, we have

NP (03,05) ~ AT (0371, 057) + AtfFes;,
< W2 (HUHL2((tn L)) Tl ey i) ) + AT

+ Ath?k+2 (||u||L2((Ot o)) T oo (o1t Hk+1(9))) +1105 [ 1957 v
+ Ath?k+2 (| ||Loc((tn717tn)-Hk+l(Q)) + ||u||Lw((tn,fl,tn)‘Hk‘+1(Q)))
(

k
+ AR ([ F oo (4 oyswmrros ) + [0l Z2g0,0 ) mms1. w(Q)))
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+ At(Hu” - “ZH?zh + flunt - “Z_lH?zh) + (At)4||Uttt||2L2((tn,1,tn);L2(Q))-

Adding the above inequality for n from 3 to r (3 < r < Np), it follows from Young’s inequality
that

rl12
HGQHN < (At)4||Uttt||2L2((O,tT);L2(Q)) + WP (||“||%2((o,tr);m+1(9)) + ||Ut||%2((o,tr);Hk+1(Q)))
+ h (”“”%Z«OM;HW<fz>> AL (.tyetrn iy + 10 Lo (0., ):541 ()

+ ”uH%W((O,tT);H’f*l(Q))Jr||u||%%((O,tT);WﬁI*LOC(Q))Jr||u||%2((0,tT);WﬁI'+1v°°(Q)))

T r—1
Aty ([l =i, + la" ™ = e, ) + D lles]
n=0

n=3

L A & —
(ZJ\@ uf,05) ZNQ}I(UZ,@E))

q=1

1

. ( /O " N (), O5)dr /O N3 (9 u(r), Gﬁ)‘”)
At(ZNQ o7 ey) i ! (uf, 03) )

q=1
1

tr—1 1
([ st epar— [t ot 03)ar)
0 0
T tn
33 [ a0 ar - St s

+Z / N2 mh )@n 1)d 7_Nh( 1@n 1)
Applying (3.6), (3.38), and Young’s inequality, we further have
rl12
HGQHN < (At)4||Uttt||2L2((O,tT);L2(Q)) + WP (||“||%2((o,tr);m+1(9)) + ||Ut||%2((o,tr);Hk+1(Q)))
+ h (”“”%Q«O,m;m“<fz>> 1L 0,tysmm 41 ()

+ ||b(u)||%°°((O,tr);Hk‘+1(Q)) + ||u||%°°((0,tT);H’€+1(Q))

+ ||u||%°°((0,tT);WﬁL+1v°°(Q)) + HUH%Z((O,)&T);W’?’*L“(Q)))
T T r—1
+ Y ((um = upllg, + ™t =g, ) + At 055+ D 5]
n=3 n=0 n=0
+ (At) (||U||L2((o £ Hm+1(Q)) T ||U||L2((o Gy Q) T ||Ut||1:2 (0,¢,);: H™+1(Q))

+ ”ut”%Q((O,tr);Hl(Qh)) + ”utt||%2((O,tT);H’ﬁ+1(Q)) + ”utt||%2((O,tr);Hl(Qh)))'

Using (3.28), (3.30), (3.41), (3.42), and the discrete Gronwall’s inequality, we obtain (3.29).
The proof is complete. O
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4. Extension to 3D Case

In this section, the numerical solutions of the semilinear PIDEs (1.1) on 3D curved domains
are addressed using the Nitsche-based projection method and the serendipity virtual element
method.

4.1. Serendipity virtual element space

Similar to 2D case, a sequence of polyhedral domains {€,}, are employed to approximate
the curved domain Q. Following [12], we assume that Q; C Q. A polyhedral mesh T} is
utilized to decompose each polyhedral domain €,. The subscript h* corresponds to the size of
the polyhedral mesh, which is defined as h* := max, €T ,n hp, where hp represents the diameter
of the polyhedron P. For simplicity, we set h = h*. The polyhedral mesh 7} is assumed
to satisfy the shape regularity described in [7,12,24]. For any point « on 99 which is the
boundary of Qy, it is assumed that there is a nonnegative function p(z) which depends on x
such that « + p(z)o € I, where o represents an unit outward vector on 9.

The set of mesh faces in T}, is denoted as ¥, and gather the faces lying on 00, into the
set 7. We introduce the notation A 1ines(0F) to represent the minimum number of straight
lines needed to completely enclose OF (the boundary of F) for every face F € F,. We then define
AL = minFeg, Niines(OF). We denote the minimum number of distinct planes needed to
completely enclose P (the boundary of P) for each mesh element P € T} as N pranes(0P).
Then we define A ,nes = Minpez, N pranes(OP). It can be observed that AN e < N P ames-

We assume that k is a positive integer representing the order of SVEM, and require that
1<k< N, Obviously, k < Nglanes. For any P € T}, an auxiliary space V(P) is defined
as follows:

V(P) = {’Uh S Hl(P) Ay, € Pk(P), Uh|6P S Co(c’)P), ’Uh|]: S V(]:), VF C GP},

where C°(OP) refers to the space of continuous functions on the boundary 9P, while V (F) is
defined in (2.5). By [7], for any vy € V(P), given the following information about vp:

(D1) The function values of vy, at the vertices of P,
(D2) The function values of v;, at k — 1 different internal points in each edge e of P,

the boundary projection HI;’th € Py (P), whose definition is similar to (2.4), can be uniquely
determined by (D1) and (D2). Then we define the k-th order local space V(P) using the
operator H?’P as

V(P):={vy € V(P) : (vn,p)p = (HI;’th,p)P, Vp e Pp(P)}.

The unisolvency of the degrees of freedom (D1)-(D2) for V(P) can be found in [7].

On each element P € T}, for any v, € V(P) and its gradient Voy, the computation of
Hg’th and H’f_l’PVUh can be achieved by utilizing H’;’th. In addition, for any F € 7, using
(D1)-(D2), we can also compute L2-projection Hg’fvh according to Section 2.

Based on the local space V(P), we define the global space V as

Vs:={vn € H'(Qn) : vp|p € V(P), VP € Tp},

and the interpolation operator T : H*(Q2) — Vs can be constructed in a manner analogous to
(2.14).
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4.2. Discrete bilinear form

Following the approaches outlined in [6,17] and Section 2, we can construct discrete bilinear
forms Zg(- , -),Z}f(- ,-) and ZZ( ;+) to approximate (ao-,)g,, (@1V+,V-)g, and (a2V-,V-)g ,
respectively. By replacing ag with 1 in ZS (+,), we can derive a discrete bilinear form Eg (,9)
for the inner product (-, -)g, . Similar to 2D case, utilizing the continuity and coercivity of the
stabilization terms with respect to the energy norm established in [9] and the norm equivalence

of the stabilization terms in [24], the continuity and coercivity of Zg( )5 Il}f( ,-) and 7\;( .)
can be obtained (see also [17]).

For any v,,w, € Vs, we now shift to the construction of bilinear form ./T/'}f(vh,wh) and
N ;(vh, wp,) on the basis of the Nitsche-based projection method [12], which are defined as

—h —h —
Ny (v, wp) == A (vp, wp) — Z / a1V(H§’PF1}h) ~nH§’}-whds
f

FeF
k,F — 7 i (17k,Pr
SRR ST
Fer T =17
X (a1V(H§’PIwh) ‘M- l1_110“}—74)h)ds,
hr
—h —h _
Ny (v, wp) == Ay (vp, wp) — Z / a2v(H10€7Pf'l)h) ~nH§’fwhds
Fegp? S
h
k.F Ny i 1ok, Pr
S WA LIRS s Ten
Fenp?F =17

where the nonnegative integer m* < k,7 typifies the outward unit normal on 9, dJ. denotes
the j-th order directional derivative in the direction of o, P € T} represents the unique element
satisfying F C OPr, hx denotes the diameter of F, and 7, and 7, are the penalty parameters
in the Nitsche-based projection method.

Introduce an energy norm ||-|| 5 for V5 with the form
ol = onl2 g, + onl2g;  Von € Vs,

where

ol = Y hE [ o
Fegp

According to [12] and Section 2, we know that ||| defines a norm on both Vs and H'(Qy).
Similar to the proof of Theorem 2.1, we can obtain the following coercivity and continuity of

N1(,-) and Ny (-, ).

Theorem 4.1. There exist 77,75 > 0 and ho > 0 such that if 5, > 7Y, F5 > 79 and h < hy,
then N}f( ,+) and ./T/';( ,+) are coercive and bounded.
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4.3. Fully discrete scheme

The fully discrete scheme based on the Nitsche-based projection method for the semilinear
PIDEs (1.1) on 3D curved domains is defined as finding a sequence {u};}flvil of functions in V

such that L L
u —u} u? + ul —n
A (M) (M) < R @)

Tsb(uj) + Tsb(ujp
B (2

(4.1)

) ’Uh) ZZZ(ﬁn;Uh), Yy, € V5,

where the trapezoidal quadrature rule Q" is defined in (2.32) and the linear form ZZ (tn;vp) is
defined as

— 1
Ltwivn) =5 3 / (15" (f(tn) + f(tn-1)))vnda
PE?h P
=5 [ A0+ 30 ) 0T )
FeFp
tn
2/ / ) (a2 V(11 Uh) 'ﬁfﬁgh}lﬂlg’}-vh)dsdT
0

FeFp
.
2 Jo
in which g(r) = g(z + p(x)o,7),7 € [0,1t,]. Analogous to (2.34), the Newton’s iteration algo-
rithm for (4.1) can be constructed.
Furthermore, for the strategy of imposing Dirichlet boundary conditions strongly, we can
also construct corresponding fully discrete scheme and Newton’s iteration algorithm based on
Section 2.4. It should be noted that for the r-th iteration at the n-th time step, to impose

the Dirichlet boundary conditions, we assign the value to the j-th global degree of freedom
DOF;(uy’") in the following approximate way:

> / §(1) (a2 V (T 7 vy) - T8 — F,h 2 T 0y, ) dsdr,
Femp’F

DOF, (uzr) ~ g(Mh(:Bj),tn), Vj e B,

where B denotes the set of indices for degrees of freedom associated with the points on the
boundary 99y,, x; = (z;,y,,7;) represents the corresponding boundary point for j € B and
the mapping M, : 9, — 09 is defined in [3, Section 2.1].

Remark 4.1. Unless a; and ay are assumed to be constants, the error analysis process estab-
lished in Section 3 cannot be trivially generalised to 3D case. The reason for this lies in the fact

that if Ritz-Volterra projection R'u is defined in the manner of (3.1), then when analyzing the

. =P . .
L?-error estimates for R u following Lemma 3.4, we encounter the following two terms:

Z/alv (EP7T5¢) - 7w — TR u) ds — Z/a1V§ A(u— R u)ds

Fegp Fegp

/0 / asV 1'[]C PfISQ) n(u(r )—ng’fﬁhu(T))dsdT,

Fegy
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for which we have not found a correct estimation method to yield the desired results. Never-
theless, if a; and ao are both constants, then by the fact that

arV (I F775¢) -7 € Py (F),
GQV(HO’ }_15C) SRS ]Pk—l(]:)a

and the definition of the L?-projection operator Hk 7 R and R can be rewritten as

Z / (a1 V Hk Pry s¢) - _—alvg-ﬁ)(u—ﬁhu)ds,

Fegp

/0 /GQV (5" 75¢) - A (u(r) — ﬁhu(T))deT7

Ferp

then following Section 3, the subsequent error analysis become feasible.

5. Numerical Experiments

In this section, we will investigate the convergence orders of the errors (abbreviated as
ECO) for the fully discrete schemes (2.31) and (4.1) regarding h and At. Additionally, we will
compare the spatial convergence orders among (2.31), (4.1) and the fully discrete scheme based
on imposing Dirichlet boundary conditions strongly. In both experiments, the final time 7" is
set to be 1, and regarding the stopping criterion for the Newton’s iteration algorithms used to
solve the fully discrete schemes, we will set the tolerance uniformly to be 1078.

Since the closed forms for functions in the virtual element spaces Vs and V5 are not explic-
itly obtainable, we approximate the errors |[u(T") — u, " ||n, |w(T) — up ™ o, |w(T) — up ™ I~
and ||u(T) — uhT||Q at the final time 7" with the approximation errors Ex, Eq, , Exr and Eg ,
respectively, which are defined by

1

2

Epn = ( Z ’u(T)—HIS’EuhNT’iEﬁL Z h;lHu( uhTH ) ,
EeT;, e€Ep

2

Eq, = ( Z Hu(T) —Hg’EuhNTH2> ,

EcT;,

EN:(Z ) TP S B () — 5 NTHf) ,

Pe?h }—ETh
, 3
k,P
o, = 3 i)
PeTy
Example 5.1. Let ag(x) = 1,a1(x) = 2 and aq(x) = 3. Consider the following initial-
boundary value problem of PIDEs (1.1):
¢
apuy — V- (a1 Vu) —/ V- (aeVu(r))dr + Vu2+1=f in Qx(0,T),
0

u=g on 90 x (0,T),
u(+,0) = ug in Q,
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where
Q= {(z,y) e R*| 2* +¢* <1},

and f, g and ug are derived from the exact solution
u = exp(—t) <z2 +y? +sin (%) cos(wy)).

It is easy to derive that for b(u) = vu? + 1, the derivative satisfies

u

b =|—| < 1.
¥l =| | <

By the Lagrange’s mean value theorem, we have for any ui,us € R,
|b(u1) — b(U2)| S |’LL1 — ’LL2|,

which implies that b(u) is globally Lipschitz continuous.

Two types of polygonal meshes, which are denoted as MESH; and MESHs, are employed for
the purpose of decomposing the computational domain €2 in this example, and they are shown
schematically in Fig. 5.1. Considering the shapes of MESH; and MESHs, we choose the order k of
SVEM to range from 1 to 3. For the selection of penalty parameters v; and 72 in the bilinear
forms N7 (-,-) and NE(-,-), we set 41 = 2000 and 2 = 4000.

It is apparent that for u € L ((0,7); H**1(Q)), and under the assumptions of Theorem 3.1,
we have

Exv S < Z |u(T) — Hg’Eu(T)EE) + lu(T) = up ||, S BF+ (A2, (5.1)

EeT,

Eq, < ( > Jlu(r) Hg’Eu(T)H2E> + (1) = up™ ||, S PET+ (A1) (5.2)

EcT,

Hence, it follows that Ex and Eg, converge with the same orders as ||u(T) — up * || and
[w(T) = up ||, , respectively.

1.00 A 1.001
0.75 4 0.75 A
0.50 1 0.50 A
0.25 1 \ 0.25 A
0.00 l 0.00 A
—0.25 A / —0.251
—0.50 —0.50 1
—0.75 - —0.751
—1.00 A —1.001
T T T T T T T T T T T T T T T T T T
-1.00-0.75-0.50-0.25 0.00 0.25 0.50 0.75 1.00 —1.00-0.75-0.50-0.25 0.00 0.25 0.50 0.75 1.00

Fig. 5.1. MESH; (left) and MESH2 (right) used in Example 5.1.
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We begin by examining the convergence orders of the approximation errors Exs and Eq,
with respect to the spatial mesh size h. To ensure that the spatial errors dominate, we set At
to be 1/1000. In Table 5.1, we provide the calculated results of errors Epr, Eq, , as well as the

corresponding convergence orders, for Example 5.1 with MESH;. From Table 5.1, we can observe
that for the fully discrete scheme (2.31), Exr = O(h¥) and Eq, = O(h**1). For Example 5.1 with
MESH,, we can obtain a similar conclusion from Table 5.2. Therefore, the predicted convergence
orders with respect to h in (5.1) and (5.2) hold true, further confirming the established spatial

convergence of Theorem 3.1. Furthermore, from Tables 5.1 and 5.2, we can observe that, for

Table 5.1: Approximation errors Exr, Eq, and ECO for Example 5.1 using MESH; .

Scheme (2.31)

strong imposition strategy

Scheme based on

En

ECO

Eq,

ECO

En

ECO

EQh

ECO

2.3134E-01 | 1.9534E-01
1.4565E-01 | 1.1972E-01
1.1253E-01 | 8.9712E-02
8.3326E-02 | 6.7205E-02

1.0582
1.1186
0.9613

1.0566E-02
4.1108E-03
2.3659E-03
1.2833E-03

2.0402
2.1416
2.0360

1.9535E-01
1.1972E-01
8.9713E-02
6.7206E-02

1.0582
1.1186
0.9614

1.0566E-02
4.1110E-03
2.3661E-03
1.2833E-03

2.0402
2.1416
2.0361

4.4223E-01 | 6.2057E-02
2.7591E-01 | 2.3194E-02
2.3134E-01 | 1.6229E-02
1.4565E-01 | 6.3288E-03

2.0861
2.0267
2.0353

3.4718E-03
7.3314E-04
4.1798E-04
1.0253E-04

3.2963
3.1892
3.0372

1.1642E-01
4.7233E-02
3.2572E-02
1.6762E-02

1.9122
2.1094
1.4359

2.2957E-02
7.3534E-03
4.6961E-03
1.8804E-03

2.4132
2.5453
1.9782

5.7957TE-01 | 1.7292E-02
3.6714E-01 | 4.2580E-03
2.7591E-01 | 1.6391E-03
2.2015E-01 | 7.8856E-04

3.0698
3.3417
3.2407

9.6756E-04
1.3545E-04
3.8018E-05
1.4365E-05

4.3067
4.4474
4.3108

1.3374E-01
6.3839E-02
3.8861E-02
2.6912E-02

1.6199
1.7375
1.6273

3.8491E-02
1.3973E-02
7.1081E-03
4.2869E-03

2.2196
2.3659
2.2396

Table 5.2: Approximation errors Exr, Eq, and ECO for Example 5.1 using MESH,.

Scheme (2.31)

strong imposition strategy

Scheme based on

En

ECO

Eq,

ECO

En

ECO

Eq,

ECO

2.0381E-01 | 1.7732E-01
1.7646E-01 | 1.5365E-01
1.5914E-01 | 1.3836E-01
1.2829E-01 | 1.1214E-01

0.9942
1.0151
0.9751

9.4446E-03
6.7639E-03
5.6221E-03
3.6796E-03

2.3166
1.7899
1.9673

1.7733E-01
1.5366E-01
1.3836E-01
1.1214E-01

0.9942
1.0151
0.9751

9.4457E-03
6.7647E-03
5.6227E-03
3.6799E-03

2.3166
1.7900
1.9673

2.8966E-01 | 2.5242E-02
2.4424E-01 | 1.7969E-02
2.0381E-01 | 1.2333E-02
1.5914E-01 | 7.5565E-03

1.9922
2.0803
1.9800

8.4770E-04
5.0344E-04
2.8174E-04
1.3442E-04

3.0546
3.2084
2.9910

4.9826E-02
4.0136E-02
3.3146E-02
2.0858E-02

1.2678
1.0576
1.8721

6.8742E-03
5.2680E-03
4.1117E-03
2.2660E-03

1.5601
1.3697
2.4083

7.6537E-01 | 4.2343E-02
3.0101E-01 | 2.4629E-03
2.5655E-01 | 1.4516E-03
2.1113E-01 | 8.1469E-04

3.0481
3.3081
2.9643

4.1636E-03
6.8137E-05
3.3602E-05
1.5282E-05

4.4070
4.4233
4.0435

2.0670E-01
4.5865E-02
3.6334E-02
2.6088E-02

1.6133
1.4576
1.7001

7.4509E-02
8.8620E-03
6.4906E-03
3.9628E-03

2.2816
1.9486
2.5322
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Table 5.3: Approximation errors Ex, Eq, and ECO for Example 5.1 when k = 3.

A MESH; (973 elements) MESH: (973 elements)
Enx ECO Eq, ECO En ECO Eq, ECO
1/5 | 1.8957E-02 1.8666E-03 1.8878E-02 1.8713E-03

1/10 | 4.7057E-03 | 2.0102 | 4.6550E-04 | 2.0035 | 4.6862E-03 | 2.0102 | 4.6668E-04 | 2.0036
1/15 | 2.0940E-03 | 1.9970 | 2.0652E-04 | 2.0044 | 2.0859E-03 | 1.9963 | 2.0705E-04 | 2.0043
1/20 | 1.1793E-03 | 1.9959 | 1.1622E-04 | 1.9986 | 1.1741E-03 | 1.9978 | 1.1652E-04 | 1.9986

the fully discrete scheme based on imposing Dirichlet boundary conditions strongly, except for
the case of k = 1, there is a obvious presence of suboptimal convergence orders in other cases,
which validates the assertion provided in Remark 2.1.

Next, we focus on the convergence orders of the approximation errors Exs and Eq, with
respect to the time step size At. To make sure the dominance of the temporal errors, we set
k = 3 and use a small h. For different values of At, we present the computational results for
Example 5.1 in Table 5.3 for both MESH; and MESHs. From these results, we can observe the
second-order convergence in the temporal direction, thus validating the predicted convergence
orders with respect to At in (5.1) and (5.2). This further confirms the established temporal
convergence in Theorem 3.1.

Example 5.2. Let
ao(x) =2 + > + 224+ 1, ai(x) =2+ +22+2, as(x) =2 +y* + 2%+ 3.

Consider the following initial-boundary value problem of PIDEs (1.1):

apug — V- (a1 Vu) — /t V- (a2Vu(r))dr +sin(u) = f in Qx (0,7),
u=g i on 09 x (0,7),
u(-,0) = ug in Q,
where the curved domain 2 considered is a torus (see Fig. 5.2) which is represented as
Q={(z,y,2) €R®| z = (R+7rcos(6)) cos(bs), y = (R+ rcos(6y)) sin(6), z = rsin(61)},

in which R = 1,7 = 0.3 and 61,6 € [0,27]. The data f,g and ug are derived from the exact
solution
u = exp(—t) sin(2xy) cos(z).

The polyhedral meshes considered in Example 5.2 are MESH3 and MESH,, and their schematic
diagrams are shown in Fig. 5.2. MESH3 and MESH, are generated in the following way. Firstly,
polygonal meshes MESHl3 and MESH:1 (see Fig. 5.2) with boundary vertices all lying on o are
generated in the plane y = 0 for the circle domain

Q' ={(z,2) € R?| (z — 1)* + 22 < 0.09},

and then they are rotated around the z-axis stepwise to obtain MESH3 and MESH,. It is easy to
verify that p < h?, then according to [12] and to be consistent with the fully discrete scheme in
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Fig. 5.2. The torus Q (top), MESH3 (bottom left), and MESH4 (bottom right) considered in Example 5.2.

2D case, we choose m* = | (k + 1)/2]. For the selection of penalty parameters 7,7, and the
outward vector o in N}f( , ),N;( ,-) and ZZ(tn; 1), we set ¥, = 2000,7, = 4000 and o = 7.
We select the order k of SVEM to vary from 1 to 3, taking into account the shapes of MESH3
and MESH,.

To demonstrate spatial convergence, we employ the same setting of At as in Example 5.1.

Tables 5.4 and 5.5 provide the computed results of the approximation errors Exy and Eg, for

Example 5.2 with MESH3; and MESH,, respectively, alongside their corresponding convergence
orders. It can be seen that Exr = O(h*) and Eg, = O(hk*1), thus optimal convergence for

Table 5.4:

Approximation errors Exy, Eg, and ECO for Example 5.2 using MESH3.

Scheme (4.1)

strong imposition strategy

Scheme based on

Ex

ECO

Eﬁh

ECO

Ex

ECO

Eﬁh

ECO

3.7004E-01
2.8061E-01
2.3430E-01
1.8674E-01

9.8787E-02
7.5891E-02
6.3229E-02
4.9814E-02

0.9530
1.0122
1.0509

3.6860E-03
2.0744E-03
1.4322E-03
8.7288E-04

2.0779
2.0543
2.1820

1.0636E-01
8.0567E-02
6.6481E-02
5.1828E-02

1.0038
1.0656
1.0972

8.5768E-03
5.0988E-03
3.6013E-03
2.2274E-03

1.8798
1.9281
2.1173

4.5106E-01

9 3.7004E-01

2.8061E-01
2.3430E-01

2.5823E-02
1.7086E-02
9.6553E-03
6.4217E-03

2.0859
2.0631
2.2614

8.757TTE-04
4.5658E-04
2.0819E-04
1.1914E-04

3.2899
2.8385
3.0949

3.6916E-02
2.7197E-02
1.5660E-02
1.1731E-02

1.5433
1.9952
1.6017

1.6286E-03
1.0352E-03
5.8180E-04
4.0940E-04

2.2887
2.0828
1.9486

6.5289E-01
4.5106E-01
3.7004E-01
2.3430E-01

9.0206E-03
3.2145E-03
1.7881E-03
3.7619E-04

2.7902
2.9626
3.4109

3.9130E-04
8.5099E-05
3.6224E-05
5.0826E-06

4.1256
4.3140
4.2973

4.3069E-02
2.6344E-02
1.9149E-02
9.0690E-03

1.3292
1.6111
1.6354

3.0841E-03
1.5636E-03
1.0333E-03
4.1654E-04

1.8369
2.0921
1.9880
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Table 5.5: Approximation errors Exz, Eg, and ECO for Example 5.2 using MESH4.

Sch 1) Scheme based on
cheme (4.
strong imposition strategy

Ex

ECO

Eﬁh

ECO

Ex

ECO

Eﬁh

ECO

3.6997E-01
2.5799E-01
2.2885E-01
1.9063E-01

9.8861E-02
6.9507E-02
6.1712E-02
5.0903E-02

0.9772
0.9926
1.0535

3.7215E-03
1.7454E-03
1.3638E-03
9.1792E-04

2.1002
2.0590
2.1661

1.0613E-01
7.3212E-02
6.4732E-02
5.2944E-02

1.0299
1.0273
1.0998

8.6136E-03
4.3118E-03
3.4308E-03
2.3364E-03

1.9195
1.9074
2.1020

4.6844E-01
3.6997E-01
2.5799E-01
2.2885E-01

2.6409E-02
1.5573E-02
7.4885E-03
5.8599E-03

2.2381
2.0309
2.0464

9.2930E-04
4.3175E-04
1.5760E-04
1.1047E-04

3.2483
2.7955
2.9652

3.3528E-02
2.3201E-02
1.1754E-02
9.9501E-03

1.5602
1.8862
1.3905

1.7493E-03
1.0468E-03
5.0300E-04
3.9671E-04

2.1759
2.0329
1.9810

6.4360E-01
3.6997E-01
2.5799E-01
2.2885E-01

8.3047E-03
1.3784E-03
4.5532E-04
3.1367E-04

3.2436
3.0727
3.1099

3.6032E-04
3.1439E-05
7.4657E-06
4.5053E-06

4.4051
3.9881
4.2148

4.0268E-02
1.7173E-02
9.4702E-03
7.8228E-03

1.5393
1.6510
1.5947

2.9894E-03
1.0486E-03
5.1338E-04
4.0262E-04

1.8921
1.9812
2.0281

Table 5.6: Approximation errors Eg, Eg, and ECO for Example 5.2 when k = 3.

MESH3 (3492 elements)
ECO

MESH4 (3589 elements)
ECO

At

ECO ECO

Eﬁh
1.2118E-03
5.3886E-04
3.0323E-04

1.9416E-04

Ex
5.9567E-02
2.6104E-02
1.4622E-02
9.3497E-03

Eﬁh
1.4667E-03
6.5034E-04
3.6570E-04
2.3414E-04

Ex
3.7270E-02
1.6440E-02
9.2370E-03
5.9230E-03

1/4
1/6
1/8

1/10

2.0186
2.0040
1.9914

2.0057
2.0011
1.9982

2.0347
2.0146
2.0040

1.9986
1.9985
1.9978

the fully discrete scheme (4.1) is observed. Moreover, by examining Tables 5.4 and 5.5, it is
evident that, except for the case of k = 1, the fully discrete scheme based on imposing Dirichlet
boundary conditions strongly exhibits noticeable suboptimal convergence orders in other cases.

To showcase temporal convergence, we set k¥ = 3 and choose a small h. The relationships
Exr = O((At)?) and Eg, = O((At)?) can be seen from Table 5.6, thus the second-order conver-
gence in the time direction for the fully discrete scheme (4.1) is observed.

6. Conclusions

The classical Nitsche-based projection method is incorporated into the framework of a spe-
cial class of serendipity virtual element methods to solve semilinear parabolic integro-differential
equations on 2D curved domains. A Ritz-Volterra projection is constructed based on the
Nitsche-based projection method, and error estimates for the fully discrete scheme with respect
to L?-norm and an energy norm are derived on the basis of the approximation properties of
the Ritz-Volterra projection. The extension of the fully discrete scheme to 3D case is addressed
as well. Compared with the strategy of imposing Dirichlet boundary conditions strongly, the
proposed scheme in this paper can maintain optimal convergence.
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