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Abstract

In this research article, we present convenient analytical-approximate solutions for fluid

flowmodels known as multi-dimensional Navier-Stokes equations containing time-fractional

order by using a relatively new analytical method called modified generalized Mittag-

Leffler function method. The Caputo fractional derivative is used to describe fractional

mathematical formalism. The approximate solutions for five problems are implemented to

demonstrate the validity and accuracy of the proposed method. It is also demonstrated that

the solutions obtained from our method when α = 1 coincide with the exact solutions, this

is displayed by using some 2D and 3D plots for each problem. Moreover, the comparison

between our outcomes with given exact solutions and results obtained by other methods in

the literature besides absolute error is provided in some tables. Additionally, we offer some

plots when α has different values to present the effect of fractional order on the solution of

each suggested problem. The numerical simulation presented in this work indicates that

the proposed method is efficient, reliable, accurate and easy which has less computational

ability to give analytical-approximate solution form. So, this method can be extended to

implement on different related problems arising in various areas of innovation and research.
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1. Introduction

The Navier-Stokes equations (NSEs) are considered famous partial differential equations

(PDEs) that govern the motion of viscous fluid flow and describe different geophysical fluid

mechanical problems. NSEs are the primary PDEs that relate momentum, continuity and

energy equations and the first appearance of NSEs in the year 1822 [34]. Then, these equations

have been used to describe many various interesting applications in theoretical studies and

physical phenomena such as liquid flow in pipes, managing climate estimating, ocean currents,

airflow around the wings of aircraft, blood flow and examination of contamination [33, 40].

The first formulation of NSEs in fractional order was done by El-Shahed and Salem [17] in

2005, they solved this model by using finite Fourier Sine transform, finite Hankel transforms

and Laplace transform. After that many researchers have tried to solve NSEs by using different

methods for example: in [14], authors used the variational iteration transform technique to

evaluate multi-dimensional fractional NSEs. In [23], the residual power series method has been
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applied for the solution of the fractional NSEs with 2 and 3 dimensions. In [22], a hybrid ap-

proach of decomposition method and Elzaki transformation has been applied to solve fractional

NSEs. In [36], authors have adopted a fractional reduced differential transformation method

as a semi-analytical scheme to get an approximate solution of fractional NSEs and many other

research papers in the literature (see, e.g. [16, 19–21,25]).

The classical Navier-Stokes and continuity equations are given by

∂Θ

∂t
+ (Θ · ▽)Θ = K ▽2 Θ−

1

ρ
▽ P,

▽ ·Θ = 0,

Θ = 0 on Ω× (0, T ),

(1.1)

where Θ = (U, V,W ) and P represent the fluid vector of velocity and pressure, respectively, ρ is

the density, K = φ/ρ is the kinematics viscosity, φ is the dynamic viscosity, (x, y, z) are spatial

components in Ω and t is the time variable.

Fractional calculus (FC) is a branch of mathematics concerned with integrals and deriva-

tives of arbitrary orders. Thus, it is considered a generalization of the integer-order calculus.

Furthermore, the differential equations whether partial or ordinary that have fractional order

are called fractional differential equations (FDEs). Recently, FDEs have acquired popularity,

importance and attracted many famous researchers and scientists [9, 31, 38, 39]. This is due to

its prominent applications in many fields of science and engineering, such as reaction-diffusion,

electric networks, electrochemistry of corrosion, polymer physics, fluid flow, chemical physics,

propagation of waves and many other important applications [5, 6, 11–13,26, 27, 29, 37].

The most advantage of using FC in describing applications is that it predicts the future

and gives a good description of the behavior of the system from the integer case due to its

properties like non-locality, non-singularity, kernel, memory effect and so on. This means that

the fractional models are featured because they do not depend on the current situation, but

rather depend on all genetic and historical cases (memory effect).

The main goal and motivation are to investigate on solution of time fractional order multi-

dimensional NSEs using modified generalized Mittag-Leffler function method (MGMLFM). The

generalization of the classical problem Eq. (1.1) with fractional order 0 < α ≤ 1 is defined as

C
0D

α
t Θ+ (Θ · ▽)Θ = K ▽2 Θ−

1

ρ
▽ P,

▽ ·Θ = 0,

Θ = 0 on Ω× (0, T ),

(1.2)

where C
0D

α
t is Caputo fractional derivative (CFD).

The novelty and our contribution to this work are evident in presenting the MGMLFM

as an analytical technique to give the appropriate solution for multi-dimensional NSEs within

fractional order. The analytical solutions for five different problems of fractional NSEs are

calculated by using the proposed method. The obtained results are displayed and verified

with some 2D and 3D plots for each problem. Moreover, the comparison of these outcomes

with given exact solutions and others obtained by different techniques in the literature besides

absolute error is provided in some tables to show the validity and accuracy of the MGMLFM.

The solution to these illustrative problems proved that the MGMLFM has less computing costs,

straightforward steps and higher convergence rates. Therefore, the MGMLFM is constructive to
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solving other fractional linear and nonlinear PDEs which describes a lot of problems in various

fields of applied sciences.

The outline of this paper is prepared as follows. Section 2 provides some fundamental

principles for FC in order to progress in this research work. In Section 3, we constructed the

general algorithm of the MGMLFM to give a solution of nonlinear fractional PDEs. Section 4

is devoted to implementing the proposed method on fractional multi-dimensional NSEs, five

interesting examples are considered to demonstrate the simplicity and accuracy of MGMLFM.

Also, the simulation of the outcomes displayed in figures and tables is presented in this section.

In Section 5, we draw the conclusion of this work.

2. Preliminaries

Here, some important concepts and definitions of FC are presented to accomplish this work

[10, 24, 35].

Definition 2.1. For a function Φ(ξ, t) and t ∈ [0, T ], the fractional order Riemann-Liouville

integral is

0I
α
t Φ(ξ, t) =











1

Γ(α)

∫ t

0

(t− τ)α−1Φ(ξ, τ)dτ, α > 0, t > 0,

Φ(ξ, t), α = 0.

Definition 2.2. The CFD for absolutely continuous function Φ(ξ, t) on [0, T ] is

C
0D

α
t Φ(ξ, t) =















1

Γ(n− α)

∫ t

0

(t− τ)n−α−1 ∂
nΦ(ξ, τ)

∂τn
dτ, if n− 1 < α < n, n ∈ N, t > 0,

∂nΦ(ξ, t)

∂tn
, if α = n, n ∈ N,

when n = 1, we have

C
0D

α
t Φ(ξ, t) =

1

Γ(1− α)

∫ t

0

(t− τ)−α ∂Φ(ξ, τ)

∂τ
dτ, t > 0, 0 < α < 1.

Theorem 2.1. Let Φ(ξ, t) is a differentiable function, t ∈ [0, T ] and α ∈ (n− 1, n], n ∈ N, then

C
0D

α
t 0I

α
t Φ(ξ, t) = Φ(ξ, t),

0I
α
t

C
0D

α
t Φ(ξ, t) = Φ(ξ, t)−

n−1
∑

k=0

∂kΦ(ξ, t)

∂tk

∣

∣

∣

t=0

tk

k!
.

Moreover, for γ > −1 we have

C
0D

α
t t

γ =
Γ(γ + 1)

Γ(γ − α+ 1)
tγ−α, 0I

α
t t

γ =
Γ(γ + 1)

Γ(γ + α+ 1)
tγ+α.

Definition 2.3. The Mittag-Leffler function is defined by

Eα(z) =

∞
∑

n=0

zn

Γ(nα+ 1)
, α > 0, z ∈ C.
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Lemma 2.1. The fractional derivative of the generalized Mittag-Leffler function in Caputo

sense is given as

C
0D

α
t Eα(λt

α) = C
0D

α
t

(

∞
∑

n=0

λntnα

Γ(nα+ 1)

)

=

∞
∑

n=1

λnt(n−1)α

Γ
(

(n− 1)α+ 1
) =

∞
∑

n=0

λn+1tnα

Γ(nα+ 1)
= λEα(λt

α).

Theorem 2.2 ([18]). Suppose that

Φ(ξ, t) =

∞
∑

k=0

ζkΦk(ξ, t)

is a given function and N (·) is a nonlinear operator. Then, we have

∂n

∂ζn
N (Φ)|ζ=0 =

∂n

∂ζn
N

∞
∑

k=0

ζkΦk|ζ=0 =
∂n

∂ζn
N

n
∑

k=0

ζkΦk|ζ=0.

3. Analysis of the MGMLFM

In this section, we give the algorithm of MGMLFM to provide a general solution for the

next time-fractional nonlinear PDEs

C
0D

α
t Ψ(χ, t) = L

(

Ψ(χ, t)
)

+N
(

Ψ(χ, t)
)

, (3.1)

subject to initial conditions (ICs)

Ψ(χ, 0) = Θ(χ), (3.2)

where

Ψ =











Ψ1

Ψ2

...

Ψm











, χ =
[

χ1 χ2 · · · χn

]

, n,m ∈ N, Θ(χ) =











Θ1

Θ2

...

Θm











,

and L,N are linear and nonlinear operators.

Based on the previous algorithm, the MGMLFM assumed that the solution of Ψ(χ, t) for

Eq. (3.1) is set as

Ψ1(χ, t) = Υ1(χ)Eα

(

Λ1t
α
)

=

∞
∑

k=0

Υ1(χ)Λ
k
1

tkα

Γ(kα+ 1)
,

Ψ2(χ, t) = Υ2(χ)Eα

(

Λ2t
α
)

=

∞
∑

k=0

Υ2(χ)Λ
k
2

tkα

Γ(kα+ 1)
,

· · · · · ·

Ψm(χ, t) = Υm(χ)Eα

(

Λmt
α
)

=

∞
∑

k=0

Υm(χ)Λk
m

tkα

Γ(kα+ 1)
,

(3.3)

where Λ1,Λ2, . . . ,Λm are unidentified coefficients and Υ1,Υ2, . . . ,Υm are auxiliary functions

satisfies Υ1 = Θ1,Υ2 = Θ2, . . . ,Υm = Θm. Therefore, by utilizing Lemma 2.1 and Eq. (3.3)
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the fractional PDE (3.1) is specified by

∞
∑

k=0

Θ(χ)Λk+1
m

tkα

Γ(kα+ 1)

= L

(

∞
∑

k=0

Θ(χ)Λk
m

tkα

Γ(kα+ 1)

)

+N

(

∞
∑

k=0

Θ(χ)Λk
m

tkα

Γ(kα+ 1)

)

, m ≥ 1. (3.4)

Consequently, the linear part L(·) can be written as

L
(

Ψ(χ, t)
)

= L

(

∞
∑

k=0

Θ(χ)Λk
m

tkα

Γ(kα+ 1)

)

=
∞
∑

k=0

L

(

Θ(χ)Λk
m

tkα

Γ(kα+ 1)

)

. (3.5)

According to He’s polynomials [18,32] and the Theorem 2.2 the nonlinear part N (·) is given as

N
(

Ψ(χ, t)
)

= N

(

∞
∑

k=0

Θ(χ)Λk
m

tkα

Γ(kα+ 1)

)

=

∞
∑

k=0

N
(

Θ(χ)Ψk(χ, t)
)

= N
(

Θ(χ)
)

(

N
(

Ψ0(χ, t)
)

+

∞
∑

k=1

N

(

k
∑

i=0

Ψi(χ, t)

)

−N

(

k−1
∑

i=0

Ψi(χ, t)

))

. (3.6)

Replacing linear and nonlinear parts from Eq. (3.4) by Eqs. (3.5) and (3.6), we acquire a recur-

rence relation to recognize the coefficients Λm. Therefore, we gain a solution of Eq. (3.1). To

check the convergence of the Mittag-Leffler function you can review [1–3,7, 8, 28, 30].

Regarding the error estimator and convergence of the given algorithm, we offer the following

theorem.

Theorem 3.1. Suppose that H = L2((ǫ, η)× [0, T ]) is a Hilbert space with the related norm

‖̥2‖ =

∫

(ǫ,η)×[0,T ]

̥
2(x, λ) dλ dτ < +∞,

and the following two hypotheses H1,H2 are satisfied:

(H1) (ψ(̥1)− ψ(̥2),̥1 −̥2) ≥ K‖̥1 −̥2‖2; K > 0, ̥1,̥2 ∈ H.

(H2) Whenever a constant ̺ > 0, then there exist M(̺) > 0, since ‖̥1‖ ≤ ̺, ‖̥2‖ ≤ ̺, for

any ̥1,̥2 ∈ H and we have

(

ψ(̥1)− ψ(̥2), ω
)

≤M(̺)‖̥1 −̥2‖‖ω‖, ∀ω ∈ H,

where the operator ψ(̥1) following Eq. (3.1) is given by

ψ(̥1) =
CDα

t ̥1(x, t) = L
(

̥1(x, t)
)

+N
(

̥1(x, t)
)

.

Then, the MGMLFM is convergence.

Proof. The proof can be processed in the same manner in [4, 15]. �
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4. Application and Results

Problem 4.1. Consider the one-dimensional time fractional-order NSE

C
0D

α
t U(x, t) = p+

∂2U(x, t)

∂x2
+

1

x

∂U(x, t)

∂x
, 0 < α ≤ 1 (4.1)

with the initial condition

U(x, 0) = U0 = 1− x2, (4.2)

where

p = −
1

ρ

∂P

∂x
= 1.

As a special case when α = 1, then the exact solution [25] is given by

U(x, t) = 1− x2 + (p− 4)t. (4.3)

To apply the MGMLFM, we assume the approximate solution of Eq. (4.1) as the following:

U(x, t) = Υ(x)Eα(Λt
α) =

∞
∑

k=0

Υ(x)Λk tkα

Γ(kα+ 1)
. (4.4)

Following the same approach in Section 3, we get

∞
∑

n=0

(

U0Λ
n+1 −

∂2
(

U0Λ
n
)

∂x2
−

1

x

∂
(

U0Λ
n
)

∂x

)

tnα

Γ(nα+ 1)
= p.

For n = 0, we have

Λ1 =
1

U0

(

p+
∂2
(

U0Λ
0
)

∂x2
+

1

x

∂
(

U0Λ
0
)

∂x

)

= p− 4.

Then, for n ≥ 1 we have the following recurrence relation:

Λn+1 =
1

U0

(

p+
∂2
(

U0Λ
n
)

∂x2
+

1

x

∂
(

U0Λ
n
)

∂x

)

. (4.5)

After replacing various values of n = 1, 2, . . . , we have Λ2,Λ3,Λ4, . . . to get the following

fractional approximate solution:

U(x, t) = U0

(

Λ0 + Λ1 tα

Γ(α+ 1)
+ Λ2 t2α

Γ(2α+ 1)
+ Λ3 t3α

Γ(3α+ 1)
+ · · ·

)

.

The numerical simulation for this problem is displayed in Figs. 4.1-4.3, where the comparison

between the obtained approximate solution when α = 1 with the exact solution is shown in

Fig. 4.1 beside the associated absolute error to show how well our output matches the exact

solution. In Fig. 4.2, we show the behavior of fractional order solutions for various values of

α = 0.9, 0.8 and 0.7. In Fig. 4.3, we present 2D plots for the obtained solution with respect

to t and x in Fig. 4.3(a) and 4.3(b), respectively, when α takes various values compared with

the exact solution. From these figures, it appears that the approximate solution is completely

compatible with the given exact solution.



Analytical Study for Multi-dimensional Navier–Stokes Equations 7

Exact

0.0

0.5

1.0

t
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0.5

1.0

x

-3

-2

-1

0

1

UexactHx,tL

Α=1

0.0

0.5

1.0

t

0.0

0.5

1.0

x

-3

-2

-1

0

1

UHx,tL

0.0

0.5

1.0
t 0.0

0.5

1.0

x

0

1.´ 10-16

2.´ 10-16

3.´ 10-16

4.´ 10-16

Absolute Error U

Fig. 4.1. The MGMLFM solution of U(x, t) when α = 1, exact solution and absolute errors for

Problem 4.1.
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Fig. 4.2. The MGMLFM solution of U(x, t) for Problem 4.1 with various values of α.
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Fig. 4.3. The MGMLFM solution of U(x, t) for Problem 4.1 when α takes different values, (a) with t

and (b) with x .
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Problem 4.2. Consider the one-dimensional time fractional-order NSE

C
0D

α
t U(x, t) =

∂2U(x, t)

∂x2
+

1

x

∂U(x, t)

∂x
, 0 < α ≤ 1 (4.6)

with the initial condition

U(x, 0) = U0 = x. (4.7)

By setting α = 1, we have the following exact solution [25]:

U(x, t) = x+

∞
∑

m=1

12 × 32 × · · · × (2m− 3)2

x2m−1

tm

m!
. (4.8)

In the same manner as in Problem 4.1, we suggest the approximate solution of Eq. (4.6) as

in Eq. (4.4). Therefore Eq. (4.6) becomes in the following form:

∞
∑

n=0

(

U0Λ
n+1 −

∂2
(

U0Λ
n
)

∂x2
−

1

x

∂
(

U0Λ
n
)

∂x

)

tnα

Γ(nα+ 1)
= 0.

Then, the recurrence relation is as follows:

Λn+1 =
1

U0

(

∂2(U0Λ
n)

∂x2
+

1

x

∂(U0Λ
n)

∂x

)

. (4.9)

By substituting various values of n = 0, 1, 2, . . . , we get the coefficients Λ1,Λ2,Λ3, . . . to get the

following fractional approximate solution:

U(x, t) = U0

(

Λ0 + Λ1 tα

Γ(α+ 1)
+ Λ2 t2α

Γ(2α+ 1)
+ Λ3 t3α

Γ(3α+ 1)
+ · · ·

)

.

The simulation for this problem is depicted in Figs. 4.4 and 4.5, where the comparison between

the approximate solution obtained by MGMLFM when α = 1 with the known exact solution

(4.8) is presented in Fig. 4.4 alongside the associated absolute error to demonstrate that our

results have excellent agreement with the given exact solution. Moreover, the influence of α on

the obtained approximate solution is shown in Fig. 4.5.

Fig. 4.4. The MGMLFM approximate solution of U(x, t) when α = 1, exact solution and absolute

errors for Problem 4.2.
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Fig. 4.5. The MGMLFM approximate solutions of U(x, t) for Problem 4.2 with different values of α.

Problem 4.3. Consider the two-dimensional time fractional-order NSEs

C
0D

α
t U(x, y, t) + U(x, y, t)

∂U(x, y, t)

∂x
+ V (x, y, t)

∂U(x, y, t)

∂y

= K

[

∂2U(x, y, t)

∂x2
+
∂2U(x, y, t)

∂y2

]

+ P,

C
0D

α
t V (x, y, t) + U(x, y, t)

∂V (x, y, t)

∂x
+ V (x, y, t)

∂V (x, y, t)

∂y

= K

[

∂2V (x, y, t)

∂x2
+
∂2V (x, y, t)

∂y2

]

− P

(4.10)

with the associated ICs

U(x, y, 0) = − sin(x+ y) = U0, V (x, y, 0) = sin(x+ y) = V0. (4.11)

In the particular case when α = 1, the exact solution [14, 22] is given by

U(x, y, t) = −e−2Kt sin(x+ y), V (x, y, t) = e−2Kt sin(x+ y). (4.12)

Following the analysis of the MGMLFM presented in Section 3, we assume that the solution

of Eq. (4.3) is given by

U(x, y, t) = Υ1(x, y)Eα

(

Λ1t
α
)

=

∞
∑

n=0

Υ1(x, y)Λ
n
1

tnα

Γ(nα+ 1)
,

V (x, y, t) = Υ2(x, y)Eα

(

Λ2t
α
)

=

∞
∑

n=0

Υ2(x, y)Λ
n
2

tnα

Γ(nα+ 1)
,

(4.13)

where Λ1 and Λ2 are undetermined coefficients. From Eq. (4.11) we have Υ1(x, y) = U0 and

Υ2(x, y) = V0.

Thus, by using CFD presented in Lemma 2.1 and suggested approximate solutions in

Eq. (4.13), we can rewrite Eq. (4.10) as follows:
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∞
∑

n=0

(

U0Λ
n+1
1 + U0C

nΓ(nα+ 1) + V0d
nΓ(nα+ 1)

−K
∂2
(

U0Λ
n
1

)

∂x2
−K

∂2
(

U0Λ
n
1

)

∂y2

)

tnα

Γ(nα+ 1)
= P,

∞
∑

n=0

(

V0Λ
n+1
2 + U0M

nΓ(nα+ 1) + V0L
nΓ(nα+ 1)

−K
∂2
(

V0Λ
n
2

)

∂x2
−K

∂2
(

V0Λ
n
2

)

∂y2

)

tnα

Γ(nα+ 1)
= −P,

(4.14)

where

Cn =

n
∑

k=0

Λk
1∂
(

U0Λ
n−k
1

)

/∂x

Γ(kα+ 1)Γ
(

(n− k)α+ 1
) ,

dn =

n
∑

k=0

Λk
2∂
(

U0Λ
n−k
1

)

/∂y

Γ(kα+ 1)Γ
(

(n− k)α+ 1
) ,

Mn =

n
∑

k=0

Λk
1∂
(

V0Λ
n−k
2

)

/∂x

Γ(kα+ 1)Γ
(

(n− k)α+ 1
) ,

Ln =
n
∑

k=0

Λk
2∂
(

V0Λ
n−k
2

)

/∂y

Γ(kα+ 1)Γ
(

(n− k)α+ 1
) .

When n = 0, we have

Λ1
1 =

1

U0

(

P +K

[

∂2
(

U0Λ
0
1

)

∂x2
+
∂2
(

U0Λ
0
1

)

∂y2

]

−
[

U0C
0 − V0d

0
]

)

,

Λ1
2 =

1

V0

(

−P +K

[

∂2
(

V0Λ
0
2

)

∂x2
+
∂2
(

V0Λ
0
2

)

∂y2

]

−
[

U0M
0 − V0L

0
]

)

.

For n ≥ 1, the recursive relations are given by

Λn+1
1 =

1

U0

(

K

[

∂2
(

U0Λ
n
1

)

∂x2
+
∂2
(

U0Λ
n
1

)

∂y2

]

−
[

U0C
n − V0d

n
]

Γ(nα+ 1)

)

,

Λn+1
2 =

1

V0

(

K

[

∂2
(

V0Λ
n
2

)

∂x2
+
∂2
(

V0Λ
n
2

)

∂y2

]

−
[

U0M
n − V0L

n
]

Γ(nα+ 1)

)

.

(4.15)

We can determine the coefficients Λn+1
1 and Λn+1

2 by replacing n = 1, 2, 3, . . . . After that, we

substitute the obtained coefficients in order to have the following approximate solution:

U(x, y, t) = U0

(

Λ0
1 + Λ1

1

tα

Γ(α+ 1)
+ Λ2

1

t2α

Γ(2α+ 1)
+ Λ3

1

t3α

Γ(3α+ 1)
+ · · ·

)

,

V (x, y, t) = V0

(

Λ0
2 + Λ1

2

tα

Γ(α+ 1)
+ Λ2

2

t2α

Γ(2α+ 1)
+ Λ3

2

t3α

Γ(3α+ 1)
+ · · ·

)

.

The numerical simulations of the Problem 4.3 with given ICs in Eq. (4.11) are listed in

Figs. 4.6-4.11. In Figs. 4.6 and 4.8, a comparison is presented for the obtained approximate

solution by MGMLFM and the exact solution for components U(x, y, t) and V (x, y, t), respec-

tively, for the system (4.10) at α = 1 with an indication of the absolute error between them.
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The graphics indicate the extent of agreement between the approximate solution and the known

exact solution, and the small absolute error between them, which confirms the efficiency of the

used method. In Figs. 4.7 and 4.9, we display the effect of α = 0.9, 0.8, 0.7 on the behavior

of the approximate solution for variables U(x, y, t) and V (x, y, t), respectively. These figures

confirm the consistency in the behavior of the solution at different values of α. In Figs. 4.10

and 4.11, we give 2D plots of the approximate solution for U(x, y, t) and V (x, y, t) of the system

(4.10) with respect to x and t variables, respectively, when α takes various values. Further-

more, Tables 4.1 and 4.2 provided the numerical values of approximate solutions of U(x, y, t)

and V (x, y, t) for the system (4.10), respectively. These tables represent a comparison between

our obtained approximate solutions by MGMLFM, given exact solutions and the approximate

solutions obtained by Elzaki transformation and decomposition method (ETDM) [22], as well

as analysis error (i.e. absolute error) for our method and ETDM. These presented results show

that the analysis error of our method is much less than the error of the other method (i.e.

ETDM), which confirms the efficiency and accuracy of MGMLFM.

Fig. 4.6. The MGMLFM approximate solution of U(x, y, t) when α = 1, exact solution and absolute

errors for Problem 4.3.

Fig. 4.7. The MGMLFM approximate solutions of U(x, y, t) for Problem 4.3 with different values of α.
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Fig. 4.8. The MGMLFM approximate solution of V (x, y, t) when α = 1, exact solution and absolute

errors for Problem 4.3.

Fig. 4.9. The MGMLFM approximate solutions of V (x, y, t) for Problem 4.3 with different values of α.
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Fig. 4.10. The MGMLFM approximate solutions for U(x, y, t) and V (x, y, t) with x of Problem 4.3,

when α takes various values, y = 1 and t = 0.01.
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Fig. 4.11. The MGMLFM approximate solutions for U(x, y, t) and V (x, y, t) with t of Problem 4.3,

when α takes various values, y = 1 and x = 1.
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Table 4.1: The comparison of the exact and outcomes gained by MGMLFM, ETDM and absolute

errors of these methods when α = 1 for U(x, y, t) of Problem 4.3 with different values of x at t = 0.01

and y = 1.

x Exact MGMLFM ETDM [22]

0 −0.824808742934829 −0.8248087429347544 −0.824808737600000

1 −0.8912921314157796 −0.891292131415699 −0.891292125700000

2 −0.13832564467732045 −0.13832564467730796 −0.138325643800000

3 0.7418168018560731 0.7418168018560061 0.741816797100000

4 0.9399363018264509 0.9399363018263659 0.939936295800000

5 0.2738827006359332 0.2738827006359084 0.273882698900000

6 −0.6439773924444746 −0.6439773924444164 −0.643977388300000

7 −0.9697676407653364 −0.9697676407652488 −0.969767634500000

8 −0.4039579924791594 −0.4039579924791229 −0.403957989800000

9 0.5332487711446274 0.5332487711445792 0.533248767700000

10 0.9801890737807477 0.9801890737806591 0.980189067500000

x Error for ETDM [22] Error for MGMLFM

0 5.3012672040×10−9 7.460698725481052×10−14

1 5.7285737890×10−9 8.060219158778636×10−14

2 8.8905605100×10−10 1.249000902703301×10−14

3 4.7678557200×10−9 6.705747068735946×10−14

4 6.0412229310×10−9 8.504308368628699×10−14

5 1.7603176390×10−9 2.475797344914099×10−14

6 4.1390155720×10−9 5.81756864903582×10−14

7 6.2329569540×10−9 8.759659664292485×10−14

8 2.5963464570×10−9 3.652633751016765×10−14

9 3.4273329990×10−9 4.818367926873179×10−14

10 6.2999383020×10−9 8.85957973650875×10−14

Problem 4.4. Consider the two-dimensional time fractional-order NSE

C
0D

α
t U(x, y, t) + U(x, y, t)

∂U(x, y, t)

∂x
+ V (x, y, t)

∂U(x, y, t)

∂y

= K

[

∂2U(x, y, t)

∂x2
+
∂2U(x, y, t)

∂y2

]

+ P,

C
0D

α
t V (x, y, t) + U(x, y, t)

∂V (x, y, t)

∂x
+ V (x, y, t)

∂V (x, y, t)

∂y

= K

[

∂2V (x, y, t)

∂x2
+
∂2V (x, y, t)

∂y2

]

− P

(4.16)

with the associated ICs

U(x, y, 0) = U0 = −ex+y, V (x, y, 0) = V0 = ex+y. (4.17)

By setting α = 1, we have the following exact solution [14, 22]:

U(x, y, t) = −ex+y+2Kt, V (x, y, t) = ex+y+2Kt. (4.18)
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Table 4.2: The comparison of the exact and outcomes gained by MGMLFM, ETDM and absolute

errors of these methods when α = 1 for V (x, y, t) of Problem 4.3 with various values of x at t = 0.01

and y = 1.

x Exact MGMLFM ETDM [22]

0 0.824808742934829 0.8248087429347544 0.824808737600000

1 0.8912921314157796 0.891292131415699 0.891292125700000

2 0.13832564467732045 0.13832564467730796 0.138325643800000

3 −0.7418168018560731 −0.7418168018560061 −0.741816797100000

4 −0.9399363018264509 −0.9399363018263659 −0.939936295800000

5 −0.2738827006359332 −0.2738827006359084 −0.273882698900000

6 0.6439773924444746 0.6439773924444164 0.643977388300000

7 0.9697676407653364 0.9697676407652488 0.969767634500000

8 0.4039579924791594 0.4039579924791229 0.403957989800000

9 −0.5332487711446274 −0.5332487711445792 −0.533248767700000

10 −0.9801890737807477 −0.9801890737806591 −0.980189067500000

x Error for ETDM [22] Error for MGMLFM

0 5.3012672040×10−9 7.460698725481052×10−14

1 5.7285737890×10−9 8.060219158778636×10−14

2 8.8905605100×10−10 1.249000902703301×10−14

3 4.7678557200×10−9 6.705747068735946×10−14

4 6.0412229310×10−9 8.504308368628699×10−14

5 1.7603176390×10−9 2.475797344914099×10−14

6 4.1390155720×10−9 5.81756864903582×10−14

7 6.2329569540×10−9 8.759659664292485×10−14

8 2.5963464570×10−9 3.652633751016765×10−14

9 3.4273329990×10−9 4.818367926873179×10−14

10 6.2999383020×10−9 8.85957973650875×10−14

In the same way as in Problem 4.3, we can express the approximate solution of Eq. (4.16) as

in Eq. (4.13). Therefore, Eq. (4.16) can be rewritten in the following form:

∞
∑

n=0

(

− ex+yΛn+1
1 − ex+yRn

1Γ(nα+ 1) + ex+yRn
2Γ(nα+ 1)

) tnα

Γ(nα+ 1)

= P +

∞
∑

n=0

K

(

∂2
(

− ex+yΛn
1

)

∂x2
+
∂2
(

− ex+yΛn
1

)

∂y2

)

tnα

Γ(nα+ 1)
,

∞
∑

n=0

(

ex+yΛn+1
2 − ex+yRn

3Γ(nα+ 1) + ex+yRn
4Γ(nα+ 1)

) tnα

Γ(nα+ 1)

= −P +

∞
∑

n=0

K

(

∂2
(

ex+yΛn
2

)

∂x2
+
∂2
(

ex+yΛn
2

)

∂y2

)

tnα

Γ(nα+ 1)
,

(4.19)

where

Rn
1 =

n
∑

k=0

Λk
1∂
(

− ex+yΛn−k
1

)

/∂x

Γ(kα+ 1)Γ
(

(n− k)α+ 1
) ,
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Rn
2 =

n
∑

k=0

Λk
2∂
(

− ex+yΛn−k
1

)

/∂y

Γ(kα+ 1)Γ
(

(n− k)α+ 1
) ,

Rn
3 =

n
∑

k=0

Λk
1∂
(

ex+yΛn−k
2

)

/∂x

Γ(kα+ 1)Γ
(

(n− k)α+ 1
) ,

Rn
4 =

n
∑

k=0

Λk
2∂
(

ex+yΛn−k
2

)

/∂y

Γ(kα+ 1)Γ
(

(n− k)α+ 1
) .

When n = 0, we have

Λ1
1 =

1

−ex+y

(

P +K

[

∂2
(

− ex+yΛ0
1

)

∂x2
+
∂2
(

− ex+yΛ0
1

)

∂y2

]

+ ex+y
[

R0
1 +R0

2

]

)

,

Λ1
2 =

1

ex+y

(

−P +K

[

∂2
(

ex+yΛ0
2

)

∂x2
+
∂2
(

ex+yΛ0
2

)

∂y2

]

+ ex+y
[

R0
3 +R0

4

]

)

.

Then, for n ≥ 1 the recursive relationships are given by

Λn+1
1 =

1

−ex+y

(

K

[

∂2
(

− ex+yΛn
1

)

∂x2
+
∂2
(

− ex+yΛn
1

)

∂y2

]

+ ex+y
[

Rn
1 +Rn

2

]

Γ(nα+ 1)

)

,

Λn+1
2 =

1

ex+y

(

K

[

∂2
(

ex+yΛn
2

)

∂x2
+
∂2
(

ex+yΛn
2

)

∂y2

]

+ ex+y
[

Rn
3 +Rn

4

]

Γ(nα+ 1)

)

.

(4.20)

We can obtain the coefficients Λn+1
1 and Λn+1

2 by replacing n = 1, 2, . . . . Then, we substitute

these coefficients in the suggested solution in Eq. (4.13) to get the solution of Eq. (4.16).

The simulation of Problem 4.4 is illustrated in the following figures and tables. Figs. 4.12

and 4.14 presents the behavior of fractional-order solution obtained by GMLFM at α = 1

for U(x, y, t) and V (x, y, t), respectively, and compared with their exact solution and display

Fig. 4.12. The MGMLFM approximate solution of U(x, y, t) when α = 1, exact solution and absolute

errors for Problem 4.4.
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Fig. 4.13. The MGMLFM approximate solutions of U(x, y, t) for Problem 4.4 with different values of α.
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Fig. 4.14. The MGMLFM approximate solution of V (x, y, t) when α = 1, exact solution and absolute

errors for Problem 4.4.

Fig. 4.15. The MGMLFM approximate solutions of V (x, y, t) for Problem 4.4 with different values of α.

associated GMLFM absolute error. The impact of α on the behavior of the solution of U(x, y, t)

and V (x, y, t), when α takes various values is displayed in Figs. 4.13 and 4.15, respectively.

Moreover, two-dimensional plots at various values of α. In addition, two-dimensional drawings

at various values of α are presented in Fig. 4.16 with respect to x and held y and t, in Fig. 4.17

they are drawn with t and fix x and y. The numerical values of the approximate solution

gained from this method are compared with the exact solution in Tables 4.3 and 4.4, also, their

absolute error is calculated.
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Fig. 4.16. The MGMLFM approximate solutions for U(x, y, t) and V (x, y, t) with x of Problem 4.4

when α takes various values, y = 1 and t = 0.01.
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Fig. 4.17. The MGMLFM approximate solutions for U(x, y, t) and V (x, y, t) with t of Problem 4.4,

when α takes various values, y = 1 and x = 1.

Table 4.3: The comparison of the exact solutions, outcomes obtained by MGMLFM and absolute errors

for U(x, y, t) of Problem 4.4 with different values of x at t = 0.01, α = 1 and y = 1.

x Exact MGMLFM Absolute Error for MGMLFM

0 −2.7731947639642978 −2.7731947639640557 2.420286193682841×10−13

1 −7.538324933661922 −7.538324933661264 6.581402089977928×10−13

2 −20.49129168419294 −20.49129168419115 1.790567694115452×10−12

3 −55.70110582679559 −55.70110582679075 4.838796030526282×10−12

4 −151.41130379405269 −151.41130379403953 1.315925146627705×10−11

5 −411.5785957266655 −411.57859572662977 3.575451046344824×10−11

6 −1118.7866177464866 −1118.7866177463893 9.731593308970332×10−11

7 −3041.1773329434304 −3041.177332943166 2.642082108650356×10−10

8 −8266.77708126167 −8266.777081260952 7.185008144006133×10−10

9 −22471.429919915303 −22471.429919913353 1.949956640601158×10−9

10 −61083.679610796666 −61083.67961079136 5.304173100739717×10−9

The results presented in the previous figures and tables confirmed that the approximate

fractional solution is in complete agreement with the exact solution and the error rate is very

small, which confirms the higher accuracy and efficiency of the used method.
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Table 4.4: The comparison of the exact solutions, outcomes obtained by MGMLFM and absolute errors

for V (x, y, t) of Problem 4.4 with different values of x at t = 0.01, α = 1 and y = 1.

x Exact MGMLFM Absolute Error for MGMLFM

0 2.7731947639642978 2.7731947639640557 2.420286193682841×10−13

1 7.538324933661922 7.538324933661264 6.581402089977928×10−13

2 20.49129168419294 20.49129168419115 1.790567694115452×10−12

3 55.70110582679559 55.70110582679075 4.838796030526282×10−12

4 151.41130379405269 151.41130379403953 1.315925146627705×10−11

5 411.5785957266655 411.57859572662977 3.575451046344824×10−11

6 1118.7866177464866 1118.7866177463893 9.731593308970332×10−11

7 3041.1773329434304 3041.177332943166 2.642082108650356×10−10

8 8266.77708126167 8266.777081260952 7.185008144006133×10−10

9 22471.429919915303 22471.429919913353 1.949956640601158×10−9

10 61083.679610796666 61083.67961079136 5.304173100739717×10−9

Problem 4.5. Consider the three-dimensional time fractional-order NSE

C
0D

α
t U + U

∂U

∂x
+ V

∂U

∂y
+W

∂U

∂z
= K

[

∂2U

∂x2
+
∂2U

∂y2
+
∂2U

∂z2

]

+ P1,

C
0D

α
t V + U

∂V

∂x
+ V

∂V

∂y
+W

∂V

∂z
= K

[

∂2V

∂x2
+
∂2V

∂y2
+
∂2V

∂z2

]

− P2,

C
0D

α
t W + U

∂W

∂x
+ V

∂W

∂y
+W

∂W

∂z
= K

[

∂2W

∂x2
+
∂2W

∂y2
+
∂2W

∂z2

]

− P3

(4.21)

with the associated ICs
U(x, y, z, 0) = U0 = −0.5x+ y + z,

V (x, y, z, 0) = V0 = x− 0.5y + z,

W (x, y, z, 0) =W0 = x+ y − 0.5z.

(4.22)

In the particular case when α = 1 the exact solution [14, 36] is given by

U(x, y, z, t) =
−0.5x+ y + z − 2.25xt

1− 2.25t2
,

V (x, y, z, t) =
x− 0.5y + z − 2.25yt

1− 2.25t2
,

W (x, y, z, t) =
x+ y − 0.5z − 2.25zt

1− 2.25t2
.

(4.23)

Following the analysis of the MGMLFM presented in Section 3, we assume that the solution

of Eq.(4.21) is given by

U(x, y, z, t) = Υ1(x, y, z)Eα

(

Λ1t
α
)

=

∞
∑

n=0

Υ1(x, y, z)Λ
n
1

tnα

Γ(nα+ 1)
,

V (x, y, z, t) = Υ2(x, y, z)Eα

(

Λ2t
α
)

=

∞
∑

n=0

Υ2(x, y, z)Λ
n
2

tnα

Γ(nα+ 1)
,

W (x, y, z, t) = Υ3(x, y, z)Eα

(

Λ3t
α
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∞
∑

n=0

Υ3(x, y, z)Λ
n
3

tnα

Γ(nα+ 1)
,

(4.24)
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where Λ1,Λ2 and Λ3 are undetermined coefficients. From Eq. (4.23) we have

Υ1(x, y, z) = U0, Υ2(x, y, z) = V0, Υ3(x, y, z) =W0.

According to the analysis of MGMLFM presented in Section 3, Eq. (4.21) can be rewritten

as follows:

∞
∑

n=0

(

U0Λ
n+1
1 + U0C

n
1 Γ(nα+ 1) + V0C

n
2 Γ(nα+ 1) +W0C

n
3 Γ(nα+ 1)

−K
∂2(U0Λ

n
1 )

∂x2
−K

∂2(U0Λ
n
1 )

∂y2
−K

∂2(U0Λ
n
1 )

∂z2

)

tnα

Γ(nα+ 1)
= P1,

∞
∑
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(

V0Λ
n+1
2 + U0C

n
4 Γ(nα+ 1) + V0C

n
5 Γ(nα+ 1) +W0C

n
6 Γ(nα+ 1)

−K
∂2(V0Λ

n
2 )

∂x2
−K

∂2(V0Λ
n
2 )

∂y2
−K

∂2(V0Λ
n
2 )

∂z2

)

tnα

Γ(nα+ 1)
= P2,

∞
∑

n=0

(

W0Λ
n+1
3 + U0C

n
7 Γ(nα+ 1) + V0C

n
8 Γ(nα+ 1) +W0C

n
9 Γ(nα+ 1)
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∂2(W0Λ

n
3 )

∂x2
−K

∂2(W0Λ
n
3 )

∂y2
−K

∂2(W0Λ
n
3 )
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)

tnα
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= −P3,

(4.25)

where

Cn
1 =

n
∑

k=0

Λk
1∂
(

U0Λ
n−k
1

)

/∂x

Γ(kα+ 1)Γ
(

(n− k)α+ 1
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2 =
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∑
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(
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1
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When n = 0, we have
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(4.26)

Therefore, from Eq. (4.25) the recurrence relation is given as the following:

Λn+1
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1

U0

(

K

[

∂2
(

U0Λ
n
1

)

∂x2
+
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(
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U0Λ
n
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]

(4.27a)
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−
[

U0C
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, (4.27b)
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, (4.27d)

Λn+1
3 =

1

W0

(

K

[

∂2
(

W0Λ
n
3

)

∂x2
+
∂2
(

W0Λ
n
3

)

∂y2
+
∂2
(

W0Λ
n
3

)

∂z2

]

(4.27e)

−
[

U0C
n
7 + V0C

n
8 +W0C

n
9

]

Γ(nα+ 1)

)

. (4.27f)

Then, we can get coefficients of the solution (4.24) from the recurrence relation (4.27) by

substituting various values of n (n ≥ 1) in order to obtain the components the following series:

U(x, y, z, t) = U0

(

Λ0
1 + Λ1

1

tα

Γ(α+ 1)
+ Λ2

1

t2α

Γ(2α+ 1)
+ Λ3

1

t3α

Γ(3α+ 1)
+ · · ·

)

,

V (x, y, z, t) = V0

(

Λ0
2 + Λ1

2

tα

Γ(α+ 1)
+ Λ2

2

t2α

Γ(2α+ 1)
+ Λ3

2

t3α

Γ(3α+ 1)
+ · · ·

)

,

W (x, y, z, t) =W0

(

Λ0
3 + Λ1

3

tα

Γ(α+ 1)
+ Λ2

3

t2α

Γ(2α+ 1)
+ Λ3

3

t3α

Γ(3α+ 1)
+ · · ·

)

.

The behavior of approximate fractional solution for the Problem 4.5 is displayed in Figs. 4.18-

4.23. In Fig. 4.18, we show the comparison between the approximate fractional solution given

by MGMLFM with the exact solution for Eq. (4.21) using ICs Eq. (4.22). The behavior of the

approximate solution when α takes various values for U(x, y, z, t), V (x, y, z, t) and W (x, y, z, t)

is shown in Figs. 4.19-4.21, respectively, as well as the two-dimensional graphs at various values

of α with respect to state x and time t are presented in Figs. 4.22 and 4.23, respectively.
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Fig. 4.18. The compression of MGMLFM approximate solutions for Problem 4.5 when α = 1 with

exact solutions.
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Fig. 4.19. The MGMLFM approximate solutions of U(x, y, z, t) for Problem 4.5 with various values

of α.

Fig. 4.20. The MGMLFM approximate solutions of V (x, y, z, t) for Problem 4.5 with various values

of α.
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Fig. 4.21. The MGMLFM approximate solutions of W (x, y, z, t) for Problem 4.5 with various values

of α.
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Fig. 4.22. The MGMLFM approximate solutions of U(x, y, z, t), V (x, y, z, t) and W (x, y, z, t) with x for

Problem 4.5, when α takes various values, y = 0.5, z = 1 and t = 0.01.
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Fig. 4.23. The MGMLFM approximate solutions of U(x, y, z, t), V (x, y, z, t) and W (x, y, z, t) with t for

Problem 4.5, when α takes various values, y = 0.5, x = 0.5 and z = 1.

5. Conclusion

In this paper, we adopted a newly developed method namely MGMLFM to obtain the

approximate analytical solution of some nonlinear time-fractional multi-dimensional NSEs. The

mathematical formalism for the proposed problem depended on the sense of CFD. Approximate

solutions were provided in power series form. We carried out the current method on five

problems to illustrate the validity and efficiency of this method. The numerical simulation

for gained results was presented in some two and three-dimensional figures. We introduced

a comparison between our results with known exact solutions, where it was found the fractional-

order solutions convergence towards integer-order solutions (i.e. exact solutions) when α = 1.

Also, solutions in different fractional orders were specified and found to be interesting in terms of

explaining the different dynamic behaviors of the proposed problems. Moreover, the numerical

values of the results obtained with MGMLFM were presented in some tables and compared

with the known exact solutions and the solutions obtained by other methods in the literature

under the same conditions, and their absolute errors were also presented. The performed

calculations in this research confirmed the accuracy, efficiency and suitability of the MGMLFM

for solving such types of models. The advantages of the proposed method are straightforward,

requires small efforts of computation, simple procedures, convergence quickly to exact solutions

and does not require any perturbation, discretization and transformation unlike some other

methods. Therefore, we suggest this method to solve other linear and nonlinear models of

fractional order that have applications in engineering, science and physical phenomena.
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