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Abstract

Consider the inverse acoustic scattering of time-harmonic point sources by a locally
perturbed interface with bounded obstacles embedded in the lower half-space. A Newton-
type iterative method is proposed to simultaneously reconstruct the locally rough interface
and embedded obstacles by taking partial near-field measurements in the upper half-space.
The method relies on a differentiability analysis of the scattering problem with respect to
the locally rough interface and the embedded obstacle, which is established by introducing
a kind of new shape derivatives and reducing the original model to an equivalent system of
integral equations defined in a bounded domain. With a slight modification, the inversion
method can be easily generalized to reconstruct local perturbations of a global rough
interface. Finally, numerical results are presented to illustrate the effectiveness of the
inversion method with the multi-frequency data.

Mathematics subject classification: 65N21, 78A46, 35J05.
Key words: Newton iterative algorithm, Shape derivative, Inverse scattering, Locally rough
interface, Embedded obstacle, Multi-frequency data.

1. Introduction

This paper is concerned with the two-dimensional inverse scattering of time-harmonic acous-
tic point sources by a locally rough interface with bounded obstacles embedded in the lower
half-space. Such problems can find important applications in diverse scientific fields such as geo-
physics, underwater exploration and nondestructive testing, where the unbounded interface and
embedded obstacles need to be reconstructed simultaneously from scattered field measurements
over certain subdomains of the upper half-space.

In this paper, we consider the interface to be different from the planar interface over a fi-
nite interval, namely, locally rough surfaces. In this case, the whole space is divided into the
upper and lower half-space, where an impenetrable obstacle is assumed to be embedded in the
lower half-space. Considering a point source as an incident wave, then the wave motion is
governed by the two-dimensional Helmholtz equation with a piecewise constant wavenumber.
Since the interface is locally perturbed, the classical Sommerfeld radiation condition can be used
to guarantee the uniqueness of the solution to the scattering problem. In the above setting,
it is well-known that if there are no embedded obstacles, the well-posedness has been proved
in associated function spaces by either the variational method, e.g. [2,7,43], or the integral
equation method, e.g. [9,10,25,38]. For the case of the presence of embedded obstacles, it
was shown in [45] that a new technique was proposed to prove the well-posedness by reducing
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the original problem into an integral equation defined on a bounded region. Motivated by this
technique, we study in this paper the inverse problem for simultaneously recovering the infinite
interface and embedded obstacles from the near-field measurements. It is noticed in [45] that
a global uniqueness theorem has been proved that the interface and embedded obstacles can
be uniquely determined from near-field measurements on a bounded line segment in the up-
per half-space. With this result, we aim to develop an efficient algorithm to solve the inverse
problem numerically. Notice that if there are no embedded obstacles, many inversion algo-
rithms are developed for solving inverse rough interface scattering problems in the literature
such as the Kirsch-Kress method [26], Newton-type algorithms [11,42], algorithms based on the
transformed-field expansions [4], and non-iterative qualitative methods [27,30, 31, 36, 46]. For
the case of a planar interface with buried obstacles, we refer to the MUSIC-type scheme [1],
the asymptotic factorization method [15], the sampling method [14], and the direct imaging
algorithm [24,29]. More generally, for the case of a rough interface with buried obstacles, the
inversion algorithm was recently proposed in [28], which proposes a new version of the linear
sampling method (LSM) for the numerical recovery of rough interfaces and embedded obstacles
by constructing a modified near-field equation. Compared to the non-iterative LSM method,
which can provide a good initial value for the iterative method, we aim to develop a Newton-
type iterative method to further accurately recover the shape of the interface and embedded
obstacles. As related works, we also refer to [3,5,6,8,13,22,23,33,34,41,44,47] for the case of
impenetrable rough surfaces.

The iterative method is a popular approach to solve the inverse scattering problem, where
the key point is to analyze the Fréchet differentiability of the far-field or near-field with respect to
the scatterer or physical parameters. A lot of literature can be found on Fréchet differentiability
analysis, but they are mostly restricted to the case of bounded obstacles, e.g. [17-21,37,39,40].
It is more challenging for infinite surface scattering problems, especially for the penetrable in-
terfaces case. So far, the relevant results can only be provided when the surface is impenetrable
and locally rough. It was shown by Bao and Lin [5] that the Fréchet differentiability analysis of
the inverse locally rough scattering problem with a Dirichlet boundary condition can be proved
based on the Dirichlet reflection principle of the Laplace operator. This approach was also
extended by Qu et al. [41] into the inverse locally rough scattering problems with a Neumann
boundary condition. However, the reflection principle fails in the impedance and penetrable
interface scattering problems. Recently, Liu and Yang [35] established the Fréchet differentia-
bility analysis of locally rough surfaces with Dirichlet and impedance boundary by transforming
the original problem into a bounded boundary integral equation and repeatedly using Green’s
theorem. Nevertheless, this approach also fails in the case of penetrable interfaces, because
in this case the scattering problem cannot be transformed into a bounded boundary integral
equation, and to the authors’ knowledge, there is no related works on Fréchet differentiability
analysis for infinite rough interface scattering problems.

In this paper, we will propose a Newton-type iterative method to simultaneously reconstruct
the locally rough interface and embedded obstacles, in which the main difficulty is how to estab-
lish the corresponding Fréchet differentiability analysis. In order to overcome this difficulty, we
will first introduce the concept of shape derivatives, where the shape transformation function
are defined, which allows us to use the one-dimensional variables ¢ and s to characterize the
shape variation of rough interfaces and embedded obstacles. Further, we introduce the per-
turbation problem with respect to ¢t and s. With the help of a special hemispherical interface
problem, the perturbation problem can also be reduced to a system of integral equations de-
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fined on a bounded region. We can then prove that the near-field is differentiable with respect
to t and s at 0 by showing that the integral operators are differentiable, respectively. Finally,
we give a characterization of the shape derivative of the near-field which is proved to be the
solution of a certain forward scattering problem by using the potential theory. With this re-
sult, we propose a Newton-type iterative algorithm to numerically reconstruct the locally rough
interface and embedded obstacles simultaneously. Numerical results show that the algorithm
works well for the simultaneous reconstruction of infinite interfaces and buried obstacles even
in high noise levels.

The rest of this paper is organized as follows. In Section 2, we introduce the mathematical
formulation of the scattering problem and reduce it to a system of integral equations defined
on bounded regions. In Section 3, we give shape derivatives of the scattered field with respect
to the infinite interface and embedded obstacles, respectively, along with the characterization
of derivatives. In Section 4, we propose a Newton-type algorithm with multi-frequency data
to simultaneously recover the locally rough interface and embedded obstacles in the lower half-
space. In Section 5, we give some numerical results to demonstrate the effectiveness of the
algorithm. Finally, some conclusions are given in Section 6.

2. Mathematical Formulation

As in Fig. 2.1, the scattering interface is described as
.= {(:L'l,l'2> eER?:qy = f(xl)},

where f is a Lipschitz continuous function with compact support, which indicates that the
scattering interface is a local perturbation of the planar interface. The scattering interface I'
divides R? into two parts

£1,T2

0= {( ) ER? 1 my > f(21)},

Qo = {(21,22) €R* 1 w3 < f(21)},

where 2, and €5 denote the upper and lower half-spaces, respectively. Let the upper half-
space equip with the wavenumber x; and the lower half-space equip with the wavenumber k.
Moreover, we assume that D is a bounded and simply-connected obstacle embedded in the
lower half-space and that 0D € C?%,0 < a < 1.

Consider the point source

i

4Hél)(n1|:c —z|), z#z z€

Dy (2, 2) :=

as the incident field u®, where Hél)(~) is the Hankel function of the first kind of order zero
and @, (-,-) is the fundamental solution of the Helmholtz equation in free space, i.e. @, (-, 2)

¢

Fig. 2.1. The physical configuration of the scattering problem.
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satisfies the equation

Aq)nl ('7 Z) + H?q)nl ('a Z) = *52()
in the distribution sense. Here, 0,(-) := 6(- — 2z) is the Kronecker delta distribution. Then the
scattering of u’(-,2) by I" and D can be modeled by the two-dimensional Helmholtz equation

Au+ k*u = -4, in R*\D, (2.1)

where the wavenumber x > 0 is defined as the piecewise constant, i.e. kK = k1 in ; and
Kk = kg in g, and u is the total field defined as v := u® 4+ «® in Q; and u := u® in QQ\D.
For simplicity, we consider embedded obstacles to be sound-soft, i.e. u satisfies the Dirichlet
boundary condition

u=0 on 0D. (2.2)

Since I' is a locally rough interface, we can suppose that the scattered field u® satisfies the
Sommerfeld radiation condition

lim /r <8u - inus) =0, r=]|z (2.3)

r—»00 or

uniformly in all directions 2 := z/|z| € S = {x € R? : |z| = 1}. It is noted that the Sommerfeld
radiation condition (2.3) can be replaced by the much weaker upward and downward propagat-
ing radiation conditions (cf. [10]) for the general rough interface case, which can be shown to
be equivalent to (2.3) for the locally rough interface case. For a more detailed discussion the
reader is referred to, e.g. [13,26].

2.1. Special hemispheric interface problem

In this subsection, we introduce the special hemispheric interface problem. As shown in the
Fig. 2.2, we introduce the special hemisphere interface

I'r:= {(xl,x2)€R2 : 29 =0 for |z1| > R, and xo =/ R? — 2?2 for |x1] <R}.

Then, I'r divides R? into two parts € g and Qs g. Using the point source wave @, (z, 2),
i = 1,2, as the incident field, we have

AGR + k%4GRr = =4, in R2\{z}
' oGS, . (2.4)
Jim Vr ( o mRGR) —0 e

where kg = k1 in Q1 g and kg = K2 In Qg g. It is clearly seen (cf. [45]) that

Gr(x,2) =GR (7, 2) + P, (x,2), €N R, 2€UR,
Gr(z,2) = GRa(w, 2), r€Qopr, 2€MWR,
Gr(z,2) = GR73(:c,z), xr €M, z2€QnR,
Gr(z,2z) = Gh(x,2) + Pp,(2,2), € Qop, z€Qnr,

Fig. 2.2. Special hemispherical interface.
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where G | (,2) and G 4(z, z) are scattered waves, and G ,(7,2) and G} 3(z, 2) are trans-
mitted waves.

2.2. Perturbation problem
In this subsection, we introduce the shape transformation function and the perturbation
problem for (2.1)-(2.3). Firstly, we give a few notations.
Definition 2.1. Lip(R?): The set of bounded Lipschitz functions from R? to R?.
Definition 2.2. C*°(R?): The set of infinite order differentiable functions from R? to R2.

Definition 2.3. Define the diffeomorphism 1 : t € [0,T) + (t,-) € Lip(R?) second order
differentiable at t = 0 with ¥(0,-) = I, 93(0,z) = V(x) € C*®(R?) and 02 (0,z2) = U(z) €
C>(R?). In particular, we assume V (x) =0 for any x € 'g.

Definition 2.4. Define the diffeomorphism ¢ : s € [0,5) — ¢(s,-) € Lip(R?) second order
differentiable at s = 0 with $(0,-) = I, 0;¢(0,2) = ¥ (x) € C°(R?) and 92¢(0,2) = % (x) €
C>(R?).

For convenience, we denote
Ty =@, T), x:=¢(t,x), O0Ds:=¢(s,0D), zs:=¢(s,x).

Meanwhile, we define the Jacobian determinants of ¥ (¢, ) and ¢(s,x) by J(¢t,z) and _Z (s, ),
respectively. From the above definition, it can be seen that (¢, z) describes the deformation
of Ty and ¢(s, ) describes the deformation of dD;.

With the above shape transformation functions ¥ and ¢, we introduce the perturbation

problem
Aup s+ KZup s = =0, in R\ Dy,
U =0 s on 0D, (2.5)
u

of (2.1)-(2.3), where the wavenumber k; > 0 is defined as the piecewise constant, i.e. k; = K1
in Q1 and Ky = Ko in 4 o. Here, ;1 and {2, 2 are the upper half-space and the lower half-space
corresponding to I'y.

Note that Gr(x,y) contains the information of I'g, and the solution u; s of (2.5) contains
the information of I';. Naturally, we consider the difference v (-, 2) := us(-,2) — Gr(-, 2).
Then, according to (2.4) and (2.5), v s satisfies the following problem:

A'Ut,s + H?{'Ut,s = Gt,s in ]R2\DS,

v,s = —GRr on 0Dy, (2.6)
vy s .

lim \/F( e 1HRUt,s) =0, r=|z,

r—00 or

where 7 := k3 — k%, B; := ¥(t, B),

B:= {(zl,zg) €R? : f(z1) < a9 < \/R2—2? for |z1] < R},

nuts(-,2) in By,
Jt,s ‘= _
! 0 in R?\B,.
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We set R large enough to make the hemisphere fully contain the local perturbations. For the
sake of convenience, we denote the boundary 0B := S;g UT'r of the domain B, where

f‘R = {($1,$2) el: |$1| < R},
Sk o= {(.Tl,l'g) €R?: |z1| < R and x5 = /R2 —xf}

In order to demonstrate the existence of the solution of the scattering problem (2.5), we intro-
duce the following potential operators with the kernel Gr(z,y):

T(@) = [ Grlon )l (t.9) 1o ) do, v€B,
Tabl@) = [ Glan)lI )l dy v €D,
Sep(w)i=2 | Galan)] S (sule(w) dsy). € 0D,
Suiele) = [ Grlonun)l £ (s0)lel) dsty). € B

Kupla) =2 [ PCHEI)| oty asty), o€ oD,

> L aGR(ztays)
Ropla) = | ZHEER)| 7 (s yloty)asty). @ e B

where z; = ¥(t,x),y: = V(t,y),zs = ¢(s,2),ys = ¢(s,y), and vs denotes the exterior unit
normal vector to 9D;.

Since Ggr(z,y) and @, (z,y) have the same singularity in the neighborhood of z = y, it
follows from [12] that Sy and K, are bounded and compact operators from H'/2(9D) into
H'Y2(dD), and T; is a bounded and compact operator from L?(B) into L?*(B), and S; , and
K, are bounded and compact operators from H'/2(dD) into L?(B), and T, is a bounded
and compact operator from L?(B) into HY/?(dD).

For (2.6), we look for a solution to (2.5) in the form

wpn(@,2) = Grlz,2) — 1 / G (@, 4| T (b)) sl 5 (9, 2) dy
B

- [ T e LA Gl ) (2)
for z € R?\{0D; U z} with density functions

at,s|B('7 Z) = ut,s|Bt (d}(t; ')a Z) S L2(B>a

Bral2) = e ((5.), 2) € H*(OD),

and a real coupling parameter p # 0. Then we deduce the following theorem.

Theorem 2.1. A combined potential u; s(-,z) € L2 (R?\({z} U Dy)) of the form (2.7) is a so-

loc
lution of (2.5) if iit.s|B(-,2) € L*(B) and @y.4(-,2) € HY?(D) satisfy the following system of
integral equations:
Ut sl + (Kt,s — ipgt,s)szt,s + 0Tt s\l = éR,t in B, (2.8a)
Gr.s + (Ks — ipSs)pr,s + 20Ty sties|p = 2Grs  on 9D, (2.8b)

where Gpi(-, 2) == Gr(¥(- 1), 2) and Grs(- 2) == Gr(é(-, 5), 2).
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Proof. A simple calculation shows that u; s defined by (2.7) satisfies Auy s + Kk2us s = 0 in
R2\({z} U D). Since Gp satisfies the Sommerfeld radiation condition, u, s also satisfies the
Sommerfeld radiation condition. Restricting (2.7) to B; gives the Eq. (2.8a), and the Eq. (2.8a)
can also be extended to (2.7). For the Dirichlet boundary condition, we can use the jump
relation(cf. [12]) of the potential operator to deduce

1 . - ~
ut,S('v 2)|y+ = GRr(:2) — i(Ks —1pSs + I)Sﬁt,s('v z) — nTt,sUt,S|B('a z) =0,

where -|+ indicating the limits of - from the outside and inside of 9D;. O

We define M, : L?(B) x H'/?(0D) + L?(B) x H'/?(0D) by

M, , = 77Tt f(t,s - ’L:pgt,s .
’ 277Tt s Ks—1ipSs

Then the system of integral equations (2.8) can be written as

(I+ M.} (a;,8|3> - ( Grlp > (2.9)

ts 2GR s|op
Theorem 2.2. There is a unique solution to (2.9) such that

() QMM@D

I
L2(B)xH/2(dD) 2GR.slon (2

where C = C(B, D, K) is a positive constant.

)

L2(B)x H'/2(dD)

Proof. Note that all elements of M, , are weak singular-type operators, leading to that M s
is a compact operator. Thus, the existence of the solution to (2.9) follows from the uniqueness
by the Riesz-Fredholm theory. Consider the following homogeneous problem:

sl B+ (Kos = ipSe,s)@us + 1T p =0 in B,

Gt.s + (Ks —ipSs)Pr,s + 277Ttﬂt,s|B =0 on 0D.
We first have ;s = 0 in R?\ D from the uniqueness (cf. [45]) of (2.5), which i 5|5 = 0 follows.
Using the jump relation of the potential operator yields

8’114575

ut15|* = QOt,s, aV = ipsﬁt75 on aDS,
S

where |1 indicating the limits of - from the outside and inside of dD;. Finally, using Green’s
theorem, we obtain

. _ ou
i [ el asto) = [ -G dsa
oD 0Dy Vs |_

s

:/ {|gradutﬁs|2—n§|ut75|2}dx,
D

which gives @ s(-, 2) = 0 on 0D by taking the imaginary part for both sides of the equation.
It is easy to see that the operators in My , are related to B, D and k, so the corresponding
constant C depends on B, D, and . The proof is complete. O

Then the total field to the perturbation problem (2.5) can be expressed as

ug s(x,2) = Py s(I + Mtys)flRtﬁsGR(:c,z) in RQ\(DS U 2),
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where
Piy: L*(B) x H3(dD) — HL.(R*\({z} UD,)),

P, (j) (5,2) = Gr(e.2) =1 [ Gl I(0.0)100,2)

_ /ém {% - ipGR(x,ys)} |7 (s, y)le(y, 2) ds(y),

Ri.: HY(Q) — L*B)x H?(0D),

Gr(z,2) ) .

RisGr(w,2) = <2GR(:c 2)

Here, @ is a bounded set in R? containing B and D.

3. Shape Derivative

In this section, we will prove the existence of shape derivatives corresponding to the total
field, which can be characterized as a solution to a special scattering problem.
3.1. Shape derivative of each operator

In this subsection, we will calculate shape derivatives of each operator. We first deal with

Kopto) = 2 [ ZEEERB)) ) iotyyasty

~ [t {h1<|xs—ys|>1°g<'””8‘y‘$')+h2<'x8“f;')} 7 (s, )lo(u)ds(y)

|25 —Ys| |Ts—ys

. / Fis(2,)¢(y)ds(y),
oD

where h; and ho are both analytic functions.

Lemma 3.1. Fg ¢(x,y) is second order differentiable with respect to s at s = 0 and the op-
erators with kernel functions OsFr o(z,y) and 02Fk o(x,y) are compact from H'/2(0D) to
H'Y?(0D).

Proof. We will divide the proof into three steps.

Step 1. Firstly, we define three functions as

Foa8) == frayl) 1= o =il Jany(s) = T Va#y, .y edD.
A direct calculation shows that their derivatives are given by
f2y(0) =V (x) = V(y),
Froa®) = (e =) (V@) =V W)),

fay(0) = fnm«x — ), (P (@) — 7 (W))).
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From the continuity of ¥/(-), it is deduced that |¥'(x) — ¥ (y)| < Ci|x — y|, which leads to
|f124(0)] < Colz —yland |f; , ,(0)] < C3/|z —y|". Here, C; are positive constants. Similarly,
we can directly compute

o = 15 (=), (V@) = W)
= (@) = ). (@) = 7 ()
=) (@) - 2 @), (3.1)
Faal0) = 120+ 1) s (£ O0)? = s 1, 0) (32)

With the help of |% (z) — % (y)| < Calz —y|, (3.1) and (3.2) lead to [f7, ,(0)| < Cs|x —y| and
£2,0.4(0)] < Co/lz —y|".

Define f5 5 4(s) := log|zs — ys| for any = # y and z,y € dD, which first and second order
derivatives are given as

Fraoa®) = = (@ =) (V@) = 7).

Foa0) = 2= (e = 9). (@) = 7 ()"
= (00) = 7). (V) - 7))
m((fc —y), (% (x) - % (y))).

Then, one has estimates [f3 , ,(0)] < C7 and |f3, ,(0)] < Cs.

Step 2. Suppose that © = x(s1),y = y(s2) are local coordinates on dD. Naturally, we have

:CS(Sl) = ¢(57$(51)) and yS(SQ) = ¢(Say(52))' Notice z = (1'1,1'2)73-/ = (y15y2)7¢ = (¢15¢2)5
¥V = (N, %) and % = (% ,%). Then,

05 = {00 — ) = L2 O O]} Ora) (00) el

o) = (222t + (22000 )

It is easy to check that there exist constants Cy, Cig > 0 such that 0 < Cy < f4 ,(0) < Chy. For
fay(s), we also have

where

(’)y1(52 /882 67/1( ( 2))/682 + 8y2(52)/632 . 67/2(y(52))/652
\/(6?41(82)/682)2 + (8y2(32)/652)2

which leads to [f} ,(0)| < C11. Furthermore, we can compute its second order derivative

f1,(0) =

)

(074(y(52)) /Ds2)" + (972 (y(s2)) /Ds2)”
V (Oy1(s2)/052)” + (9ys(52)/0s3)*

f1,(0) =
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L 01(52)/052 - 0% (y(52)) /05 + Dy (2) 52 - 0% (y(52) /05>
\/(591(82)/552)2 + (Dya(s2)/0s2)”

 (0yi(s2) /052 - 074 (y(s2)) /052 + Dya(s2) /052 - 0V (y(52)) /Ds2)”
(991(52)/952)" + (Duals2)/052)")? |

which also implies that [f}, (0)| < C12. We denote

0061 1= { (922 5100620, ~ 32 (30621 ) o) et )

Following the above preparation, it is easy to deduce that ¢(0),4’(0),¢”(0) and h(0), h'(0),
h’'(0) have the same singularity, respectively.

We compute the first, second order derivative of h(s) as

o= { (2] OB (o) -yt

+ (2, aygif)) (7 (o) - 7/<y(52>>>>,
o= (25, P 1

+ () 8”55j2)< (alo1)) % (u(s2)) )

o (22 OB (5 (ofs)) - v utsa) ),

which shows that h(0), h’'(0) and h”(0) have the same singularity.

Step 3. By assumption, | _#(s,y)| and its first and second order derivative with respect to s
are bounded at s = 0. Following the singularity analysis in Steps 1-2, one has that K, is
a bounded operator from H'/2(0D) to H3/?(0D). The proof is complete. a

We also have the following Lemma for Fi s(x,y).

Lemma 3.2.

1im1[/ (FK,s@,y)FK,ou,y))w(y)ds(y)} 0. Fic.o(,y)oy) ds(y)
oD

s—0 8 oD
in the sense of L(HY?(0D), H'/?(dD)).
Proof. From Taylor’s formula, we have
1
Fi 50 (2,y) — Fro(2,y) = s00s Fr0(2,y) + 53/ (1 —a)d2Fk spa(z, y)da
0

for s9 > 0. Using the Fubini-Tonelli’s theorem yields

[/ (1 - )02 Py sl da) () ds<y>'

H1/2(8D)
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sup
a€gl0,1]

/01(1 - ( oD 02FK 500 (2, 9)0(y) dS(y)) do

H1/2(3D)

IN

02 F i o (@, )0 (1) ds<y>H < Cllglmraom).

oD H1/2(3D)

Therefore,

o /@ ) / (1 — )02 Fi ayo (i, ) p(y)daxds(y)

is a bounded linear operator from H'/2(9D) to H'/2(0D). Finally,

310 </6D Fi 5o (7,y)0(y)ds(y) — /E)D FK,O(x,y)w(y)ds(yO

-/ @FK,o(xvyw(y)dS(y)H

H1/2(3D)

1
so/ /(1—a)@SQFK,SW(x,y)go(y)dads(y)H — 0 as sg — O.
oD H1/2(8D)

The proof is complete. O
We easily obtain the following theorem by Lemmas 3.1-3.2.

Theorem 3.1. The operator s € [0,5) — K, € L(HY?(dD), H'/?(dD)) is differentiable at

s =0 with

s Kop(r) = - 0sFrco(, y)p(y) ds(y).

Remark 3.1. Following the lines of K, it can be shown that Ss,Tt,gt,s,f(t,s,Tt,s and P g
are differentiable with respect to ¢ and s at 0, respectively. Then, the matrix operator M
consisting of the above partial operators is differentiable with respect to ¢ and s at (¢, s) = (0,0).

Moreover, the differentiability of R; s can be proved via chain rule and the vector derivation
rule with

2V.Gr(z,z)- ¥V (x)

V.Ggr(z,z) - V(z))
0 )

O0sRo,0GRr(x,2) = ( 0 ) ;
atRoyoGR(:L',Z) = <

3.2. Shape derivative of the total field

Based on the preparation of the previous subsection, we can obtain the differentiability
theorem of the total field with respect to ¢t and s at (¢, s) = (0, 0).

Theorem 3.2. Let uy s be a solution of (2.5), then
(t,s) €10,T) x[0,5) — wus € HZEC(RQ\({Z} U Ds))
is differentiable with respect to t and s at (t,s) = (0,0) with
Dsuo,0(x, 2) = 0 Poo (I + Moo)™" RooGr(x,2) + Poo (I +Moo)™" 0:Ro0Gr(z,2)
— Poo (I +Moo) " 0sMoo (I + Moo) " RooGr(x,2),
Opuo,0(z,2) = 0, Poo (I + Moo)~ "Ry 0GRr(x,2) + Poo(I+ Moyo)~ ! 0¢Ro,0GRr(z, 2)
— Poo (I+Moo) ™" 9:Moo (I +Mog) " RooGr(z,2).
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Proof. Using the derivation formula for the inverse operator (cf. [39]), one obtains
Op(I + M)~ = —(I + Moo) 10 My (I + Moo) ™",
Os(I+Moo)™ " =—(I+Moo) '0My (I + Moo)™ "

The assertion can be shown by using the chain rule and the differentiability of each operator.
The proof is complete. O

3.3. Characterization of the derivations

For this section, we will give a characterization of the shape derivatives of the total field.
Since the incident field is independent of ¢ and s, the scattered field has the same shape derivative
with the total field.

Theorem 3.3. Suppose that u € H} (R*\({z} U D)) is the solution to (2.1)-(2.3). Then total
field uy s has shape derivatives with respect to t and s at (t,s) = (0,0), denoted by v} and u’,

and v}, € H! (R?\D) is a solution of
Aul + K3u, =0 in Q,
Aul + K3u, =0 in Qo,
ugl+ —ugl- =0 on T,
ou ou (3.3)
a—yt +78_1/t _:(V~V)(n§—li%)u on T,
uy =0 on 0D,
ous’
lim /7 St —ikui’ ) =0, r=|xz|,
T—00 or
and v, € HE (R?\D) is a solution of
Aul, + k%, =0 in R2\D,
ou
[— -
Ug = 7(7/ ’ V) v on aD’ (34)
. o' .,
lim /r —ikuy )| =0, r=|x|
r—»00 or

Proof. The existence of u; and u/, follows from Theorem 3.2. So we just need to verify
that u; and u/, satisfies (3.3) and (3.4), respectively. For convenience, we denote ¢ := ¢g ¢ and
U = Uo,0-

Firstly, we verify that u} satisfies Eq. (3.3). From the Definition 2.3 and [16, Corollary 5.2.5],
we have

UQ(%Z)=—n/BGR(w,y)UQ(y,Z)dy—n : Gr(z,y)V - v(y)uly, z) ds(y)

7 /6D {“5%”7((;?/) _ Z-pGR(z,y)}@;(y,z)ds(y), z € R2\D, (3.5)

where ¢} (y, z) is the derivative of ¢ o(y, z) with respect to ¢ at (¢,s) = (0,0). With the integral
representation (3.5) of uj(-, z), it is easy to show that u}(-, z) satisfies Au}(-, 2) + kFuj(-,2) = 0
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in Q; and Auj(-, 2)+r3ul(-, 2) = 0in Qq. Since G satisfies the Sommerfeld radiation condition,
uy(+, z) also satisfies the Sommerfeld radiation condition. So we just need to verify that wu}
satisfies the corresponding boundary conditions on I' and 0D.

Now, we differentiate both sides of the Eq. (2.9) with respect to ¢ to obtain

2Ty oul(x, z) + (Ko — ipSo) @} (x, 2) + 1Sz, (V-v)u)(z, 2) + @iz, 2) =0

for z € 0D, where

St pep(x) =2 g Gr(z,y)e(y)ds(y), =z € dD.

From the integral representation (3.5) and the jump relations of the potential operators at
the boundary I" and 0D, it follows that

upl+ —uyl- =0 on I,
ou ou}

e R (v 2 K2 r
ov|, ov|_ 1( V)('i2 “1)“ 1 on 1,
up = —nbou; — 5 (Ko = ipSo)¢; — 37, ((V - v)u) = 56, =0 on OD.

Next, we will verify that u), satisfies (3.4). It follows from [16, Proposition 5.4.18] that

o) = [ Galaiay - [ ZCEEI g asty
3 [ Galay)oly. )7 v(w) dsty) + io /6  Grle. ) (0. 2) ds()
vin [ fGntatan + ZZEED oy 20 o) s (3.6)

for x € R?\D, and

Bl (x, 2) + 2nTo oul (z, 2) + Ko@ (, 2) — k3S0(V - ve) (2, 2)
—ip{So(P + HopV - vp)(x,2) + Ko(V - vip) (2, 2)}V
x v(z){2nNu(z, 2) + (T —ipK')p(x,z)}
_ 23GR(:c,z)

() V- v(x)

for x € 0D, where @/, (y, z) is the derivative of ¢g s(ys, #) with respect to s at (¢, s) = (0,0), Haop
is the mean curvature of 0D, and

Nu(z,z) := ayi(x)/BGR(x,y)u(y,z)ds(y), x € 0D,

K'olw2) =250 | Galeoty2) dsty). @ on,
. 0 OGRr(z,vy) ) ds .

To(x,2z) = 281/(z) /6D () o(y,z)ds(y), z € dD.

Similar to wj, it is easily checked that u/ satisfies the Helmholtz equations and Sommerfeld
radiation conditions. The left is to verify that u satisfies the boundary conditions. Let x



14 H. WU AND J.Q. YANG

converge to 0D from the outside of D, we have

(@, 2) =~ 8Ll )+ LA w(whele, 2) — nooul () — 3 Kol (a2)
2 .
+ %SO("// o) (@, 2) + %{So(gzg + HopV - v) (2, 2) + Ko(V - vp) (2, %)}

o aGR(Z', y) 1 . l
= () V-v(z)+ ¥ -v(z)ynNu(z, 2) + 5 (T —ip(K' = I))¢(z, z)
_ ou(z, z)
——(WV)(ZC)T(Z'), ZCE&D,
which leads to
@l —uwl =0  onT,
I I
ou, B ou, —0 onT,
ov n ov |_
u;:f(”f/qj)% on 0D.
The proof is complete. O

4. Numerical Method

Using the shape derivatives established in Theorem 3.3, we propose in this section a Newton-
type algorithm for the simultaneous recovery of the infinite rough interface I' and the impene-
trable obstacles D. More precisely, we will use the scattered field data u® on I'j,eq to recover
infinite interfaces and bounded obstacles. To make the results more accurate we will also use
multi-frequency scattered field data.

Denote u? as the scattered field in (2.1)-(2.3) with » as the wavenumber, and we characterize
the infinite interface I' by the function f € C2 (R) and the bounded obstacles D by g €
C?([0,27],R?). Let F, : C3(R) x C?([0,27],R?) — L? (I'yeq) be the scattered field operator,

which maps f and g to the scattered field u?|p that is,

mea’

Felfr 9l(@) = uilr, .o (4.1)

Since F, is differentiable at both f and g, we can solve for f and g from Eq. (4.1) by Newton-
type iterative methods. Assume that fiPPand g?PP are approximate functions of each fixed
wavenumber x > 0 respectively. We consider the linearized equation of Eq. (4.1)

(Fe[£277, giPP]) (@) + (Fp [, 9273 04]) ()
+ (Frg[£277, 9375 04] ) (2) = uglr,.. (4.2)

where 0 and 0, are the update functions to be determined.
By Theorem 3.3,

f;,f[fspp’g:pp;ef](x) = U:E'Fmea’ Hf € Cg (Ff“pp)’
FrglFP7, 9275 0,](x) := ullr,.., 05 €C* ([0,27],R?)
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are solutions of two forward scattering problems (3.3) and (3.4), where they satisfy the boundary

conditions
U;|+*U;|,:O on Ffapp,
ou, ou,
ol | = (©60) V(SR on T,
’U,; =0 on anapp,
and
ully —ul]l- =0 on I'gaps,
ou’, ou’,
8; +— a; 7:0 on Fgapp,

!’

Ju
ul, =—(0,- 1/)5 on 0D gapy.
For the constant ¢ > 0, define the function space B. by
B, := {f e CQ(R) : HfHCz(]R) <e¢ f(s)=0 for s > M}

Moreover, let Q3(t) denote the cubic B-spline function given by

1 2
-2+ = t <1
511! + 3 It <1,
_J) 1 4
Q3(t) = —SlF =2+ g 1< <2,
0, It > 2.

It is easily checked that Qs(¢) is twice continuously differentiable with compact support in
[—2,2]. Therefore, for f2P? and 6y € B., we can approximately express them as the linear
combinations of cubic B-spline functions

N1
fee (o) Z aihs(0), 05(t) = 3 alh (1) (43)
j=0
in numerical experiments, where N1 € N and h;(t) is defined by

L J=0,
hi(t) = t—w;
10 Q3 < wj) , otherwise
q

for a fixed constant ¢ > 0 and N; different constant w;. In numerical examples, w; are assumed
to be N7 points equally distributed on [—cut, cut] for a fixed constant cut > 0.

Following [32], we represent 9D in polar coordinates by

gePP(t) = py(t)[cost,sint] ", O,(t) = pz(t)[cos t,sint]", 0<t<2m, (4.4)
where
N, o
Z (b cos jt bj+N2 s1njt>
pgl — .
J \/ P 2 T
o ok b cosgt b?+N2 sin jt
=35 (4 ,

7 Ja
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and we note

1
\/ﬂ[cost,sint]T, j=0,
cos jt . .
m;(t) = fﬁ[cost,smt]i j=1,...,No,
sin(j — Na)t CoaT
—————"""Jcost,sint]', j=Na+1,...,2Ns.
(J — N2)2ym
Furthermore, the exact scattered field u; is taken at the points z; € I'jeq,t = 1,2,..., N3,

which distribute equidistantly on the line segment I'),c,. If we define the column vectors

_ T 6 _71,0 0 o 17
a, = [G/O,H;al,n;"'aaNl,n] ) a, = [a07naa11;{a"'7aNlﬁnj| )

_ T 0 _ 16 10 0 T
b, = [b07K/’ bl,"éa s ab2N2+1J€] ) bka - [bO,m bl,m s ﬂb2N2+1,n}

Then the linearized equation (4.2) is reduced to the following finite-dimensional linear system:

al
[J’fvf Jﬁvg] |:bg] =T, (45)
where

et = [FL gl g )@ e T = [FLgl g 5m,) @] g s

and 7, = [r1,79,...,7Nn,] " with r; := u(z;) — Fe[fOPP, g°PP](z;). For convenience, we rewrite
(4.5) as

J. A =, (4.6)
where

Jo=[Jes Jugl, A%=[al:bl].

Notice that F}, := [F], ;, Fy. /] is the compact operator of C§(R) x C*([0, 27}, R?) into L*(T'neq),
which leads to that the system (4.6) is ill-posed. So we will turn to solving the following
regularization system:

(o + T T A = J7r, (4.7)

where a > 0 is a regularization parameter. Since J is a complex matrix and 7, is a complex
vector, we use [Re(Jy);Im(J )] and [Re(r,); Im(r,)] instead of J, and 7., respectively, to
obtain a real vector AY.

Next, we introduce the relative error £(x, f2P, g%PP) by

H“Z,f:w,ggw () — “Z(m)Hp(rmm)

app ,app) ._
SR [
with the reconstructed rough surface f2PP and the reconstructed embedded obstacles g2PP and
the wavemumber x > 0, where uf, () is the measurement data corresponding to the exact rough
surface I' and the exact obstacles D, and Uy fapp gapp (x) is the scattered field with the recon-
structed rough surface I fappr and the reconstructed obstacles Dgapr. Given the wavenumber
k > 0, the tolerance ¢,, € (0,1) and the measurement data u? |, p, the inversion algorithm can
be given as Algorithm 4.1.
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Based on the Algorithm 4.1, an approximate reconstruction 2P and g?PP can be obtained
numerically for the rough surface I' and obstacles D with a fixed wavenumber x > 0 and the
relative error e(k, fOPP, g?PP). Next, we will propose an iterative algorithm with multi-frequency
scattered field data in order to get a more accurate reconstruction for I' and D. Assume that

the measurements u? |p are available for the wavenumber k = k; with j =1,2,..., M. Given

mea

the tolerance ¢ € (0, 1), the initial guess fy™ and gy, finally, and a fixed constant p € (0, 1),
the inversion algorithm is summarized as in Algorithm 4.2.

Algorithm 4.1: Simultaneous Reconstruction of the Locally Rough Surface I and the
Obstacles D by Newton-type Iterative Methods for a Fixed Wavenumber «.

1 Choose an initial guess fo’? in the form of (4.3) for I with the coefficient vector aq
and an initial guess gy’ in the form of (4.4) for D with the coefficient vector by .

on I'yeq, provided the (m — 1)-step

(m > 1) is known with the coefficient

2 Calculate the scattered field wy , o~
approximation f**, =~ (m >1) and g,*;
Qr—1, a0d by 1 .
3 Solve A, .. of Eq. (4 7) to obtain an update f7P? with the coefficient
A = Ap—1,5 + am .. and an update [ with the coefficient b, .. = by—1, + bfn -

Finally, calculate the relative error e(x, f5P, g% ). If

rIMm,K

| (H f%pnaggfﬂ) _E(K’ fngpl n’gg?fpl H)‘ < &,

the iteration stops; otherwise go to step 2.

Algorithm 4.2: Simultaneous Reconstruction of the Locally Rough Surface I and the
Obstacles D by Newton-type Iterative Methods with Multifrequency Scattered Data.

1 Set fob! = fo™" and go'? := gg"” and e, := o when j = 1. Otherwise, set
fow, = f‘“”’1 and go'y = giP? | and ey, = pe(rj1, [IPP,, gi? ) for j > 2.

2 For each j > 1, obtain an approximation fi*? for the rough surface I' and

1

an approximation gg?? for the obstacles D with the corresponding relative error
e(ky, [P, gubP) by the Algorithm 4.1. Then, set j:=j+ 1. If j < M, go to step 1;
otherw1se the iteration stops.

5. Numerical Results

This section is devoted to the numerical results of the inverse problem with both the exact
and noisy data. Without loss of generality, all numerical examples are generated by Algo-
rithm 4.2 and the multi-frequency wavenumbers are taken as k1 = (1,2), ko = (3,4), k3 = (5,6)
and k4 = (7,8), respectively. In numerical experiments we use the Morozov discrepancy prin-
ciple to choose the regularization factor . The noise data (G (x) is given by

S S )\ S
U3 (x) = uy, (x) + (5m Huﬁj HLZ(Fma),

where A = A\ + 14Xy with A\, Ay € N(0,1). Here, N(0,1) is the normal distribution with
Expectation 0 and Variance 1.



18 H. WU AND J.Q. YANG

5.1. The case of none embedded obstacles

In this subsection, we just present the numerical reconstructions of locally rough interfaces
by Algorithm 4.2. The scattered field is measured on a line T';,¢, := [—20, 20] x 8 in the upper
half-space. We set N7 = 30, N3 = 20,q = 1,cut = 15,69 = 0.01 and p = 0.5 in all numerical
examples in this subsection.

Example 5.1. In the first example, the locally rough interface I' is described as
f() = 0.9exp(—0.5t%), (5.1)

where the local perturbation totally lies above the planar interface I'y. Figs. 5.1-5.2 show the
reconstructions from the exact data and 10% noisy data, respectively.

12 12

1 1

08 08

06 06

04 04

0.2 02

0 o — — > 0

0.2 L L L L L L L B 0.2 L L L L L L L

-20 -15 -10 -5 0 5 10 15 20 -20 -15 -10 -5 0 5 10 15 20
(a) k1 =(1,2) (b) K2 =(3,4)

12 ! ! ! 12 ! ! ! !

1 1

08 08

06 06

04 04

0.2 02

0 0

0.2 L L L L L L L B 0.2 L L L L L L L

-20 -15 -10 -5 0 5 10 15 20 -20 -15 -10 -5 0 5 10 15 20
(c) k3 = (5,6) (d) k4 = (7,8)

Fig. 5.1. Comparison of the reconstructed interface (red dashed line) with the real interface (blue solid
line) for exact data and the black dashed line in (a) represents the initial value of the iteration.
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1 1

08 08
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20 15 10 5 5 10 15 20 -20 15 10 -‘5 0 5 10 15 20

(a) k1 = (1,2) (b) ks = (3,4)
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02 1 1 1 1 1 1 1 02 1 1 1 1 1 1 1

20 15 10 5 0 5 10 15 20 20 15 10 5 0 5 10 15 20

(c) k3 = (5,6) (d) ka = (7,8)

Fig. 5.2. Comparison of the reconstructed interface (red dashed line) with the real interface (blue solid
line) for 10% noise data and the black dashed line in (a) represents the initial value of the iteration.
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Example 5.2. In the second example, we try to reconstruct a more complex interface which
is described as
f(t) = 0.9 cos(0.57t) exp(—0.05¢%) 4 0.6 sin(0.57¢) exp ( — 0.05(t — 3)?)
— 0.6sin(0.257¢) exp ( — 0.05(¢ + 5)%). (5.2)

Figs. 5.3-5.4 show the reconstructions from the exact data and 10% noisy data, respectively.

(a) k1 =(1,2) (b) k2 = (3,4)

(c) k3 = (5,6) (d) ks =(7,8)

Fig. 5.3. Comparison of the reconstructed interface (red dashed line) with the real interface (blue solid
line) for exact data and the black dashed line in (a) represents the initial value of the iteration.

(a) k1 =(1,2) (b) k2 = (3,4)

L L L L L L L - L L L L L L L
-20 -15 -10 -5 0 5 10 15 20 20 -15 -10 -5 0 5 10 15 20

(©) k3 = (5,6) (d) w4 = (7,8)

Fig. 5.4. Comparison of the reconstructed interface (red dashed line) with the real interface (blue solid
line) for 10% noise data and the black dashed line in (a) represents the initial value of the iteration.

Example 5.3. In the third example, we try to consider the multiscale profile interface, which
is defined as

For) = {4exp (1/((t/16)% — 1)) (0.5 + 0.05sin (167(¢/20))), =1 € [~15,15],

(5.3)
0, elsewhere.

Figs. 5.5-5.6 show the reconstructions from the exact data and 10% noisy data, respectively.
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(a) k1 = (1,2) (b) K2 =(3,4)

(c) k3 = (5,6) (d) ka =(7,8)

Fig. 5.5. Comparison of the reconstructed interface (red dashed line) with the real interface (blue solid
line) for exact data and the black dashed line in (a) represents the initial value of the iteration.

(c) k3 = (5,6) (d) ks =(7,8)

Fig. 5.6. Comparison of the reconstructed interface (red dashed line) with the real interface (blue solid
line) for 10% noise data and the black dashed line in (a) represents the initial value of the iteration.

5.2. The case of embedded obstacles

In this subsection, we use Algorithm 4.2 to reconstruct both locally rough surfaces and
impenetrable sound-soft obstacles. In order to obtain a more precise reconstruction of embedded
obstacles, we use I'jeq 1= [—50,50] x 8, N7 = 30, N2 = 10, N3 = 50,9 = 1, cut = 15,9 = 0.01
and p = 0.5.

Example 5.4. In the fourth example, the locally rough interface is given in (5.1) and the
embedded obstacle is described as

z(6) = (0.6(2 + 0.3 cos(36)) cos(6), —8 + 0.6(2 + 0.3 cos(36)) sin(6)), 6 € [0, 27).

Figs. 5.7-5.8 show the reconstructions from the exact data and 10% noisy data, respectively.
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(c) k3 = (5,6)
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Fig. 5.7. Comparison of the reconstructed interface and obstacle (red dashed line) with the real interface
and obstacle (blue solid line) for exact data and the black dashed line in (a) represents the initial value

of the iteration.
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O

(d) k4 = (7,8)

Fig. 5.8. Comparison of the reconstructed interface and obstacle (red dashed line) with the real interface
and obstacle (blue solid line) for 10% noise data and the black dashed line in (a) represents the initial

value of the iteration.

Example 5.5. In the fifth example, the locally rough interface is given in (5.2) and embedded
obstacles is described as

z(0) = (— 54 0.6( cos®(0) + cos(0)), —8 + 0.6( sin®(9) + sin(0))),

0 € [0,2m).

Figs. 5.9-5.10 show the reconstructions from the exact data and 10% noisy data, respectively.
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Fig. 5.9. Comparison of the reconstructed interface and obstacle (red dashed line) with the real interface
and obstacle (blue solid line) for exact data and the black dashed line in (a) represents the initial value

of the iteration.
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Fig. 5.10. Comparison of the reconstructed interface and obstacle (red dashed line) with the real
interface and obstacle (blue solid line) for 10% noise data and the black dashed line in (a) represents

the initial value of the iteration.

The above numerical results illustrate that the Newton iteration algorithm with multi-
frequency data gives a stable and accurate reconstruction for a wide variety of the locally rough
surfaces and embedded obstacles even in the presence of 10% noise in measurements. Moreover,
it is also seen from Examples 5.4 and 5.5 that the numerical reconstruction is more better for
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the interface than the buried obstacles. This is because the measurements are just taken in the
upper half-space.

6. Conclusion

In this paper, we proposed a Newton-type iterative algorithm for the simultaneous recon-
struction of locally rough interfaces and embedded obstacles via multi-frequency near-field mea-
surements, where a complete differentiability analysis was established by introducing one kind
of shape derivatives and reducing the original problem into an integral system in the bounded
domain. Numerical results show that the inversion algorithm can provide stable and accurate
reconstruction to capture the different geometrical features of infinite interface and embedded
obstacles. Furthermore, along with the lines, the inversion algorithm could also be extended
to solve inverse electromagnetic scattering problems associated with an infinite rough interface.
We hope to report on these works in the future.
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