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Abstract

In this paper, we present a generalized Jacobi spectral Galerkin method for fractional
Volterra integro-differential equations (FVIDEs). The basis functions of the proposed
method are generalized Jacobi functions, which serve as natural basis functions for appro-
priately designed spectral methods for FVIDEs. We establish a convergence analysis of
the generalized Jacobi spectral Galerkin method under reasonable assumptions. Numerical
experiments are provided to demonstrate the effectiveness of the proposed method.
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1. Introduction

The fractional calculus has gained a tremendous development in both theory and applica-
tion, and its appearance and development have made up for defects of the classical calculus
of integer-order to a certain extent. Progress in the last two decades has demonstrated that
fluid flow in porous materials, anomalous diffusion transport, acoustic wave propagation in
viscoelastic materials, dynamics in self-similar structures, signal processing, financial theory,
electric conductance of biological systems are more accurately described by involving fractional
calculus (cf. [11,17,20,25,28] and the references therein).

Fractional integral equations and integro-differential equations are usually very difficult to
solve analytically and the exact solutions to this type of problem are very scarce. To solve these
problems numerically, a great deal of interest has been emphasized by several researchers. In
the last thirty years, there have been a great deal of methods to solve fractional-order integro-
differential equations numerically, for instance Adomian decomposition method (ADM) [22],
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fractional differential transform method (FDTM) [23], the collocation method [30], variational
iteration method (VIM) [3], Laplace transform method [27] and homotopy analysis method [15].

This paper is concerned with the numerical solutions of the fractional-order Volterra integro-
differential equations

oDty / K(t,m)y(r)dr +g(t), tel:=][0,T], (1.1)

y(0) = wo,
where 0 < p < 1, K € C(D) with
D:={t7):0<7<t<T}, g¢g(t)eC).

oD} denotes the left-sided Reimann-Liouville fractional derivative of order .

Many mathematical modeling of various physical phenomena contains fractional-order Vol-
terra integro-differential equations, for instance, heat conduction in materials with memory
in [24]. In addition, such kinds of equations are also encountered in conduction, convection and
radiation problems (see, e.g. [1,5,26] and the references therein).

In recent years, more and more researchers have made contributions to the fractional-order
Volterra integro-differential equations. Yang [39] proposed general spectral and pseudo-spectral
Jacobi-Galerkin methods for fractional-order integro-differential equations of Volterra type.
Zhu and Fan [42] proposed a second Chebyshev wavelet method (SCWM) to solve nonlinear
fractional-order Volterra integro-differential equations. In [13], the Legendre wavelet method
(LWM) has been applied to solve the fractional population growth model which is the form of the
fractional Volterra-Fredholm integro-differential equation (FVFIDE). The nonlinear FVFIDEs
with mixed conditions have been solved by Nystrom and Newton-Kantorovitch method. In addi-
tion, orthogonal polynomial approximations have been applied to fractional integro-differential
equations, viz., Bernoulli polynomials [35], least squares method and shifted Chebyshev Poly-
nomial [21], Bernstein operational matrix [2], etc.

The spectral Galerkin method is an efficient method that has been applied by many re-
searchers to solve different types of partial integro-differential equations. In [32], a generalized
Jacobi-Galerkin method is applied to nonlinear Volterra integral equations with weakly singu-
lar kernels. Xie et al. [38] proposed Jacobi spectral Galerkin approaches for the second kind
Volterra integral equation. Wan et al. [36] also proposed Legendre spectral Galerkin method
for second kind VIEs. Yang [40] employed a Jacobi spectral Galerkin method for VIEs with
a weakly singular kernel. In addition to this, Petrov-Galerkin method has been successively
applied to solve many partial differential equations (see, e.g. [16,31]).

When p = 1, the Eq. (1.1) is the classical Volterra integro-differential equations (VIDESs)

/Ktr ndr+g(t), te 0,7, "

y(0)

Recently, many kinds of spectral collocation methods are proposed for solving VIEs with smooth
kernels (cf. [9,18,34,37] and the references therein). To solve VIEs with weakly singular ker-
nels, many attempts have been made to overcome the difficulties caused by the singularities of
the solutions. Chen and Tang [7, 8] proposed spectral collocation methods for weakly singular
VIEs. In [19], linear Volterra integro-differential equations have been solved by Petrov—Galerkin
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method. Huang et al. [14] studied the supergeometric convergence of spectral collocation meth-
ods for weakly singular Volterra/Fredholm integral equations, etc.

In this paper, we develop a non-polynomial spectral Galerkin method for FVIDEs. More
precisely, we construct a spectral Galerkin method for FVIDEs (1.1), using the generalized
Jacobi functions as basis functions. This kind of functions have been used by Chen et al. [6],
and Zayernouri and Karniadakis [41] for approximating fractional-order differential equations.
The main strategies and contributions are highlighted as follows:

e We propose a generalized Jacobi spectral Galerkin method for linear FVIDEs. The basis
functions can be tuned to match the singularities of the underlying solutions and lead to
an efficient implementation. The existing works can be referenced in [39].

e We carry out an error analysis of the proposed method for problem (1.1).

The organization of this paper is as follows. In the next section, we introduce some useful
properties of fractional calculus and define some functional spaces. In Section 3, we present
the generalized Jacobi spectral Galerkin method for FVIDEs (1.1). Some lemmas useful for
the convergence analysis will be provided in Section 4. The convergence of the generalized
Jacobi spectral Galerkin method is given in Section 5. Numerical results will be carried out
in Section 6, which will be used to verify the theoretical results. In the final section, some
concluding remarks are given.

2. Preliminaries

2.1. Fractional calculus

We start with some definitions of fractional calculus (see, e.g. [11,28]). To fix the idea, we
restrict our attentions to the interval A := [—1,1]. For p € RT the left-sided and right-sided
Reimann-Liouville integrals are respectively defined as

Py(x) = L ’ y(s) s, x a

711:ny( ) F(p) /_1 (ZC . S)l_pd ) € Aa (21 )
Py(x) = 1 ' y(s) S T

xlly( ) - F(p) /m (S - :C)l*pd ) S Aa (21b)

where I'(+) is the usual Gamma function.
For v € [m — 1,m) with m € N, the left-sided and right-sided Reimann-Liouville fractional
derivative of order v are defined by

v 1 dm * S)
~1D7y(z) = Tm =) do /_1 @ igvmﬂ ds, x €A, (2.2a)
y (71)m dm 1 (S)
D) = s /x bl T el (2.2)

For v € [m — 1,m) with m € N, the left-sided and right-sided Caputo fractional derivative of
order v are defined by

1 v ( L)(s)
¢ DY = / y d SN 2.3a
1 zy(x) F( I/) 1 (Z‘ S)uferl S X ’ ( 3 )
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¢ Diy(z) = (_117” ) /1 G yms) ds, wx€A. (2.3b)

_ :C)V*erl ?

According to [11, Theorem 2.14], we have that for any absolutely integrable function f, and
real v > 0,
1D 1 Dy(z) = y(x), Di.I{y(z) =y(x), €A (2.4)

The following lemma shows the relationship between the Riemann-Liouville and Caputo
fractional derivatives.

Lemma 2.1 ([11,28]). For s € [k —1,k) with k € N, we have

s s - v(j)(_l) j—s
_1DI’U(£E) = ngI’U(ZE) + J:ZO m(l + .’L') N (253.)
k—1 ;
s _C Su(x (71)]1)(])(1) — j—s
«Div(x) = § Diu( )+§7mﬂ_is)(1 ) (2.5b)

Remark 2.1. We observe immediately from (2.5) that for s € [k — 1, k) with k € N

_iD3w(z) =9, D3v(z), if vW(-1)=0, 0<j<k-—1, (2.6a)
Div(x) =SDjw(z), if w9 (+1)=0, 0<j<k—1. (2.6b)

2.2. Standard Jacobi polynomials

For a, B > —1, let Jfla’ﬁ)(z), x € A := (—1,1) be the standard Jacobi polynomial of degree n,
and denote the weight function w(®#) (z) = (1 — 2)*(1 4 z)?. The set of Jacobi polynomials is
a complete L2, , (A)-orthogonal system, i.e.

1
A @) @t @) = 25D, 2.7
-1

in which d,,,, denotes the Kronecker function, and

208 (a + 1)T(B + 1)

’ = 0,
" goth+1 Im+a+1)I(m+B+1) - '
2m+a+p+1) m'm+a+p+1) -
In particular, J\* (z) = 1.
2.3. Generalized Jacobi functions
The generalized Jacobi functions of degree n is defined by (cf. [6])
A (@) = (1 —2)* TP (z) o> -1, BeR, (2.9)
Iy = (14 2)P TP (z) aeR, B>-1 (2.10)

forall z € A and n > 0.
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The orthogonal properties of the generalized Jacobi functions are as follows:

1
/ + 10D () 1D () (2)dr,
1

1
= / =P ()= I P (@)@ P (2)dx = 30 S, (2.11)
1

where %(ff"ﬁ) is defined in (2.8).

Lemma 2.2 ([6]). Let s € Rt ,n € Ny and x € A.

1. Fora>s—1 and 8 € R,

e D(n+a+1) _ ,
LD {F j=B) — +Jlmats.f+s) (), 2.12

2. ForaeR and 8 >s—1,

In+B8+1) — jlots,—B+s)

DI (@)} = EE s (). (2.12b)

Remark 2.2. Two important special cases of Lemma 2.2 are as follows:

1. For @ > 0 and § € R,

'n+a+1)
n!

r 1
+ 7 O0tB) () = Mﬁowﬂ)(@, (2.13a)

DI @)} = o

2. Fora e R and g > 0,

I'(n+p+ D 1 jat)0() — I(n+B+1)

n! n!

DI (@)} = J@FBO (1) (2.13b)

For the case of non-homogeneous initial conditions when y(0) = yo # 0, we employ the
method of lifting a known solution, where we decompose the solution y(t) into two parts as

y(t) = yu(t) + yo, (2.14)

in which y(t) corresponds to the homogeneous solution and yp = yo is the nonzero initial
condition, given in (1.1). We substitute (2.14) into (1.1) to get

oDy (t) = yu(t) +/0 K(t, m)yn(r)dr + f(t), te(0,T],
y#(0) =0,

(2.15)

where . .
£6) = g() + yp(/o K(t,s)ds +1— W) (2.16)
For the fractional-order Volterra integro-differential equations with the non-homogeneous
initial value conditions, we can transform it into Eq. (2.15) of homogeneous initial value condi-
tions to solve. Therefore, we only need to consider the case of y(0) = 0.
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3. Generalized Jacobi Spectral-Galerkin Method

To be able to apply the properties of orthogonal polynomials, we use the following interval
transformation:

T T
t:§(1—|—x), 725(1—1—3),

and let

we)=y(F0+0).  apbu) = (3) wote(Fa+a),

Glz) = <§>#g<§(1+x)), k(2 s) = (g)HHK<§(1+z), %(1+s)>.

The fractional-order Volterra integro-differential equation (1.1) can then be transformed into
the following form:

_1DRu(z) = eu(x) + /_1 k(z,s)u(s)ds + G(x), x €A, (3.1)
u(—=1) =0,

where € = (T'/2)".
We first define a linear integral operator V : C(A) — C(A) by

x

(V) (z) ::/ k(x,s)w(s)ds.

-1

On the other hand, we define the finite-dimensional fractional-polynomial space
“FEmAN) ={p=1+2) e Py} = span{*JT(f"*ﬁ) :0<n< N}

Let v = u(z), D*u = _1DHMu(x). Then, the numerical scheme for problem (3.1) is to find
uy € ~F(@=P)(A) such that

(DuquvN)w(aﬁB) = (euny + Vun + G, N )y -8), Von € _.F(a’_ﬁ)(/\). (3.2)

In order to apply the property of Lemma 2.2, we choose & = 8 = p. In FVIDE (3.1), we seek
an approximate solution of the form

N
u(z) = un(z) = Z an~ JP T (), (3.3)

where a,, are the unknown expansion coefficients to be determined. By plugging (3.3) into
(3.1), we get the residual Ry (t) for problem (3.1) as

Ry(z) = -1 DEun(z) — eun () — Vun(x) — G(z).

Next, we need to derive the numerical discrete format of the generalized Jacobi spectral Galerkin
method for (3.1). Through the definition of residual Ry (t) and (3.3), we can get

N 1
D [ / (<1 D = (@) "I (@) () da
n=1 -1
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N 1
- Z an [e/ — g () _J,?L’*“) (z)w=H) (:c)d:z:]

=1 -1
N

- Z an { /_ 11 (Va1 (@) Ta T @)l @)d:@]

=1

_ /_ Gla) = 7 ()0 ) (1) (3.4)

Set -
a:(alva’Qv"' ,G,N) ’ D:(dkn)lgk,ngN,

P = (pkn)i<k,n<n, V = (Ukn)1<k,n< N

1
dyn, = / (LD == () = JU T () (z) de,

—1

1 H
) T
Dn = € / TIT () TS (2)w ) (2) da = (5) i Ok (3.5)

-1

1
Vkn = / (v _J,(l“’_“)(:c)) _J,g“’f‘u)(:c)w(“’_“) (z)dz,

-1

1

F= (f1’f2) T afN)Ta fk :/ G(CE)_Jéyﬂiﬂ)(:T)w(u’_u)(l')dl',
1

A=D-P-V.

Then, the system (3.4) becomes
Aa=F. (3.6)

In actual computation, we use the Jacobi-Gauss quadrature formula to approximate the terms
fr and dg,, namely,

N
fo = Y Glay) I () wi?, (3.7)
j=0

N
D(n+p+1) Z J(20.0) (:65_#70))%5#7#) (xg.“’o))w(.“’o)

n! 7

d/m ~ (3.8)

j=0
(n,0)\ N
J Jj=0
weights and points corresponding to the Jacobi weight function w9 ().
To describe v, we first transform the integral interval [—1, 2] to [—1, 1] using the transfor-

where in this context, {w and {xgﬂ ’0)}?[:0 are the Jacobi-Gauss-Lobatto quadrature

mation 1 1
s(2,0) = ;xeﬁcg C fen, (3.9)
then, we have
1 1 1
Vkn = Sy L (/1 k(2. 5(x,0)) (1+ 0) () (s(z,@))d@) (1= 2)! (1 + )L (2)da

N

1 (i) (. (ot 1)\ o) g ( (ot D) (o (o) (0,)

~ S Z Jln (xi”” )wi”” k(xi”” ,s(xi”” ! u))
4,j=0

x Jl) (S(xgwﬂrl) , z§0,u)))w§0,u)7
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in which {w"* T}V and {2%#TV}N | denote the Jacobi-Gauss-Lobatto weights and quadra-

ture points associated with the weight function w®#+1)(z). In addition, where {w§0’“ )}§V:0 and

{xgo’“ )}évzo denote the Jacobi-Gauss-Lobatto weights and quadrature points associated with
the weight function w(®#)(z).

4. Some Useful Lemmas

In this section, we will provide some elementary lemmas, which are important for the deriva-
tion of the main results in the subsequent section.

Let Py be the set of all algebraic (real-valued) polynomials of degree at most N. Define
a weighted space L2 , , (A) as

L2 .5 (A) = {v: v is measureable and |||, .5 < 00}

with the inner product and norm

wmmmzju@mmeWMa|wwm=</wwwwwmﬁ.
A A
Furthermore, we define

sza,ﬂ) (A) = {u : aIzCu € Li(ayﬂ) (A)’ 0<k< m}’

1
2 2
w(a,m) ,
where 0Fv = d*v/da*.
Consider the Li(aw,m—orthogonal projection upon *}“](\?’_B)(A), defined by

equipped with the norm

m

HuHH;n(aﬁ) (A) = <Z

k=0

Fu
dak

(77'(5\?’_6)11, — u,vN)w(any) =0, Yoy € 7]'—](\,0"_’6)(/\). (4.1)

To characterize the regularity of u, we introduce two non-uniformly weighted spaces involving
fractional derivatives
- l
() = {U € Lim,—s) (A): —1D§+ u € Li<a+ﬂ+z,z>(/\)}a
B 721713(/\) = {u € Li(a,,ﬂ) (A) : 71D92cﬂ+lu € Li(awﬂ,l)(A)},
where 0 <1 < m and m € Ny. We define space

ag(N) == H . 5 (M) N7 BL5(A) N _B‘gzﬁ(A).

w

Lemma 4.1 ([6]). Let > —1, 8 >0 for any u € ~B} 5(A) with integer 0 < m < N, we have

—B)

1778w = ul| yampy < NTEEDE | s

w(ﬂ,

Lemma 4.2 ([4,33]). Suppose that u € H, 5 (A) and m > 1,

3_
=l € ONEful gm0,

s = Tvllye.s < ON~"fulpn,
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where |u|H7,L(£B) (n) denotes the seminorm defined by

1
m 2 2
d*u
= 35 )
wlon . (c,8)
k=min(m,N+1) w
note that whenever N > m — 1, one has
|U|Hﬁg\f5)(1\) = ||U(m)||Li(W)(A) = |U|H;"(a,ﬂ) (A)-
Lemma 4.3 ([12]). Suppose that u € L?, , (M), then
[T ullyesn < Cllully@e,  ITvulleo < Cllulls.

Next, we will introduce the Holder space. Set m > 0 and o € (0,1),C™¢(A) consists
of the m-times continuously differentiable function v and whose m-th derivatives are Holder
continuous with exponent p. The norm is defined as follows:

)

m
OMu(zy) — 8mu(22)H
U = max ||0Fu(2)|| + su H = =
[ullm.o Z nax [[0zu(@)]| + sup T
- z1#£22
and if o = 0, then C™9(A) represents the space of the m-times continuously derivative functions
on A, it is also generally indicated by C™(A), and with norm || - ||.,.

Lemma 4.4 ([29]). For a nonnegative integer r and k € (0, 1), there exists a constant Cy.,, > 0
such that for any function v € C™"([—1,1]), there exists a polynomial function Tyv € Py such
that

v = Tnvlleo < CT,NN_(T-’_H)HUHT,H’
where Ty is a linear operator from C™%([—1,1]) into Pn, as stated in [29].

Lemma 4.5 ([10]). Let s € (0,1) and let M be defined by

x

(Mu)(z) = / (x — 1) MK (x,7)v(T)dT.

-1

Then, for any function v € C([—1,1]), there exists a positive constant C such that

N () "
| Mo(z') Mu(z")]| <C max |v(@)],

|’ — "] z€[—1,1]

under the assumption that 0 < k < 1 — p, for any a’,2"” € [—1,1] and ©’ # x”. This implies
that
Mvllox < C max |v(z)], 0<K<1—p.
z€[—1,1]
Lemma 4.6 (Gronwall Inequality). Suppose L > 0,0 < u < 1, and u and v are a non-
negative, locally integrable functions defined on [—1,1] satisfying

X

u(z) <wv(z) + L/ (x —7)"Hu(r)dr.

-1



10 Y.P. CHEN, Z.R. CHEN, Y.P. ZHOU AND F.F. Qin

Then there exists a constant C = C(u) such that

u(z) <wv(x)+ CL /I (x —7)"Po(r)dr, —-1<z<1.

-1

If a nonnegative integrable function E(x) satisfies

E(z) < L/I E(s)ds + J(z), —-1<z<1,

-1
where J(x) is an integrable function, then
I Ell oo a)y < Cll Iz (a)s
HEHLZ(Q,B)(A) <Cl e, (a), p>1.

w(@:B)

Here and below, C' denotes a positive constant which is independent of N.

5. Convergence Analysis

In order to proceed smoothly in this part of the convergence analysis, we first introduce the
relational expression about u(z). Since u(—1) = 0, we have

1 I8 (21 DEu(z)) = u(z). (5.1)
Then u(z) can be expressed as
u(z) = ﬁ /i(x — ) Dlu(s)ds. (5.2)

Similarly, we define a linear integral operator V : C(A) — C(A) by

P = gy [ @ s

Therefore, the problem (3.1) reads: Find u = u(z) and D*u = D*u(x) such that

DHtu(z) = eu(z) + Vu)(z) + G(z),

u(z) = (VD" u)(z). (5:3)

At this point, the problem (3.2) can be rewritten as: Find uy € ~F (@~ (A) such that

(D*un, UN)w(,MM = (euny + Vun + G, 0N ) (- mm

v (5.4)
(U’Na 'UN)w(*u,u) = (VDMUN, UN)W(*/’L,/’L)’ Yoy € _I(a7_ﬂ) (A)
Let uhy = D*up, according to (5.4) and the definition of the projection operator _ﬂ'](\‘;’*“), we
obtain
uly :euN+77r§\’,"_“)VuN+77rj(\’;’_“)G, 655

uN = 771'1(\7’_”)Vu§(,.
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Theorem 5.1. Suppose that uy is the generalized Jacobi spectral Galerkin solution determined

by (5.4), if the solution u of (3.1) satisfies u € C;',(A), then we have the following error
estimates:
v — un oo -m

< N0 (| a Dl + [ D)

FONF T Julggmy o) + R T w)

5.6
Dy >0

w(k,—p)

S CN—(HJ’_m) (H—ng—"_mun@#Jﬂn,m) + H_lDiM-‘rmun@“*m!m))

FONT =l o)+l Dbl ).

w(ts—m)

where k € (0, ).
Proof. Let my = _71'1(\‘,“7“), e =u—uy, el = Dty — uk;, the combination of (5.3) and (5.5)

leads to
DFu —uly = e(u —un) + Vu — ayVuny + G — nnG,

u—uy = VD! y —Vu‘](,

We can directly calculate

(5.7)

Vu — mnVun
=Vu —ayVu+mnV(u—un)
=Vu—n7yVu+ V(u—un) + [rnV(u —uy) — V(u — un)]
= (D*u—eu—G) —mny(D'u—eu — G) + V(u — up)
+ [mnV(u—un) — V(u—un)]
= (D*u—eu— G) — iy (D*u — eu — G) + Ve + (mnyVe — Ve). (5.8)
On the other hand, we can similarly get
VDt — ﬂNVu‘](,
= VDHy — iy VD u + WNV(D“U — u’;,)
= VDHy — iy VDM u + v(D“u — u%)
+ [WNV(D”u — u‘J(,) — V(D“u — uﬁ,)}
=u—nmyu+ Ve + (my Vet — Vet). (5.9)
Substituting (5.8) and (5.9) into (5.7), we have

et(x) = ee(z) + / k(z,s)e(s)ds + D"u — nnyDHu + e(mnu — u) + (my Ve — Ve)
-1

= ee(x) + /z k(x,s)e(s)ds + Iy — eIz + I, (5.10)

-1

1 : 1n=lek(g)ds
e(x)m/l(xs) e!(s)ds + I + Iy,

where

I, = D*u—nnDPu, In=u—7yu, I3=nnVe—Ve, I =nnVet — Vel
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In order to be able to directly establish the relationship between e#(z) and e(z), we use the
Dirichlet’s formula which states that

J ] o= [ ot i an

Then, from (5.10) we can get

x

e’(z) = ee(z) + /_1 (/TI ﬁk(m, s)ds) (x — 1) et (r)dr

+ /11 k(z,s)(I2(s) + 14(s))ds + I (z) — el(z) + I3(x)

< ele@)l+ C/_iu — e (ndr + 1L @) + Cl(@)]

+ [ (2)[ + Cl[La(2)]]. (5.12)

In terms of Gronwall inequality and (5.12), we obtain

4
e ()0 §C<||€(w)||m+2|filw>- (5.13)

On the other hand, combining Lemmas 4.4, 4.5 and (5.10), we have

[e(@)lloc < ClIMeH |l + [ 12]l00 + [ alloo
= C||(Me" — Ty T Me)||  + 1 2lloc + [ Tallo
< CN7HMeH (o, + H2lloo + [ alloo
< CN7'[eM oo + 2]loo + allocs ¢ € (0, ). (5.14)

According to (5.13) and (5.14), we can get

4
le" (@)oo < €D IMilloo
i=1

(5.15)
4
le(@)lloe < €D illoo-
i=1
According to Lemma 4.2, we can get error estimates for I, Is and I3 as
3 _m

HIlHOO S CN4 HD#UHH:I(Z\,]—M)(A)’

Lo < CNT™™[u ;ym: :

12]l00 < [ul gy ) (5.16)

< ON~7 e o
HEY ) ()

1Tl < CN75

/_Il k(x,s)e(s)ds

On the other hand, by Lemmas 4.3-4.5,

Halloo = [|(mn = DMe"||
= [ty = D(Mer = Ty Mer) ||,
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< ||7TN(./\/16“ - TNMe“)HOO + H./\/le“ - TN./\/le“Hoo

< C||Me+ — TNMe“HOO

< ON"F | Me o,

< CON7%|eM]|oos K € (0, ). (5.17)

Together with (5.15)-(5.17), when N is large enough, we obtain

3_m
v —unloe < ONF (Julmx )+ 1D ullimey ), (5.18)
‘ w (ks wlbs 5.18
[Pt el < ONFT (I oy 1D sl )

Now we investigate the || - ||, —w -error estimates. It follows from (5.12) and Lemma 4.6

that
4

e (@)l ot < C > il

i=1

4
le(@) oo < C D illwou-m-

i=1

(5.19)

Due to Lemma 4.1, we have

1oy < eNTWF™) || Ly DEA™ (L Dl ||

w@nutm,m)> (520)
||12||w(u,*u) S CN_(“J’_W) H_lD;IA-‘rmuH

w@pt+m,m) -
Because
2
U(*l) = 0, ,1Dg+m(,1D‘;’u) == ,1Dm“+mu

in the above formula holds. Therefore,

11|y < N7y D2y | (5.21)

w@ptm,m)

By Lemma 4.2, we can get the || - ||, —m-error estimate for Is.

| Esllyes < CN7! < ON"lel|. (5.22)

H2 ()

/Il k(z, s)e(x)

We find from Lemmas 4.3-4.5 that

1Ll —ry = ||(7TN — I)/\/le“Hw(“,,u) = H(ﬂ'N —1I) (/\/le“ — TNMe“)
< lwnw (Met = T Me?)|| g + [[Me? = Tu Me" ||
< O Me* — TaMe||
< CN7F¥|[Me!|lox < CN7H [, K € (0, p). (5.23)

||w(u,fu)

w s —p)

The combination of (5.18)-(5.23) yields,

llw = un | —m

S CNi(#er) (H71D5+mun(2M+mvm) + Hlei‘u+mun(2M+mvm))

+ N (g 0y + 1Dkt g ) (5.24a)

—K)
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1D = i [

< eNTlEm (H*ngerun(szm) + H*lDiwm“HWqu,m))

FONF a0+ [ W) (5.24b)

)

provided N is large enough. Hence, the Theorem 5.1 is proved. 0

6. Numerical Experiments

We provide some numerical examples to back up our analysis. To measure the efficiency of
the results, || - || and | - ||l errors are used to assess the efficiency of the method. Matlab is
used to perform all of the calculations.

Example 6.1. We consider the following the fractional-order Volterra integro-differential equa-

tion:
oDly(t) = y(t) + / tsy(s)ds + g(t), p e (0,1),
y(0) =0,

where T'= 1 and the exact solution is y(t) = t5 4 ¢® 4 ¢10.

In Fig. 6.1 (left), we plot the discrete L? errors and the maximum errors of (6.1) when
1=0.5. It is shown that the numerical errors decay exponentially as N increases. Fig. 6.1 (right)
illustrates the numerical result of the generalized Jacobi spectral Galerkin method approxima-
tion solution for N = 24 and exact solution of (6.1) when p = 0.5, which are found in excellent

(6.1)

agreement.

Table 6.1 lists the L2 error of Example 6.1 when g = 0.1,0.5,0.9. It is shown that the
generalized Jacobi spectral Galerkin method has achieved higher accuracy when N = 6, and
as N increases, L? error of the numerical solution decreases rapidly. The numerical results
show the high accuracy and effectiveness of the generalized Jacobi spectral Galerkin method.

o (1)=0 418410 Yo (1)=t04184110
T T i T T

100 T T 3 . .
—6- L2.wrermor Approximate solution
O~ L% rror Exact solution
oy .
104 B:\
8, 2
hN
10 8‘
‘\\
Y 15
108 8:\
N
8,
8. 1
10—10 b ~. ‘g
S
B
1012F 8::8:8,~ 8 05
1014 . . . . . . . o T . . .
6 8 10 12 14 16 18 20 22 24 0 01 02 03 04 05 06 07 08 09 1
6<N<24 o<t<i

Fig. 6.1. Convergence of the generalized Jacobi spectral Galerkin method for Example 6.1 when p = 0.5
(left). Comparison between approximate solution and exact solution of y(t) with p = 0.5 (right).
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Table 6.1: When 0 < p < 1, the || - || errors of Example 6.1.

N pn=0.1 pn=0.5 n=09

6 1.3144 x 1072 6.9936 x 1073 4.3049 x 1073
8 3.6636 x 107* 1.7385 x 1074 9.3401 x 10~°
10 1.6350 x 107° 5.6658 x 1077 2.0503 x 1077
12 4.6222 x 10710 1.0834 x 107° 9.1720 x 1071°
14 2.9136 x 107! 7.6845 x 10711 7.2640 x 10~
16 4.2183 x 10712 1.1113 x 1071 1.0711 x 107!
18 8.6186 x 10712 2.2826 x 10712 2.2409 x 10712
20 2.4637 x 10713 6.2234 x 10713 6.3388 x 10713
22 1.3758 x 10713 1.8789 x 10713 1.8534 x 10713
24 1.2403 x 10713 6.3452 x 10~ 5.3382 x 1071

15

Example 6.2. We consider the following the fractional-order Volterra integro-differential equa-
tion: ,
DY y(t) = y(t) + [ tsty(s)ds + g(0),
0
y(0) =0,
where T' = 1, the exact solution y(t) = t>+1/3 4 ¢3+1/3 4 #11+1/3 I addition, the functional
formula of g(t) is
0 - P6+1/3)5 , DO+1/3) 5 T(2+1/3)
g T(6) T(9) T(12)
o lts o itu B it14 B t5+§ i t8+§ i t11+§.
7 10 13

We implement the numerical scheme (3.4) based on the generalized Jacobi spectral Galerkin
method to solve this example. The L> and L2 errors of the generalized Jacobi spectral Galerkin
method are demonstrated Fig. 6.2 (left). We observe that the convergence rates are consistent

with our error estimates.

YO (1)={5+1/3 g B+1/3 114113

méiﬁ:
10 a~&
, Bﬁz
.
10710 = B _@: .
1012 F :&.8:8:8:8:8_ 8

e . . . L . . L . 1
6 8 10 12 14 16 18 20 22 24
6<N <24

Fig. 6.2. Convergence of the generalized Jacobi spectral Galerkin method for the FVIDEs. Left:
(Example 6.2) y(t) = t°T1/3 4 8+1/3 1 41141/3 Right: (Example 6.3) y(t) = t°¢’.
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Example 6.3. We consider the following the fractional-order Volterra integro-differential equa-
tion:

0 DPSy(t) = y(t) + / e'y(s)ds + g(t), te0,3]
y(0) = 0.

Next, we take the exact solution y(t) = t°e’ from Example 6.3. The numerical errors for
this example are plotted in Fig. 6.2 (right). We again see that the observed convergence rate
agrees with the expected rate.

7. Conclusion

In this paper, we proposed a generalized Jacobi spectral Galerkin method for fractional-order
Volterra integro-differential equations involving both Caputo and Riemann-Liouville fractional
derivatives. This method can be implemented efficiently. We derived the error estimates for
the spectral Galerkin method. Numerical experiments demonstrated that the proposed method
is capable of proving very accurate results despite the solution singularity.
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