Journal of Computational Mathematics http://www.global-sci.org/jcm
Vol.xx, No.x, 2025, 1-25. doi:10.4208 /jcm.2503-m2024-0175

AN INERTIAL-RELAXED THREE-TERM CONJUGATE
GRADIENT PROJECTION METHOD FOR LARGE-SCALE
UNCONSTRAINED NONLINEAR PSEUDO-MONOTONE
EQUATIONS WITH APPLICATIONS®

Jianghua Yin, Qiongxuan Huang, Jinbao Jian) and Daolan Han
School of Mathematical Sciences, Center for Applied Mathematics of Guangzi,
Guangxi Minzu University, Nanning 530006, China
Emails: jianghuayin1017@126.com, hqr0710@Q163.com, jianjb@gxu.edu.cn, 546474207Qqq.com

Abstract

In this paper, a three-term conjugate gradient projection method that employs both in-
ertial and relaxed techniques is proposed to find approximate solutions for unconstrained
nonlinear pseudo-monotone equations. The search direction generated at each iteration
possesses the sufficient descent and trust region properties independent of the line search
technique used. The global convergence of the proposed method is shown without the Lips-
chitz continuity of the underlying mapping. Moreover, the asymptotic and non-asymptotic
convergence rates in terms of iteration complexity are established under the local Lip-
schitz continuity assumption. To our knowledge, this is the first time in the literature
that an iteration-complexity analysis has been conducted for inertial-relaxed gradient-type
projection methods. Numerical experiments on large-scale benchmark test problems are
conducted to demonstrate the effectiveness and efficiency of the proposed algorithm. Fur-
thermore, the applicability and practicality of the proposed method are also verified by
applying it to solve sparse signal restoration problems.

Mathematics subject classification: 65K10, 90C56.
Key words: Inertial-relaxed technique, Gradient-type projection method, Global conver-
gence, Iteration complexity, Sparse signal restoration.

1. Introduction

In this paper, we consider solving the system of unconstrained nonlinear equations of the
form

F(z) =0, (1.1)

where F' is a continuous pseudo-monotone mapping from R to itself. The pseudo-monotonicity
of the mapping F' implies that

Fy)'(x—y) >0 = F(x)"(x—-y) >0, Va,yeR" (1.2)

As is known to all, the monotonicity implies the pseudo-monotonicity, and the converse of this
statement, however, is not necessarily true. We refer the interested readers to the comprehensive
monograph [11] for more details.
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In the optimization community, solving the system of nonlinear equations is a fundamental
and challenging problem. Nonlinear pseudo-monotone equations (1.1), viewed as an important
part of the system of nonlinear equations, frequently appear in various disciplines and engi-
neering applications, such as economic and chemical equilibrium problems [32], compressive
sensing [22,46], image restoration [7,15,16,52], to mention just a few.

One of the most popular methods for solving unconstrained nonlinear monotone equations
is the so-called gradient-type projection method (since the mapping F can be viewed as the
gradient of a certain function), including spectral gradient projection methods [26,55], conjugate
gradient projection methods (CGPMs) [9,47], spectral CGPMs [28,41], and three-term CGPMs
[2,35,53,54]. The authors in [42] directly extended the projected Newton method in [38] to
solve nonlinear monotone equations with convex constraints. Since then, it has attracted much
attention, and many gradient-type projection methods for constrained nonlinear monotone
equations have sprung up such as [5,13,14,27,48,49,51].

Nowadays, with the continuous development of inertial techniques, the idea of inertial ex-
trapolation has been widely applied in optimization algorithms to numerically accelerate con-
vergence. For example, [18] proposed three gradient-type projection methods with an inertial
term to solve unconstrained nonlinear monotone equations, and established the global conver-
gence of these methods under the Lipschitz continuity of F'. Additionally, a large number of
numerical results in [18] illustrated the behavior of the accelerated variants compared to the
corresponding unaccelerated counterparts. Subsequently, a closely related work [56] presented
a fast inertial self-adaptive projection method with a fixed relaxation factor for solving un-
constrained nonlinear monotone equations. The numerical results reported in [56] showed the
efficiency of the algorithm. Quite recently, combining the inertial-relaxed technique in [3] with
the Armijo line search technique, [50] introduced a family of inertial-relaxed derivative-free
projection methods to deal with unconstrained nonlinear monotone equations, and showed the
global convergence of the family without the Lipschitz continuity. Numerical experiments in [50]
confirmed the accelerated convergence speed achieved by the inertial-relaxed technique. More-
over, we refer to [6,17,19,31,44] for the related studies on inertial-based projection methods
for solving nonlinear monotone equations with convex constraints.

Moreover, to our knowledge, there is a small amount of related research on solving uncon-
strained or constrained nonlinear pseudo-monotone equations. We refer the readers to [21,29]
and the references therein for some numerical algorithms in solving nonlinear pseudo-monotone
equations with convex constraints. However, existing methods for solving such equations have
certain limitations; see, e.g. [21,29]. For instance, most of the previous methods did not ana-
lyze the iteration complexity. This motivates us to seek a new and more effective algorithm to
address these theoretical challenges.

Recently, Alves and Marcavillaca [4] proposed an inertial under-relaxed hybrid proximal
extragradient method for solving the monotone inclusion problem, and analyzed the asymp-
totic convergence and non-asymptotic convergence rates in terms of iteration complexity. It is
natural to extend the just-mentioned method to solve the problem under discussion. However,
solving the proximal subproblem inexactly, at each iteration, may be as difficult as the original
problem. Hence, a question arises: Based on the benchmark line of analysis in [4], can we devise
an inertial-relaxed gradient-type projection method with iteration-complexity guarantee? We
answer this question affirmatively in this paper.

Motivated by the aforementioned discussion, in this paper, we propose an inertial-relaxed
three-term CGPM for solving (1.1). Importantly, following the outstanding work [4], we an-
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alyze the iteration complexity of the proposed method. This paper makes several significant

contributions, which can be summarized as follows:

We propose a three-term CGPM that incorporates the inertial-relaxed technique, which is
expected to numerically accelerate convergence. The search direction generated satisfies
the sufficient descent and trust region properties, which are independent of line searches.

Under a summability condition, the global convergence is established without the Lips-
chitz continuity. Moreover, we provide a sufficient condition to ensure the summability
condition.

Under the local Lipschitz continuity condition, we derive asymptotic and non-asymptotic
convergence rates in terms of iteration complexity. It is worth emphasizing that, to the
best of our knowledge, this is the first time in the literature that an iteration-complexity
analysis has been conducted for inertial-relaxed gradient-type projection methods for
solving (1.1).

Numerical experiments on large-scale benchmark test problems are conducted to verify
the performance of the proposed method. Furthermore, we apply the proposed algorithm
to solve the problem of sparse signal restoration, showcasing its effectiveness and potential.

To further explain the advantages of the proposed method, Table 1.1 provides the difference
among existing methods. From Table 1.1, the main advantages of the proposed method are

that it has a lower computational cost, the global convergence is independent of the Lipschitz

continuity of F', and that both asymptotic and non-asymptotic convergence rates are analyzed
under the local Lipschitz continuity of F.

Table 1.1: A comparison of existing methods.

Existing meth- | The problem The wused | Convergence Computational| Iteration-
ods technique analysis cost complexity
analysis

Spectral gradient | Unconstrained non- | - Global convergence | Cheap No
projection meth- | linear monotone under the Lipschitz
ods [26, 55] equations continuity
CGPMs [9,47] Unconstrained non- | - Global convergence | Cheap No

linear monotone under the Lipschitz

equations continuity
Spectral CGPMs | Unconstrained non- | - Global convergence | Cheap No
(28,41] linear monotone under the Lipschitz

equations continuity
Three-Term Unconstrained non- | - Global convergence | Cheap No
CGPMs linear monotone under the Lipschitz
(2,35,53, 54] equations continuity
Projected Nonlinear monotone | - Global convergence | High  (solving | No
Newton-type equations with con- and local conver- | the linear equa-
method [42] vex constraints gence rate under | tions at each

certain conditions iteration)

Gradient-type Nonlinear (pseudo-) | - Convergence under | Cheap No
projection meth- | monotone equations certain conditions
ods [5, 13, 14, 27, | with convex con-
29,48,49,51] straints
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Table 1.1: A comparison of existing methods. (cont’d)

Existing meth- | The problem The wused | Convergence Computational| Iteration-
ods technique analysis cost complexity
analysis
Inertial gradient- | Unconstrained non- | Inertial tech- | Global convergence | Cheap No
type  projection | linear monotone | nique under the Lipschitz
methods [18,56] equations continuity
Inertial-relaxed Unconstrained non- | Inertial- Global convergence | Cheap No
DFPMs [50] linear monotone | relaxed without the Lips-
equations technique chitz continuity
Inertial-based Nonlinear (pseudo-) | Inertial tech- | Convergence under | Cheap No
projection monotone equations | nique certain conditions
methods with convex con-
(6,19,21,31,44] straints
Inertial under- | Monotone inclusion | Inertial Asymptotic and | High  (solving | Yes
relaxed hy- | problem under- non-asymptotic the proximal
brid proximal relaxed convergence rates | subproblem
extragradient technique in terms of itera- | exactly at each
method [4] tion complexity iteration)
The proposed | Unconstrained Inertial- Global conver- | Cheap Yes
method nonlinear pseudo- | relaxed gence without
monotone equa- | technique the Lipschitz
tions continuity;
Asymptotic and
non-asymptotic
convergence
rates under the
local  Lipschitz
continuity condi-
tion

This paper is organized as follows. In the next section, we describe the motivation and
introduce the algorithm. Section 3 analyzes the global convergence, and we provide the anal-
ysis of asymptotic and non-asymptotic convergence rates in terms of iteration complexity in
Section 4. Section 5 gives numerical experiments to illustrate the performance of the proposed
method. We give concluding remarks in the last section.

2. Motivation and Algorithm

In this section, in order to clarify the motivation of this paper, we first review some related
methods and then introduce the algorithm.

As is known to all, the so-called three-term conjugate gradient method (TTCGM) can
effectively solve unconstrained optimization problems

min f(),

where f : R® — R is a continuously differentiable function. By a slight abuse of notation, we
denote the gradient of f at x € R™ by F(z), i.e. F(x) := Vf(x). Given the current iteration xy,
the iterative scheme for the classical TTCGM can be read as

Tpyr = Tk + ody,  dp = —F(xr) + Bedip—1 + Okk—1, k>1, do=—F(xo). (2.1)
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Here, ar > 0 represents the steplength derived from the line search, di denotes the search
direction, By and 0} are scalar parameters, and §x—1 := F(zr) — F(xx—1). Clearly, the classical
conjugate gradient method is a special case of the TTCGM when 6, =0 in (2.1).

Recently, based on the ideas of TTCGMs in [23-25] and the hybrid CGPM in [40], the
authors in [49] constructed a hybrid three-term CGPM to solve nonlinear monotone equations
with convex constraints, where the search direction is defined as

dp = —F(zx) + B P de—1 + Okii—1, k>1, do=—F(xo), (2.2)
where
HTP _ Frg) g1 Gs-1llPF(zx) Tdi
y Wi w}% )
~ Ia Td B
6, =, @) e
Wk

@, = max { | d—1 ||| Ge—1ll, dg 11, | F (-1)]*}

with 0 < ¢, <¢ < 1and u > 0. Throughout this paper, the symbol ||-|| stands for the Euclidean
norm on R™ unless otherwise is mentioned. As elaborated in [49], the search direction defined
in (2.2) is close to that of the memoryless Broyden-Fletcher-Goldfarb-Shanno (BFGS) method
in [33,37]. The previous works have laid a solid foundation for our research. Inspired by [49,55],
the search direction in this paper can be read as

_F,, k=0,
dy=4 " ) (2.3)
—Fy + Brdip—1 + Okjr—1, k>1,

where
Sk—1 = Wk — Wk—1, Yk—1 = Fx — Fj—1,
T
Yp—15k—1
Ak*l =1 + max {0, —}7
el - llse—1ll
T
. - Yr—15k-1 _
tr = min {tvmaX{Ov 1- LQ}}, Uk—1 = Ye—1 + Ne—1 || Frllsk—1,
llyr—1]
e = max {[|Fx—1[*, plldr—1[[l[gr-1ll; di_1Fr—1},
Fl gk GelPFy dies Fy dy
Br = - 3 y Ok =t——.
Vk Uk Vk
Here, for convenience in description, F(wy) has been abbreviated to Fy, i.e. Fj := F(wy),

where wy, is defined in (2.4). Clearly, the main difference between (2.2) and (2.3) is the definition
of yr_1 even if wy, = xy, for all k. It is worthwhile to mention that the main purpose of this paper
is to show asymptotic and non-asymptotic convergence rates of the inertial-relaxed gradient-
type projection method under some mild conditions mentioned in Section 1.

Combining the inertial-relaxed technique in [3,50] with the search direction designed in (2.3),
we propose a new inertial-relaxed three-term CGPM (for simplicity, IRTTCGPMN), which is
summarized as Algorithm 2.1.

Remark 2.1. (i) Compared with the algorithm in [50], the proposed IRTTCGPMN adopts
a new search direction. On the other hand, IRTTCGPMN also employs an alternative Armijo
line search, which is originally introduced in [30].
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Algorithm 2.1: IRTTCGPMN.

Step 0. Input the initial point zy € R™, the parameters v > 0,7 > 0, > 0,7 > 0,
0<a<1,0<7<1,0>0,e>0,0<p<p<2and0<t<1 Setx_;:=um0
and k := 0.

Step 1. Compute F(zy). If ||F(ag)|| <€, then stop. Choose an inertial extrapolation
steplength ay, € [0, ] and compute the inertial extrapolation step

W = Tk + ap(Tp — Tp—1)- (2.4)
If || Fx|| <€, then stop.
Step 2. Compute the search direction by the relation in (2.3). If ||dg|| < €, then stop.
Step 3. Set z; = wy + Nrdy, where the steplength nx = max{y7*|i =0,1,2,...} satisfies
—F(z) " dy > ong @y d|® (2.5)
with @ := min{v, 7||F(zx)||}. If |F(2x)] <€, then stop.
Step 4. Pick a relaxation factor pp € [p,p] and then compute the relaxation step
Tp1 = we — pr&eE(21),

where

Fen) " (wn —z) 0. (2.6)

%= TR S

Step 5. Set k:=k+ 1 and go to Step 1.

(ii) The main difference between the algorithm presented in [4] and our proposed algorithm is
that the former requires solving the proximal subproblem inexactly at each iteration, while the
latter performs an adaptive Armijo line search. Clearly, the computational cost of the proposed
IRTTCGPMN is much cheaper.

(iii) The relaxation step (2.6) can be rewritten equivalently as

F(zx) " (wy, — 21)
£ (z) |2
= (1 — pr)wk + prTr41- (2.7)

Tr1 = (1 = pr)we + pr |we — F(zr)

3. Convergence

In this section, we aim to examine the global convergence of the proposed method. To this
end, we will rely on the following standard assumptions.

Assumption 3.1. The solution set, denoted by S, of problem (1.1) is nonempty. The mapping
F :R™ — R" is continuous and pseudo-monotone.
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Assumption 3.2. The sequences {a} and {x;} generated by IRTTCGPMN satisfy the fol-
lowing summability condition:

o0
Zakﬂxk — 21| < oo (3.1)
k=1

For ease of analysis, we need the following two equalities:
(i) For any a,b,c,d € R™, it holds that
2(a—b)"(c—d) = (lla—d|* — la—cl*) + (b= el = b d||*). (3.2)
(i) For any a,b € R™ and p € R, we have
11 = p)a+ pblI? = (1 = p)all? + plIbl2 = p(1 = p)lla — b]I%. (3.3)

The following lemma shows that the search direction defined in (2.3) has some nice properties
independent of the line search technique. These properties are the reason why the global
convergence of the proposed method can be established without the Lipschitz continuity of F,
while asymptotic and non-asymptotic convergence rates can be showed under the local Lipschitz
continuity of F. We also refer the reader to [21,29,30,50] and the references therein for the global
convergence analysis of gradient-type projection methods without the Lipschitz continuity. The
proof is similar to that of [49, Lemma 2], and thus we omit it for simplicity.

Lemma 3.1. The search direction sequence {dy} generated by IRTTCGPMN always satisfies,
for all k > 0, the sufficient descent condition

1+1)2
s - (1- ) jme (3.4

and the trust region property

(1+1)? 1+t 1
- < < — = . :
<1 1 [F%ll < lldell < {14 PR [ (3.5)

The next lemma shows that IRTTCGPMN is well-defined, i.e. the adaptive Armijo line
search in (2.5) can be terminated in a finite number of iterations.

Lemma 3.2. Let {wy} and {dr} be the sequences generated by IRTTCGPMN. Suppose that
the mapping F' is continuous on R™. Then IRTTCGPMN is well-defined.

Proof. We prove this statement by contradiction and assume that there exists an integer
ko > 0 such that the Armijo line search (2.5) does not hold for any nonnegative integer i.
Hence, for all ¢ > 0, we have

— F(wko + ’YTidkO)Tde
< o7 min {V,ﬁ"F(wko +’}/Tidk0)H} ldwo |I?
<oyr'v - d 1.

Since F is continuous and 7 € (0, 1), taking the limit in the above inequality tells us that

—F, dy, <0.
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This together with (3.4) implies || F,|| = 0, which contradicts the fact ||Fy,| > € > 0. This
completes the proof. O

The following lemma establishes an important relationship between ||xy1 — z*||? and
|lwi — z*||?, where 2* € S.

Lemma 3.3. Suppose that Assumption 3.1 holds. Let {x}, {wr} and {zi} be the sequences
generated by IRTTCGPMN. For any z* € S, we have the following inequality:

[kt = 2*° + hipr < [y, —2*|?, Yk >0, (3.6)
where hpy1 is defined as

hpsy = o o2 illwe =zl TN G 3.7
k+1 = max B( p)O' ||F(Zk)||2 ) P ( p)||1'k+1 ’LUk” ) = Y. ( . )

Proof. We begin our proof by observing from the definition of z; and (2.5) that
F(z) " (wy, — zi) = —meF(zx) Tdie > 0@ ||nedy||? = 0@gllwr — 2]|* > 0. (3.8)
On the other hand, using the fact that * € S, we have
F(z*) (2 —2*) = 0.
Combining this with (1.2), it can be inferred that
F(z) (2 — 2%) >0,

which is equivalent to
F(z) T (2" = 2) <0. (3.9)

Denote the hyperplane Hj, and its corresponding closed half-space H, respectively by

Hy := {z e R" | F(zp) (x — 2) = 0},
H, ={z eR" | F(z)  (z —2) < 0}.

It is not hard to see from (3.9) that S C H, . Furthermore, we declare from (3.8) and (3.9)
that Hj, strictly separates the point wy ¢ H, from the set S C H, . Therefore, by the
definition of Zp4; in (2.7), it follows that &4, is the projection of wy onto H, . Making use of
the properties of projection and 2* € S C H, we obtain

(Frgr — we) | (2% — Trg1) > 0.
Combining the above inequality with (3.2) leads to the inequality
1 ~ * (12 1 * (12 ~ 2
*§||5Ek+1 o s §(Hwk —2"|]* = | Fxp1 — wi]?) >0,

or, equivalently,
e e e e 1 (3.10)

From (2.7), it follows that

Tpr1 — 2" = (1= pg)(wp — %) + pr(Tp1 — 7).
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This along with (3.3) implies

lees — 2 = |1 = pr)wp — 2°) + pr(Enrs — ™)

= (1= pi)lwi — 2"

+ prllZhar — 27 — pr (1 — pi) | Fpgr — wiel|.

Combining this with the definition of Zry1 in (2.7), (3.8), (3.10) and px € [p,p] C (0,2), we
conclude that

lw, = a*[|* = |lzgr — 2%
= [lwg — 2*)* = (1 = pi)[[(wr — )|

— el g — 2|2+ pr (1 — )| E1 — wie)?
N2 = N Errr = 2*01?) + (1 = pr) [ Erg1 — wiel|”
> prllErr1 — will® 4 pe (1 — pr) [ Er1 — wie]?

= pk(2 = pi)[|Err1 — wil?

= pr([lwk —

2

F(zi) T (wr, — 21)
2
F(zp) " (wr, — 21)
= (2 —
=) (“H
o @ [|lwi — 2|
> pr(2— Pk)W
o202 ||wy, — 21|t
> p(2—p)—kLE ZEL 3.12
S TIe] (3:12)
On the other hand, from (2.6), (3.11) and py. € [p, ] C (0,2), we have
lw = 2*[|” = |lzgrr — 2™
> pi (2= p)|wegr — we]|?
> 772 = D) ekt —wi]*. (3.13)

Therefore, the desired result in (3.6) follows from (3.12), (3.13) and the definition of hgyq
in (3.7). The proof is complete. O

With Lemma 3.3 at hand, we give the following results, which are useful for convergence
analysis. Since the proof follows essentially from [50, Lemma 3.2 and Theorem 3.1], we omit
the details.

Lemma 3.4. Let {x}, {wir} and {z;} be the sequences generated by IRTTCGPMN, and for
convenience in analysis, define

* 12
ug = ||z — 27|, k>-1,
b=l =27 , (3.14)
Op 1= Oék(l—l—ak)Hl‘k—l‘k_lH , k>0,
where x* € S. If Assumption 3.1 holds, then we have u_1 = ug and
Uk+1 — Uk + hpg1 < ak(uk —Ug—1) + 0k, YVEk>0. (3.15)

Theorem 3.1. Let {z1}, {wi} and {z} be the sequences generated by IRTTCGPMN. If As-
sumptions 3.1 and 3.2 hold, then for any v* € S, the following hold:
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(i) The limit lim ||xp — x*|| exists.
k—o00

k=1

Corollary 3.1. Suppose that all the assumptions used in Theorem 3.1 hold. Then, the following
statements are true:

(i) The sequences {x} and {wy} are both bounded.

(I) _ 2
(ii) lim Dillwe — 2]

= 1 — =0.
koo ||F(za)]] A flzxgr — wlf =0

Proof. (i) Let z* € S. Tt follows from Theorem 3.1(i) that the sequence {z)} is bounded.
Combining the definition of wy, in (2.4), we claim that {wy} is also bounded.

(ii) By Theorem 3.1(ii) and the definition of hjyq in (3.7), the desired relation is naturally
true. This completes the proof. U

Now, we are able to establish the main convergence result of the proposed method under
some mild conditions.

Theorem 3.2. Suppose that Assumptions 3.1 and 3.2 hold. Let {xp},{wir} and {zx} be the
sequences generated by IRTTCGPMN. Then the sequences {x}, {wr} and {zi} converge to
a solution of problem (1.1).

Proof. This theorem can be proved by the following three parts:

(1) We want to prove that
lim ||z — wg|| = lUm ng||dg| = 0.
k—o0 k—o0

It follows from Corollary 3.1(i) that the sequences {x} and {wy} are bounded. Therefore, we
know from the continuity of F' that the sequence {F} is bounded. Then, according to the
relation between ||Fy|| and ||dk|| in (3.5), we get that the sequence {dj} is also bounded. Hence,
by the definition of zj, we obtain the boundedness of {z;}. Again, it follows from the continuity
of F that the sequence {F'(z;)} is bounded. Combining this with the definition of ®;, we deduce
that {||F'(z)||/®x} is also bounded. Hence, for all k£ > 0, there exists a positive constant M;
such that
1 ()

wll < My, ldpll < My, [[Frll < My, [[F(zi)] < M, T, =M (3.16)

By Corollary 3.1(ii) and the last relation in (3.16), we deduce that

lwr — 261 _ Pllws — 2]

< —- 0 as k£ — oo.
M, £ (z) |

Hence, we conclude from (3.7) and the definition of z; in Step 3 of Algorithm 2.1 that

lim |Jwg — 2kl = lUm ng||dg| = 0. (3.17)
k—o0 k—o0
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(2) We aim to show that liminfy_, ||Fk| = 0. Assume by contradiction that
limin ||| # 0.
This implies that there exists a constant € > 0 such that
|Fxl| > e, VEk>O0. (3.18)

This, along with the known relations (3.5) and (3.16), yields that

1+1)2 1+1%)2
0<(1—%)5§(1—( 13)||Fk||g||dk|gM1, Yk > 0.

It then follows from the limit limy_ o0 7x||di|| = 0 that limg_oo . = 0. By the boundedness of
{wg} and {di}, without loss of generality, we assume that

lim wy, =w, lim dg, =d # 0. (3.19)
71— 00

. i
11— 00

Letting k := k; in (3.4), and making use of (3.18), (3.19) and the continuity of F', we deduce

that
Fw)d< - <1 - @) IF@)|? < — (1 _a *4{) > £2 <0, (3.20)

From the Armijo line search procedure, we declare that

- F(wk + Tﬁlnkdk)—rdk
<ot 'y min {v, 7| F (wi + 77 nedy) ||} - 1dil|?
<o my||di?.

Similarly, combining the above inequality with (3.19), and using the relation limg_ 0o 7x = 0
and the continuity of F', one can obtain —F(w) "d < 0, which contradicts the relation in (3.20).
Thus, we have proved that

lim inf || Fi | = 0. (3.21)

(3) We show that the sequences {x1}, {wi} and {2} generated by the proposed IRTTCGPMN
converge to a solution of problem (1.1). From the boundedness of {wy}, the continuity of F
and the known relation in (3.21), we assume, without loss of generality, that

lim wy, =l B = |F@)| =o.

1—> 00 71— 00
These two relations imply w € S. Combining this with Corollary 3.1(ii), we deduce that w is
also an accumulation point of the sequence {z}}. Hence there exists an infinite index set K,
such that limpex k—oo x =W € S. Letting «* := w in Theorem 3.1, we have

lim ||z —w||= lm ||zx —w| =0,

k—o00 kEK, k—oo
which further implies that the whole sequence {x;} converges to w € S. Moreover, by the
relation in (3.17) and Corollary 3.1(ii), we deduce that both {wy} and {z;} also converge to w.

Therefore, all the sequences {x}, {wx} and {2z} converge to a solution of problem (1.1). As
a result, the proof is complete. O
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As elaborated in [50], we know that the convergence of IRTTCGPMN depends on the
summability condition (3.1). In the following theorem, we provide a sufficient condition for
(3.1) by assuming that the sequence {«y} satisfies certain easily implementable conditions.

Theorem 3.3. Let sequences {xy} and {ax} be generated by IRTTCGPMN. Suppose that As-
sumption 3.1 is valid, and that there exist 0 < a < v <1 and p € (0,2) such that the sequence
{ax} satisfies
0<ay<apt1<a<v<l k>0, (3.22)
and
2(v —1)2
2v—12+3v -1

7 =pv) = (3.23)

Then, we have

oo
Z ||.T]€ - xk_1||2 < oQ.
k=1

Furthermore, the summability condition (3.1) holds.
Proof. By the definition of wy in (2.4) and the important inequality
2a"b < |la|® +|Ib)|%, a,bER",
one can derive

o1 — will® = lJoers — 2el” + afllzr — zr-1|? — 20k (@1 — 2x) " (2r — 21-1)
> Nlzger — all” + afllew — zr—1])* — an (ensr — zl|* + llan — 2r-1]?)
= (1= ap)|zrsr — 2l” — an(l — a)llog — 2 |

Combining this with (3.7) and Lemma 3.4, we obtain

U1 — Uk — o (U — Up—1)
<O — b < (1 + ap)||lzk — zpal®* = (2= ) et — wi?
< ag(l+ ap)llze — -1 ||
—2=2)p (1 = ap)|zrer — @l” — (1 — an)llzr — 21 |?]
=—2-p)p (1 —aw)llzrrs — zkl® + sellee =z |?, (3.24)

where
spi= =20 = 1)ai +2p Lo =203 + 2 k(1 — o) > 0

Let
Gk = up — aptp—1 + sil|we — zp—1®, k> 0.
It is easy to see that
Go = (1 — ao)uo < ug.

From (3.22), (3.24) and the definition of sj, we deduce that

Chr1 — o = ki1 — Qg1 Uk + Skt [T — 2e]|® — (wn — cwun—1 + sillzr — zp—1?)
< Uppr — Uk — (U — Uk—1) + Sk1||Thp1 — $k||2 — Skl|lzk — $k71||2
<[=207" =i + 20 tar — 2-9)p (1 — )] [[eesr — @l

— 1 —

<[=207" = Dai + 25 tan = (2-0)p (1 — appr)] e — ol

= —q(ars1)|zesr — z?, (3.25)
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where
qit) =20 =12 —(dp -t +2p7 — 1. (3.26)

From [3, Lemma 4], we know that the inverse function of 5(-) defined in (3.23) can be written as

_ 22— p)
4—7p+/p(16 — 7p)

It is easy to verify that v is a root of the equation ¢(¢t) = 0. By [3, Lemma 5], we get that the
function ¢(¢) is strictly decreasing on [0, v]. Hence, we have

v

€(0,1), pe(0,2).

q(t) = q(@) > q(v) =0, Vitel0,a] C[0,v).
Combining (3.22) and (3.25) yields
Cet1 = G < —q(@)||zsr — 2] <0, VE 20, (3.27)

which further implies that the sequence {(} is monotonically nonincreasing. Using uj > 0 (see
(3.14)), (3.22) and the definition of (i, we obtain

—aup—1 < up —aup—1 <up — ogup—1 < G < Go < uo.

It then follows that (; > —aui_1 and

k—1
ur < aug_1 +up < afug+ug Y ol < afug + -
i=0

Uo

(3.28)

On the other hand, it follows from (3.27) that
q(@)||zk — zp-1]* < Qo1 — Gy VE> L
Further, using (x > —aug—_1, (3.28) and the fact that 0 < a < 1, we derive that

k
2 _
q(c) Z 2 — 2j—1]|* < Co — Gk < uo + qug—1 < g + 1110(1 < ( - _Oé(luo.

Jj=1

Therefore, for all k£ > 1, it follows from (3.22) that

k k
(2 — a)ug
S ajllas —wial? < D wy —aalP < A= a)gla)” (3.29)
j=1 j=1 q

Thus, the proof is complete. O

4. Tteration-complexity Analysis

In this section, we establish the asymptotic and non-asymptotic convergence rates for the
proposed method. To this end, the following assumption is necessary.

Assumption 4.1. The mapping F' is locally Lipschitz continuous on R".
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To facilitate the subsequent analysis, let us define
Me =T "Mk,  Zk = wi + Nrdy. (4.1)
It then follows from (3.17) that
12k —wil =7 "mllde]] — 0 as k — oo

By Theorem 3.2, the convergence of the sequence {wy} implies that the sequence {Zj} is also
convergent. Consequently, for the convergent sequences {wy}, {2}, and {Zx}, there exists
a compact set Q C R™ such that {wg,z;, 2k} C Q. Combining this with Assumption 4.1
and [39, Theorem 2.1.6], there exists a constant L > 0 such that

[F(p) = F(g)ll < Llp—qll, Vp,qe (4.2)
The following lemma states that the steplength sequence {n;} has a positive lower bound.

Lemma 4.1. Suppose that Assumptions 3.1,3.2 and 4.1 hold. Then the steplength sequence
{nr} generated by (2.5) satisfies that

Tt = (1+ D)7
L+ ov)[p? + p(l+ ) + 1]?

N =1 = min{% I } >0, Vk>0. (4.3)

Proof. Clearly, if n; = v, then (4.3) holds. Otherwise, 7y = 7 11, does not satisfy the
adaptive Armijo line search (2.5), namely,

—F(zZ) "di < o min{w, §| F(Z) [ Hdil|* < ovige i,

where Z; is defined in (4.1). This together with (3.4), (4.2) and {wy, 2z} C Q yields

(1- ) e

~ T ~
< —Fk—rdk = (F(Zk) — Fk) di — F(Zk)—rdk
< (L +ov)iilldi|® = (L + ov)r™ i ||
Therefore, it holds that
T[4 — (1 + %] || Fx?
AL+ov) |dil?
T[4 — (1+8)% [ £ 1>
UL+ ov) (14 1+ D) p+1/12) | B2

Tutd — (1+1)%
AL+ ov)[p? + p(1 +1) + 1]27

Mk >

where the second inequality follows from the second inequality in (3.5). This yields the desired
result and the proof is complete. ([l

The asymptotic convergence rate characterizes the behavior of the algorithm as the number
of iterations approaches infinity. With Theorem 3.1 and Lemma 4.1 at hand, one can establish
the asymptotic convergence rate for the proposed method.
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Theorem 4.1. Let sequences {wy} and {zx} be generated by IRTTCGPMN. Under Assump-
tions 3.1, 3.2 and 4.1, we have

O IF* < oo (4.4)
k=1
Further, as k — oo, it follows that

, (1
min, |Fl = o <%> . (4.5)

Proof. Based on Theorem 3.1(ii), it follows from the definition of k11 in (3.7) that

= D7 flw — 2zl
2 — 7 027k < hk < oQ.
2 oGP S <2

Hence, one can deduce from (3.16) and the definition of zj that

oo oo
Dl =z l* =D milldil* < oo
k=1 k=1

Furthermore, by (3.5), we get

o0
Do nklFell* < oo,

k=1
Combining this with Lemma 4.1, we obtain the desired result in (4.4). Then, by (4.4) and the
Cauchy principle, one can deduce that (4.5) holds. O

In practical applications, it is impossible to perform infinite iterations, making it crucial
to understand the performance of the algorithm within a finite number of iterations. This
is the significance of the non-asymptotic convergence rate. To establish the non-asymptotic
convergence rate of the proposed algorithm, we need the following lemma, which can be derived
from Lemma 3.4.

Lemma 4.2. Suppose that Assumption 3.1 holds. Let the sequences {u}, {ht}, {ar} and {6x}
be generated by IRTTCGPMN. For all k > 1, the following holds:

k k—1
1
j=1 7=0

Proof. To begin with, we obtain from (3.7) and (3.15) that
U1 — Uk < Upg1 — Wk + D1 < ap(up — Up—1) + Og.
It then follows from ay, € [0,«] C [0,1) that
U1 — ugp < o (up — up—1) + 0 < afur — up—1]4 + o,

where []1 := max{-,0}. This, together with the known relation ugp = u_; from Lemma 3.4,
further tells us that

[wrs1 — ugl+ < afur — up—1]4+ + 6k
k . k .
< akJrl[uo —u_1]+ + Z aldp_; = Zoz](;k,j.
§=0 §=0
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Therefore, we claim that for all £ > 1,
k—1 k=1 / i =
Z[’uH_l - ui]+ < Z (Zaj(si_j) < m ‘ 6j.
=0 =0 7=0 7=0

Hence, using up = u_1 again, ay, € [0, C [0,1) and (3.15), after some algebraic manipulations
we find that for all k£ > 1,

k k-2 k-1
uk+2h] SuoF o) [ujp uj]++26J
j=1 j=0 Jj=0
= =
< 1) 1—
uo-i-a(la J>+( )<1QZJ>
j=0 Jj=
=
= Uugp + 1o Z 5]'.
7=0
This completes the proof. O

Combining Lemma 4.2 with Theorem 3.3, we can deduce the following result.

Corollary 4.1. Under the assumptions of Theorem 3.3, let q(-) be defined as in (3.26) and
z* € S. Then, for all k > 1, we obtain

k 2 4
_ 7 _yllwj—1 —z—all* __
e +Z(2_p)(max {202 ] IIFEz- 1)H; 7l _wj_1|2})
=1 J*

Proof. Tt follows from (3.29) and the definition of d; in Lemma 3.4 that

k

k
1 1
o 2% = 1o 2+ )l — i
j=0 j=1
a2 -a)(1+a)

= TA-aga) 4.7
(- aPgla) (4.7)
Thus, the desired result follows from the definition of hy in (3.7), (4.6) and (4.7). 0

We are now in the position to establish the non-asymptotic convergence rate (iteration
complexity) of the proposed IRTTCGPMN.

Theorem 4.2 (O(1/v/k) Convergence Rate) Under the assumptions of Theorem 3.3 and
Lemma 4.1, let q(-) be given as in (3.26). Then for every k > 1, there existsi € {0,1,...,k—1}
such that for some constant ¢y > 0,

1
[E: < c1=.

Vi

Proof. Tt follows from Corollary 4.1 that, for every k > 1, there exists i € {0,1,...,k — 1}
such that

Cvema o2 Xl Al a-a)1+a)\
@ {prt Pl 7 e i < (1 TG o



An Inertial-relaxed Three-term CGPM for Nonlinear Pseudo-monotone Equations 17

Combining this with the definition of z; and the last relation in (3.16), we deduce that

it _
(2 — p)k max {/_)O’2u, Yaiy U}i||2}

M
7 |[mads||* _ _
s<2ﬁmme{m¥—L————,ﬁ Ui — wi?
2T ()]
a2—a)(1+a)
<1 .
—< A= ape@ )

From the relation in (4.3), it then follows that

(1 +a2-a)(1+ a)/((l - oz)2q(a)))M12u0-

di||* <
|t < G )prh

This leads to the inequality

o ] A @2—a)a(l+a)/((1—a)q(a))u [My__; 1

n¢ns¢ o i
_ (/[(IQ)Q(Q(Q) —(1+a)) + (1 +a)]u I

(1—a)?q(@)(2=D)p o' Vk

Hence, by Lemma 3.1, we obtain

W < i/[(l—a)Q(q(a)—(l-l-a))+(1+O¢)]u0 M, <n (1 (1+ﬂ2) %>‘1'

(- 0Pa(@)@ - 7)p o r
Letting
o s [0=e(a@) = O+ a) + L+ a)ug [My (0 (14D
b (1— 2@ - pp o\ 4 ’
one can conclude )
il < o
which completes the proof. ]

5. Numerical Experiments

In this section, we validate the effectiveness of the proposed IRTTCGPMN, and apply it
to solve large-scale benchmark test instances and sparse signal restoration problems. Mean-
while, we compare the proposed algorithm with four closely related algorithms: TTCGPM [26],
FISAP [56], IRTTCGPM [50], and EIRCGPM [20]. All codes are written in MATLAB R2016a
and run on a 64-bit Lenovo PC with an Intel(R) Xeon(R) E-2224G, CPU 3.50 GHz,64 GB
RAM, and Windows 10.0 OS. Throughout this section, we stop the program when one of the
following five termination conditions is met:

(i) [|F ()] <1077,

(ii) [[Fll < 1075,
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(iit) [|F(21)]] <1076,
(iv) [ldi| <1077,
(v) Itr > 2000,

where the symbol “Itr” represents the number of iterations. If the last condition is satisfied, we
declare that the algorithm is unsuccessful for the corresponding test problem, and the numerical
results obtained are denoted by “NaN”.

The parameters for IR'TCGPMN are set as follows: g = 0.2, = 0.2, = 1, and 7} = 1,
v =1l,0 = 0.01,7 = 04362, = o = 0.18966,v = 0.18976, and pr = 1.4882 < p(v).
Clearly, the inertial extrapolation steplength «aj and the relaxation factor p; satisfy (3.22)
and (3.23), respectively. The parameter settings for other four algorithms are consistent with
those in the respective original papers. Specifically, we set v = 1,0 = 0.01,7 = 0.5, and
pr = 1 for TTCGPM; p = 14,v= 1,0 = 0.01,7 = 0.5, = o = 0.18966, v = 0.18976, and
pr = 1.4882 < p(v) for IRTTCGPM; v = 1,0 = 0.01,7 = 0.5, = o« = 0.1, and px, = 1.7 for
FISAP; and v = 0.392,0 = 0.01,7 = 0.4028, a, = o = 0.1, and p;, = 1.7 for EIRCGPM.

5.1. Benchmark test instances

We first list some benchmark test instances, where the form of the mapping F defined
in (1.1) is as follows:

F(z) = (A(), f2(x),. .., ful2)) .

Problem 5.1 ([36]). Set
file)=e€e"" =1, i=1,2,...,n.

Problem 5.2 ([57]). Set

filx) = 2z; —sin(|z]), i=1,2,...,n.
Clearly, this problem is nonsmooth at = = (0,0,...,0)".
Problem 5.3 ([58]). Set

filx) =221 —axo+ ™ =1,
filr) = —2i 1 + 22—z +e™ =1, i=23,...,n—1,
fn(x) =22, —Tp— + € — 1.

Problem 5.4 ([1]). Set

fl(l') =2.5x1 +x9 — 1,
fi($):$i_1+2.5l'i+$i+1—1, 1=2,3,...,n—1,
fo(x) = Tpo1 + 2.52, — 1.

Problem 5.5 ([47]). Set

1 1 o
fi(x):xi—gxf—i—gzlxi—i—z, 1=1,2,...,n.
P
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Problem 5.6 ([8]). Set

f1($) =T — e(xylli?)
Ti—1FTi T4

file) =z —e" ) i=23,...,n—1,

Zn—1ten )

fn(x) =Tp — 6( ntl
Problem 5.7 ([43]). Set

fi(@) =z (af +23) — 1,
fi(z) (v7 + 227 +a2,,) —1, i=23,...,n—1,
fa(@) =2 (22 ) +22) — 1.

Problem 5.8 ([54]). Set

ZT;
Tn

fl(z)zewlfla fi(x):eli+zi*15 7::2537'-'5”

To minimize the impact of the initial point xg on the algorithm, we generate zy for all
test problems using the MATLAB script (rand(n,1))*4-1. In our experiments, we set n =
1000, 3000, 5000, 8000, 10000, 30000, 50000, 80000, and 100000 for all problems except Prob-
lem 5.5. For Problem 5.5 we only consider n = 1000,3000 and 5000 as the solution pro-
cess is time-consuming for all methods. The corresponding numerical results are presented in
https://github.com/Qiongxuant/Numerical-Result_tables/blob/master/Numerical Res
ult_tables.pdf, where we report Itr, the number of function evaluations (NF), the CPU time
in seconds (Tcpu) and the final value (|| F*||), averaged over 5 random instances. It is worth to
mention that the first column of each table stands for the problem dimension multiplied by 10%.
Furthermore, we utilize the performance profile introduced by [10] to effectively characterize
the performance of these algorithms.

Based on the results listed in https://github.com/QiongxuanH/Numerical-Result_table
s/blob/master/Numerical Result_tables.pdf and Figs. 5.1-5.3, it is evident that the pro-
posed IRTTCGPMN outperforms the other four methods in terms of Tcpu, NF and Itr, while
it also achieves better solution quality than TTCGPM and IRTTCGPM. There may be two
underlying factors which lead to the superior performance for the proposed method. Firstly, the
inertial-relaxed technique does significantly accelerate the convergence of the algorithm numer-
ically. Secondly, IRTTCGPMN inherits the effectiveness and stability of the hybrid three-term

CGPM.
§ gt ! AR —— “ e i
4 ] [ oer H f\ 09‘ ¥ ‘!
4 f TTCGPM
¢ 08 § 08t
j ™~ TTCGPM j '7'\ | lr ~ S
f 07 07
o Y\f\.:\ IRTTCGPM DJ '.-'" IRTTCGPM
i IRTTCGPM .
H Tos FISAP Tos
{ IRTTCGPMN 04 o EIRCGPM
0 IRTTCGPMN o A mrrcerens
FISAP ot § H W }
5 EIRCGPM HE
EIRCGPM o { ,x" FISAP
o . BT

Fig. 5.1. Performance profiles on Fig. 5.2. Performance profiles on Fig. 5.3. Performance profiles on
Tcpu. NF. Ttr.
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5.2. Sparse signal restoration

In this subsection, we focus on evaluating and discussing the performance of the proposed
method for solving the sparse signal recovery problem, which can be modeled as a penalized
least squares problem

. 1 2
min f(z) := 5| Az —b]" + ellz]ls, (5.1)

where A € R™*™(m <« n), b € R™ is an observation and ¢ > 0 is a regularization parameter
that balances data-fitting and sparsity. Letting u := max(z,0) and v := max(—=z,0), where
the operator “max” denotes componentwise maximum, one can deduce that = u — v and
lzlli = e} u+ el v with e, = (1,1,...,1)T € R™. TFollowing the studies in [12,45], the
penalized least squares problem (5.1) can be equivalently reformulated as a system of nonlinear
equations

F(z) =min{z, Hz+ ¢} =0, (5.2)

where the operator “min” is interpreted as componentwise minimum,
U oen, —ATD ATA —ATA
z = , Cc= |, H= T T .
v oe, +A'b —A'A A'A
Furthermore, based on [45, Lemma 2.2] and [34, Lemma 3], one can conclude that the mapping
F : R — R?" is Lipschitz continuous and pseudo-monotone. As a result, we can apply the
proposed IRTTCGPMN to solve (5.2).

By convention, the quality of signal recovery is evaluated by adopting the so-called mean
squared error (MSE)

1
MSE = —[|z" — ],
n

where z* represents the restored signal and x is the original sparse signal. Clearly, the smaller
the MSE value, the better the corresponding method. In our experiments, we use IV to represent
the number of non-zero entries in . For a given triplet (m,n, N'), we use the following MATLAB
codes to generate the test data:

x = zeros(n, 1); % initialize the original sparse signal
q = randperm(n);

x(q(1: N)) = randn(N, 1);

A =randn(m,n);

A = orth(A")’; % orthonormalize the rows of A

b= A xx+ 0.001 x randn(m, 1);

varrho = 0.005 * max(abs(A’ xb)); % the regularization parameter

In this part, the parameters for the proposed algorithm are the same as those of IRTTCGPM.
All methods start their iterations with xy = A"b, which further implies that

] = b o)

Note that we only compare our proposed method with IRTTCGPM, FISAP and EIRCGPM
because TTCGPM is failed to solve (5.2) within the maximum number of iterations. From
Figs. 5.4-5.6, we again illustrate that the proposed IRTTCGPMN is superior to the other three
methods in terms of T'cpu and Itr.
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m=1024, n=4096, N=64, varrho=3.15e-03 m=1024, n=4096, N=64, varrho=3.15e-03
T T T T T T

0.014

0.014

— IRTTCGPM
— IRTTCGPMN
——FISAP
—EIRCGPM

1
— IRTTCGPM
— IRTTCGPMN!
——FISAP

0012 [=—EIRCGPM_ | 0.012

0.004 0.004

0.002 0.002

L h |
0 50 100 150 200 250 300

Itr Tepu ’ ! : ’
Fig. 5.4. MSE in terms of Itr. Fig. 5.5. MSE in terms of Tcpu.
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Fig. 5.6. The original sparse signal and the restored signals.

6. Conclusions

In this paper, we propose an inertial-relaxed three-term conjugate gradient projection me-
thod for solving large-scale unconstrained nonlinear pseudo-monotone equations. The search
direction generated by the proposed method owns the sufficient descent and trust region prop-
erties independent of the line search technique. Under some mild conditions, we establish the
global convergence of the proposed method, and analyze the asymptotic and non-asymptotic
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convergence rates in terms of iteration complexity. The numerical results demonstrate that our
method not only absorbs the strength of the inertial-relaxed technique and inherits the good
properties of the three-term conjugate gradient projection method, but also benefits from the
adaptive Armijo line search, resulting in significantly improving the computational efficiency of
the proposed method compared to four state-of-the-art algorithms.
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