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Abstract

In this research article, we present convenient analytical-approximate solutions for fluid
flow models known as multi-dimensional Navier-Stokes equations containing time-fractional
order by using a relatively new analytical method called modified generalized Mittag-
Leffler function method. The Caputo fractional derivative is used to describe fractional
mathematical formalism. The approximate solutions for five problems are implemented to
demonstrate the validity and accuracy of the proposed method. It is also demonstrated that
the solutions obtained from our method when o = 1 coincide with the exact solutions, this
is displayed by using some 2D and 3D plots for each problem. Moreover, the comparison
between our outcomes with given exact solutions and results obtained by other methods in
the literature besides absolute error is provided in some tables. Additionally, we offer some
plots when « has different values to present the effect of fractional order on the solution of
each suggested problem. The numerical simulation presented in this work indicates that
the proposed method is efficient, reliable, accurate and easy which has less computational
ability to give analytical-approximate solution form. So, this method can be extended to
implement on different related problems arising in various areas of innovation and research.

Mathematics subject classification: 35Q30, 35R11, 33E12, 74H10.
Key words: Navier-Stokes equations, Fractional partial differential equations, Mittag-
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1. Introduction

The Navier-Stokes equations (NSEs) are considered famous partial differential equations
(PDEs) that govern the motion of viscous fluid flow and describe different geophysical fluid
mechanical problems. NSEs are the primary PDEs that relate momentum, continuity and
energy equations and the first appearance of NSEs in the year 1822 [34]. Then, these equations
have been used to describe many various interesting applications in theoretical studies and
physical phenomena such as liquid flow in pipes, managing climate estimating, ocean currents,
airflow around the wings of aircraft, blood flow and examination of contamination [33,40].

The first formulation of NSEs in fractional order was done by El-Shahed and Salem [17] in
2005, they solved this model by using finite Fourier Sine transform, finite Hankel transforms
and Laplace transform. After that many researchers have tried to solve NSEs by using different
methods for example: in [14], authors used the variational iteration transform technique to
evaluate multi-dimensional fractional NSEs. In [23], the residual power series method has been
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applied for the solution of the fractional NSEs with 2 and 3 dimensions. In [22], a hybrid ap-
proach of decomposition method and Elzaki transformation has been applied to solve fractional
NSEs. In [36], authors have adopted a fractional reduced differential transformation method
as a semi-analytical scheme to get an approximate solution of fractional NSEs and many other
research papers in the literature (see, e.g. [16,19-21,25]).

The classical Navier-Stokes and continuity equations are given by

00 1
= . =Kv20--vP
8t+(@ v)© \Val®! AL
g 0-0, (1.1)

©=0 on Qx(0,7),

where © = (U, V, W) and P represent the fluid vector of velocity and pressure, respectively, p is
the density, K = ¢/p is the kinematics viscosity, ¢ is the dynamic viscosity, (x,y, z) are spatial
components in 2 and t is the time variable.

Fractional calculus (FC) is a branch of mathematics concerned with integrals and deriva-
tives of arbitrary orders. Thus, it is considered a generalization of the integer-order calculus.
Furthermore, the differential equations whether partial or ordinary that have fractional order
are called fractional differential equations (FDEs). Recently, FDEs have acquired popularity,
importance and attracted many famous researchers and scientists [9,31,38,39]. This is due to
its prominent applications in many fields of science and engineering, such as reaction-diffusion,
electric networks, electrochemistry of corrosion, polymer physics, fluid flow, chemical physics,
propagation of waves and many other important applications [5,6,11-13,26,27,29,37].

The most advantage of using FC in describing applications is that it predicts the future
and gives a good description of the behavior of the system from the integer case due to its
properties like non-locality, non-singularity, kernel, memory effect and so on. This means that
the fractional models are featured because they do not depend on the current situation, but
rather depend on all genetic and historical cases (memory effect).

The main goal and motivation are to investigate on solution of time fractional order multi-
dimensional NSEs using modified generalized Mittag-Leffler function method (MGMLFM). The
generalization of the classical problem Eq. (1.1) with fractional order 0 < e < 1 is defined as

1
gD§“®+(®~v)@:Kv2®f;vP,
©=0 on Qx(0,7),

where {Dg is Caputo fractional derivative (CFD).

The novelty and our contribution to this work are evident in presenting the MGMLFM
as an analytical technique to give the appropriate solution for multi-dimensional NSEs within
fractional order. The analytical solutions for five different problems of fractional NSEs are
calculated by using the proposed method. The obtained results are displayed and verified
with some 2D and 3D plots for each problem. Moreover, the comparison of these outcomes
with given exact solutions and others obtained by different techniques in the literature besides
absolute error is provided in some tables to show the validity and accuracy of the MGMLFM.
The solution to these illustrative problems proved that the MGMLFM has less computing costs,
straightforward steps and higher convergence rates. Therefore, the MGMLFM is constructive to
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solving other fractional linear and nonlinear PDEs which describes a lot of problems in various
fields of applied sciences.

The outline of this paper is prepared as follows. Section 2 provides some fundamental
principles for FC in order to progress in this research work. In Section 3, we constructed the
general algorithm of the MGMLFM to give a solution of nonlinear fractional PDEs. Section 4
is devoted to implementing the proposed method on fractional multi-dimensional NSEs, five
interesting examples are considered to demonstrate the simplicity and accuracy of MGMLFM.
Also, the simulation of the outcomes displayed in figures and tables is presented in this section.
In Section 5, we draw the conclusion of this work.

2. Preliminaries

Here, some important concepts and definitions of FC are presented to accomplish this work
[10,24,35].

Definition 2.1. For a function ®(&,t) and t € [0,T], the fractional order Riemann-Liouville
integral is
1 /t .
o — [ t—7)*"®(&,7)dr, a>0, t>0,
oI ®(&,t) = { T'(a) Jo
B¢, 1), a=0.

Definition 2.2. The CFD for absolutely continuous function ®(&,t) on [0,T] is

t n
;/(tfﬂ”*o‘flwdﬂ if n—1<a<n, neN, t>0,
Cha _JT(n—a) J, orm
Tn’7 Zf a=n, TLGN,

when n =1, we have

o)

T

, t>0, O0<a<l

1 t
Cro —«
Di®(¢,t) = —— t—
0t (&7 ) F(l _ Oé) /O ( T)
Theorem 2.1. Let ®(&,t) is a differentiable function, t € [0,T] and o € (n—1,n],n € N, then

n—1

OI? tha(I)(gat) = ¢(§at) - Z

k=0

tk

D¢, 1)
=0 k!’

otk

Moreover, for v > —1 we have

L(y+1) i—a

r 1
_ N oIt = Lt'ﬁa.
F(y—a+1)

Crha
Dt =
0 F'y+a+1)

Definition 2.3. The Mittag-Leffler function is defined by

o] Zn
Ea = 7, 3 *
(2) ;F(na—i—l) a>0, zeC
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Lemma 2.1. The fractional derivative of the generalized Mittag-Leffler function in Caputo

sense 18 given as

CppE, ) = Gop [ 30 AT ) g AT R AT e
0 T s nZOF(naJrl) _nzlf((nfl)oﬂrl)_nzof(naJrl)_ “ '
Theorem 2.2 ([18]). Suppose that
(&) = For(t)
k=0

is a given function and N (+) is a nonlinear operator. Then, we have

an

o > o" -
—N(®)|¢=0 = =—N FOp|emo = =N kP e—o.
acn (®)l¢=0 acn I;)C klc=0 B kZ:OC kle=0

3. Analysis of the MGMLFM

In this section, we give the algorithm of MGMLFM to provide a general solution for the
next time-fractional nonlinear PDEs

6DF U (x:t) = L(W(x, 1) + N (¥(x 1)), (3.1)
subject to initial conditions (ICs)
U(x,0) =0O(x), (3.2)
where
Uy Ch
Wy O3
U= : ) X = [Xl X2 Xn]a n7m€Na G(X): : )
U, Om

and £, N are linear and nonlinear operators.
Based on the previous algorithm, the MGMLFM assumed that the solution of ¥(y,t) for
Eq. (3.1) is set as

U1 (x,t) = T1(x)Ea (A1t%) ZT 1%11)
. ther
#2008 =T2008a{As1%) ZTQ M) (33)
00 tha
Uy (X 1) = Ton(X) B (Ant®) = > Tra(X) m
k=0
where A1, Ao, ..., A, are unidentified coefficients and Y1, Ys,...,T,, are auxiliary functions

satisfies Y1 = ©1, o = ©Og,...,T,, = O,,. Therefore, by utilizing Lemma 2.1 and Eq. (3.3)
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the fractional PDE (3.1) is specified by

kZ:OG Afyj_lF(koz +1)
0o koz
<z(:)® k — >+N<Z® mW) m > 1. (3.4)

Consequently, the linear part £(-) can be written as

L(%( <Z@ ka+1 ) Zc( %) (3.5)

According to He’s polynomials [18,32] and the Theorem 2.2 the nonlinear part N (+) is given as

N(¥( (Z@ ka +1> ZN )Pk t))
zN(G(x))< (Wo(x,t) +ZN<ZZ‘I’ Xt )—N(I:z:;q/i(x,t)». (3.6)

Replacing linear and nonlinear parts from Eq. (3.4) by Egs. (3.5) and (3.6), we acquire a recur-
rence relation to recognize the coefficients A,,. Therefore, we gain a solution of Eq. (3.1). To
check the convergence of the Mittag-Leffler function you can review [1-3,7,8,28,30].

Regarding the error estimator and convergence of the given algorithm, we offer the following
theorem.

Theorem 3.1. Suppose that H = L*((e,n) x [0,T)) is a Hilbert space with the related norm
= | F2(1,\) d\ dr < +ox,
(e;m)x[0,T]

and the following two hypotheses Hi,Hs are satisfied:
(H1) (b(F1) —=w(F2),F1—Fa2) 2 K[|F1—F2f* K >0, F1,F2 € H.

(H2) Whenever a constant o > 0, then there exist M (o) > 0, since ||F1]| < o, ||F2l] < o, for
any F1,Fs € H and we have

(V(F1) —¥(F2),w) < M(o)|F1 — Fal|w], VYweH,

where the operator Y(F 1) following Eq. (3.1) is given by
Y(F1) = “DPFa(x,t) = L(Fa(e,1) + N(Fu(x,1)).
Then, the MGMLFM is convergence.

Proof. The proof can be processed in the same manner in [4,15]. O
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4. Application and Results

Problem 4.1. Consider the one-dimensional time fractional-order NSE

U1 | 1 aU( )

Cra
D = <1 4.1
§DPU () =p+ =g 57 4 = S 0<as< (4.1)
with the initial condition
U(x,0) =Uy=1— a2, (4.2)
where
__lorp .
P= poxr

As a special case when a = 1, then the exact solution [25] is given by
Uz, t) =1 -2+ (p— 4)t. (4.3)

To apply the MGMLFM, we assume the approximate solution of Eq. (4.1) as the following:

koz
U(x,t) =T o (AEY) YT(2)A —— 4.4
(1) = T = S YN gy (4.4
Following the same approach in Section 3, we get
S 0% (UgA™ 1 9(UpA™ na
Z(UOAnH— ( O2 )__ & )) t s
= Ox x Oz T(na+1)
For n = 0, we have
1 0% (U \° 1 0(UpA°
o L[, PN 1@y
Uy 02 r Oz
Then, for n > 1 we have the following recurrence relation:
L[ (U  10(UeA")
AT = — . 4.5
Uy (p + Ox? + x  Or ) (45)
After replacing various values of n = 1,2,..., we have A%, A% A% ... to get the following

fractional approximate solution:

e t?a tga
£) = Up( A + A! A? A? )

The numerical simulation for this problem is displayed in Figs. 4.1-4.3, where the comparison
between the obtained approximate solution when o = 1 with the exact solution is shown in
Fig. 4.1 beside the associated absolute error to show how well our output matches the exact
solution. In Fig. 4.2, we show the behavior of fractional order solutions for various values of
a = 0.9,0.8 and 0.7. In Fig. 4.3, we present 2D plots for the obtained solution with respect
to ¢t and z in Fig. 4.3(a) and 4.3(b), respectively, when « takes various values compared with
the exact solution. From these figures, it appears that the approximate solution is completely
compatible with the given exact solution.
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Uexactxt) _

W Uk
W Uexact(x0)

Fig. 4.1. The MGMLFM solution of U(z,t) when a = 1, exact solution and absolute errors for
Problem 4.1.

W Uate=1
W Uate=08
B Uato=0.7

10

Fig. 4.2. The MGMLFM solution of U(z,t) for Problem 4.1 with various values of a.

T T T T T _20F 4 T T T =]

U
U

Fig. 4.3. The MGMLFM solution of U(z,t) for Problem 4.1 when « takes different values, (a) with ¢
and (b) with z .
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Problem 4.2. Consider the one-dimensional time fractional-order NSE

_0%U(x,t) N l@U(x,t)
T 922 x Ox

DU (x,t) , 0<a<l1 (4.6)

with the initial condition
U(z,0) =Up = x. (4.7
By setting o = 1, we have the following exact solution [25]:

2tm

(4.8)

m!’

12 x 32 x - x (2m — 3)
U(z,t) =2+ Z g
m=1

In the same manner as in Problem 4.1, we suggest the approximate solution of Eq. (4.6) as
in Eq. (4.4). Therefore Eq. (4.6) becomes in the following form:

s 0? (U()An) 1 8(U0A”) e
n+1l - —
Z (UOA Ox? xr Ox ) I'(na+1) 0

n=0

Then, the recurrence relation is as follows:

Anl Uio (62(U0A") L1 a(UOA")) (4.9)

Ox? r Ox

By substituting various values of n = 0,1,2,..., we get the coefficients A', A2, A3,... to get the
following fractional approximate solution:

to t2a t30¢
Ulz,t) =Uy| A® + A! A2 A3 ).
(%) 0( A ey T Tear T T@Bar ) T

The simulation for this problem is depicted in Figs. 4.4 and 4.5, where the comparison between
the approximate solution obtained by MGMLFM when « = 1 with the known exact solution
(4.8) is presented in Fig. 4.4 alongside the associated absolute error to demonstrate that our
results have excellent agreement with the given exact solution. Moreover, the influence of a on
the obtained approximate solution is shown in Fig. 4.5.

W Ut
W Uexact(x,t)

Fig. 4.4. The MGMLFM approximate solution of U(z,¢) when o = 1, exact solution and absolute
errors for Problem 4.2.
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Fig. 4.5. The MGMLFM approximate solutions of U(x,t) for Problem 4.2 with different values of «.

Problem 4.3. Consider the two-dimensional time fractional-order NSEs

oU (z,y,t) U (x,y,t)
Cra s Iy s Yy
D t —_— t)——————
0+t U(LE,y, )+U(Zl?,y,t) or +V($7yv ) 8y
oo ) h
Ox? Oy?
oV ( : t) oV (z,y,t) (4.10)
Cra z,Y, z,Y,
ODt V(x7y7t) +U($,y,t) or +V($,y,t) 3y
[0V (z,y,t)  0*V(z,y,1)]
=K -P
Ox? + oy? |
with the associated ICs
U(z,y,0) = —sin(z +y) = Uy, V(z,y,0)=sin(z+y) = V. (4.11)
In the particular case when a = 1, the exact solution [14,22] is given by
Ux,y,t) = —e EKtsin(z +vy), V(z,y,t) =e Klsin(z +y). (4.12)

Following the analysis of the MGMLFM presented in Section 3, we assume that the solution
of Eq. (4.3) is given by

N 0 tno
Ula,y,t) = Ti(z,y) Ea (A117) Z m7
n=0 (4.13)
o tna
V(z,y,t) = Ta(z,y)Ea (Ast®) Z m»

where A; and Ay are undetermined coefficients. From Eq. (4.11) we have Y1 (z,y) = Uy and
T2 (xa y) = Vb

Thus, by using CFD presented in Lemma 2.1 and suggested approximate solutions in
Eq. (4.13), we can rewrite Eq. (4.10) as follows:
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> (UOA}‘“ + UoC"I(na+ 1) 4 Vod"I'(na + 1)
n=0
0% (UpA} 2(Uo AT na
el G A C T AT =P,
Ox? 0y? T'(na+1)
oo (4.14)
> (voAg+1 + UoM™T (ne + 1) + Vo L"T (na + 1)
n=0
0% (VoA 2(VoAR na
K (02)71{8(% 5) t __p
Ox? 0y? T(na+1)
where
z": AYO(UoAY ™) J0x
= T(ka+1I((n - k)a+1)
z": A50(UoAT %) /0y
= D(ka+ 1T ((n — k)a+1)
i A c’)(VOA” ") )0z
= D(ka+ 1)L (n—k)a+1)
oy MM
= D(ka+ DI ((n—k)a+1)
When n = 0, we have
1 9*(UoAY)  9%(UoAY)
1 1 1 0 0
A = UO<P K{ prCa 0 ][UOC’ —Vod }),
1 02 (Voh3) | 9*(VoAd)
A= P+ K — [UoM® —VHL°] ).
2= VO < [ o1 + o2 } [UO Vo }
For n > 1, the recursive relations are given by
1 9*(UoAT) — 02(UoAY)
n+l _ 1 1 n n
A A <K{ ozt 0 } — [U6C™ = Vod™ T (nev + 1)>,
2( ) 2( ) (4.15)
1 0 (Vo AY 0 (Vo AY
n+l _ 2 2 n n
A3 70<K{ 52 + 52 } — [UoM™ = VoL ]F(na+1)).
We can determine the coefficients A?H and Ag“ by replacing n = 1,2,3,... . After that, we

substitute the obtained coefficients in order to have the following approximate solution:

e t2a tga
Uw,y,t) = Ug [ A+ Al———— + A2 A
(z,9,1) 0( NI D) TN TRa ) T M T@ary )

+e t2a t3a
Vv t) =Vo[ A + A= + A2 A3 cee
(@9%) 0( 2 T T T Ra ) T T Ba )

The numerical simulations of the Problem 4.3 with given ICs in Eq. (4.11) are listed in
Figs. 4.6-4.11. In Figs. 4.6 and 4.8, a comparison is presented for the obtained approximate
solution by MGMLFM and the exact solution for components U(z,y,t) and V(z,y,t), respec-
tively, for the system (4.10) at « = 1 with an indication of the absolute error between them.
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The graphics indicate the extent of agreement between the approximate solution and the known
exact solution, and the small absolute error between them, which confirms the efficiency of the
used method. In Figs. 4.7 and 4.9, we display the effect of = 0.9,0.8,0.7 on the behavior
of the approximate solution for variables U(z,y,t) and V(z,y,t), respectively. These figures
confirm the consistency in the behavior of the solution at different values of a. In Figs. 4.10
and 4.11, we give 2D plots of the approximate solution for U(z,y,t) and V (z,y, t) of the system
(4.10) with respect to x and ¢ variables, respectively, when « takes various values. Further-
more, Tables 4.1 and 4.2 provided the numerical values of approximate solutions of U(x,y,t)
and V(x,y,t) for the system (4.10), respectively. These tables represent a comparison between
our obtained approximate solutions by MGMLFM, given exact solutions and the approximate
solutions obtained by Elzaki transformation and decomposition method (ETDM) [22], as well
as analysis error (i.e. absolute error) for our method and ETDM. These presented results show
that the analysis error of our method is much less than the error of the other method (i.e.
ETDM), which confirms the efficiency and accuracy of MGMLFM.

B UGy
2 Uexact(x,y.0)

Fig. 4.6. The MGMLFM approximate solution of U(z,y,t) when o = 1, exact solution and absolute
errors for Problem 4.3.

UGy

Fig. 4.7. The MGMLFM approximate solutions of U(z, y,t) for Problem 4.3 with different values of «.
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W Voo
72 W Vexact(x.y,t)

Fig. 4.8. The MGMLFM approximate solution of V(z,y,t) when o = 1, exact solution and absolute

errors for Problem 4.3.

0s|
Vixy b
oo}

Fig. 4.9.

Fig. 4.10. The MGMLFM approximate solutions for U(z,y,t) and V(z,y,t) with  of Problem 4.3,

when « takes various values, y = 1 and ¢ = 0.01.

Yoy

Fig. 4.11. The MGMLFM approximate solutions for U(z,y,t) and V(z,y,¢) with ¢ of Problem 4.3,

when a takes various values, y = 1 and x = 1.
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Table 4.1: The comparison of the exact and outcomes gained by MGMLFM, ETDM and absolute
errors of these methods when a =1 for U(xz,y,t) of Problem 4.3 with different values of = at ¢t = 0.01

and y = 1.
© Exact MGMLFM ETDM [22]
0 | —0.824808742934829 —0.8248087429347544 —0.824808737600000
1 | —0.8912921314157796 —0.891292131415699 —0.891292125700000
2 | —0.13832564467732045 —0.13832564467730796 —0.138325643800000
3 0.7418168018560731 0.7418168018560061 0.741816797100000
4 0.9399363018264509 0.9399363018263659 0.939936295800000
5 0.2738827006359332 0.2738827006359084 0.273882698900000
6 | —0.6439773924444746 —0.6439773924444164 —0.643977388300000
7 | —0.9697676407653364 —0.9697676407652488 —0.969767634500000
8 | —0.4039579924791594 —0.4039579924791229 —0.403957989800000
9 0.5332487711446274 0.5332487711445792 0.533248767700000
10 | 0.9801890737807477 0.9801890737806591 0.980189067500000
T Error for ETDM [22] Error for MGMLFM
0 5.3012672040x10~° 7.460698725481052x 10~ 14
1 5.7285737890x 107 8.060219158778636x 10~ 4
2 8.8905605100x 1071 | 1.249000902703301x10~**
3 4.7678557200x107° 6.705747068735946 x 10~
4 6.0412229310x10~° 8.504308368628699x 10~ 4
5 1.7603176390x10~° 2.475797344914099x 10~
6 4.1390155720x107° 5.81756864903582x 10~
7 6.2329569540x10° 8.759659664292485x 10~ 14
8 2.5963464570x107° 3.652633751016765x 10~ 4
9 3.4273329990x 10 4.818367926873179x 10~
10 | 6.2999383020x107° 8.85957973650875x 10+

Problem 4.4. Consider the two-dimensional time fractional-order NSE

thaU(Ly,t)JrU(z,y,t)%+V($7y,t)%vyy,t)
- [Pt ST
§DV (x,y,1) +U(x,y,t)% +V(z,y,t)%g’/y’t)
2 2
K {8 Va(z;y,t) 0 Véz;y,t)} P

with the associated ICs

By setting o = 1, we have the following exact solution [14,22]:

U($5y70) = UO = _e$+y7

V(z,y,0) = Vo = "1V,

V(e y,t) = e tviKe

(4.16)

(4.17)

(4.18)
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Table 4.2: The comparison of the exact and outcomes gained by MGMLFM, ETDM and absolute
errors of these methods when a = 1 for V(z,y,t) of Problem 4.3 with various values of = at t = 0.01

and y = 1.
z Exact MGMLFM ETDM [22]
0 0.824808742934829 0.8248087429347544 0.824808737600000
1 | 0.8912921314157796 0.891292131415699 0.891292125700000
2 | 0.13832564467732045 0.13832564467730796 0.138325643800000
3 | —0.7418168018560731 —0.7418168018560061 —0.741816797100000
4 | —0.9399363018264509 —0.9399363018263659 —0.939936295300000
5 | —0.2738827006359332 —0.2738827006359084 —0.273882698900000
6 | 0.6439773924444746 0.6439773924444164 0.643977388300000
7 | 0.9697676407653364 0.9697676407652488 0.969767634500000
8 | 0.4039579924791594 0.4039579924791229 0.403957989800000
9 | —0.5332487711446274 —0.5332487711445792 —0.533248767700000
10 | —0.9801890737807477 —0.9801890737806591 —0.980189067500000
T Error for ETDM [22] Error for MGMLFM
0 | 5.3012672040x107° | 7.460698725481052x 10714
1 | 5.7285737890x107° | 8.060219158778636x10~
2 | 8.8905605100x1071° | 1.249000902703301x10~**
3 | 4.7678557200x107° | 6.705747068735946x 10
4 | 6.0412229310x107° | 8.504308368628699x 10~
5 | 1.7603176390x107° | 2.475797344914099x10~'*
6 | 4.1390155720x107° 5.81756864903582x 10714
7 | 6.2329569540x107° | 8.759659664292485x 104
8 | 2.5963464570x107° | 3.652633751016765x 10
9 | 3.4273329990x107° | 4.818367926873179x10~'*
10 | 6.2999383020x107° 8.85957973650875x 10~

In the same way as in Problem 4.3, we can express the approximate solution of Eq. (4.16) as
in Eq. (4.13). Therefore, Eq. (4.16) can be rewritten in the following form:

where

P+;K<

oo

n=0

oo

n=0

x n x n r 2 =
Z ( — eTTYATTL _ e"TYRIT (na 4 1) + e* Y RET (na + 1))m
o 82( o em+yA7ll) N 82( — eIerA?) tna
D2 dy? F(na+1)7
t’ﬂ/a
z+y Aan+l  _z+ypn *HYRY T(na +1)
(e" VAL e"RET (na + 1) + "V RIT (na + 1)) I'(na+1)
- 92 (e“y/\g) 92 (eeryAg) o
_p K
+n¥0 ( Ox? + dy? )F(”O‘Jr 1)’
n Aka _ z+yAn7k 0
RY = Z T y ( ; : )/ :

k=0

(ka+ )T ((n — k)a+1)’

(4.19)
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"L A5O(—emtYATTR) oy

27 kZ:O T(ka+ 1)I'((n—k)a+1)’

" AFO(emTVALTR) Jox

Ry = ;
kZ:O L(ka+ 1) ((n — k) +1)

" ASo(emtvAL TR Joy

Ry = g) T(ka+ 1)I((n—ka+1)

When n = 0, we have

2( _ La+yAO 2( _ La+y A0
A%Z%(P—FK{a( e A1)+3( e Al):|+em+y|:R?+Rg:|>’

—ert o0x2 ay2
1 82 eeryAO 82 eeryAO
Aé:em+y<_P+K[ (3:172 . (8y2 2)]+€I+y[Rg+R?‘]>'

Then, for n > 1 the recursive relationships are given by

| 2(— emtUAY)  92(— emtUAY)
n+l _ 1 1 -+ n n
Al o 7€z+y <K|: 8172 + ay2 :| + ‘ ’ [Rl + R2]F(na + 1)>’ (4 20)
1 *(e"tVAL)  0%(e*TYAY) '
n+1 _ 2 2 T+ n n
i A (K[ T R I } eI + RiJTna+ 1)>'
We can obtain the coefficients A7 and A" by replacing n = 1,2, ... . Then, we substitute

these coeflicients in the suggested solution in Eq. (4.13) to get the solution of Eq. (4.16).

The simulation of Problem 4.4 is illustrated in the following figures and tables. Figs. 4.12
and 4.14 presents the behavior of fractional-order solution obtained by GMLFM at « = 1
for U(x,y,t) and V(z,y,t), respectively, and compared with their exact solution and display

W Uy
2 M Uexact(x.y,0)

Fig. 4.12. The MGMLFM approximate solution of U(x,y,t) when « = 1, exact solution and absolute
errors for Problem 4.4.
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o

W VD
2 Vexact(x.y.t)

Fig. 4.14. The MGMLFM approximate solution of V(z,y,t) when o = 1, exact solution and absolute
errors for Problem 4.4.

Fig. 4.15. The MGMLFM approximate solutions of V(z,y,t) for Problem 4.4 with different values of «.

associated GMLFM absolute error. The impact of o on the behavior of the solution of U(z, y, t)
and V(z,y,t), when « takes various values is displayed in Figs. 4.13 and 4.15, respectively.
Moreover, two-dimensional plots at various values of «. In addition, two-dimensional drawings
at various values of « are presented in Fig. 4.16 with respect to x and held y and ¢, in Fig. 4.17
they are drawn with ¢ and fix x and y. The numerical values of the approximate solution
gained from this method are compared with the exact solution in Tables 4.3 and 4.4, also, their
absolute error is calculated.
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oFT

Uy

"t

VYD

Fig. 4.16. The MGMLFM approximate solutions for

when « takes various values, y = 1 and ¢ = 0.01.

Uy
T

—120p,

Vet

--s exact

a=08

-- a=07

Fig. 4.17. The MGMLFM approximate solutions for

L L L
02 04 06

when a takes various values, y = 1 and x = 1.

17

U(z,y,t) and V(z,y,t) with ¢ of Problem 4.4,

Table 4.3: The comparison of the exact solutions, outcomes obtained by MGMLFM and absolute errors
for U(z,y,t) of Problem 4.4 with different values of z at t = 0.0, « =1 and y = 1.

X Exact MGMLFM Absolute Error for MGMLFM
0 | —2.7731947639642978 | —2.7731947639640557 2.420286193682841x 1013
1 —17.538324933661922 —7.538324933661264 6.581402089977928x 1013
2 —20.49129168419294 —20.49129168419115 1.790567694115452x 10~ 12
3 —55.70110582679559 —55.70110582679075 4.838796030526282x 10~ 2
4 | —151.41130379405269 | —151.41130379403953 1.315925146627705x 10~
5 —411.5785957266655 | —411.57859572662977 3.575451046344824x 10~
6 | —1118.7866177464866 | —1118.7866177463893 9.731593308970332x 10~
7 | —3041.1773329434304 | —3041.177332943166 2.642082108650356 x 1010
8 —8266.77708126167 —8266.777081260952 7.185008144006133x 100
9 | —22471.429919915303 | —22471.429919913353 1.949956640601158 x 10~°
10 | —61083.679610796666 | —61083.67961079136 5.304173100739717x10~°

The results presented in the previous figures and tables confirmed that the approximate
fractional solution is in complete agreement with the exact solution and the error rate is very
small, which confirms the higher accuracy and efficiency of the used method.
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Table 4.4: The comparison of the exact solutions, outcomes obtained by MGMLFM and absolute errors
for V(x,y,t) of Problem 4.4 with different values of z at t =0.01, « =1 and y = 1.

X Exact MGMLFM Absolute Error for MGMLFM
0 | 2.7731947639642978 | 2.7731947639640557 2.420286193682841x 10713
1 7.538324933661922 7.538324933661264 6.581402089977928 x 10~ 13
2 20.49129168419294 20.49129168419115 1.790567694115452x 10712
3 55.70110582679559 55.70110582679075 4.838796030526282x 10~ 12
4 | 151.41130379405269 | 151.41130379403953 1.315925146627705x 10~
5 411.5785957266655 | 411.57859572662977 3.575451046344824 x 10~
6 | 1118.7866177464866 | 1118.7866177463893 9.731593308970332x 10!
7 | 3041.1773329434304 | 3041.177332943166 2.642082108650356 x 1010
8 8266.77708126167 8266.777081260952 7.185008144006133x 10710
9 | 22471.429919915303 | 22471.429919913353 1.949956640601158 x 10~°
10 | 61083.679610796666 | 61083.67961079136 5.304173100739717x10~°

Problem 4.5. Consider the three-dimensional time fractional-order NSE

ou ou 8U 0?U  9*U  0°U
Cnha
DU+ U + Vo 4 W= P,
0t e Yy T 5z [8x2+3y2 322%1
ov ov ov o’V 9%V 9*V
Cnha
DYV+U—+V—4+W—=K — P, 4.21
Pt e TV ey T e [8z2+8y2+822} 2 (4.21)
oW oW oW o*w  9*wW  9*°W
Crha
Dow + U v wll =k _p
0 + Ox + oy + 0z [ Ox? oy? + 0z } ’
with the associated ICs
U(l‘,y, Z, 0) = UO = —0.5z + Y+ z,
V(z,y,2,0) = Vo =2 — 0.5y + 2, (4.22)
W(:c,y,z,O) = WO =+ Yy — 0.5z.
In the particular case when o = 1 the exact solution [14,36] is given by
=05z +y+2z—2.25x1
Ul y,2,8) = 1—2.2502 ’
x — 0.5y + 2z — 2.25yt
= 4.23
V(@21 122502 (4.23)
~ x+y—0.52—22521
Wizy 21 = 1— 2252

Following the analysis of the MGMLFM presented in Section 3, we assume that the solution
of Eq.(4.21) is given by

no

=7 A o Ty ( -
U(‘r7yazat) l(xayv ) 1t Z :C Y, 2 1F(TLO&+1),
Viwg.200) = Ta(e,y, ) Ea(Aat®) = 3 Talr,y, )AL 424
z,Y,z, = L12(T, Y, 2) La 2 _nio 2\T, Y, 2 2F(no¢+1)’ ( . )
W(ZE,y,Z,t) = Tg(l',y, ) A3ta ZT3 z,y,z

I‘( a+1)
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where Ay, A2 and Ag are undetermined coefficients. From Eq. (4.23) we have
Tl(l',y,Z):UO, TQ(Z',y,Z):‘/O, Tg(l',y,Z):WO.

According to the analysis of MGMLFM presented in Section 3, Eq. (4.21) can be rewritten
as follows:

> <U0A’f+1 + UgCPT (na 4 1) 4+ VoCyT(na + 1) + WoCpT (na + 1)
n=0
O (UgA}) d*(UpA}) &2 (UpAT) e
-K -K -K =P
Ox? 0y? 022 ) I'(na+1) b
> (VOAZ;H + UpCPT (na + 1) 4 VoCET (naw + 1) + WoCET (na + 1)
n=0 , , , (4.25)
92 (VoA3) 9*(VoA3) 9%(VoA3) e
-K -K -K =P
Ox? 0y? 022 I'(na+1) 2’
Z (WOAQ*'1 + UpCPT(na + 1) + VhCFT (na + 1) + WoCET (na + 1)
n=0
2 (WoAR) 9%(WoAZ) D%(WoAZ) tne
K -K - K =-P
Ox? 0y? 022 ) I'(na+1) &
where
z": ARO(UoATF) J0x z": A50(UoAY™F) Joy
D(ka+ 1)T((n k)a—i—l)’ D(ka+ 1) ((n —k)a+1)’
i AEO(Uo AT %) /02 Z”: AR (VoA %) /0x
I'(ka+ 1)L ((n k)a—i—l)’ L(ka+ 1T ((n — k)a+ 1)’
z”: A5 (VoA ™) Joy z": A5 (VoA ™%) /0=
 T(ka+1)I((n k)a+1)’ = T(ka+1I((n —k)a+1)
o z": AYO(WoAL %) /ox z": Aso(WoA; %) Joy
7_k201"(ka+1)1"((n—k)a+1)’ = T(ka+ 1T ((n—k)a+1)

y AsO(WoAL %) /02
C5 = ;0 T'(ka+1)I((n—k)a+1)

k

When n = 0, we have

1 02 (UpA? 92 (U~ A 92 (UAD
M=o (Pl K[ (852 Y (53/02 Y (6;2 1)} _ [Uoc?+%cg+wocg]),

1 92(VoA)  92(VoA9)  92(Vo A9
Aj = Vo (Pz K[ (8;)2 5) + (8;2 5) + (8:52 2)] — [UoC’ff + VoC? + WOC‘?D’ (4.26)

1 ?(WoA)  0*(WoAl) 0% (WoAS
Al = WO<P3+K[ ax‘; 4 (8y2 3)+ (622 3)][Uoc$+%cg+wocg]>.

Therefore, from Eq. (4.25) the recurrence relation is given as the following:

L ([N | 2O | 2]

An+1
Uy 0x? oy? 072

(4.27a)
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— [U()O{l + V()OS + W()Cg]F(TLOé + 1)), (4.27b)
1 0? (VOA”) 0? (VOA”) 0? (VOA”)
n+1l __ 2 2 2
AT = v (K{ 92 + 9y + 9.2 ] (4.27¢)
— [UoC} 4+ VoCF + WoCE T (na + 1)), (4.27d)
1 [ TO2(WoAR)  O2(WoAR)  02(Wohy)
n+1 __ 3 3 3
— [UoCF + Vo CF + WoCy T (nov + 1)). (4.27f)

Then, we can get coefficients of the solution (4.24) from the recurrence relation (4.27) by
substituting various values of n (n > 1) in order to obtain the components the following series:

e t2a t3o¢
U ) =Up[AQ + Al——— 4 A2 A
(z,y,2,t) 0< PTG ) TN T2a ) TN T Bary T

e t?a t3a
5 = AO 4 AL A2 A3 .
V(z,y,z,1) Vo( 2t rG ) T TRa ) T M Bar ) )

0, a1 t° o 2 gt
W(z,y, z,t) = WO<A3 +A3F(a+ 0 +A3F(2a+ 0 +A3F(3a+ 0 —|—>

The behavior of approximate fractional solution for the Problem 4.5 is displayed in Figs. 4.18-
4.23. In Fig. 4.18, we show the comparison between the approximate fractional solution given
by MGMLFM with the exact solution for Eq. (4.21) using ICs Eq. (4.22). The behavior of the
approximate solution when « takes various values for U(x,y, z,t), V(z,y, z,t) and W(z,y, z,t)
is shown in Figs. 4.19-4.21, respectively, as well as the two-dimensional graphs at various values
of a with respect to state x and time t are presented in Figs. 4.22 and 4.23, respectively.

Ueract(x,y.z!)

o,
5
(TFALTTHS LT
Yo e g
77 .".,".'..

Fig. 4.18. The compression of MGMLFM approximate solutions for Problem 4.5 when o = 1 with
exact solutions.
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Fig. 4.19. The MGMLFM approximate solutions of U(z,y, z,t) for Problem 4.5 with various values
of a.

Fig. 4.20. The MGMLFM approximate solutions of V(z,y, z,t) for Problem 4.5 with various values
of a.

Fig. 4.21. The MGMLFM approximate solutions of W (z,y, z,t) for Problem 4.5 with various values
of a.

— o=l
- =08
- a=07

Uzt
Vixy.zh

=08

--- a=07]

Fig. 4.22. The MGMLFM approximate solutions of U(z,y, z,t), V(z,y, z,t) and W (z,y, z,t) with z for
Problem 4.5, when « takes various values, y = 0.5,z = 1 and ¢ = 0.01.
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Fig. 4.23. The MGMLFM approximate solutions of U(z,y, z,t), V(z,y, z,t) and W (x,y, z,t) with ¢ for
Problem 4.5, when « takes various values, y = 0.5, = 0.5 and z = 1.

5. Conclusion

In this paper, we adopted a newly developed method namely MGMLFM to obtain the
approximate analytical solution of some nonlinear time-fractional multi-dimensional NSEs. The
mathematical formalism for the proposed problem depended on the sense of CFD. Approximate
solutions were provided in power series form. We carried out the current method on five
problems to illustrate the validity and efficiency of this method. The numerical simulation
for gained results was presented in some two and three-dimensional figures. We introduced
a comparison between our results with known exact solutions, where it was found the fractional-
order solutions convergence towards integer-order solutions (i.e. exact solutions) when a = 1.
Also, solutions in different fractional orders were specified and found to be interesting in terms of
explaining the different dynamic behaviors of the proposed problems. Moreover, the numerical
values of the results obtained with MGMLFM were presented in some tables and compared
with the known exact solutions and the solutions obtained by other methods in the literature
under the same conditions, and their absolute errors were also presented. The performed
calculations in this research confirmed the accuracy, efficiency and suitability of the MGMLFM
for solving such types of models. The advantages of the proposed method are straightforward,
requires small efforts of computation, simple procedures, convergence quickly to exact solutions
and does not require any perturbation, discretization and transformation unlike some other
methods. Therefore, we suggest this method to solve other linear and nonlinear models of
fractional order that have applications in engineering, science and physical phenomena.
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