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Abstract

In this paper, we introduce a nonlinear finite volume scheme preserving discrete strong

extremum principle (DSEP) for diffusion equations on tetrahedral meshes. In the construc-

tion of our nonlinear scheme, the key is to reformulate a discrete normal flux with local

extremum principle structure, which is based on a modification of a second order linear

scheme. In the construction of existing cell-centered finite volume schemes that maintain

the discrete maximum principle, it is required to represent auxiliary unknowns as convex

combinations of primary unknowns, which results in strong constraints on the smoothness

of the mesh and diffusion coefficient. By contrast, our new scheme avoids this kind of

constraints. Moreover, we will prove that there holds the DSEP for any solution of our

scheme and there exists at least one solution preserving DSEP for our scheme. Further-

more, a modified Picard iteration with the Anderson acceleration (mP-AA) for solving

the nonlinear scheme is proposed, and the nonlinear convergence of the modified Picard

iteration is also proved. Finally, numerical examples are presented to show that the new

scheme preserves DSEP and obtains second order accuracy, as well as the mP-AA method

is effective.

Mathematics subject classification: 65M08, 65M12, 65B99.

Key words: Diffusion equation, Extremum principle, Tetrahedral meshes, Anderson accel-
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1. Introduction

The strong extremum principle is an important property of diffusion equation (see [13]). In

the content of heat conduction problems, this property is closely related with the second law
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of thermodynamics, which specifies the direction of heat flow. If a discrete scheme satisfies the

discrete strong extremum principle, then it ensures that the direction of the discrete heat flow

is correct, and thereby avoids non-physical numerical oscillations appearing in the numerical

solution. Therefore, for the numerical solution of diffusion problems, we hope to design a discrete

scheme that has good numerical approximation properties, while maintaining the main physical

characteristics, e.g., conservativeness, extremum principles. Some cell-centered finite volume

schemes preserving DSEP have been constructed by designing nonlinear discrete normal flux

with local extremum principle (LEP) structure (see, e.g., [3, 6–8, 12, 22, 23] and the references

therein).

Another approach of designing finite volume schemes preserving DSEP is based on certain

nonlinear correction of linear second order schemes ( [5,24,31,33]). Cancès et al. [5] introduced

a nonlinear correction method for existing linear schemes so that some important properties can

be satisfied. However, numerical results show that the order of convergence of those corrected

schemes degrades to first order, even though the original scheme is second order accurate. In

order to avoid negative numerical solution caused by the sink term for the difference method of

the two-dimensional (2D) Poisson equation, in [20] a non-linearization technique was devised by

rewriting the sink term of the Poisson equation as a nonlinear formulation. In [4], this nonlinear

technique is also applied to the numerical discretization of a class of stiff ordinary differential

equations, and obtained a high-order positivity-preserving scheme. The nonlinear correction

method is also applied to get a scheme satisfying the discrete maximum principle uncondition-

ally for 2D diffusion problems on arbitrary polygonal meshes in [24, 31], while the existence

of solution for both of nonlinear schemes has not been addressed. Moreover, two algebraic

approaches to designing diffusion schemes preserving DSEP are proposed by introducing two

different limiters to the so-called nine-point scheme (often named as diamond scheme) in [33]

and [34] respectively.

In order to accurately distinguish discontinuities, it is necessary to introduce auxiliary un-

knowns on each cell to construct discrete gradients, and these auxiliary quantities should be

represented by primary unknowns to reduce computational complexity. In order to ensure

that the obtained discrete scheme satisfies DSEP, it is often necessary for this representation

to be a convex combination in existing construction methods. However, obtaining the convex

combination representation is very difficult, especially in the case of numerically solving multi-

material problems on three-dimensional (3D) general polyhedral meshes. Moreover, this has

also led to more stringent restrictions on the regularities of the mesh-cell geometry and diffusion

coefficients, resulting in poor robustness of the scheme and its inability to be well suited for

numerical simulations of Lagrangian radiation hydrodynamics coupling problems.

The commonly used method of solving nonlinear schemes is Picard iteration due to its ad-

vantages of easy implementation. However, the convergence rate of Picard iteration is only

first order and the calculation is time-consuming especially for 3D problems. So certain ac-

celerated iteration convergence method should be applied to improve computational efficiency.

The Anderson acceleration (AA) method is an algorithm that accelerates the convergence of

fixed-point iterations, including Picard method, which was first proposed by Anderson [2] to

solve a class of nonlinear integral equations. In [10] two classes of multisecant methods for non-

linear acceleration were discussed: One class is the Broyden-like, while AA method is a special

case among them, and another class is the nonlinear Eirola-Nevanlinna-type. The convergence

of AA method is analyzed in [9, 25]. Lipnikov et al. [17] apply the AA method to the itera-

tive solution of a positivity-preserving finite volume scheme for convection-diffusion equation,
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and realize the fast solution of the nonlinear scheme. Up to now, AA method has been used

successfully in many fields to accelerate the nonlinear iteration, such as electronic-structure

computations [32], neutron transport systems [30], variably saturated flow modeling [18], ther-

mal coupled fluid-solid problems [11], three-temperature energy equations [1], incompressible

Newtonian fluid [21], and so on.

In this paper, we develop a cell-centered finite volume scheme, which preserves DSEP and

second order accuracy, for diffusion problems with strong anisotropic and discontinuous coef-

ficients on general tetrahedral meshes. The design procedure of the new scheme is as follows.

First, a discrete normal flux on one-side of cell-face is constructed based on a nonlinear correc-

tion of a linear scheme in [14] to obtain a one-sided flux with LEP structure, then, the harmonic

averaging technique is used to obtain the final conservative flux on each cell-face. Compared

with these DSEP preserving schemes in [3, 6–8, 12, 22, 23], the first novelty of our scheme is

that it is unnecessary to impose severe restrictions on regularities of diffusion coefficients and

mesh-cell geometries, since we have successfully avoided the requirement of introducing convex

combinations that represent auxiliary unknowns as primary unknowns. We need only an inter-

polation method with second order accuracy for auxiliary unknowns. As a result, our scheme is

appropriate for solving general diffusion coefficient problems on arbitrary tetrahedral meshes.

Compared with that in [5], our scheme is also a kind of nonlinear correction of a linear scheme

with second order accuracy, and its advantage lies in not only maintaining DSEP, but also

keeping second order accuracy. Moreover, another novelty appears in the proof of existence of

a solution for our nonlinear scheme, i.e., a new map is introduced and proved to be continuous

in the fixed-point argument, which is different from that used in [8,34]. It is interesting that the

standard Picard iteration cannot be used directly for solving our scheme, thus a new nonlinear

iteration method is designed based on the new map, which is a modification of the standard

Picard iteration. The third novelty is that we prove the convergence of the modified Picard

iteration for solving the nonlinear scheme. And the fourth novelty of this article is the fast

solution of the 3D DSEP scheme by adopting the AA method, i.e., a modified Picard iteration

with the Anderson acceleration for solving our nonlinear scheme is proposed. In numerical

experiments, several test examples are presented to compare the computational efficiency of

the modified Picard iteration and mP-AA method, and the numerical results show that the

mP-AA method is more efficient and stable.

The remainder of this paper is organized as follows. In Section 2, the problem and notations

are given. In Section 3, the nonlinear finite volume scheme is established and the DSEP is given.

The existence of numerical solution is proved in Section 4. The modified Picard iteration and

mP-AA method are represented in Section 5. Then in Section 6 some numerical tests are

presented to show that the scheme not only satisfies DSEP, but also obtains second order

accuracy, and the efficiency of mP-AA method is also demonstrated. Section 7 closes this

paper with conclusions.

2. Problem and Notations

In this paper, we consider a cell-centered finite volume scheme for the following diffusion

equation with unknown ǔ(x):

−∇ · (κ∇ǔ) = f in Ω, (2.1)

ǔ = g on ∂Ω, (2.2)
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where Ω is a bounded polyhedral domain in R
3 with boundary ∂Ω, and f(x) is a right-hand

term, g(x) is a given boundary value function. κ = (κij(x)) is a diffusion tensor, which is

V-elliptic, i.e., there exist constants 0 < λ ≤ Λ such that

λ|ξ|2 ≤ κij(x)ξiξj ≤ Λ|ξ|2

for a.e. x ∈ Ω and all ξ ∈ R
3.

We use a mesh on Ω made up of tetrahedron cells. Denote the cells, as well as their cell-

centers, by K,L, . . . , the vertices by A,B, . . . , the cell face by S. If the cell face S is the

common face of cells K and L with vertices A,B,C, we denote S = K|L = ABC, see Fig. 2.1.

Let the set of all cells, vertices and faces be J ,N , E , respectively. And let Jin be the set of

cell center which is in Ω, Jout be the set of face center which is on ∂Ω. In addition, let EK be the

set of all faces of cell K. Denote Eint = E ∩Ω and Eext = E ∩∂Ω. Denote h = supK∈J {diam K},

where diamK is the diameter of cell K. Let ~nKS (respectively ~nLS) be the unit outer normal

vector on the face S of cell K (respectively L), and there holds ~nKS = −~nLS for S = K|L.

Fig. 2.1. Notations related to two adjacent tetrahedron cells.

3. Construction of the Scheme

In this section, we will introduce the construction of the new scheme preserving DSEP for

stationary diffusion equations (2.1) and (2.2). Firstly, starting from a linear scheme with second

order accuracy in [14], the linear discrete normal flux is nonlinearly reconstructed to obtain

a single-sided flux with LEP structure. Then, the conservative flux is obtained by nonlinear

harmonic averaging of the two single-sided fluxes, and finite volume scheme preserving DSEP

is obtained.

3.1. The linear flux

Integrate (2.1) over cell K and use the divergence theorem to obtain

∑

S∈EK

FK,S =

∫

K

f(x)dx, (3.1)
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where

FK,S = −

∫

S

∇ǔ · κ⊤~nKSds. (3.2)

Suppose the ray originated at the point K (respectively L) along the direction κ⊤(K)~nKS

(respectively κ⊤(L)~nLS) intersects the plan where the common face S = ABC lies, and the

intersection is K ′ (respectively L′), as shown in Fig. 3.1. Followed the construction of the

scheme in [14], the discrete normal flux is given by

FK,S =

∣∣κ⊤(K)~nKS

∣∣ ∣∣κ⊤(L)~nLS

∣∣ |S|
∣∣κ⊤(K)~nKS

∣∣ ∣∣−−→LL′
∣∣+
∣∣κ⊤(L)~nLS

∣∣ ∣∣−−−→KK ′
∣∣

×

[
uK − uL −

(uA~nCB + uB~nAC+uC~nBA) ·
−−−→
K ′L′

2|S|

]
, (3.3)

where ~nCB = ~n×
−−→
CB,~nAC = ~n×

−→
AC,~nBA = ~n×

−−→
BA, and ~n is the unit normal vector to the

face ∆ABC.

Note that the scheme in [14] does not satisfy DSEP, which can refer to Section 6.1 of this

paper for details.

Fig. 3.1. The discretization stencil of flux.

3.2. The reconstructed flux with LEP structure

Let N (K) denote the set of cells around cell K, i.e., N (K) = {L ∈ J |K̄ ∩ L̄ 6= ∅}. And

choose Kmin ∈ N (K) such that uKmin
= minL∈N (K) uL. It should be noted that the local

minimum value may be achieved at several cells. At this time, if uK = minL∈N (K) uL, then we

set Kmin = K. Similarly, choose Kmax ∈ N (K) such that uKmax
= maxL∈N (K) uL, especially,

if uK = maxL∈N (K) uL, then we set Kmax = K. Now by modifying (3.3), we can obtain the

single-sided flux with LEP structure as follows:

FK,S = τS(uK − uL +DS)

= τS
(
uK − uL +D+

S −D−
S

)
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= τS

[
uK − uL +

D+
S

uK − uKmin
+ s0

(uK − uKmin
+ s0)

−
D−

S

uK − uKmax
− s0

(uK − uKmax
− s0)

]

≈ τS

[
uK − uL +

D+
S

uK − uKmin
+ s0

(uK − uKmin
)

+
D−

S

uKmax
− uK + s0

(uK − uKmax
)

]

= τS(uK − uL) +
τSD

+
S

uK − uKmin
+ s0

(uK − uKmin
)

+
τSD

−
S

uKmax
− uK + s0

(uK − uKmax
), (3.4)

where s0 is a small positive constant to be determined later, and

τS =

∣∣κ⊤(K)~nKS

∣∣ ∣∣κ⊤(L)~nLS

∣∣ |S|
∣∣κ⊤(K)~nKS

∣∣ ∣∣−−→LL′
∣∣+
∣∣κ⊤(L)~nLS

∣∣ ∣∣−−−→KK ′
∣∣
> 0,

DS = −
(uA · ~nCB + uB · ~nAC + uC · ~nBA) ·

−−−→
K ′L′

2|S|
,

D+
S =

|DS |+DS

2
, D−

S =
|DS| −DS

2
.

It is obvious that τS = O(h), DS = O(1).

Remark 3.1. When the constant s0 satisfies certain conditions, the normal flux has second

order accuracy. Suppose DS > 0, then D+
S > 0, D−

S = 0; moreover, if uKmin
< uK < uKmax

,

then the normal flux above can be written as

FK,S = τS(uK − uL) +
τSD

+
S

uK − uKmin
+ s0

(uK − uKmin
) +

τSD
+
S

uK − uKmin
+ s0

s0.

Notice that τSD
+
S = O(h). In order to obtain second order accuracy, the last term at the right

hand of the formula above needs to satisfy

τSD
+
S

uK − uKmin
+ s0

s0 ≤ Ch3,

that is to say s0 = O(h2), where C is a positive constant. In numerical experiments, we take

s0 = 10−5.

Notice that FL,S = τS(uL − uK −DS), then we similarly redefine it as

FL,S = τS(uL − uK) +
τSD

+
S

uLmax
− uL + s0

(uL − uLmax
) +

τSD
−
S

uL − uLmin
+ s0

(uL − uLmin
).

Let u = (uK)K∈Jin
be the discrete unknown vector. So for S = K|L ∈ Eint, there are

FK,S = τS(uK − uL) + fK,S(u), (3.5)

FL,S = τS(uL − uK) + fL,S(u), (3.6)
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where

fK,S(u) =
τSD

+
S

uK − uKmin
+ s0

(uK − uKmin
) +

τSD
−
S

uKmax
− uK + s0

(uK − uKmax
),

fL,S(u) =
τSD

+
S

uLmax
− uL + s0

(uL − uLmax
) +

τSD
−
S

uL − uLmin
+ s0

(uL − uLmin
).

Denote

Km =

{
Kmin, DS ≥ 0,

Kmax, DS < 0,
Lm =

{
Lmax, DS ≥ 0,

Lmin, DS < 0.

So we can write fK,S(u) and fL,S(u) as

fK,S(u) = gK,S(u)(uK − uKm
),

fL,S(u) = gL,S(u)(uL − uLm
),

where

gK,S(u) =





τSD
+
S

uK − uKm
+ s0

, DS ≥ 0,

τSD
−
S

uKm
− uK + s0

, DS < 0,

gL,S(u) =





τSD
+
S

uLm
− uL + s0

, DS ≥ 0,

τSD
−
S

uL − uLm
+ s0

, DS < 0.

Notice that regardless of whether DS ≥ 0 or DS < 0, there holds gK,S(u) ≥ 0.

For S ∈ Eext, we assume that the ray originated at the point K along the direction

κ⊤(K)~nKS must intersect the face S̃ ∈ Eext without crossing the discontinuity, and the in-

tersection is K ′ ∈ ∂Ω. Then we have

FK,S = −

∣∣κ⊤(K)~nKS

∣∣ |S|
∣∣−−−→KK ′

∣∣
(uK′ − uK),

where uK′ = g(K ′).

3.3. The conservative flux

It can be seen from the previous subsection that the single-sided flux satisfies the LEP

structure, but has no local conservation. So in this subsection, we use a nonlinear harmonic

average of fK,S(u) and fL,S(u) to obtain the conservative flux with LEP structure.

Now we use the nonlinear harmonic averaging technique [16, 22] to obtain the conservative

fluxes. If |fK,S(u)|+ |fL,S(u)| 6= 0, there are

FK,S = τS(uK − uL) +
|fL,S(u)|

|fK,S(u)|+ |fL,S(u)|
fK,S(u)−

|fK,S(u)|

|fK,S(u)|+ |fL,S(u)|
fL,S(u),

FL,S = τS(uL − uK) +
|fK,S(u)|

|fK,S(u)|+ |fL,S(u)|
fL,S(u)−

|fL,S(u)|

|fK,S(u)|+ |fL,S(u)|
fK,S(u).

Moreover, if |fK,S(u)|+|fL,S(u)| = 0, we take FK,S = τS(uK−uL), and define FL,S analogously.

It is easy to see FK,S + FL,S = 0.

Notice that gK,S(u) ≥ 0, gL,S(u) ≥ 0. In the case of DS ≥ 0, there are uKm
= uKmin

and uLm
= uLmax

. Therefore, we have fK,S(u)fL,S(u) ≤ 0. In the case of DS < 0, there are

uKm
= uKmax

and uLm
= uLmin

. We also have fK,S(u)fL,S(u) ≤ 0. So there is

|fL,S(u)|fK,S(u) = −|fK,S(u)|fL,S(u),
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as a result we can obtain

FK,S = τS(uK − uL) + hK,S(u)(uK − uKm
), (3.7)

FL,S = τS(uL − uK) + hL,S(u)(uL − uLm
), (3.8)

where

hK,S(u) =





2|fL,S(u)|

|fK,S(u)|+ |fL,S(u)|
gK,S(u), if fK,S(u)fL,S(u) < 0,

0, if fK,S(u)fL,S(u) ≥ 0,

hL,S(u) =





2|fK,S(u)|

|fK,S(u)|+ |fL,S(u)|
gL,S(u), if fK,S(u)fL,S(u) < 0,

0, if fK,S(u)fL,S(u) ≥ 0.

3.4. The approximation of auxiliary unknowns

In existing literatures (such as [3, 6, 8, 12, 22, 23]), in order to satisfy DSEP, auxiliary un-

knowns need to be represented as a convex combination of primary unknowns around with at

least second order accuracy. To the best knowledge of authors, it is difficult to achieve such

a convex combination unless strict restrictive conditions are imposed on regularities of diffusion

coefficients and mesh-cell geometries. In the discretization of our diffusion flux in (3.4), the

cell-centered unknowns are the primary unknowns, moreover, we also use the vertex unknowns

as auxiliary ones. Being different from those in [3, 6, 8, 12, 22, 23], the vertex unknowns appear

only in the nonlinear coefficients of diffusion flux expression defined in (3.4). Thus, we need only

to express vertex unknowns as certain combination of neighboring cell-centered unknowns with

second order accuracy, and the requirement for convex combination is avoided. Here we adopt

the interpolation method in [28] of calculating auxiliary unknowns, and any other interpolation

method also can be applied provided that it is a second order accurate one.

Remark 3.2. With the method in [28], we can get the explicit expression of vertex unknowns,

which saves computational time compared with the methods in [15, 19]. Though the vertex

unknowns can not be always represented as certain convex combinations of neighboring cell-

centered unknowns by using the existing interpolation method, it does not affect the property

preserving DSEP of our scheme, which is one of the advantages of our scheme.

3.5. The finite volume scheme preserving DSEP

With the definition of FK,S in (3.7), the finite volume scheme is constructed as follows:

∑

S∈EK

FK,S = fKm(K), ∀K ∈ Jin, (3.9)

uM = g(M), ∀M ∈ Jout, (3.10)

where fK = f(K),m(K) is the volume of cell K, and FK,S is obtained in Sections 3.2 and 3.3,

when S = K|L ∈ Eint, we have

FK,S = τS(uK − uL) + hK,S(u)(uK − uKm
). (3.11)

When S ∈ Eext, we have

FK,S = λK,S(uK − uK′), (3.12)
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and

λK,S =

∣∣κ⊤(K)~nKS

∣∣ |S|
∣∣−−−→KK ′

∣∣
> 0, uK′ = g(K ′).

Since the coefficients in (3.11) satisfy that τS > 0 and hK,S(u) ≥ 0, it is easy to see that the

second law of thermodynamics holds for the solution of (3.9)-(3.10), i.e., the heats flow from

high temperature to low one. Now we can show that the following DSEP holds, which implies

that non-physical numerical oscillation could not appear in the solution of (3.9)-(3.10).

Theorem 3.1. (i) If f ≥ 0, then the nonlinear scheme (3.9)-(3.10) satisfies the discrete strong

minimum principle. That is, for any discrete solution {uK}K∈J of (3.9)-(3.10), if there exists

K0 ∈ Jin such that uK0
= minK∈J uK , then uK = uK0

for any K ∈ J .

(ii) If f ≤ 0, then the nonlinear scheme (3.9)-(3.10) satisfies the discrete strong maximum

principle. That is, for any discrete solution {uK}K∈J of (3.9)-(3.10), if there exists K0 ∈ Jin

such that uK0
= maxK∈J uK , then uK = uK0

for any K ∈ J .

Proof. First, we consider the case (i) f ≥ 0. Assume there exists K0 ∈ Jin such that

uK0
= minK∈J uK , then there are uK0

− uK ≤ 0 for all K ∈ J . Hence, there is
∑

S∈EK0
∩Eint

[τS(uK0
− uL) + hK0,S(u)(uK0

− uK0m
)] +

∑

S∈EK0
∩Eext

λK0,S(uK0
− uK′

0
) ≤ 0,

i.e.,
∑

S∈EK0

FK0,S ≤ 0. However, there holds fK0
m(K0) ≥ 0. Noticing (3.9) and λK0,S > 0,

hK0,S(u) ≥ 0, we get a contradiction unless uK = uK0
for any K ∈ J .

Then, the case (ii) f ≤ 0 can be proved as the case (i). Hence, we finish the proof. �

4. Existence

In order to prove the existence of a solution for the scheme, we need some lemmas [27].

Definition 4.1. An n×n matrix A is reducible if there exists an n×n permutation matrix P

such that

P TAP =

(
A11 A12

0 A22

)
,

where A11,A12,A22 are respectively r × r, r × (n− r) and (n− r)× (n− r) sub-matrixes with

1 ≤ r ≤ n. If no such permutation matrix exists, then A is irreducible.

Lemma 4.1. To any matrix A = (aij)n×n, we associate the graph of nodes 1, 2, . . . , n and

of directed edges connecting xi to xj if aij 6= 0. Then A is irreducible if and only if for any

pair i 6= j there exists a chain of edges that allows to go from xi to xj,

ai,k1
6= 0 → ak1,k2

6= 0 → · · · → akm,j 6= 0.

Definition 4.2. A matrix A = (aij)n×n is weak diagonal dominance in rows, if it satisfies

|aii| ≥
n∑

j=1, j 6=i

|aij |, i = 1, 2, . . . , n

with strict inequality at least one of the above inequalities. Moreover, if the above inequality is

strict for all i, we say that A is strictly diagonally dominant.
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Lemma 4.2. If A = (aij)n×n is an irreducible weakly diagonally dominant matrix, then it is

invertible.

We now give the existence of a solution for the nonlinear scheme.

Theorem 4.1. If f = 0, then the nonlinear scheme (3.9)-(3.10) has a solution.

Proof. Let g̃ = minM∈Jout
g(M), ĝ = maxM∈Jout

g(M). Define a closed convex set in R
J

(J denotes the number of cells in Jin) as

C =
{
u = (uK)K∈Jin

∈ R
J | g̃ ≤ uK ≤ ĝ, ∀K ∈ Jin

}
.

And define the map T : C → R
J as follows: For any ū ∈ C, u = T ū is the solution of the

following linear scheme: ∑

S∈EK

FK,S(u, ū)|S| = 0, ∀K ∈ Jin,

where for S = K|L ∈ Eint, define

FK,S(u, ū) = τS(uK − uL) + hK,S(ū)(uK − ūKm),

for S ∈ Eext, FK,S(u, ū) is defined as the same as (3.12).

Since the map T may be discontinuous due to the discontinuity of hK,S(ū) with respect

to ū, we consider the regularized map Tε as follows: For any ε > 0, Tε : C → R
J , where for any

ū ∈ C, u = Tεū is defined to be the solution of the linear scheme
∑

S∈EK

F ε
K,S(u, ū)|S| = 0, ∀K ∈ Jin, (4.1)

where for S = K|L ∈ Eint, define

F ε
K,S(u, ū) = τS(uK − uL) + hε

K,S(ū)(uK − ūKm),

and

hε
K,S(ū) =






2|fL,S(ū)|

|fK,S(ū)|+ |fL,S(ū)|+ ε
gK,S(ū), if fK,S(ū)fL,S(ū) < 0,

0, if fK,S(ū)fL,S(ū) ≥ 0.

For S ∈ Eext, F
ε
K,S(u, ū) is defined as the same as FK,S(u, ū).

We rewrite the linear scheme (4.1) in the form of algebraic equations as

Mε(ū)u = Hε(ū), (4.2)

where the coefficient matrix Mε is of J × J and satisfies

[Mε(ū)]KL =





∑

S∈EK

[
τS + hε

K,S(ū)
]
, K = L,

−τS , K 6= L, EK
⋂
EL = S,

0, K 6= L, EK
⋂
EL = ∅,

and the right-hand term is given as

Hε(ū) =

[
∑

S∈EK

hε
K,S(ū)ūKm

]

K∈Jin

.
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From Definition 4.1 and Lemma 4.1, it can be seen that Mε is an irreducible matrix. From

Definition 4.2, it can be seen that Mε is a weakly diagonally dominant matrix. Therefore,

Lemma 4.2 indicates that Mε is invertible. So

u = Tεū = Mε(ū)
−1Hε(ū).

For each ū ∈ C, there is only one solution u for (4.1), So Tε is well defined.

Then, we prove that Tε maps C into itself by using the proof by contradiction. There is

no harm in assuming that u takes the maximum component at a certain point K ∈ Jin, and

uK = B > ĝ. And from (4.1), we can obtain

uK =

∑
S∈EK∩Eint

[
τSuL + hε

K,S(ū)ūKm

]
+
∑

S∈EK∩Eext
λK,SuK′

∑
S∈EK∩Eint

[
τS + hε

K,S(ū)
]
+
∑

S∈EK∩Eext
λK,S

, (4.3)

where τS > 0, hε
K,S(ū) ≥ 0, λK,S > 0. Due to ūKm ≤ ĝ, there are

∑

S∈EK∩Eint

hε
K,S(ū)ūKm ≤ ĝ

∑

S∈EK∩Eint

hε
K,S(ū) < B

∑

S∈EK∩Eint

hε
K,S(ū),

∑

S∈EK∩Eext

λK,SuK′ ≤ ĝ
∑

S∈EK∩Eext

λK,S < B
∑

S∈EK∩Eext

λK,S .

Because B is the maximum component of u, uL ≤ B (for any L ∈ Jin). Thus, from (4.3), it

can be obtained that uK < B, which contradicts the hypothesis uK = B. Similarly, it can be

proven that uK ≥ g̃ (for any K ∈ Jin). Therefore, Tε maps C into itself.

Let MLJ(R) be the general linear group over R, which is the group of J × J invertible

matrices of real number. As ūn → ū0 (n → ∞) in R
J , we know that Mε(ūn) → Mε(ū0) in

MLJ(R). As the inverse operator is continuous on MLJ(R), we get Mε(ūn)
−1 → Mε(ū0)

−1

in MLJ(R). Similarly, we get Hε(ūn) → Hε(ū0). It follows that Tε(ūn) → Tε(ū0) in R
J , so

the map Tε is continuous.

By the Brouwer’s fixed point theorem (see [13]), there exists a fixed point uε in C, that is

uε = Tεuε. So, uε satisfies

∑

S∈EK

F ε
K,S(uε,uε)|S| = 0, ∀K ∈ Jin.

From the Weierstrass theorem, there is a subsequence uεi → ũ ∈ C (εi → 0). For this sub-

sequence, when εi → 0, we have

fK,S(uεi) → fK,S(ũ), fL,S(uεi) → fL,S(ũ), hεi
K,S(uεi) → hK,S(ũ).

Then

F εi
K,S(uεi ,uεi) → FK,S(ũ, ũ) = FK,S(ũ),

F εi
L,S(uεi ,uεi) → FL,S(ũ, ũ) = FL,S(ũ), εi → 0.

Therefore, ũ is the solution of (3.9)-(3.10). This concludes the proof. �
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5. Discrete System

5.1. Picard iteration

The popular method for solving nonlinear DSEP scheme (3.9)-(3.10) is the following Picard

iteration: 



∑

S∈EK∩Eint

[
τS
(
uv+1
K − uv+1

L

)
+ hK,S(u

v)
(
uv+1
K − uv+1

Km

)]

+
∑

S∈EK∩Eext

λK,S

(
uv+1
K − g(K ′)

)
= fKm(K), ∀K ∈ Jin,

uM = g(M), ∀M ∈ Jout,

where v is the nonlinear iteration index. Since we can not prove that the iteration map uv =

T uv−1 is a well-defined continuous map, we turn to adopt the map given at the beginning of

proof of Theorem 4.1, and obtain the modified Picard (m-Picard) iteration as follows:





∑

S∈EK∩Eint

[
τS(u

v+1
K − uv+1

L ) + hK,S(u
v)(uv+1

K − uv
Km)

]

+
∑

S∈EK∩Eext

λK,S(u
v+1
K − g(K ′)) = fKm(K), ∀K ∈ Jin, (5.1a)

uM = g(M), ∀M ∈ Jout. (5.1b)

Now we analyse the convergence of the modified Picard iteration for the DSEP scheme. We

will make use of the assumptions (H1)-(H3), as well as the stability and convergence conclusions

in [14, Theorems 3.1 and 3.2]. And we will need the following assumptions and lemma to prove

Theorem 5.3.

Assumption 5.1. There exist v > 0 and ǫ > 0 such that

max

(
max
K∈Jin

∣∣∣∣
uv+1
K − uv

K

uv
K − uv

Km + s0

∣∣∣∣, max
A∈N

∣∣∣∣
uv+1
A − uv

A

uv
K − uv

Km + s0

∣∣∣∣
)

≤ ǫ.

Remark 5.1. If nonlinear iteration converges and constant solutions are excluded, the follow-

ing equation holds when v is sufficiently large:
∣∣uv+1

K − uv
K

∣∣ =
∣∣ǫ
(
uv
K − uv

Km + s0
)∣∣ ≤ C̃ǫh.

Assumption 5.2. For K,L ∈ Jin, v > 0, at least one of uv
K − uv

Km = O(h) and uv
L − uv

Lm =

O(h) is established, and uv
K − uv

Km − (uv
L − uv

Lm) is at least O(h).

Lemma 5.1. Let Assumptions 5.1 and 5.2 are satisfied. Then the DSEP scheme writes





∑

S∈EK∩Eint

[
τS
(
uv+1
K − uv+1

L

)
−

τS
2|S|

(
uv+1
A ηA + uv+1

B ηB + uv+1
C ηC

)]

+
∑

S∈EK∩Eext

λK,S

(
uv+1
K − g(K ′)

)
= fKm(K) + ρvK , ∀K ∈ Jin, (5.2a)

uM = g(M), ∀M ∈ Jout, (5.2b)

with

|ρvK | ≤ C1ǫh+ C2h
2,

where C1 and C2 are constants independent of h and ǫ,

ηA = ~nCB ·
−−−→
K ′L′, ηB = ~nAC ·

−−−→
K ′L′, ηC = ~nBA ·

−−−→
K ′L′.
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Proof. Suppose DS ≥ 0, then D+
S = DS , D

−
S = 0 and Km = Kmin, Lm = Lmax.

Subtracting the Eq. (5.1a) from the Eq. (5.2a), we can yield

ρvK =
∑

S∈EK∩Eint

[
−

τS
2|S|

(
uv+1
A ηA + uv+1

B ηB + uv+1
C ηC

)
− hK,S(u

v)
(
uv+1
K − uv

Km

)]

=
∑

S∈EK∩Eint

[
2
∣∣fL,S(u

v)
∣∣

∣∣fK,S(uv)
∣∣+
∣∣fL,S(uv)

∣∣
τS
2|S|

(
uv
AηA + uv

BηB + uv
CηC

) uv+1
K − uv

Km

uv
K − uv

Km
+ s0

−
τS
2|S|

(
uv+1
A ηA + uv+1

B ηB + uv+1
C ηC

)
]

=
∑

S∈EK∩Eint

[
2
∣∣fL,S(u

v)
∣∣

∣∣fK,S(uv)
∣∣+
∣∣fL,S(uv)

∣∣
τS
2|S|

(
uv
AηA + uv

BηB + uv
CηC

) uv+1
K − uv

Km

uv
K − uv

Km
+ s0

−
τS
2|S|

(
uv
AηA + uv

BηB + uv
CηC

) uv+1
K − uv

Km

uv
K − uv

Km
+ s0

+
τS
2|S|

(
uv
AηA + uv

BηB + uv
CηC

) uv+1
K − uv

Km

uv
K − uv

Km
+ s0

−
τS
2|S|

(
uv+1
A ηA + uv+1

B ηB + uv+1
C ηC

)
]

=
∑

S∈EK∩Eint

[XK,S + YK,S ],

where

XK,S =
2
∣∣fL,S(u

v)
∣∣

∣∣fK,S(uv)
∣∣+
∣∣fL,S(uv)

∣∣
τS
2|S|

(
uv
AηA + uv

BηB + uv
CηC

) uv+1
K − uv

Km

uv
K − uv

Km
+ s0

−
τS
2|S|

(
uv
AηA + uv

BηB + uv
CηC

) uv+1
K − uv

Km

uv
K − uv

Km
+ s0

,

YK,S =
τS
2|S|

(
uv
AηA + uv

BηB + uv
CηC

) uv+1
K − uv

Km

uv
K − uv

Km
+ s0

−
τS
2|S|

(
uv+1
A ηA + uv+1

B ηB + uv+1
C ηC

)
.

Furthermore,

XK,S =

(
2
∣∣fL,S(u

v)
∣∣

∣∣fK,S(uv)
∣∣+
∣∣fL,S(uv)

∣∣ − 1

)
τS
2|S|

(
uv
AηA + uv

BηB + uv
CηC

) uv+1
K − uv

Km

uv
K − uv

Km
+ s0

=

∣∣fL,S(u
v)
∣∣−
∣∣fK,S(u

v)
∣∣

∣∣fK,S(uv)
∣∣+
∣∣fL,S(uv)

∣∣
τS
2|S|

(
uv
AηA + uv

BηB + uv
CηC

) uv+1
K − uv

Km

uv
K − uv

Km
+ s0

,

where

∣∣fL,S(u
v)
∣∣−
∣∣fK,S(u

v)
∣∣

=

∣∣∣∣
τSD

v
S

uv
Lm − uv

L + s0

(
uv
L − uv

Lm

)∣∣∣∣−
∣∣∣∣

τSD
v
S

uv
K − uv

Km + s0

(
uv
K − uv

Km

)∣∣∣∣
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= τSD
v
S

(
uv
Lm − uv

L

uv
Lm − uv

L + s0
−

uv
K − uv

Km

uv
K − uv

Km + s0

)

= τSD
v
Ss0

uv
Lm − uv

L − (uv
K − uv

Km)(
uv
Lm − uv

L + s0
)(
uv
K − uv

Km + s0
) ,

∣∣fK,S(u
v)
∣∣+
∣∣fL,S(u

v)
∣∣

=

∣∣∣∣
τSD

v
S

uv
K − uv

Km + s0

(
uv
K − uv

Km

)∣∣∣∣+
∣∣∣∣

τSD
v
S

uv
Lm − uv

L + s0

(
uv
L − uv

Lm

)∣∣∣∣

= τSD
v
S

(
uv
K − uv

Km

uv
K − uv

Km + s0
+

uv
Lm − uv

L

uv
Lm − uv

L + s0

)

= τSD
v
S

(
2−

s0
uv
K − uv

Km + s0
−

s0
uv
Lm − uv

L + s0

)
.

From the Assumption 5.2 and s0 = O(h2), we can obtain

s0
uv
Lm − uv

L −
(
uv
K − uv

Km

)
(
uv
Lm − uv

L + s0
)(
uv
K − uv

Km + s0
) = O(h).

So ∣∣fL,S(u
v)
∣∣ −
∣∣fK,S(u

v)
∣∣

∣∣fK,S(uv)
∣∣+
∣∣fL,S(uv)

∣∣ = O(h).

And due to τS = O(h), |S| = O(h2), and ηA = O(h2), ηB = O(h2), ηC = O(h2), we have

τS
2|S|

(
uv
AηA + uv

BηB + uv
CηC

)
= O(h),

uv+1
K − uv

Km

uv
K − uv

Km
+ s0

=
uv+1
K − uv

K + uv
K − uv

Km
+ s0 − s0

uv
K − uv

Km
+ s0

= 1 +
uv+1
K − uv

K − s0
uv
K − uv

Km
+ s0

= O(1).

As a result,

|XK,S | ≤ C′
1h

2,

where C′
1 is a constant independent of h and ǫ.

While

YK,S =
τS
2|S|

[(
uv
AηA + uv

BηB + uv
CηC

)uv+1
K − uv

K + uv
K − uv

Km
+ s0 − s0

uv
K − uv

Km
+ s0

−
(
uv+1
A ηA + uv+1

B ηB + uv+1
C ηC

)]

=
τS
2|S|

[
(uv

AηA + uv
BηB + uv

CηC)
uv+1
K − uv

K

uv
K−uv

Km
+s0

−
(
uv
AηA + uv

BηB + uv
CηC

) s0
uv
K−uv

Km
+s0

+
(
uv
AηA + uv

BηB + uv
CηC

)
−
(
uv+1
A ηA + uv+1

B ηB + uv+1
C ηC

)]

=
τS
2|S|

[(
uv
AηA + uv

BηB + uv
CηC

) uv+1
K − uv

K

uv
K − uv

Km
+ s0

−
(
uv
AηA + uv

BηB + uv
CηC

) s0
uv
K−uv

Km
+s0

−

(
uv+1
A − uv

A

uv
K − uv

Km + s0
ηA +

uv+1
B − uv

B

uv
K − uv

Km + s0
ηB +

uv+1
C − uv

C

uv
K − uv

Km + s0
ηC

)

×
(
uv
K − uv

Km + s0
)]
.
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Denote

ǫK =
uv+1
K − uv

K

uv
K − uv

Km
+ s0

, ǫA =
uv+1
A − uv

A

uv
K − uv

Km + s0
,

ǫB =
uv+1
B − uv

B

uv
K − uv

Km + s0
, ǫC =

uv+1
C − uv

C

uv
K − uv

Km + s0
,

then from the Assumption 5.1, we have |ǫK | ≤ ǫ, |ǫA| ≤ ǫ, |ǫB| ≤ ǫ, |ǫC | ≤ ǫ. And due to

τS = O(h), |S| = O(h2), ηA = O(h2), ηB = O(h2), ηC = O(h2), s0 = O(h2), as well as the

Assumption 5.2, we can obtain

|YK,S | ≤ C′
2ǫh+ C′

3h
2,

where C′
2 and C′

3 are constants independent of h and ǫ. Then

∣∣ρvK
∣∣ =

∣∣∣∣∣
∑

K∈EK∩Eint

[XK,S + YK,S ]

∣∣∣∣∣ ≤
∑

K∈EK∩Eint

(|XK,S |+ |YK,S |)

≤ nK

(
C′

1h
2 + C′

2ǫh+ C′
3h

2
)
≤ C1ǫh+ C2h

2,

where C1 = nKC′
2, C2 = nK(C′

1 + C′
3), and nK represents the number of faces of cell K,

especially for tetrahedral meshes, nK = 4. This concludes the proof. �

Remark 5.2. For the case of fK,S(u
v)fL,S(u

v) ≥ 0, since fK,S(u
v)fL,S(u

v) ≤ 0, it is actually

fK,S(u
v)fL,S(u

v) = 0. Here, we have hK,S(u
v) = 0, and then the normal flux of cell K to

face S in the nonlinear DSEP scheme is obtained as τS(u
v+1
K − uv+1

L ). Moreover, for this case,

at least one of fK,S(u
v) = 0 and fL,S(u

v) = 0 is established. It would be well if

fK,S(u
v) =

τSD
+
S

uv
K − uv

Km
+ s0

(
uv
K − uv

Km

)
= 0

under the assumption DS ≥ 0. Therefore, at least one of the following two cases occurred:

(i) DS = 0;

(ii) K = Km, i.e., the local minimum (or maximum) value is achieved at K, then we set

DS = 0, which represents the approximation of the tangential gradient part. The reason is

a consequence of a well-known fact, if u is a continuous differentiable function in a domain Ω,

and u achieves local minimum (or maximum) value at the point K ∈ Ω, then the gradient of u

vanishes at the point K.

Regardless of the above case occurred, the normal flux of cellK to face S in the linear scheme

[14] is τS(u
v+1
K −uv+1

L ). So, in the above proof, we focused on the case of fK,S(u
v)fL,S(u

v) < 0,

i.e., hK,S(u
v) 6= 0.

Before giving Theorem 5.3, recall that

ǔ = (ǔK)K∈Jin
is the exact solution of (2.1)-(2.2);

û = (ûK)K∈Jin
is the numerical solution of the linear scheme in [14];

u = (uK)K∈Jin
is the numerical solution of the DSEP scheme of (3.9)-(3.10);

uv = (uv
K)K∈Jin

is the v-th iterate solution associated with the DSEP scheme, that is the

solution of (5.1).

And to maintain the completeness of this paper, we present the following conclusions

from [14].
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Assumption 5.3 ([14, Assumption (H1)]). ǔ(x)∈C2(K),κ(x)∈C1(K) and f(x)∈C1(K)

for all K ∈ J ; and g(x) ≡ 0 on ∂Ω.

Suppose the numbers of the cells around vertex A,B,C are NA, NB, NC , respectively, then

uA =

NA∑

i=1

ωAi
uKAi

, uB =

NB∑

i=1

ωBi
uKBi

, uC =

NC∑

i=1

ωCi
uKCi

.

Denote ES be the set of all the cell faces neighboring to cell face S. That is, the cell faces in ES
has at least a common vertex with S. Let NS′ be the number of cell neighboring to cell face

S′, where S′ ∈ ES .

Assumption 5.4 ([14, Assumption (H2)]). For each cell face S,

τSD
2
Sω

2
S′ ≤

1− ε0
N2

S′

τS′ ,

where ε0 is a given small constant, and ωS′ is defined such that

ηA

(
NA∑

i=1

ωAi
uKAi

−
NC∑

i=1

ωCi
uKCi

)
+ ηB

(
NB∑

i=1

ωBi
uKBi

−
NC∑

i=1

ωCi
uKCi

)

=
∑

S′∈ES

ωS′(uS′,1 − uS′,2),

and uS′,1 and uS′,2 are two cell-centered unknowns which are defined in the center of two cells

sharing the cell face S′.

Assumption 5.5 ([14, Assumption (H3)]). For a mesh J on Ω, there is a constant C > 0

such that the following discrete Poincare inequality holds for any discrete function {uK}K∈J

satisfying uK = 0 for all K ∈ Jout,

∑

K∈J

|uK |2m(K) ≤ C
∑

S∈Eint

τS(uL − uK)2.

Theorem 5.1 ([14, Theorem 3.1]). Let Assumptions 5.3 and 5.4 are satisfied. Then there

exists a constant C, independent of h such that

∑

S∈E

τS(uL − uK)2 ≤ C
∑

K∈J

|fK |2m(k).

Theorem 5.2 ([14, Theorem 3.2]). Let Assumptions 5.3-5.5 are satisfied. Then there exists

a constant C, independent of h such that

(
∑

S∈E

τS(eL − eK)2

) 1

2

≤ Ch,

where eK = ǔ(K)− ûK.

Theorem 5.3. Let that Assumptions 5.1-5.5 are satisfied. Then, there exist constants C3 and

C4 independent of h and ǫ such that

‖ǔ− uv+1‖2 ≤ C3ǫh+ C4h.
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Proof. The linear scheme in [14] can be written as (see [14, Eq. (4.1)])

Aû = F .

While system (5.2) writes

Auv+1 = F + F v
ε

with F v
ε = (ρvK)K∈Jin

.

Thanks to Theorem 5.1, there exists a constant C′
4 such that

‖û− uv+1‖2 ≤ C′
4

∥∥F v
ε

∥∥
2
.

From Lemma 5.1, there exists constants C′
5, C

′
6 such that

∥∥F v
ε

∥∥
2
≤ C′

5ǫh+ C′
6h

2.

Reviewing Theorem 5.2, we have

‖ǔ− û‖2 ≤ C′
7h. (5.3)

Then applying the triangle inequality, as well as (5.3), we obtain

‖ǔ− uv+1‖2 ≤ ‖ǔ− û‖2 + ‖û− uv+1‖2 ≤ C3ǫh+ C4h,

where C3 = C′
4C

′
5, C4 = C′

4C
′
6 + C′

7, which concludes the proof. �

For convenience, rewrite (5.1) in the form of an algebraic system as follows:

N(uv−1)uv = G(uv−1), (5.4)

where N(uv−1) is the coefficient matrix of this system and G(uv−1) is a discrete vector related

to the right-hand term, boundary conditions and local extremum (given by the previous iterative

step). So we introduce the following modified Picard iteration named as Algorithm 5.1.

The linearized system (5.5) is solved by BICGSTAB method [26]. The iterations are ter-

minated when the relative norm of the residual becomes smaller than εlin. Herein, we take

εnon = 10−5 and εlin = 10−12.

Algorithm 5.1: Modified Picard Iteration.

1 Choose a small positive value εnon and u0.

2 for v = 1, 2, . . . do

3 Solve the linear system

N(uv−1)uv = G(uv−1). (5.5)

4 Use formula

‖N(uv)uv −G(uv)‖ ≤ εnon‖N(u0)u0 −G(u0)‖ (5.6)

as the convergence criterion.
5 end
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5.2. Anderson acceleration method

Empirically, the convergence of Picard iteration is slow when the distortion of meshes is

severe, or the number of cells is very large, especially for high-dimensional problems. So AA

method is considered. The AA method of Picard iteration is demonstrated [17]. Now we

consider the modified Picard iteration with AA method named as Algorithm 5.2.

In Algorithm 5.2, the positive parameter εnon and initial value u0 are given. The Anderson

depth m is a given positive integer, which represents that the most recent m iterations are

involved in the acceleration. Note that when m = 1, the mP-AA method is same as m-Picard

method. Let uv(v = 0, 1, . . .) be a given sequence. ũv is defined as the solution of N(uv)ũv =

G(uv) for v ≥ 3. The solution of problem (5.7) is transformed to a saddle-point problem,

see [17] in detail.

Algorithm 5.2: Modified Picard Iteration with AA method.

1 Choose a small positive value εnon and u0 ≥ 0.

2 Compute (5.5) and set ũv = uv, δuv = ũv − uv−1, v = 1, 2.

3 for v = 2, 3, . . . do

4 m̄ = min{m, v}.

5 Determine coefficients α1, α2, . . . , αm̄ by solving the constrained minimization

problem

min∑
m̄

i=1
αi=1

∥∥∥∥∥

m̄∑

i=1

αiδu
v−m̄+i

∥∥∥∥∥. (5.7)

6 Set new iterative values

uv+1 =

m̄∑

i=1

αiũ
v−m̄+i.

7 Use formula (5.6) as the convergence criterion.

8 Solve the linear system

N(uv+1)ũv+1 = G(uv+1),

and set δuv+1 = ũv+1 − uv+1.
9 end

6. Numerical Examples

We present several numerical examples to demonstrate that computational performance of

our scheme. The convergent order is tested on two types of meshes (see Fig. 6.1). Here we

use discrete L2-norm to evaluate approximation errors between exact solution and numerical

solution

eu =

[
∑

K∈J

(
ǔ(K)− uK

)2
m(K)

] 1

2

.

Firstly, we take a uniform cubic partition on Ω = (0, 1)3 with a mesh size h, and divide each

cube into 24 uniform tetrahedrons, which is called as Mesh A, or 24 random tetrahedrons with
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(a) Mesh A
(b) Mesh B

Fig. 6.1. The meshes with size h = 1/4.

randomly distorted position of mesh vertices

X = x+ ηxh, Y = y + ηyh, Z = z + ηzh,

where ηx, ηy and ηz are random variables with values between −0.3 and 0.3, which is called as

Mesh B.

6.1. The discrete strong extremum principle

In this subsection, we test the DSEP of the new scheme and the scheme proposed in [14],

for the convenience of narration, we denote the scheme here by 3DE, and the scheme in [14] by

3DD.

Denote

umin = min
K∈Jin∪Jout

uK , uin
min = min

K∈Jin

uK ,

umax = max
K∈Jin∪Jout

uK , uin
max = max

K∈Jin

uK .

In other words, uin
min denotes the minimum value of internal cells, while umin denotes the

minimum value of internal and boundary cells. And Nc denotes the number of cells.

Now, we consider the problem (2.1)-(2.2) on (0, 1)3. In this problem, the diffusion coeffi-

cient is

κ =




cos θ − sin θ 0

sin θ cos θ 0

0 0 1








k1 0 0

0 k2 0

0 0 k3








cos θ sin θ 0

− sin θ cos θ 0

0 0 1



 ,

where k1 = 1, k2 = 0.1, k3 = 10, and θ = π/6. The Dirichlet boundary condition is

g = 1 + sin

(
π

2
x

)
sin

(
π

2
y

)
sin

(
π

2
z

)
,
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Table 6.1: The maximum and minimum values of the problem with zero right-hand term on Mesh A.

Nc 24× 43 24× 83 24× 163 24× 243

3DD

umin 9.995796e-001 9.998732e-001 9.999593e-001 9.999817e-001

uin
min 9.995796e-001 9.998732e-001 9.999593e-001 9.999817e-001

umax 1.978685e+000 1.994652e+000 1.998662e+000 1.999405e+000

uin
max 1.966667e+000 1.992286e+000 1.998223e+000 1.999243e+000

3DE

umin 1.000000e+000 1.000000e+000 1.000000e+000 1.000000e+000

uin
min 1.000057e+000 1.000035e+000 1.000013e+000 1.000007e+000

umax 1.978685e+000 1.994652e+000 1.998662e+000 1.999405e+000

uin
max 1.964976e+000 1.990512e+000 1.997566e+000 1.998902e+000

Table 6.2: The maximum and minimum values of the problem with zero right-hand term on Mesh B

(ηx, ηy , ηz = 0.3).

Nc 24× 43 24× 83 24× 163 24× 243

3DD

umin 9.993771e-001 9.996796e-001 9.999487e-001 9.999731e-001

uin
min 9.993771e-001 9.996796e-001 9.999487e-001 9.999731e-001

umax 1.978685e+000 1.994652e+000 1.998662e+000 1.999405e+000

uin
max 1.965566e+000 1.992250e+000 1.998120e+000 1.999215e+000

3DE

umin 1.000000e+000 1.000000e+000 1.000000e+000 1.000000e+000

uin
min 1.000054e+000 1.000028e+000 1.000013e+000 1.000007e+000

umax 1.978685e+000 1.994652e+000 1.998662e+000 1.999405e+000

uin
max 1.965081e+000 1.990293e+000 1.997570e+000 1.998874e+000

the right-hand term is f = 0, and the exact solution is unknown. According to the extremum

principle, the maximum and minimum values of this problem are all reached on the boundary.

Tables 6.1 and 6.2 give the maximum and minimum values of 3DD and 3DE schemes on

two different meshes, from which we can see that the maximum and minimum values of 3DE

scheme are reached on the boundary, while the minimum values of 3DD scheme are obtained in

the internal cells. These results verify that 3DD scheme cannot keep DSEP, while our scheme

satisfies DSEP on tetrahedral meshes.

6.2. The Anderson acceleration method

In this subsection, we will take the following examples with Dirichlet boundary condition in

the unit cube Ω = (0, 1)3 to demonstrate the acceleration efficiency of the mP-AA algorithm.

Example 6.1 (The Problem with Scalar Coefficient).

κ = 1 + x+ y + z,

u = cos(πx) cos(πy) cos(πz),

f = 3π2(1 + x+ y + z) cos(πx) cos(πy) cos(πz) + π sin(πx) cos(πy) cos(πz)

+ π cos(πx) sin(πy) cos(πz) + π cos(πx) cos(πy) sin(πz).
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Example 6.2 (The Problem with Discontinuous Coefficient).

κ =






5, x <
1

2
,

1, x ≥
1

2
,

u =





(x2 + 10)(y − y2)(z − z2), x <
1

2
,

(5x2 + 9)(y − y2)(z − z2), x ≥
1

2
,

f =





−10(y − y2)(z − z2) + 10(x2 + 10)(z − z2) + 10(x2 + 10)(y − y2), x <
1

2
,

−10(y − y2)(z − z2) + 2(5x2 + 9)(z − z2) + 2(5x2 + 9)(y − y2), x ≥
1

2
.

Example 6.3 (The Problem with Anisotropic Diffusion Coefficient).

κ =




cos θ − sin θ 0

sin θ cos θ 0

0 0 1








k1 0 0

0 k2 0

0 0 k3(1 + x+ y + z)








cos θ sin θ 0

− sin θ cos θ 0

0 0 1



 ,

where k1 = 0.1, k2 = 1.0, k3 = 10.0, and θ = π/6.

u = sin(πx) + sin(πy) + sin(πz) + 1.0,

f = π2
(
k1 cos

2 θ + k2 sin
2 θ
)
sin(πx) + π2

(
k1 sin

2 θ + k2 cos
2 θ
)
sin(πy)

+ k3(1 + x+ y + z)π2 sin(πz)− k3π cos(πz).

Example 6.4 (The Problem with Strong Anisotropic Diffusion Coefficient).

κ =



1.0 0.0 0.0

0.0 1.0 0.0

0.0 0.0 0.001


 ,

u = exy + z2,

f = −exy(x2 + y2)− 0.002.

In numerical experiments, itP denotes the number of nonlinear iterations by using m-Picard

iteration, while itAA represents the number of nonlinear iterations by using mP-AA method.

6.2.1. Comparison under different m

We compare the iterative numbers under different Anderson depth m for mP-AA method. First,

we test Example 6.1 on Mesh B (ηx, ηy, ηz = 0.3) with Nc = 24× 243. The comparison results

are shown in Fig. 6.2.

Then we test Example 6.2 on Mesh B (ηx, ηy, ηz = 0.3) with Nc = 24×163. The comparison

results are shown in Fig. 6.3.

In both examples, when m = 1, the mP-AA method is same as m-Picard method. From

Fig. 6.2, we can see that the mP-AA method reduces the nonlinear iterative numbers of m-

Picard method. For this example, m = 4 is a reasonable choice. Fig. 6.3 represents that m = 4

is the best choice for Example 6.2, and when m = 4, the nonlinear iterative numbers of mP-AA

method is almost 1/8 of m-Picard iteration.
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Fig. 6.2. The nonlinear iterative numbers under

different m on mesh B (ηx, ηy, ηz = 0.3) with

Nc = 24× 243 of Example 6.1.

Fig. 6.3. The nonlinear iterative numbers under

different m on mesh B (ηx, ηy , ηz = 0.3) with

Nc = 24× 163 of Example 6.2.

6.2.2. Comparison under different distortion

Next we compare the iterative numbers of m-Picard iteration and mP-AA method on meshes

with different distortion. We test Examples 6.2 and 6.3 on Mesh B, respectively. The distortion

of Mesh B is measured by random variables ηx, ηy, ηz with values between −0.3 and 0.3. When

the absolute value of the random variables get larger, the meshes become more distorted.

For Example 6.2, we take the Anderson depth m = 4 with Nc = 24× 163 and vary ηx, ηy, ηz
from −0.3 to 0.3. The iterative numbers of both two iteration methods are shown in Fig. 6.4.

While Fig. 6.5 represents the results of m = 4 with Nc = 24× 83 for Example 6.3.

It can be seen from Figs 6.4 and 6.5 that the nonlinear iterative numbers of mP-AA method

are much less than those of m-Picard iteration, and the acceleration effect is significant.

Fig. 6.4. The nonlinear iterative numbers under

different distortion of Mesh B with Nc = 24×163

of Example 6.2.

Fig. 6.5. The nonlinear iterative numbers under

different distortion of Mesh B with Nc = 24× 83

of Example 6.3.
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6.2.3. Comparison under different cell numbers

Finally, we compare the iterative numbers under different cell numbers. Here, we test Exam-

ple 6.4 with m = 6 on Mesh A and m = 8 on Mesh B (ηx, ηy, ηz = 0.3) respectively. We vary

the number of cells from 24× 43 to 24× 163. The results are shown in Table 6.3.

From Table 6.3, we can see that the increase rate of the iterative numbers of m-Picard

iteration is much faster than that of mP-AA method with Nc increasing. And as Nc increases,

the acceleration effect of mP-AA method becomes more obvious, especially when Nc = 24×163,

the nonlinear iterative numbers of mP-AA method is 1/8 of that of m-Picard iteration. These

results show that the mP-AA method is more efficient than m-Picard iteration.

Table 6.3: The nonlinear iterative numbers under different cell numbers of Example 6.4.

Nc 24× 43 24× 83 24× 123 24× 163

Mesh A
itP 40 126 251 407

itAA(m = 6) 14 28 39 51

Mesh B itP 54 182 401 704

(ηx, ηy , ηz = 0.3) itAA(m = 8) 17 30 56 86

6.3. The accuracy of the scheme

In this subsection, we test the accuracy of the scheme by using the examples in Section 6.2,

and compare it with the accuracy of the 3DD scheme in [14].

6.3.1. Example 6.1

Table 6.4 gives L2-norm of the error between exact solution and numerical solution for 3DE

and 3DD schemes on two meshes. From this table, we can see that the two schemes obtain

almost second order accuracy for the solution.

Table 6.4: Numerical results of Example 6.1 on two different meshes.

Nc

Mesh A Mesh B (ηx, ηy, ηz = 0.3)

3DD 3DE 3DD 3DE

eu rate eu rate eu rate eu rate

24× 43 5.6508e-3 – 5.6505e-3 – 6.7496e-3 – 6.6193e-3 –

24× 83 1.4209e-3 1.99 1.4208e-3 1.99 1.8732e-3 1.85 2.4580e-3 1.43

24× 163 3.5601e-4 2.00 3.5595e-4 2.00 5.0591e-4 1.89 7.7103e-4 1.67

24× 243 1.5830e-4 2.00 1.5826e-4 2.00 2.3282e-4 1.91 3.7329e-4 1.79

6.3.2. Example 6.2

Table 6.5 gives the L2-norm of solutions of Example 6.2 for 3DE and 3DD schemes on different

meshes. From this table, we can see that the two schemes can obtain almost the same accuracy,

i.e., second order accuracy, on Mesh A. It also shows that compared with 3DD scheme, the

errors of solutions for 3DE scheme slightly increase on Mesh B, but they are still within the

acceptable range.
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Table 6.5: Numerical results of Example 6.2 on two different meshes.

Nc

Mesh A Mesh B (ηx, ηy, ηz = 0.3)

3DD 3DE 3DD 3DE

eu rate eu rate eu rate eu rate

24× 43 4.3981e-3 – 4.3979e-3 – 5.9364e-3 – 8.6226e-3 –

24× 83 1.1045e-3 1.99 1.1044e-3 1.99 1.5424e-3 1.94 2.6009e-3 1.73

24× 163 2.7631e-4 2.00 2.7626e-4 2.00 4.0494e-4 1.93 6.2597e-4 2.05

24× 243 1.2280e-4 2.00 1.2277e-4 2.00 1.8286e-4 1.96 2.9674e-4 1.84

6.3.3. Example 6.3

The numerical results on different meshes of Example 6.3 are shown in Table 6.6, which shows

that both of the schemes can obtain almost second order accuracy for solution. From this table,

one can see that the solution errors of 3DE scheme are slightly higher than that of 3DD scheme,

while the convergence order of 3DE scheme is slightly higher than that of 3DD scheme.

Table 6.6: Numerical results of Example 6.3 on two different meshes.

Nc

Mesh A Mesh B (ηx, ηy, ηz = 0.3)

3DD 3DE 3DD 3DE

eu rate eu rate eu rate eu rate

24× 43 1.7602e-2 – 2.5553e-2 – 2.0027e-2 – 4.0347e-2 –

24× 83 6.6721e-3 1.40 7.1068e-3 1.85 6.4572e-3 1.63 1.2722e-2 1.67

24× 163 2.1549e-3 1.63 1.8539e-3 1.94 2.0490e-3 1.66 3.3889e-3 1.91

24× 243 1.0272e-3 1.83 8.4148e-4 1.95 1.0032e-3 1.76 1.6054e-3 1.84

6.3.4. Example 6.4

Table 6.7 represents the numerical results of Example 6.4 calculated by using 3DD and 3DE

schemes. In 3DD scheme, the parts related to vertex values in the normal flow (3.3) are placed

in the source term for source iteration in order to avoid computational complexity, as detailed

in [14]. From Table 6.7, it can be seen that when Nc = 24 × 163, the 3DD scheme does not

converge on Mesh B. However, by using 3DE scheme, it can be achieved almost second order

accuracy for solutions.

Table 6.7: Numerical results of Example 6.4 on two different meshes.

Nc

Mesh A Mesh B (ηx, ηy, ηz = 0.3)

3DD 3DE 3DD 3DE

eu rate eu rate eu rate eu rate

24× 43 3.7210e-3 – 3.7206e-3 – 4.9325e-3 – 4.9308e-3 –

24× 83 1.1195e-3 1.73 1.1202e-3 1.73 1.6219e-3 1.60 1.6202e-3 1.61

24× 163 3.0685e-4 1.87 3.0848e-4 1.86 NaN – 4.7624e-4 1.77

24× 243 1.4059e-4 1.92 1.4150e-4 1.92 2.1748e-4 – 2.1858e-4 1.92
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7. Conclusion

In this paper, we develop a cell-centered finite volume scheme satisfying DSEP for diffusion

problems on arbitrary tetrahedral meshes. In the construction of the scheme, the discrete flux

of the linear scheme with second order accuracy in [14] is modified to obtain the nonlinear

flux with LEP structure. So there is no need to require the vertex unknowns to be a convex

combination of the cell-centered unknowns. Numerical examples show that compared with the

scheme in [14], our new scheme can preserve DSEP and also obtain second order accuracy. The

bandwidth of the coefficient matrix of the algebraic equation system formed by the new scheme

becomes narrower. Besides, we prove our scheme has at least one solution preserving DSEP.

Moreover, for solving the nonlinear scheme, a new nonlinear iteration method is designed, which

is a modification of the standard Picard iteration. Also we prove the convergence of the new

Picard iteration for the DSEP scheme. Furthermore, the modified Picard iteration with AA

method is proposed to improve the efficiency of solving nonlinear scheme. Finally, by comparing

the modified Picard iteration and mP-AA method, the numerical results show that the mP-AA

method can not only accelerate convergence but also be more stable.

We use the tetrahedral meshes in this paper, but the construction idea of this scheme

can be generalized to general polyhedral meshes without essential difficulty. In particular,

combined with the effective face technique described in [29], the approach of designing the

scheme satisfying DSEP can be generalized to general polyhedral meshes with non-planar cell-

faces.
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