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Abstract

Multiple solutions are common in various non-convex problems arising from industrial

and scientific computing. Nonetheless, understanding the nontrivial solutions’ qualitative

properties seems limited, partially due to the lack of efficient and reliable numerical meth-

ods. In this paper, we design a dedicated numerical method to explore these nontrivial

solutions further. We first design an improved adaptive orthogonal basis deflation method

by combining the adaptive orthogonal basis method with a bisection-deflation algorithm.

We then apply the proposed new method to study the impact of domain changes on multi-

ple solutions of certain nonlinear elliptic equations. When the domain varies from a circular

disk to an elliptical disk, the corresponding functional value changes dramatically for some

particular solutions, which indicates that these nontrivial solutions in the circular domain

may become unstable in the elliptical domain. Moreover, several theoretical results on

multiple solutions in the existing literature are verified. For the nonlinear sine-Gordon

equation with parameter λ, nontrivial solutions are found for λ > λ2, here λ2 is the second

eigenvalue of the corresponding linear eigenvalue problem. For the singularly perturbed

Ginzburg-Landau equation, highly concentrated solutions are numerically verified, sug-

gesting that their convergent limit is a delta function when the perturbation parameter

goes to zero.

Mathematics subject classification: 65N35, 65N22, 65F05, 65L10.

Key words: Nonlinear elliptic equations, Adaptive orthogonal basis, Multiple solutions,

Trust region method.

1. Introduction

In nonlinear sciences, e.g. physics, mechanics, and biology, the following nonlinear equation

is often seen:
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−ε2∆u(x) = f(x, u) in Ω, (1.1)

where ε is a real constant, Ω is a bounded domain in R
d (d = 1, 2, or 3) with a regular boun-

dary ∂Ω. f is a nonlinear function. Some typical requirements to the regularity and growth of

f(x, u) are often assumed as follows (see e.g. [4–6, 48]):

1. f(x, u) is locally Lipschitz continuous in Ω̄× R.

2. For d ≥ 2,

f(x, u) ≤ C1 + C2|u|p,
where C1 and C2 are constants and

0 ≤ p ≤ p̂ = d+ 2

d− 2
.

3. There exist a µ > 2 and M > 0 such that for |u| ≥M ,

0 < µV (x, u) ≤ uf(x, u),

where

V (x, u) =

∫ u

0

f(x, v)dv.

4. f(x, 0) = 0, or other conditions in a neighborhood of the origin.

When 0 < ε ≪ 1, (1.1) becomes the singularly perturbed semilinear elliptic boundary value

problem. With a proper boundary condition, e.g. the homogeneous Dirichlet boundary condi-

tions, the corresponding variational function J : H1
0 (Ω)→ R can be defined by

J(u) =

∫

Ω

(

1

2
ε2|∇u|2 − V (x, u)

)

dx. (1.2)

Equations of the form (1.1) have attracted significant attention from researchers in different

research areas. The existence and multiplicity of solutions of (1.1) have been studied math-

ematically, see, e.g. [6, 13, 22]. Due to the complicated structure of these multiple solutions,

computing these solutions often encounters inherent difficulties. Moreover, the choice of the

initial guess or basis function plays a crucial role in effectively computing multiple solutions

of (1.1). To this end, we shall propose an improved adaptive orthogonal basis deflation method

for computing multiple solutions, and use it to explore the effect of varying geometry on multiple

solutions.

Before presenting our study, we first give a brief introduction to the research background

and related works. Based on the variational functional, i.e. (1.2), the existence of the solutions

with Morse index 1 was first proved by Ambrosetti and Rabinowitz [4] using the mountain

pass theorem. Later, Wang [48] verified by linking and Morse-type arguments that Eq. (1.1)

with ε = 1 has at least three nontrivial solutions, and the third nontrivial solution is a sign-

changing solution with Morse index 2. As a result, some interesting algorithms for computing

multiple solutions inspired by these studies have been developed. To be specific, in 1993,

based on the mountain pass theorem, a mountain pass algorithm (MPA) [16] was designed to

compute multiple solutions of (1.1). It is worth pointing out that the MPA is only limited to

finding two solutions of mountain pass type with Morse index 1 or 0. As an extension of MPA,

Ding et al. [18] proposed a high-linking algorithm (HLA) to find sign-changing solutions of (1.1).
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Later, Li and Zhou [31] proposed a min-max algorithm (MNA) for finding multiple critical

points of (1.2), where some local min-max theorems were established and a two-level local

optimization on a solution sub-manifold is suggested. MNA inspired several later works, e.g.

[15,32–34,55–58,64]. For non-variational type of differential equations, several multiple-solution

algorithms have also been proposed, where the main idea is to use some iteration methods to

find multiple solutions of a nonlinear algebraic system (NLAS) from the discretization of the

differential equations. The search-extension method (SEM) [12] was proposed to compute (1.1)

with ε = 1, where the following eigenvalue problems are first solved:

−∆ψj = λjψj in Ω,

ψj = 0 or ∂nψj = 0 on ∂Ω.

Then, the solution of (1.1) can be approximated by

uN(x) =

N
∑

j=1

ajψj(x) ∈ SN , SN := span{ψ1, ψ2, . . . , ψN}.

Some improvements on the SEM are given in [54]. Later, Chen and Zhou [14] and Allgo-

wer et al. [2, 3] proposed a homotopy continuation method, respectively, where a homotopy

tracking number τ was introduced, and the corresponding homotopy function was solved by

Newtonian iterations. Several further works have also been developed, e.g. [25–27,47, 63]. An-

other important approach is presented by Farrell et al. [20], where the deflation technique and

the Newtonian iterations were integrated to solve the NLAS from the discretization of nonlinear

partial differential equations. Later, Farrell et al. [1,9,10,21] extended the deflation technique,

where the deflation approach was interwoven with nested iteration, creating an efficient method

for multiple solutions. It is worth pointing out that the methods mentioned above are based on

the Newtonian iteration. As we know, the Newtonian iteration is sensitive to the initial guess

and requires that the Jacobian matrix has full column rank, making it not numerically ro-

bust, nor computationally efficient. To improve it, an efficient spectral trust-region method [29]

is proposed, where the classical trust-region method is introduced to replace the Newtonian

iteration. Numerical results illustrate that the classical trust region method has noteworthy

advantages compared with the Newtonian method. So, the trust region method will be adopted

again in the current study. Recently, by considering the equation’s nature and structural char-

acteristics of the solution, an efficient adaptive orthogonal basis method for computing multiple

solutions of (1.1) with polynomial nonlinearities is first developed [30]. Different from conven-

tional practices of predefining candidate basis pools, a set of adaptive orthogonal basis functions

was constructed. Meanwhile, the companion matrix technique is used to generate good initial

guesses for computing multiple solutions. Unfortunately, the adaptive orthogonal basis method

is confined to systems with only polynomial nonlinearities, which greatly limits its application

to more generalized systems. Therefore, one of the major aims of this paper is to extend the

adaptive orthogonal basis method to (1.1) with more general nonlinearities, where a novel bi-

section method interwoven with the deflation technique is introduced to provide good initial

guesses for computing multiple solutions of (1.1). As a result, an improved adaptive orthogonal

basis deflation method (IAOBDM) for computing multiple solutions of (1.1) is proposed.

Multiple solutions of nonlinear elliptic equations have many practical applications (see,

e.g. [8,22,24]), including topology optimizations in structural and additive manufacturing (see,

e.g. [38]). Exploring the impact of domain changes on multiple solutions of (1.1) is helpful for
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guiding structural and additive manufacturing. However, very few published literature exist on

this topic. In this paper, we study the influence of domain changes on multiple solutions of (1.1)

by using the IAOBDM. In addition, we shall numerically verify some interesting theoretical

results on multiple solutions presented in the published literature using the proposed method.

For example, for the singularly perturbed boundary value problem (1.1) with the homogeneous

Neumann boundary condition, it is known that it has a solution u with exactly one single peak

(i.e. the local maximum of u). Moreover, if the single peak is on the boundary of Ω, then it

is located at the point where the mean curvature of the boundary ∂Ω reaches its maximum

value. These results have not been numerically verified, which limits the further application of

multiple solution analysis.

The remainder of this paper is organized as follows. In Section 2, we describe the spectral

Legendre-Fourier scheme used to discretize the Eq. (1.1) defined in an elliptic geometry. The

IAOBDM is designed and presented in Section 3. In Section 4, ample numerical experiments

are carried out to demonstrate the efficiency of this method and to show the effect of varying

geometry Ω on multiple solutions of (1.1). Finally, we end the paper with some remarks in

Section 5.

2. A Legendre-Fourier Scheme for Elliptic Equations in an Elliptic

Domain

To numerically study the effect of varying geometry Ω on multiple solutions of (1.1), the

first step is to provide an efficient discretization scheme. Here, we adopt a Legendre-Fourier

scheme for (1.1) in an elliptic domain. Let

Ω =

{

(x, y) :
x2

a2
+
y2

b2
≤ 1

}

. (2.1)

The weak formulation of (1.1) with homogeneous Dirichlet boundary condition and ε = 1 is to

find u ∈ H1
0 (Ω) such that

∫

Ω

∇u∇vdxdy =

∫

Ω

f(x, u)vdxdy, ∀ v ∈ H1
0 (Ω), (2.2)

where x = (x, y). We use polar transformation x = ar cos θ, y = br sin θ to transform the

Dirichlet problem into polar coordinate form


















ω1urr +
1

r
(ω2ur − ω3urθ)

+
1

r2
(ω3uθ + ω2uθθ) + f(r, θ, u) = 0 in Ω = (0, 1)× [0, 2π),

u(1, θ) = 0, u periodic in θ,

(2.3)

where

ω1 =
cos2 θ

a2
+

sin2 θ

b2
, ω2 =

cos2 θ

b2
+

sin2 θ

a2
, ω3 = sin 2θ

(

1

a2
− 1

b2

)

. (2.4)

The corresponding weak formulation (2.2) becomes

L(u, v) :=
∫

Ω

(

ω3uθvr − ω2urv − ω1(urv + rurvr)
)

drdθ

+

∫

Ω

1

r
uθ(ω3v − ω2vθ)drdθ =

∫

Ω

fvdrdθ, ∀ v ∈ H1
0 (Ω). (2.5)
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Obviously, from (2.3) or (2.5), we can find that a singularity point appears at r = 0, indicating

that additional polar conditions should be proposed to obtain the desired solution regularity at

r = 0. In the polar coordinate system, the solution u to (2.5) is expanded as

u(r, θ) =
∞
∑

|k|=0

(

u1k(r) cos kθ + u2k(r) sin kθ
)

. (2.6)

For solution u ∈ C∞(Ω), the coefficient functions u1k(r) or u2k(r) should satisfy the following

polar conditions (see [37]):

u1k(r) = O(r|k|), u1k(r) = O(r|k|), as r → 0, |k| = 1, 2, . . . . (2.7)

However, it is not easy to impose (2.7) in a numerical scheme. In fact, for u ∈ H1
0 (Ω) as in (2.5),

only the following polar conditions are necessary (see, e.g. [40, 41]):

u1k(0) = u2k(0) = 0, k 6= 0, (2.8)

which is termed as the essential polar condition for (2.5), while polar conditions in (2.7) is

termed as natural or nonessential. In this paper, we use (2.8), thus u(r, θ) should satisfy the

following boundary conditions:

∂θu(0, θ) = 0, u(1, θ) = 0. (2.9)

A Fourier spectral approximation to (2.5) can be defined by

uM,N(r, θ) =

M
∑

i=1

N−2
∑

j=0

(

αij sin(iθ)φ̂j(r) + βij cos(iθ)φ̂j(r)
)

+

N−1
∑

l=0

γlϕ̂l(r), (2.10)

where αij , βij and γl are unknown variables to be determined, and φ̂j(r) and ϕ̂l(r) satisfy

φ̂j(0) = φ̂j(1) = 0, 0 ≤ j ≤ N − 2,

ϕ̂l(1) = 0, 0 ≤ l ≤ N − 1.
(2.11)

Introducing t = 2r − 1, we convert r ∈ [0, 1] into t ∈ [−1, 1]. The corresponding problem in

(t, θ) coordinates reads























ω1utt +
1

2(t+ 1)
(ω2ut − ω3utθ)

+
1

(t+ 1)2
(ω3uθ + ω2uθθ) +

1

4
f(u) = 0 in Ω = (−1, 1)× [0, 2π),

u(1, θ) = 0, ∂θu(−1, θ) = 0, u periodic in θ.

(2.12)

In the Legendre-Fourier spectral method, we use the following expansion to approximate the

solution:

ûM,N (t, θ) =

M
∑

i=1

N−2
∑

j=0

(

αij sin(iθ)φj(t) + βij cos(iθ)φj(t)
)

+

N−1
∑

l=0

γlϕl(t). (2.13)

The φj(t) and ϕl(t) in (2.13) are taken as

φj(t) = cj
(

Lj(t)− Lj+2(t)
)

, ϕl(t) = Ll(t)− Ll+1(t), (2.14)
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where Lj(t) stands for Legendre polynomial of degree j, and

cj =
1√

4j + 6
,

∫ 1

−1

Lm(t)Ln(t)dt =
1

2n+ 1
δmn. (2.15)

Denoting

ξ = (α10, . . . , αM(N−2), β10, . . . , βM(N−2), γ0, . . . , γN−1)
⊤, (2.16)

the Galerkin approximation of (2.12) is to find ξ such that

F(ûM,N , ψ) = 0, ∀ψ ∈ XM,N , (2.17)

where

XM,N := span
{

sin(iθ)φj(r), cos(iθ)φj(r), ϕl(r), 1 ≤ i ≤M, 0 ≤ j ≤ N − 2, 0 ≤ l ≤ N − 1
}

.

F is a form similar to (2.5). Let

aij =

∫ 1

−1

(t+ 1)φ′i(t)φ
′
j(t)dt, bij =

∫ 1

−1

1

t+ 1
φi(t)φj(t)dt,

cij =

∫ 1

−1

(t+ 1)φi(t)φj(t)dt, dij =

∫ 1

−1

(t+ 1)ϕ′
i(t)ϕ

′
j(t)dt,

eij =

∫ 1

−1

(t+ 1)ϕi(t)ϕj(t)dt.

They are the t-direction matrices related to the linear part of the Galerkin discretized equation.

It is easy to show that the above matrices are symmetric and sparse, their nonzeros in the

up-right parts are given as

aij =

{

2i+ 4, j = i + 1,

4i+ 6, j = i,
bij =















− 2

i+ 2
, j = i+ 1,

2(2i+ 3)

(i+ 1)(i+ 2)
, j = i,

dij =

{

2i+ 2, j = i,

0, otherwise,

cij =















































−4 i+ 3

2(2i+ 5)(2i+ 7)
, j = i+ 3,

− 2

2i+ 5
, j = i+ 2,

2

(2i+ 1)(2i+ 5)
+

2(i+ 3)

(2i+ 5)(2i+ 7)
, j = i+ 1,

2

2i+ 1
+

2

2i+ 5
, j = i,

eij =































− 2(i+ 2)

(2i+ 3)(2i+ 5)
, j = i+ 2,

− 4

(2i+ 1)(2i+ 3)(2i+ 5)
, j = i+ 1,

4(i+ 1)

(2i+ 1)(2i+ 3)
, j = i.

Eq. (2.17) can be written in a NLAS as follow:

F =
(

F1, F2, · · · , Fn

)⊤
= 0, (2.18)

where n = 2M(N − 1) +N and {Fi}ni=1 are algebraic functions of the unknown vector ξ.
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3. An Improved Adaptive Orthogonal Basis Deflation Method

In this section, we develop the IAOBDM method to calculate multiple solutions of (2.18) (or

(1.1)) by extending the adaptive orthogonal basis method proposed in [30]. To be specific, when

f(x, u) in (1.1) is not a polynomial of u, the adaptive orthogonal basis method proposed in [30]

is not applicable due to the limitation of the companion matrix technique. The main difficulty

is that it is hard to find all multiple roots of a nonlinear algebraic system. To our knowledge, so

far none of the existing algorithms can work well. Here we design a robust bisection-deflation

algorithm for finding multiple roots of a nonlinear algebraic equation.

We also give a brief introduction to the trust region method adopted to find solutions to

the NLAS. The IAOBDM is a combination of the bisection-deflation algorithm, trust region

method and adaptive orthogonal basis method.

3.1. A bisection-deflation algorithm for multiple roots of scalar algebraic equations

We assume that a scalar nonlinear algebraic equation is given as

ω(x) = 0, x ∈ R, (3.1)

where ω is a continuous function. In general, due to the limitation of the classical Newtonian

method, it is very difficult to find all multiple roots of (3.1). When combing the deflation and the

trust region method presented in [29], the corresponding nonlinear iteration will become more

and more complicated as the number of multiple solutions increases. Here, we apply a bisection

method presented in [17] to reduce the computational complexity. We interwoven the bisection

method with the deflation technique to compute multiple roots of (3.1). The detailed bisection-

deflation method is described in Algorithm 3.1, in which the following pre-defined functions are

used:

ω1(b, a) =



















b− b− a
ω(b)− ω(a)ω(b), if a 6= b and ω(b) 6= ω(a),

∞, if a 6= b and ω(b) = ω(a) 6= 0,

b, otherwise,

ω2(b, c) = b+ sign(c− b)× eps(b),

ω3(b, c) =
1

2
(b+ c),

ω4(x, b, c) =















x, if x is between ω2(b, c) and ω3(b, c),

ω2(b, c), if |x− b| ≤ eps(b),

ω3(b, c), otherwise,

(3.2)

where eps(·) represents the relative accuracy function in the floating-point number system used.

Remark 3.1. In Step 4, the deflation function ψ is introduced to keep the iteration away from

a known root so that a new root can be obtained. The reader is referred to [7, 20, 29] for more

details. For the asymptotic order of convergence of the bisection part of Algorithm 3.1, please

see [17] for more details.

3.2. Trust region method for NLAS

According to results from previous research [29], the trust region method has remarkable

advantages compared to the classical Newtonian iteration. Therefore, the trust region method
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Algorithm 3.1: An Efficient Bisection-deflation Algorithm for Computing Roots

of (3.1).

Step 1. Initialize the solution set as S = ∅.

Step 2. Initialization a new root search. Try to find two distinct values x0 and x1
satisfying ω(x0)× ω(x1) ≤ 0 by a grid search in a region that determined by the

regularity and growth of f .

If not succeed, then return S.
If succeeds, then set

{

b1 = x1, a1 = c1 = x0, if ω(x1) ≤ ω(x0),
b1 = x0, a1 = c1 = x1, otherwise.

(3.3)

Step 3. Iteration, k = 2, . . . . The iteration point xk is obtained by xk = ω4(λk, bk−1,

ck−1), where λk = ω1(bk−1, ak−1). Let j be the largest integer satisfying j < k

and ω(xj)× ω(xk) ≤ 0. Then, bk, ck and ak are defined by

{

bk = xk, ck = xj , ak = bk−1, if ω(xk) ≤ ω(xj),
bk = xj , ak = ck = xk, otherwise.

(3.4)

Check convergence. If |bk − ck| ≤ 2 eps(bk), then set

x∗ = bn or cn, (3.5)

and let S = S ∪ {x∗}, exit the loop.

Step 4. Deflation. Use the deflation function ψ(x, x∗) = 1/|x− x∗|2 + 1 to deflate the

known root x∗, i.e. set ω(x)← ψ(x, x∗)ω(x), and then go to Step 1.

is used here to solve (2.18). To apply this method, we first rewrite (2.18) into a minimization

problem

min
ξ∈Rn

Q(ξ), Q(ξ) :=
1

2
‖F (ξ)‖22 =

1

2

n
∑

i=1

F 2
i (ξ). (3.6)

Our aim is to find some ξ to satisfy F (ξ) ≡ 0, i.e. Q(ξ) ≡ 0. In other words, solve (3.6)

instead of (2.18) using the trust region method. The main idea is to define a trustable region

around the current iteration point. In the k-th iteration, a quadratic model to be a suitable

representation of the objective function Q(ξ) in (3.6) is constructed using the Taylor formula

min
s∈Bh

k

q(k)(s) := Q(ξk) + g(ξk)
⊤s+

1

2
s⊤G(ξk)s, k ≥ 0, (3.7)

where the trust region Bhk
:= {s ∈ R

n : ‖s‖ ≤ hk} and

J(ξk) = F ′(ξk) =
(

∇F1(ξk),∇F2(ξk), · · · ,∇Fn(ξk)
)⊤
, (3.8a)

gk := g(ξk) = ∇Q(ξk) = J⊤(ξk)F (ξk), (3.8b)
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Gk := G(ξk) = ∇2Q(ξk) = J⊤(ξk)J(ξk) +
n
∑

i=1

Fi(ξk)∇2Fi(ξk). (3.8c)

Then, the classical dogleg method presented in [30] is used to solve (3.7) (see Fig. 3.1), i.e. the

solution s to (3.7) becomes

sk =



















−G−1
k gk, if ‖p̂‖2 ≤ hk,

− gk

‖gk‖2
hk, if ‖p̃‖2 > hk or ‖p̂‖2 > hk,

p := p̃+ λ(p̂− p̃), if ‖p̂‖2 > hk and ‖p̃‖2 ≤ hk,

(3.9)

where

p̂ = −G−1
k gk, p̃ = − g⊤

k gk

g⊤
k Gkgk

gk,

λ =
p̃⊤(p̂− p̃)−

√

(

p̃⊤(p̂− p̃)
)2 − ‖p̂− p̃‖22

(

‖p̂− p̃‖22 − h2k
)

‖p̂− p̃‖22
.

When the objective function Q(ξ) is complicated, it may not be easy to compute (3.8b)-

(3.8c) exactly. Finite differences can be used to calculate approximate derivatives as follows:

(gk)i ≈
1

2ǫ

(

Q(ξk + ǫei)−Q(ξk − ǫei)
)

, (3.10a)

(Gk)ij ≈
1

ǫ2
(

Q(ξk + ǫei + ǫej)−Q(ξk + ǫei)−Q(ξk + ǫej) +Q(ξk)
)

, (3.10b)

where 0 < ǫ ≪ 1 and ei is the i-th unit vector. The gradients and Hessians can also be

approximated by interpolation [50–53]. To measure a good agreement between q(k)(sk) and

the objective function value Q(ξk + sk), we should choose a suitable trust region radius hk
adaptively, for which a ratio rk should be introduced, and defined by

rk =
Q(ξk)−Q(ξk + sk)

q(k)(0)− q(k)(sk)
. (3.11)

The ratio rk is an indicator of the effectiveness of each step and plays a key role in expanding

and contracting hk. Compared with the Newtonian method and the line search method, the

Fig. 3.1. Dogleg approximation.
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direction and length of the step are considered simultaneously in the trust region method.

The trust region radius hk will be reduced when step sk is deemed unacceptable, and a new

minimizer should be sought. If trust region radius hk is too large, then the minimizer of the

constructed quadratic model may be far from the one of the true objective function Q(ξk + sk)

given in (3.6). On the contrary, if hk is too small, a substantial step that can bring the

solution much closer to the minimizer of the objective function may be missed. In practical

computations, the trust region radius is often adjusted based on the numerical performance

in previous iterations. According to [36], if the constructed quadratic model (3.7) provides

reliable results, the trust region radius hk should be kept or increased to allow larger and more

ambitious steps. Otherwise, the trust-region radius hk should be decreased. At each step, the

trust region radius hk needs to be reconsidered and changed. The detailed algorithm of the

trust region method for solving (3.6) is summarized in Algorithm 3.2.

Algorithm 3.2: A Trust Region Method for Solving (3.6).

Input : Given ξ0, ǫg > 0, ǫv > 0, 0 < δ1 < δ2 < 1, 0 < τ1 < 1 < τ2 and h0 = ‖g0‖.
Output: ξ.

1 for k = 0, 1, 2, . . . do

2 Compute gk and Gk.

3 If ‖gk‖ ≤ ǫg and |Q(ξk)| ≤ ǫv, exit the for-loop and go to line 9.

4 Approximately solve the quadratic model (3.7) with (3.9).

5 Compute Q(ξk + sk) and rk. If rk ≥ δ1, then ξk+1 = ξk + sk; Otherwise, set

ξk+1 = ξk.

6 If rk < δ1, then hk+1 = τ1hk.

7 If rk > δ2 and ‖sk‖ = hk, then hk+1 = τ2hk; Otherwise, set hk+1 = hk.

8 end

9 Return ξ = ξk.

In the current paper, we choose ǫg = ǫv = 10−13, δ1 = 0.25, δ2 = 0.75, τ1 = 0.5, and τ2 = 2.

It is known that the trust region method given above enjoys desirable global convergence

with a local superlinear rate of convergence, as stated in the following theorem.

Theorem 3.1 ([42]). Assume that the objective function Q(ξ) is Lipschitz continuously dif-

ferentiable on the level set

H :=
{

ξ ∈ R
n : Q(ξ) ≤ Q(ξ0)

}

, ∀ ξ0 ∈ R
n,

and the Hessian matrices Gk are uniformly bounded in 2-norm. Then, limk→+∞ inf ‖gk‖ = 0.

Moreover, if limk→+∞ ξk → ξ∗ with g(ξ∗) = 0, and G(ξ∗) is positive definite, the convergence

rate of the trust region method is quadratic.

3.3. Algorithm of IAOBDM

By incorporating the bisection-deflation and trust region algorithms above, we obtain the

IAOBDM for multiple solutions of (1.1), whose details are presented in the Algorithm 3.3.

Some remarks are listed in order.

Remark 3.2. The functions used to construct adaptive bases are solved by Algorithm 3.2 in

Step 1 and Step 3, which are the most expensive parts of the overall algorithm. The trust
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Algorithm 3.3: IAOBDM for Multiple Solutions of (1.1).

Step 1. Solve (2.17) or (3.6) Algorithm 3.2 to obtain solution û(0). Then set

α0 = ‖û(0)‖2 and χ0 = û(0)/α0 such that χ0 is a unit basis function.

Step 2. Let ũ(0) = αχ0, and substitute it into the original equation (2.12). Based on the

Spectral-Galerkin method, a nonlinear algebraic equation on α can be obtained,

denoted by ω(α). With the Algorithm 3.1, we can obtain multiple values of α,

and denote them by {α(0)
0 , α

(1)
0 , α

(2)
0 , · · · }, which leads to

ũ
(0)
i = α

(i)
0 χ0 (i = 0, 1, 2, . . .).

Step 3. To obtain multiple solutions with higher precision, we consider

û1 = α1,0χ0 + α1,1χ1, where α1,0, α1,1 and the basis function χ1 are unknown

variables to be solved. To determine them, the following system is solved by

Algorithm 3.2:


















F (û1)

α1,1
= 0, α1,1 6= 0,

(χ0, χ1) = 0,

(χ1, χ1) = 1,

(3.12)

where (· , ·) represents the inner product. Consequently, we can obtain multiple

{α1,0, α1,1, χ1} and denote them by {α(j)
1,0, α

(j)
1,1, χ

(j)
1 } (j = 1, 2, . . . , k).

Step 4. Based on the Gram-Schmidt orthogonalization method, a sequence of adaptive

orthogonal basis functions are generated from {χ0, χ
(1)
1 , χ

(2)
1 , . . . , χ

(k)
1 } obtained

in Step 1 and Step 3, and we denote them by S = span{χ(1)
0 , χ

(1)
1 , . . . , χ

(1)
k }.

Step 5. Let û(1) = α̂1,0χ
(1)
0 + α̂1,1χ

(1)
1 , and substitute it into (2.12). when

α̂1,0 := α
(i)
0 (i = 0, 1, 2, . . .) is fixed, a nonlinear algebraic equation on α̂1,1 can

be derived with the Spectral-Galerkin method. Similar to Step 2, multiple

values of α̂1,1 can be obtained by Algorithm 3.1, and denoted by

{α̂(i,0)
1,1 , α̂

(i,1)
1,1 , · · · , α̂(i,m)

1,1 }, where m ≥ 1.

Step 6. Based on the Spectral-Galerkin method, ũ(1) := α̂1,0χ
(1)
0 + α̂1,1χ

(1)
1 is

substituted into (2.12), where the unknown variables are α̂1,0 and α̂1,1.

Algorithm 3.2 is used to obtain them with initial guesses

{α(i)
0 , α̂

(i,n)
1,1 } (n = 0, 1, . . . ,m). Consequently, multiple {α̂1,0, α̂1,1} can be

obtained, and denoted by {α̃(p)
1,0, α̃

(p)
1,1} (p = 0, 1, . . .).

Step 7. To obtain more solutions, we consider ũ(1) = α̃
(p)
1,0χ

(1)
0 + α̃

(p)
1,1χ

(1)
1 + α̂1,2χ

(1)
2 ,

where α̂1,2 is a unknown variable to be solved. Similarly to the process from

Step 5 to Step 6, more solutions can be obtained until the adaptive basis

functions in Step 4 are fully used.

region method (Algorithm 3.2) is adopted since it allows flexible initial values and, at the same

time, has good convergence.
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Remark 3.3. In Step 2 and Step 5, scalar NLAS are solved by using Algorithm 3.1. It is

worth pointing out that in the previous study [30], the adaptive orthogonal basis method is

only suitable for the polynomial nonlinearities, which greatly limits its scope of application.

In this paper, the bisection-deflation algorithm presented in Algorithm 3.1 is introduced to

provide good initial guesses for finding multiple solutions to more general nonlinear differential

equations.

Remark 3.4. In Step 6 and Step 7, when more than one basis functions are used in the refine-

ment procedure, the resulting NLASs have more than one equation, thus we use Algorithm 3.2,

instead of Algorithm 3.1. Since the dimensions of these NLASs are small, their computational

costs are much less than solving (2.17) or (3.6) for multiple solutions directly using the deflation

method.

4. Numerical Results

In this section, we first validate the accuracy and efficiency of the proposed IAOBDM

described in Algorithm 3.3, then apply it to some practical problems. In subsequent examples,

we consider multiple solutions on the unit disk Ω = {(x, y)|x2 + y2 ≤ 1} and the elliptic region

Ω̂ = {(x, y)|x2 + y2/b2 ≤ 1, 0 < b < 1} (see Fig. 4.1). The corresponding variational functional

values of these multiple solutions will be computed with varying b. Some theoretical results on

multiple solutions of these examples will be numerically verified. All calculations are carried

out on a workstation with Intel (R) Core (TM) i9-13900HX (2.20 GHz) and 120 GB RAM.

Example 4.1. Consider the following elliptic sine-Gordon equation [13]:

△u+ λ sinu = 0, x = (x1, x2) ∈ Ω, λ > 0 (4.1)

with homogeneous Dirichlet boundary condition

u(x) = 0 on ∂Ω, (4.2)

or homogeneous Neumann boundary condition

∂nu(x) = 0 on ∂Ω. (4.3)

Fig. 4.1. Different regions with varying b.
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A variational functional corresponding to (4.1)-(4.3) is

J(u) =

∫

Ω

[

1

2
|∇u|2 − λ(1 − cosu)

]

dx, u ∈ H1(Ω), (4.4)

where H1(Ω) denotes the usual Sobolev space of order 1. If Dirichlet boundary condition (4.2)

is used, we replace H1(Ω) by H1
0 (Ω).

Case 1 (Dirichlet boundary condition). Let {λ̂j | 0 = λ̂1 < λ̂2 < · · · , j = 1, 2, . . .} be

the set of eigenvalues of the following problem:

{

−△φj = λjφj in Ω,

φj = 0 on ∂Ω.
(4.5)

The following theoretical result on multiple solutions of (4.1)-(4.2) has been shown by [13].

Theorem 4.1. (4.1)-(4.2) has at least four nontrivial solutions for λ > λ̂2.

By the Legendre-Galerkin method, we find that λ̂2 ≈ 14.22. As shown in Fig. 4.2, four non-

trivial solutions are obtained, where the type-I and type-II solutions are rotationally symmetric

about the axis r = 0. Although type-III and type-IV solutions shown in Figs. 4.2(c)-4.2(d) are

not rotationally invariant, they are still solutions after an arbitrary rotation about r = 0. The

residuals of these multiple solutions are marked in the title text of the figures, verifying that

these solutions are of high accuracy. Moreover, the type-I and type-III solutions of (4.1) with

varying b are presented in Figs. 4.3-4.4. In addition, J(u) defined in (4.4) with λ = 30 are

plotted with varying b in Fig. 4.6(a).

Case 2 (Neumann boundary condition). Let {λj | 0 = λ1 < λ2 < · · · , j = 1, 2, . . .} be

the set of eigenvalues of the following problem:







−△ψj = λjψj in Ω,
∂ψj

∂n
= 0 on ∂Ω.

(4.6)

Some theoretical results have been given as follows [13].

Theorem 4.2. If λ > λ2, (4.4)-(4.3) has at least two nonconstant critical points u in H1(Ω).

Moreover, u+ 2kπ are also solutions of (4.1)-(4.3) for any integer k.

(a) I (b) II (c) III (d) IV

Fig. 4.2. Multiple solutions of (4.1)-(4.2) with λ = 30.
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(a) b = 0.9 (b) b = 0.8 (c) b = 0.7

Fig. 4.3. The type-I solution to (4.1)-(4.2) with varying b.

(a) b = 0.9 (b) b = 0.8 (c) b = 0.7

Fig. 4.4. The type-III solution to (4.1)-(4.2) with varying b.

Theorem 4.3. For any λ > 0 and integer k, (4.1)-(4.3) does not admit any nonconstant

solution u such that 0 < u < π, and it does not admit any nonconstant solution u such that

2kπ < u < (2k + 1)π.

By the Legendre-Galerkin method, λ2 ≈ 9.43 is computed. As shown in Fig. 4.5, two

nonconstant critical points u (i.e. Figs. 4.5(a)-4.5(d)) are obtained, which verifies the result

presented in Theorem 4.2. Moreover, u+2kπ can be easily verified as the solutions of (4.1)-(4.3)

for Case 2. Meanwhile, the solutions presented in Figs. 4.5(b) and 4.5(c), and Figs. 4.5(e) and

4.5(f) agree well with the result in Theorem 4.3. In addition, J(u) with λ = 20 are plotted in

Fig. 4.6(b) with varying b for the type-I and type-II solutions (see Figs. 4.7-4.8) to (4.1)-(4.3).

In addition, a comparison of different methods is presented in Table 4.1. The residual

‖F ‖∞ is shown with some increasing numbers of iterations (i.e. nit) for homogeneous Dirichlet

and Neumann boundary conditions (i.e. Cases 1 and 2), where λ̂1, λ̂2, α
(0)
0 and α

(1)
0 represent

different initial guesses. Please refer to [12, 30] and Algorithm 3.3 for more details. To use the

method in [30], we take u − u3/6 to replace sinu in (4.1), since this method works only on

polynomial nonlinearity. We observe from this table that the proposed Algorithm 3.3 is more

efficient than the methods proposed in [12, 30].

Example 4.2. Consider the following Henon equation with Dirichlet boundary:

{

△u+ u3 = 0 in Ω,

u = 0 on ∂Ω.
(4.7)
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(a) I (b) I+2π (c) I+4π

(d) II (e) II+2π (f) II+4π

Fig. 4.5. Multiple solutions of (4.1)-(4.3) with λ = 20.

(a) Dirichlet boundary with λ = 30 (b) Neumann boundary with λ = 20

Fig. 4.6. The dependence of J(u) defined in (4.4) on geometry parameter b for different solutions.

(a) b = 0.9 (b) b = 0.8 (c) b = 0.7

Fig. 4.7. The type-I solution to (4.1)-(4.3) with varying b.
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(a) b = 0.9 (b) b = 0.8 (c) b = 0.7

Fig. 4.8. The type-II solution to (4.1)-(4.3) with varying b.

Table 4.1: A comparison of different methods. The real numbers in this table represent the residuals

‖F ‖∞ after some given number of iterations.

SEM in [12] Method in [30] IAOBDM (Algorithm 3.3)

λ nit λ̂1 λ̂2 nit α
(0)
0 α

(1)
0 nit α

(0)
0 α

(1)
0

Case 1 30

10 8.14e5 1.34e4 10 9.70e5 3.71e3 10 5.72e1 4.85e1

20 9.05e3 6.32e2 20 8.00e3 1.41e2 20 7.92e-3 9.59e-2

30 1.27e1 9.75e0 30 4.21e0 9.15e-1 30 6.55e-7 3.57e-5

Case 2 20

10 3.76e4 5.75e6 10 8.49e4 9.34e7 10 6.55e1 1.71e0

20 2.78e3 6.49e4 20 6.78e2 7.57e3 20 7.06e-4 3.18e-5

30 5.46e1 1.57e1 30 7.43e-1 3.92e0 30 2.76e-8 4.62e-9

The variational functional corresponding to (4.7) is

J(u) =

∫

Ω

(

1

2
|∇u|2 − 1

4
u4

)

dx, u ∈ H1
0 (Ω). (4.8)

According to [11], (4.7) has infinitely many solutions. Moreover, rotating a solution u by

integer times of 90 degrees around the center, the resulting function rot(u) is still a solution of

(4.7); if u is a solution of (4.7), so is −u. Fig. 4.9 presents some multiple solutions calculated

using the proposed method, where M = N = 25 in (2.13) is chosen based on the Legendre-

Fourier scheme described in Section 2. These solutions agree well with the results given in [29].

J(u) and J⋆(u) := J(u)/J(uI) corresponding to these solutions are plotted in Fig. 4.10. These

solutions with varying b are also shown in Fig. 4.11.

Theoretically, for a given solution u, having more oscillations in the short axis direction

leads to larger |∇u| (thus larger energy) than that having the same oscillations in the long axis

direction. The type-II solution shown in Fig. 4.9(b), and the solution obtained by rotating it 90

degrees, have the same energy. However, using these two different solutions as initial values to

calculate solutions of the case b < 1, one obtains solutions with different energies. The results

of relative energy J⋆(u) := J(u)/J(uI) for the two cases that use solutions obtained by rotating

type-II and type-III 90 degrees as initial guesses for cases b < 1 are presented in the right plot

(the blue curve and the red curve) of Fig. 4.10, which justify the aforementioned theoretical

understanding.
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(a) I (b) II (c) III

(d) IV (e) V (f) VI

(g) VII (h) VIII (i) IX

Fig. 4.9. Multiple solutions of (4.7).

Fig. 4.10. J(u) and J⋆(u) := J(u)/J(uI) versus b for multiple solutions of (4.7).
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(a) I (b) II

(c) III (d) IV

(e) V (f) VI

(g) VII (h) VIII

(i) IX

Fig. 4.11. Multiple solutions of (4.7) with varying b.

Example 4.3. Motivated by [55], we consider the following singularly perturbed Ginzburg-

Landau problem:
{

δ△u− u+ u3 = 0 in Ω,

u = 0 on ∂Ω,
(4.9)

where 0 < δ = ε2 ≪ 1. The variational functional corresponding to (4.9) is
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J(u) =

∫

Ω

(

δ

2
|∇u|2 + 1

2
u2 − 1

4
u4

)

dx, u ∈ H1
0 (Ω). (4.10)

Some theoretical results presented in [8, 22–24] and numerical results obtained using newly

proposed method in this paper are given as follows:

• There exist some solutions with some peaks on ∂Ω, and these peaks are located at which

the mean curvature of the solution surface on ∂Ω is the maximum or minimum. These

phenomena can be seen in Fig. 4.12. In Figs. 4.13-4.14, the type-I and type-II solutions are

shown with varying b, where these peaks go to endpoints with decreasing b. In addition,

(a) I (b) II (c) III

(d) IV (e) V (f) VI

Fig. 4.12. Multiple solutions to (4.9) and their mean curvatures H(P ) at ∂Ω with δ = 0.2. For example,

for the type-I solution, the peaks (A,B,C and D) at ∂Ω are located at the maximum or minimum of

H(P ) (A′, B′, C′ and D′).
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(a) b = 0.8 (b) b = 0.6 (c) b = 0.4

Fig. 4.13. The type-I solutions to (4.9) with varying b.

(a) b = 0.8 (b) b = 0.6 (c) b = 0.4

Fig. 4.14. The type-II solutions to (4.9) with varying b.

Fig. 4.15. J(u) vs b with δ = 0.2.

J(u) corresponding to multiple solutions presented in Fig. 4.12 are plotted with varying

b (see Fig. 4.15).

• For δ sufficiently small, the solution u has at most one local maximum and it is achieved

at exactly one point Pδ in Ω. Moreover, u→ 0 in Ω \Pδ. In other words, the peak of the

solution becomes sharper as δ → 0 (i.e. point-condensation phenomenon), which can be

seen in Fig. 4.16.

• When δ → 0, there exist solutions with some peaks located at ∂Ω or the interior region,

which can be seen in Fig. 4.17.
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(a) δ = 2 × 10−2 (b) δ = 2 × 10−4
(c) δ = 2 × 10−6

Fig. 4.16. The single-peak solutions to (4.9) with different values of δ.

(a) I (b) II (c) III

(d) IV (e) V (f) VI

Fig. 4.17. Multiple solutions to (4.9) with δ = 2× 10−3.

5. Conclusions

In this paper, an improved adaptive orthogonal basis deflation method for computing mul-

tiple solutions of nonlinear elliptic equations is proposed, through which the impact of domain

changes on multiple solutions of several nonlinear elliptic equations are numerically investigated.

The improved adaptive orthogonal basis method accurately validates some theoretical results

on multiple solutions of these examples. This not only illustrates the efficiency of the proposed

method but also opens new avenues for integrating numerical computation into theoretical

analysis.

Although only nonlinear elliptic partial differential equations are considered in this study, our

proposed numerical method can apply to more general non-convex partial differential equations

arising in diverse and practical problems, e.g. material science problems [19,45,59,60,62], fluid
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dynamics problems [43,46] and topology optimization and electronic design problems [28,44,61].

In addition, it provides a useful numerical tool to verify more theoretical results presented

in published literature, e.g. [35, 39, 49]. We will continue to apply and extend the proposed

multiple-solution approach to address more challenging problems in the future.
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[9] E.G. Charalampidis, N. Boullé, P.E. Farrell, and P.G. Kevrekidis, Bifurcation analysis of station-

ary solutions of two-dimensional coupled Gross-Pitaevskii equations using deflated continuation,

Commun. Nonlinear Sci. Numer. Simul., 87 (2020), 105255.

[10] E.G. Charalampidis, P.G. Kevrekidis, and P.E. Farrell, Computing stationary solutions of the

two-dimensional Gross-Pitaevskii equation with deflated continuation, Commun. Nonlinear Sci.

Numer. Simul., 54 (2016), 482–499.

[11] C.M. Chen and Z.Q. Xie, Structure of multiple solutions for nonlinear differential equations, Sci.

China Ser. A Math., 47 (2004), 172–180.

[12] C.M. Chen and Z.Q. Xie, Search extension method for multiple solutions of a nonlinear problem,

Comput. Math. Appl., 47 (2004), 327–343.

[13] G. Chen, J.X. Zhou, Z.H. Ding, C.R. Hu, and W.M. Ni, A Note on the elliptic sine-Gordon

equation, Contemp. Math., (2003), 1–17.

[14] X.J. Chen and J.X. Zhou, On homotopy continuation method for computing multiple solutions

to the Henon equation, Numer. Methods Partial Differential Equations, 24 (2008), 728–748.

[15] X.J. Chen and J.X. Zhou, A local min-max-orthogonal method for finding multiple solutions to

noncooperative elliptic systems, Math. Comput., 79 (2010), 2213–2236.

[16] Y.S. Choi and P.J. McKenna, A mountain pass method for the numerical solution of semilinear

elliptic problems, Nonlinear Anal., 20 (1993), 417–437.

[17] T.J. Dekker, Finding a zero by means of successive linear interpolation, in: Constructive Aspects

of the Fundamental Theorem of Algebra, Wiley Interscience, (1969), 37–48.



Improved Adaptive Orthogonal Basis Method for Multiple Solutions 23

[18] Z.H. Ding, D. Costa, and G. Chen, A high-linking algorithm for sign-changing solutions of semi-

linear elliptic equations, Nonlinear Anal., 38:2 (1999), 151–172.

[19] W.N. E, W.Q. Ren, and E. Vanden-Eijnden, Minimum action method for the study of rare events,

Commun. Pure Appl. Math., 57:5 (2004), 637–656.
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