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Abstract

The numerical analysis of stochastic time-fractional equations exhibits a significantly
low-order convergence rate since the limited regularity of model caused by the nonlocal op-
erator and the presence of noise. In this work, we consider stochastic time-fractional equa-
tions driven by integrated white noise, where D) (z,1),0 < o < 2 and [?W(x7t)70 <
v < 1. We first establish the regularity of the mild solution. Then superlinear convergence

rate
ad 1

(El[pCotn) — 9" ) = O(r ¥4
with sufficiently small € term in the exponent is established based on the modified two-
step backward difference formula methods. Here d represents the spatial dimension, ¢™
denotes the approximate solution at the n-th time step, and E is the expectation operator.
Numerical experiments are performed to verify the theoretical results. To the best of our
knowledge, this is the first topic on the superlinear convergence analysis for the stochastic
time-fractional equations with integrated white noise.

Mathematics subject classification: 60H35, 34A08.
Key words: Stochastic fractional evolution equation, Integrated white noise, Superlinear
convergence analysis.

1. Introduction

We are interested in the error estimates of modified two-step backward difference formula
(BDF2) methods for solving the stochastic time-fractional evolution equation driven by inte-
grated white noise [10,15,16], with « € (1,2) and v € (0,1),

CDF(w,t) = AY(w,t) = f(2,0) + [W(w,1), (2,t) € O xRy, a1
¥(z,0) =v(x), Ip(z,0)=b(z), z €0,

where O C R%, d = 1,2, 3 is a bounded domain with Lipschitz boundary 0O and d denotes the
spatial dimension. The operator A denotes the Laplacian A on a convex polyhedral domain O
with D(A) = H}(O) N H%(0).

Here W (x,t) is a cylindrical Wiener process with a covariance operator Q = I on L?(O)
with respect to a filtration {.#;};>¢ on a probability space (£2,.%,P) in [27]. And white noise
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W (z,t) is the time derivative of W (x,t) with

o0
Wz, t) =Y B;(t)e;(x), (1.2)
j=1
where 3;(t) are the independently and identically distributed Brownian motions and ¢;(z),
j=1,2,..., are the L?-norm normalized eigenfunctions of the operator —A corresponding to
the eigenvalues A\;, j =1,2,..., arranged in nondecreasing order.

Note that the additive noise W (x,t) is expressed by [8]

dW (z,t)

W (z,t) = — = PRZIGEAGENEN (1.3)
j=1
where o;(¢) is the rapidly decay function as j increases with Z;’il UJQ- < 0.

The deterministic problems associated with model (1.1) arise in many areas of the applied
sciences, such as the dynamics of viscoelastic materials, through water around rocks, and the
transport of chemical contaminants [11,17,22]. The fractionally integrated noise I} W (z,t)
characterizes random effects on particle motion in medium with memory or particles subject to
sticking and trapping [1,5,12,15,16].

The solution of model (1.1) may be decomposed into the solution of the stochastic problem

CDxu(z,t) — Au(z, t) = W (z,t), (z,t) € O xRy, (1.4)
u(z,0) = v(z), dpu(x,0) =b(x), z€O, '
plus the solution of the deterministic problem
CD?’U(:C,t)*A’U(:Qt) :f(xvt)a (:L',t) GOXRJH (1 5)
v(x,0) =0, Jw(z,0)=0, zeO. .

The operators © D¢ and I, denote the Caputo fractional derivative of order a € (1,2) and
Riemann-Liouville integral of order v € (0, 1), respectively, defined by

OO = e [, (=9 G

) = 55 | =9 wts =

where * denotes the convolution integral operators

(f*g)(t) = / f(t — r)g(r)dr.

Numerical methods of (1.5) have been widely investigated by various authors. If f(z,t)
is smooth in time, one approach involves employing variable time-stepping schemes, such as
geometric meshes or graded meshes [23,24]. These schemes are particularly effective in capturing
the singularities of the solution at ¢ = 0. Another method is the utilization of convolution
quadrature, which can be generated using BDFk or Lagrange interpolation of degree k, as
discussed in [7,13,14,21].
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However, the model (1.6) can involve the hyper-singular source term. Since the Riemann-
Liouville fractional derivative of order «, is defined by [26, p. 62]

ofu(t) = ﬁ%/o (t —7) " u(r)dr, 1<a<?2. (1.6)

It makes sense to allow 0fu(t) to be hyper-singular at ¢ = 0 if u is absolutely continuous, e.g.

« 1 —«
atlimt — OO as t*}O, 1<a<?2.

This leads to the fractional evolution equations involving the hyper-singular source term, see [11,
Eq. (21)], [17, Eq. (4.2.57)], [25, Eq. (4)] and [6, Eq. (10)]. For this case, many predominant
time stepping methods, including the correction of high-order BDF schemes [14], may suffer
from a severe order reduction. To recover the desired k-th-order convergence, the authors
propose a smoothing method for time stepping schemes, where the singular term is regularized
by using an m-fold integral-differential calculus and the equation is discretized by the k-step
BDF convolution quadrature, called IDm-BDFk method [29,30]. These framework theories are
originally derived from the modified BDF2 schemes (IDm-BDF2), see [4].

In this work, we focus on the numerical approximation of the stochastic time-fractional PDE
(1.4) with fractionally integrated white noise based on the modified BDF2 schemes. Note that
there are already some important progress for numerically solving the stochastic time-fractional
PDEs with fractionally integrated additive noise [1,3,12,15,16] and integrated white noise
[10,32]. However, these time-stepping methods exhibit a significantly low-order convergence
rate and offer less than first-order accuracy.

To the best of our knowledge, we are unaware of any other published work on the high-order
numerical approximation for stochastic time-fractional PDE (1.4) with fractionally integrated
white noise. Although the high-order numerical algorithm is provided by the authors with frac-
tionally integrated additive noise [3], where the mild solution remains to be provided. Moreover,
the resolvent estimate in [3] is not applicable for fractionally integrated white noise, since

To fill in this gap, we first derive the mild solution of (1.5) as

d 11
u(z,t) € CV([0,T]; L* (€ L*(0))), 0 <v < min (a—i—’y — % — 3 5).

Then superlinear convergence rate

(B[t tn) = "[)* =0 =¥ 4
with arbitrarily small € term in the exponent is established based on the modified BDF2 meth-
ods.

Throughout this paper, we denote ¢ as a generic constant that is independent of the step
size 7, which could be different at different occurrences. Additionally, we always assume ¢ > 0
is sufficiently a small positive constant.
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2. Modified BDF2 Methods

For the linear stochastic fractional PDEs with integrated white noise, the predominant
time-stepping methods lead to low-order error estimates with O(r™ir{aty—ad/4=1/2=c1}) 1y
ID1-BDF1 method, see [32]. To break the first-order barrier in such time-stepping methods, it
motivates us to consider the modified BDF2 method proposed by the authors in [4]. However, if
we use the ID1-BDF2 method, it still exists the first-order barrier, see Table 7.1. This motivated
us to design the ID2-BDF2 method below.

Let V(z,t) = u(x,t) — v(z) — tb(x), then (1.4) can be written as

o0V (x,t) — AV (z,t) = Av(z) + tAb(x) + LW (x,1), (x,t) € O x Ry, @)
V(z,0)=0, &V(x,0)=0, ze 0. '
Let an approximation of cylindrical Wiener process W (a,t) in (1.2) be defined by
¢
W@('T’t) = Zﬁj(t)@j(m), >1. (2-2)
j=1

Correspondingly, the truncation noise W (z,t) is the time derivative of Wy(z,t). Then pertur-
bation equation of (2.1) can be written as

{agw(x,t) — AVi(x,t) = Av(x) + tAb(z) + [JWi(x,t), (z,t) € O x Ry, 2.3)

W(SC,O) = 07 at‘/@(xvo) = 07 zeO.

The noise term in (2.3) is subjected to a two-step process: first, integration, and then
second, differentiation, using an m-fold integral-differential operator. According to indefinite
Itd integral [9, p.70] and It6 stochastic integral [9, p. 66], there exists

. t L t [
Bt = [ aw= Y eie) [ a0 = 800 @) = Wit

where Wy(-,t) is uniformly Holder continuous [9, p.54] in time for each Holder exponent 0 <
A < 1/2. From [28, Chapter 1] with I["Wy(-,t)|,_, =0, m = 1,2, we have

7Viet) = O (Wi ) = 07 (s i) (2.0
Choosing m = 2 in (2.4) and denoting
ge(-t) =t Wo(-,1), (2.5)
we have by (2.3),
IV (t) — AVi(t) = 0, (tAv + gAb) + 077 gu(t). (2.6)

Let V;* be the approximate solution of V;(t,) in (2.6). We obtain the following ID2-BDF2
time discretization scheme of (2.6):

t2
oOVE — AV = 0, (tnAU + §”Ab) 2 gu(tn), n=1,2,...,N. (2.7)
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Here, the discrete fractional-order derivative 8f is defined by, with 8 =1,a,2 —~
02" =770 wPpn (2.8)
j=0

) are generated by 62(¢) = 3°°° 0 w§’6)§j with

and the weights w( =

sn(e) = (§ - 264 36°). (2.9)

Remark 2.1. In this work, we mainly focus on the time semidiscrete schemes, since the spatial
discretization is well understood. We shall also modify the initial values v and b in numerical
schemes (2.7). Otherwise, it may drop down the convergence rate, see [4,29,30].

3. Solution Representation

It is well known that the operator A satisfies the resolvent estimate [21,31]
[(z—A)7 <ecolz|™}, VzeX,

for all 0§ € (w/2,7), where
Yy :={z € C\{0}: |arg z| < 6}

is a sector of the complex plane. Choose the angle 6 such that 7/2 < § < min (7, 7/a), and it
holds
[z = A7 < clz|7%, Vze g (3.1)

Applying the Laplace transform in both sides of (1.5), it leads to
N o —17
u(z) = (2" = 4) f(2).
By inverse Laplace transform, the deterministic problem (1.5) can be expressed by

1

- zt _ E _
v(t) 57 /F(Me (z% — z)dz = / 0,t—s)f(-,s)ds.

Here I'g ., denotes the contour
Tgn={2€C:|z| =k, |argz| <O}U{z € C:z=ret? r >} (3.2)

with 7/2 < @ < min (7, 7/a) and k > 0, and the operator E(q,t) is defined by

1 -1 _—
E(q,t)p = 3 ). e (2% — A) " 2 %dz. (3.3)
0,r

Correspondingly, the mild solution of (2.6) and (2.1) are, respectively, defined as [10]

1 _
Vo(t) = — / ez — A)7! (z7'Av + 272 Ab+ 2*77gi(2) ) dz
To

21

=E(1,t)Av + E(2,t)Ab + /t E(y,t — s)dW(-, s)

E(1,t)Av + E(2,t) Ab+z/ (v,t — 8)p;dB;(s), (3.4)
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t
V(t) = E(1,t)Av + E(2,t)Ab+ / E(y,t —s)dW(-,s)
0
0ot
= E(1,t)Av+ E(2,t)Ab + Z/ E(v,t —s)p;dB;(s). (3.5)
j=170

Here the mild solution V (t) and V;(t) are well-defined in C* ([0, T]; L?*(Q; L*(0))) for arbitrary
0 <v<min(a+vy—ad/4—1/2,1/2); see Section 4.

Given a sequence (k,)§° and take K(¢) = Y. 7 kn(™ to be its generating power series. The
representation of the discrete solution in (2.7) is obtained by the following.

Lemma 3.1. Let 6 be given in (2.9) and p;(&) = > oo, nI&"™ with j = 1,2. Let go(t) be defined
by (2.5). Then the discrete solution of (2.7) is represented by

1 _ —2ZT
V/'=— e* (62(e™*7) — A) 1(5-,—(6_'27—)7' (pl(e_ZT)TAU + L(Z )T2Ab) dz

21
Fg,n
1

21
Fg,n

€Zt”’ (5‘?_4 (e—Z‘r) o A) _163_7(6_27)7"97(6_27)6& (3.6)

—~—

with TG ={2 €Ty, :[Sz| < m/7} and gi(e™*7) = (t * Wo)(tn)(e™?7).

Proof. Multiplying the (2.7) by £" and summing over n with V2 = 0, we obtain

Z V" Z AVpEr = Z 0r <t Av + ”Ab> FY 0 gtg
n=1

Note that
iaﬁc Z Z (a)vn J&n Z Zw(a)vn j&n
n=1 1 7=0

S LS % Sl 3 Ve = aeVice).
3=0 n=0

§=0 n=0

Similarly, one has
i Drtn AUE™ = 6,(&)p1(€)TAv, Z D2 AbE™ = 6,(€)p2(€)T2 Ab
n=1
with p;(§) =Y 02 ni€™, j=1,2 and
i 27V ge(tn)E" = i 7 Tgpe™ = 8277(€)gu(©).
n=1 n=1

It leads to

6) = (5200~ 4) 50 r(©rav + 24 )
+ (62(5) B A) 52 V(f)gg(f) (3.7)
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According to Cauchy’s integral formula, and the change of variables ¢ = e¢*7, and Cauchy’s
theorem, one has [14]

1 -~ —2zT
V= — e*tn (5?(6727—) - A) 157-(6727—)7' <p1(€ZT)TAU + 7[)2(6 )TQAb) dz
21 ry . 2
1 _
+ — e (6% (e77T) — A) 15,,2_77(67ZT)T§2(67ZT)dZ
211 ry .
with I'y = ={z € T'g, : [S2| < 7/7}. The proof is complete. O

4. Regularity of the Mild Solution

For the stochastic time-fractional equation (2.1) with 0 < a <1,y =1—a and v =b =0,
the sharp error estimate is established in [10], which convergence rate is consistent with the
Holder regularity of the mild solution

u(z,t) € C¥([0,T); L*(Q; L*(0))), 0<v< % — Ode_

Based on the idea of [10], we next derive the mild solution in (2.1) as
» 9 9 . ad 11
u(z,t) € C ([O,T];L (Q;L ((’)))), O<v<min|a+vy-— T 33
However, the superlinear convergence rate will be established in this work.
Lemma 4.1 ([10,19]). Let O denote a bounded domain in R, d € 1,2,3. Suppose \; denotes

the j-th eigenvalue of the Dirichlet boundary problem for the Laplacian operator —A in O. With
|O| denoting the volume of O, we have that
Cqd .2 2

N T R TS (@.1)

where Cyq = (27r)2B;2/d and B,y denotes the volume of the unit d-dimensional ball.

Lemma 4.2 ([10]). Let o« > 0 and d = 1,2,3. Then there exist constants C and C, such that

00 o 2
T ad
Z(ra+Aj) <Cr%, Vr>0, (4.2)
J=1
1 C
< £ v 0 4.3
| ST z€3,, ¢e(0m), (4.3)

where the constant C depends on the dimension d and the volume of the domain O, and C,
depends on the angle ¢ € (0,7).

Proposition 4.1 ([16, 1t6 Isometry Property]). Let {¢(s) : s € [0,T]|} be a real-valued
predictable process such that fOT E|¢(s)|?ds < oo. Let B(t) denote a real-valued standard Brow-
nian motion. Then the following isometry equality holds for t € (0,T):

EH / “pans)|| = / E(s)]ds,

where E denotes the expectation.
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Theorem 4.1. Let v =b=0. Then, for arbitrary 0 < v < min(a + v — ad/4 — 1/2,1/2), the
mild solution which is defined by (3.5) is in C¥([0,T); L?(; L?(0))) .

Proof. From (3.5) and (3.3), it yields

| Bt = s)esan,0) =5 [ byt = s)asy(o) (4.4)
0 0
with 1

hj(y,t) = 2_7m/p e (2% + \j) 2T dz. (4.5)

According to (4.4), indefinite It6 integral [9, p.70], it implies that each term in (3.5) is well
defined in C([0,T7]; L?(£2; L*(0))). Since

I+m 2
sup E

Z/ (vt = 5)igdB; (5)
t€[0,T]

tl4+m
= sup/ZHE%t—s%H ds</ Z|h 7, 8)|%ds

t€[0,T)
27m/ e* (2% + \j) 2 Vdz

< / S el [ e
0 To
e (5
SC/ S_/ eTSCOS (
0 K ]:l TQ+A‘7

T 0 00 o 2

K
+c SB_l/ efeeosy g k2298 g s, 4.6
/0 —0 =l R + >‘j ¥ ( )

Here, for the second to last inequality, we use

[t la e
T x

“+o00 0
_ / 67"500507,7[3(17, + / enscosgpnfﬁJrldw
K —0

“+o00 0
= gf~1 (/ eteosty=Bap 4 / etcoswtlﬂldgp) < st (4.7)
KS —0

d

[e3
7‘ |2| 72972 +Pdz|ds

) r=20=2748 grds

with § € (0,1) and cosf < 0.
From Lemma 4.2, we have

00 o 2

( ) S Cr%d ’
= Y 4 A
which implies that the remainder terms

o0

o 2
Z( ! ) — 0 as | — oo,
Ta—f—)\j

J=l
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and

2
) r2072748 gpd s

T “+o00 o0 «a
B—1 rscos 6 r
S e o \
r .
0 K =l J
+oo Y T
< C/ T72a727+7+ﬁdr/ Sﬁflerscoseds
K 0
Foo d d
20— ad 20— ad
< c/ P20 S gy < e (4.8)
K

where —2a — 27 4+ ad/2 < —1, and we use

T rT 00
/ S,@—lerscoséds _ T_B/ 77,8—1677C059d77 < T_B/ 77,3—1677C059d77 < CT_B. (49)
0 0 0

The Lebesgue dominated convergence theorem yields

T +oo 0 o
lim Sﬁfl / ers cos 6 E ( —
0 K =1 e+ )‘j

2
) r20=2v4t8 grds = 0.

l—o0

On the other hand,

a 2
R ad
- < 2
Z<f<§a+)\j) —CK2

j=1
implies
e’} et 2
Z —_— — 0 as | — oo,
N HO‘+>\]‘
7=l
and

T 0 e’} pct 2
Bs—1 K COS @ —2a—2v+B+1
s e g — | K dpds
/0 / g (H“ + Aj) 7

—0
0 B T
Sc/ H_2a_27+7+5+1d(‘0/ SB—lenscosg;ds
—0 0

0

ad ad

< c/ RO p < TR AL (4.10)
—6

Again, using the Lebesgue dominated convergence theorem, we obtain

T o Lo \2 ,
lim 71 efeeosy — ) g2l uds = 0.
0 /49 jz:; (’fa + )\j) 7

l—o0

Therefore, we have

2

l+m .t
sup E Z/ E(v,t—s)p;dBi(s)]l — 0 as | — oo,
tefo.1] || 5= Jo

which means that the sequence 2221 fg E(v,t — s)p;dB;,1 = 1,2,..., is a Cauchy sequence
in C([0,T]; L3(2; L?(0))). Furthermore, the Cauchy sequence converges to the mild solution

V e C([0,T); L*(; L2(O))) in (3.5).
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Let LY denote the space of Hilbert-Schmidt operators on L?(0). Its norm is defined by
10,27, 33]

IE(y,t =)y = <Z|E 75t sﬁgllm(m)

By the above analysis, it shows that

/||E 7t - 5)|24ds < o,

which implies that the stochastic integral in (3.5) is well-defined.
Next, we prove V € C¥([0,T]; L*(Q; L*(0))) for 0 < v < min(a + v — ad/4 — 1/2,1/2).
From (3.5), we have

V(t)—=V(t—h)
hl/
2, [ih —5) — —h—s
= Z/ Ent = o) hb:(%t " )%dﬂj(S)

Z/ E(y,t — 5)g;d8;(s).

Then we can check that

2

sup E

H V()= V(t—h)
te[0,T)

hv

E(y,t—s) — E(y,t—h—s)

o0 t—h 2 o0 t
1
—aw (3] - dst g Y [ 1BGt = s)ps|Pds
te[0,T (; 0 h h? ]; t—h !

2
7,s—|—h E(v,s) =1 [h
<Z/ i|| ds+> 16, )P
j=1

According to (4.2), (4.3) (4.7), (4.9) and |(e*" —1)/h¥| < C|z|” with 0 < v < 1 on the
contour I'g , it leads to

zhi
/ Z = S (4 ) e
2mmi re,. N
/ / R
0 To
o) o
C/ Sﬁfl/ erscos&Z( ) 7,72a72'y+ﬁ+21/d7,d8
0 K j=1 ra+)‘j
T s [ 0 Kja 2 ﬁ
—1 KSCOS @ —2a—2v+ +2u+1d d
c s e K wds
o e (@)

2

E(y,s+h)— E(7,s) s

hv ®i

2
ds

‘ | | —20— 2’y+ﬂ+2u|dz|ds
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“+o0 u T
—2a— ad _ ;
< C/ r 2a—2y+ +B+2Vd7“/ 8,6’ lerscoseds
K 0

0 T

—2a— ad _ 8

+ C/ & 2a—2y+ +B+2”+1d<p/ SB lenscosapds
—0 0

“+o00 0
d d
< C/ T—2a—2y+%+2udr + C/ K—Qa—27+%+2u+ldgp
K —6

—2a— od
< ck 200—2v+ ) +21/+1’

which requires —2a — 2y + ad/2 + 2v < —1.
On the other hand, for arbitrary 3 > 1, we have

> h ,
> [ IEGs)elPds
j=1 0

1 &
== >
h 0 J=1

1 & 5 )

e 12 |dz| / s

h21’ 0 ;/Fe,n FG,N

2
ds

L zs( . -1 —y
27”./1“9,,66 (z*+ X)) 277dz

« —
e s
29+ A

_ ptoo _ rh e—2rs|cosd]
Scmlfﬁ/ 7,72a72'y+ad/2+ﬁ/ Z dsdr
h2u
K 0
_ 0 _ h p2hs oS
+CI§31_’6/ K—Qa—27+ad/2+,@+1/ degO
h21/
—0 0
<

+o00 0
-3 22— ad 3 _ C9— ad | 3
le ﬁ</ r 2027+ % +58+2v 1d7"+/ K 2027+ +ﬁ+2udc’0>
K —0

—2a— ad
S ck 2a0—2vy+ o) +21/+1,

where we require —2a — 2y + ad/2 + 3+ 2v — 1 < —1 for last second inequality and use

ds<er !0 <ty

h 672rs|cose\ 1— 672rh\cose\
/ ———ds < — < ¥, w<l
,  h h

This requires 0 < v < min(a + v — ad/4 — 1/2,1/2). The proof is complete.

11

O

Theorem 4.2. Let V(t) and Vy(t) are given in (3.5) and (3.4), respectively. Let a+~v—ad/4—

1/2>0 and o € (0,2/(ad)). Then we have

pmax(—20(aty— 5 1), (1-4)(1—2g4))
)

2
IN
N — DN =

_a
o,

sup B[V (t) — Ve(t)]* <
te[0,7)

)
V

Proof. According to (4.6), there exists

sup E[[V(t) — Ve(t)]?

te[0,T]
— s E| 3 / Byt — 8)p;dB;(s)
te[0.T] || ;251 /0
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T 400 o o 2
Sc/ Sﬁfl/ erscos& Z ( ) r72a72'y+ﬁdrd8
0 K e+ )‘j

j=l+1

T 5 0 s et 2 5
+ec s *1/ eliscos e ( ) k2027 +14B o s
/0 -6 Z K + Aj v

j=l+1

+oco 0 o 2 T
_ / Z < r > T72a727+ﬁdr/ Sﬁfle’l“scoseds
K e+ )‘j 0

j=t+1

o oo s
+/0 2 <’€a+)‘j

—Vi=r+1

Based on (4.8) and (4.10), we have

sup E[[V(t) - Ve(1)]*

te[0,T7]
< c/JrOO i ( - )27“_20‘_2%#
~ Je fart T 4 )
+ c/e i ( s )2ﬁ_2a_27+1dg0
-0,570 LY
=cJi + cds.

From (4.1) and (4.2), it yields

9 oo a N2
K —200—2v+1
ne > (_Cjw) p-2a-2rH g

oo N4 4 1
J <c E GTAar 0 dr < et a, Ve > 3
k j=0+1

We next estimate J; with 0 < < 1/2 for arbitrary o € (0,2/(«ad)). Since

7 o0 2
Jl :/ Z > T*Q&*Q'ydr

< -
ro by
K =41 A

+oo i o 2 ) )
+/ ( ) r 2T dr
i) Y 4+ A

= 11 + IQ.

From Lemmas 4.1 and 4.2, it follows that

oo d d
I < / T72a727+"‘7dr < 676(2a+2’}/7%71),

lo
o o0 ro 2
—2a—27
I; < Z <7Ta+cj2/d> r dr
R =041

2 T
> ’i72a727+1+ﬁd¢/ Sﬁflekascos«pds.
0

(4.11)

(4.12)

(4.13)
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o 0o - 2
r —20—2
< A /e <77‘0‘ n 032/‘1) r Tdsdr
o

0 2
,2a72+a_d 1 o ad
SA r " sz/[ <m) g (s=r72¢)

/2

07 0o
< c/ T*M*W"T‘idr/ Eade (r <)
K 14

1—aod/2

e(’
< c/ pr2e= 25 p(1=5) (1=254) g,
K

< o200 2vH AL p(1-3)(1-2g) (4.14)

From (4.11)-(4.14), it yields

Cgmax(fa'(204+2'yf‘3‘7‘7171),(17%)(17“‘#"i))7 v < 17
sup B[V () - Vi(t)||* < :
te[0,T) =, > -
2
The proof is complete. O

5. Error Estimates
We first give some lemmas which will be used in the error estimates.

Lemma 5.1 ([14]). Let 0,-(§) be given in (2.9). Then there exist the positive constants c1, ¢, ¢
and 0 € (1/2,0.) with 0. € (7/2,7) for any € > 0 such that

crlz| < 6-(e777)| < ealz], 16-(e7*7) — 2| < e,

|62(e7*7) — 2% S er? [T, 6:(e77T) € Dayzye, V2 ETG .

Lemma 5.2 ([29]). Let §-(€) be given in (2.9) and pi(§) = > .o, n&™. Then there exist
a positive constant ¢ such that

pr(e ) = 22| < er?
where 0 € (1/2,m) is sufficiently close to m/2.

Lemma 5.3 ([30]). Let 6.(£) be given by (2.9) and p;(§) = > oo, nI&" with j = 1,2. Then
there exists a positive constants ¢ such that

H (d2(e™) — A)‘l(sT(e—“)iflij((ji 1))Tj+1A — (" - A)_lz‘jAH < er?|z P,

Lemma 5.4. Let §:(€) be given in (2.9) and p1(€) = > .~ n&™. Then there exist a positive
constants ¢ such that

‘53_V(6_27)p1 (G_ZT)T2 - z_v‘ < c7'2|z|2_7, Vzely,,

where 0 € (1/2,m) is sufficiently close to m/2.
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Proof. Let
07 (e pr(e ) — 2T = Ty +
with
= B e (e ) - ()
Jo =62 (e " )22 — 277,
According to Lemmas 5.1 and 5.2, we have

[T < 10277 (e ) pr(e™*7)r* — 27 < er? |27

[ Ja| < [777(e™"7) = ¥ 277 < er?l2* 7.

By the triangle inequality, the desired result is obtained. U

Lemma 5.5. Let 6,(£) be given in (2.9) and p1(§) = Do, n&™. Then there exist a positive
constant ¢ such that

[+ A0) 7 = (02T + ) T T (e (e )

2

[e3

<ot ()
J

Proof. Using the triangle inequality, we have
(24 0) 7277 = (6% T) + ) 62 (e ) pu (e )PP < ey + e
with
Jo= (= 29) T = (02 )+ ) T,
Jo = 627 ) + M| 22 = 82 (e ) pr (e )2

From Lemmas 4.2, 5.1 and the equality

1

P2 (82 =) (M A) T (B ) T

(2" +2) 7 = (02T + )
it yields
Ji=c|6d(e”"T) - zo‘}2|z°‘ + /\j|72}5f(67”) + )\j|72|z|727

2|

o<

a 2
o
J

2
) ‘5g(e—zr)+>\j|*2|z|—2a—2v

According to Lemmas 4.2 and 5.4, we obtain

o 2
s
J

The proof is complete. O

‘We now turn to our main theorems.
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Theorem 5.1. Let Vy(t,) and V;* be the solutions of (3.4) and (3.6), respectively. Let v =
b=0 and o+~ —ad/4—1/2> 0. Then we have

1
2

(B[Ve(tn) - VZHH2) < et onoege

Proof. From (3.4), we obtain

Viltn) = (B, 1) % Wel8)) (ta) = ((£(0) # ) % We(. ) (£) (5.1)
with )
E(t) = %/F " (2 — A2z (5.2)

Using (3.7) with v =b =0 and g} = t,, * Wy(-, 1), it yields

V() = (37(6) = 4) 72 OF(E) = &) = 3 EE Y gl

=D D &gt =) Y &gt =3y &g =) Vi
n=0

n=0 j=0 =0 n=j n=0 j=0
Here N .
Vi =) g =y EF aulty),
j=0 j=0
and -
mn N o « -1 —
Do = E,(6) = (52(6) — A) T a2T(E). (5.3)
n=0

—ZT

From the Cauchy’s integral formula and the change of variables £ = e™*7, we obtain the

representation of the &7 as following:

1 —~ T 1
Len — _— 7n71£>‘r dé = — ztn 5% e *T) — A 5277 —2T\({ 5.4
P [ €A = g [ et one ) - )T 6
where 0 € (7/2,7) is sufficiently close to /2.
Let & (t) = >.°° &n6y, (t) with d;, being the Dirac delta function at ¢,. Then

(8(0) % g0(t)) (t) = (Z £16,(1)+ ge(t)> () =3 6 at) =V (55)

Moreover, using the above equation, there exist

(Ext)(€) = D (& xt) (1) €7 = 3 Do m it =53 reyent
n=0 n=0 j=0 j=0n=0
=) EE Y 4 = 6O Y8 = EE)Ta () (56)
n=0 7=0 Jj=0

with p1(§) = 22021 ng".
From (5.2) and (5.4), we further denote
1

i(t) = %/F et (2 +/\j)‘1z2—7dz, j=1,2,..., (5.7)
0,k
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n T 2ty (SO(, —2T —leo_ —zT -
H; = 2_7m/7 et (5T(e )Jr/\j) 827 (e " M)dz, j=1,2,... (5.8)

with Ho;(t) = 3707 H7;0t, (t). Then, using (2.2), (5.1), (5.2), (5.4), (5.5), It6 isometry property
and the orthogonality of ¢;, we have

E||Vi(t,) — V|

B¢ - 6«1 Wt 0)(t)]”

) 1) (tn — 5)|;dB5(s)

2
tn
((Hj — Hrj)  t) (tn — 5)]p;dB;(s)
4 tn )
=30 [ ~ ) < 0t - )]s s
j=1"0
4 tn
gZ/ |((Hj — Hrj) %) (tn — s)|ds. (5.9)
j=1"0
Next, we prove the following inequality for any ¢t € (t,—1,tp):
‘
Z |((H; — Hyrj) % t) (t)’2 < ep?otr= Gt o1m2ey 142
j=1

By Talor series expansion of H;(t) at t =, with j =1,2,..., we get

(H;(t) * 1) (t) = (H;(t) % ) (tn) + (t = ta) (H;(t) % 1) (ta) + /t (s - t)H;(s)ds,

which also holds for the convolution (H.; * t)(¢). On the other hand, using (5.2), (5.7) and
Laplace transform pair, it leads to

() % £) (1) = —

— (24 \) T 2T d 1
27”,/ng6 (z*+ X)) 27 dz (5.10)

From (5.3), (5.6), (5.8) and Cauchy’s integral formula, it is easy to get

(Hpj(t) % t)(tn) =

T

— / e (82(e™*T) + /\j)7153_v(e_ZT)p1 (e7*")1dz. (5.11)
bk

2mi
According to (5.10), (5.11) and the triangle inequality, we estimate

STI((H = Hey) ) (ta)|* < ey + e

j=1
with

1 1 2
—/ Zt" z + A ) 2z dz|
2 Lo, k\Fe k

2
QL/ (z*+ X)) 12’777(5?(6727—)+)\j)71572_77(67ZT)[)1(6727—)7'2]612’ .
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From (4.7) and Lemma 4.2, choosing a number € (0, 1) it yields

«
o#tn | (4|8 2ty <
J1<c§j/ 111z |
6 k\Fg k Fe,k\Fg,k J
o0 "
_ 0 —2q— ad
< Ctg 1 ertn cos 97‘ 2a—2y+% +’6d7“
0
+o0 "
S CT4t271 ertn cos@r72a72'y+7+4+ﬂdr
Teing
2042y—ad _5-5 [T ad
= oF tB 1t a+2y 650059872a72'y+7+4+5d5
Tty
Tsing

< CT4t721a+27*%d*6 < ep2at2y— S —1-2e,—142¢

On the other hand, using Lemmas 4.2, 5.5 and the Holder inequality, it follows that

2
JQ < CT4tB 12/ ztn|(| |LZLA ) |Z|—2a—2'y+4+,6’|dz|
< c¢4t,€_1(/”m9 (Tt €080, —20—27+ S+ 4+ g
K

(4

; C2a— ad

+/ eﬂtnCOSQDH 2a—2v+% +5+ﬂd50)
—6

ad
<er t2a+2v—*—6 <ec 2a+2y———1 2ey—1+2¢

Then, we have
¢
> ((Hj = Hyj) #t) ()| < er?at?r—g—1-2ep- 142,
j=1

Similarly, it is easy to check

4
ST = tn) (Hy — Heg) % 1) (1) < er?er?rFoim2egmisoe
j=1

Moreover, from (4.7), Lemma 4.2, for 5 € (0,1) and n > 2, one has

y4 2

tn

(s —t)H,(s)ds

tn tn

gZ/ (s—t)st/ \H, (5)|2ds

i t

Y tn 1
o[ R e
J:1 0,k

L tn
CZT?’/ 3'8_1/ [e*]
= t T

+oo

tn
_ 2 — ad
CTB/ SB 1 |:/ erscos@,r 2002+ % +4+ﬂdr
t K

2
ds

IN

ZOt

m 2a—2y+4+5|dz|ds
J

IN

IN

2a72'y+ﬂ|dz|

17

(5.12)

(5.13)
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0
+/ enscosgpnf2a72'y+%d+5+ﬁdcp ds
—0

tn
_ad__ _ad__
< 07'3/ S2a+2'y 5 Gds < CT4t2a+2’y 5 —6
t

ad
< er2at2y— 4t —1-2e,—142¢ (5.14)

In particular, for n =1 and t; = 7, it yields
‘

D

Jj=1

4 t1
<>/ s*mfds/ 527225 — 1)2|H, (5) |%ds
=17t t

t1
_ _ad_o9_
<ot 1+25/ G2a+2y— S —2-2¢ 5
t

2

[ -0

<ec 2oz+2v———1 28t—1+28 (515)

From (5.8) and H,j = 32 H};0, (t),t € (tn—1,tn), taking 8 € (0, 1), we deduce

l tn 2
S| [ - o
j=1171
2 ‘ 2
<t =) H [ < 72 Y [ H|
j=1 j=1
4 L 2
<er' / e (82(e™FT) + Nj) T 6F V(e T )dx
=1 11% «
_ 2
<CT4Z/ ztn||z| ﬁ|dz|/ ztn| ( ) |z|*20"27+4+ﬁ|dz|
B 0 (e ZT) + A
S C7_41551</7—Sine ertn COS9T7204727+%d+4+ﬁdT
K
0
+/ €'€t"COS(’DH_2a_2’Y+aZd+5+Bd(p)
-6
<e t2a+277“fd76 < erlaty—Stol-2ey 142 (5.16)

According to (5.12)-(5.16) and triangle inequality, we get

Y4
ST N(H; — Hap) ) ()]} < er2eti=mimzepieze
j=1

The proof is complete. O

Remark 5.1. From Theorem 5.1, the sharp convergence rates (omitting the £ term in the
exponent) can be obtained

1

Vi) - VP < erte

3

if the solution is close to the initial layer ¢ = 0. However, it is not easy to extend the global
domain ¢ € (0,77.
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Theorem 5.2. Let Vi(t,) and V" be the solutions of (3.4) and (3.6), respectively. Let v,b €
L?(0) and o +v — ad/4 —1/2 > 0. Then we have

1

1 o
(EHW(tn) - Vé”HQ) 2 < c7'2t7:2||v||L2(o) + c72t;1||b||L2(0) 4+ erotr— e
Proof. Subtracting (3.4) from (3.6), we have the following split:
Vit =Vi(ty) =11 — I + Is — Iy + I5.

Here the related initial terms are given in

1 _
L =— e ((62(e7*T) — A) 157—(6727)p1(67ZT>7'2A — (2% = A) "2 A)vdz,
2mi ry
1
Iy = — e (2 — A) 7 2 Avde,
211 F@,N\Fﬂe—,,{
1 _ —ZT
Iy=—— [ " ((5:‘(@—”) ) (e )P ) sy e A)‘lz‘QA) bdz,
27 ry . 2
1
Iy = — et (2% — A)" 272 Abdz.

27TZ Fe,ﬁ\rg,m

The related noise term is

Is= 5 L (82(e="7) — A) T 627 (e~ )gule T )dz
1
— % Fg,n eztn (Z'Y _ A)—lZQ—'yg\e(z)dz’

which is estimated in Theorem 5.1.
From Lemma 5.3, we estimate I as following:

Ilz2(0) < CTQHUHLZ@/T €= ||| |dz]

0,k

TSin g
< CT2|U|L2(0)(/ TeTt"'COSHdT—l—/ HQentncos@d(p)
K —0

< CT2t;2HUHL2(O),
3]l 220y < et bl 22(0)-
Correspondingly, using the resolvent estimate (3.1), we estimate I and I as

112|120y < et vl 220,

[ Lull 20y < et 1] 2 (0)-

The proof is complete. O
Remark 5.2. For ID1-BDF2 method,
t2
oV — AV" = 0- (tnAU + gAb) + 0 ge(tn), a€(1,2) (5.17)

with go(-,t) = 1% W;(-,t), the similar proof with order O(r™ir(at+y—ad/4=1/2=21)y can be ob-
tained by Theorem 5.2.
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6. Error Analysis for Subdiffusion

Consider the subdiffusion model with fractionally integrated white noise, for 0 < o,y < 1,

CDxu(z,t) — Au(z, t) = W (z,t), (z,t) € O xRy, (6.1)
u(z,0) = v(z), zeO .
with the initial condition v(z) € L*(0).
Let V(t) = u(t) — v. Then model (6.1) can be rewritten as
OV (x,t) — AV (x,t) = Av(z) + [TW (x,t), (x,t) € O x Ry, 6.2)
V(x,0) =0, re0. '
Substituting Wy(z,t) for W (z,t) in (6.2), we obtain
OVi(x,t) — AVi(z,t) = Av(z) + LTWe(x,t), (r,t) € O x Ry, (6.3)
W('Tao) = 0) T € O '
Then ID2-BDF2 method for (6.3) is designed by
02V — AV = 0y (tn Av) + 027 7 gu(tn) (6.4)

with ge(t) given in (2.5).
Using the same argument as in the proof of Theorems 5.1 and 5.2, we can easily carry out
the proof of Theorems 6.1 and 6.2 below.

Theorem 6.1. Let Vi(t,) and V;* be the solutions of (6.3) and (6.4), respectively. Let v =0
and o +~v—ad/4—1/2 > 0. Then we have

(B[|Vi(ta) = VP |[")? < erotrmolin/ozegs,

Theorem 6.2. Let Vy(t,) and V;* be the solutions of (6.2) and (6.3), respectively. Let v €
L?(0) and o+~ — ad/4 —1/2 > 0. Then we get

7. Numerical Results

We numerically verify the above theoretical results and the discrete L2-norm (|| - [|;,) is
used to measure the numerical errors at the terminal time, e.g. t = ty = 1. We discretize
the space direction by the Galerkin finite element method [31]. Here we mainly focus on the
time direction convergence order, since the convergence rate of the spatial discretization is well
understood [8]. The order of the convergence of the numerical results is computed by

1 N/2 _ N
Convergence Rate = Eln (M) :

[u¥ — M| = \E[u¥ —u¥|;, uV=VVto.

and
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Let
T=1 0=(0,1), wv(z)=sin(z)V1—22, blx)=+Vz—a2
Next, we briefly discuss the implementation of the term involving the noise defined in (2.2),
that is

y4
We(w,t) = Z Bi(t)e; (),

where ;,5 = 1,2,..., are the independently identically distributed Brownian motions, and
¢; are the L?-norm normalized eigenfunctions of the operator —A. In particular, in the one-
dimensional case, we have

©;(z) = V2sin(jrz), j=1,2,....

Using BDF?2 integrals convolution quadrature formula [2,20], it yields
n ¢

. B . _

LW, t) = LWl t) ~ 73wl ) S 8 (F)e;

k=

1 =1

with ¢ = M = 100, where M is the dimension of the finite element space. Here Brownian
motions {3; é‘:1 can be generated by MATLAB code, see [18, p. 395]. Since we do not have
an explicit representation of the exact value I} Wy(ty, ), we compare the numerical integrals
with a reference obtained on very fine grids with time step size 7 = 272 and

M N_ __
n—nT—nN—nNT— T =

==l

N = 2%,

4~

w, =N,
All the expected values are computed with 1000 trajectories.

For the linear stochastic fractional PDEs with integrated white noise, many predominant
time-stepping methods lead to low-order error estimates with O(r™ir{aty—ad/4=1/2=2,1}) " gee
[32, Theorem 2.8], also see Table 7.1 by ID1-BDF2 method. Here the white noise (1.2) is
regularized by using a one-fold integral-differential (ID1) calculus.

To break the first-order barrier in stochastic fractional PDEs, we establish the convergence
properties of the ID2-BDF2 method, demonstrating a convergence order of O (7@ +7—ad/4=1/2=¢)
which is characterized by Theorem 5.2, see Table 7.2.

Furthermore, numerical experiments for the subdiffusion case have been included, as shown
in Table 7.3.

Table 7.1: Convergent order of ID1-BDF2 method for superdiffusion (5.17).

a=1.2 a=1.6
7 N =128 N = 256 N =512 N =128 N = 256 N =512
01 1.0880e-02 | 7.8454e-03 | 5.6015e-03 | 5.0279e-03 | 2.9634e-03 | 1.7312e-03
0.4718 0.4860 0.7627 0.7755
0.5 1.8930e-03 | 1.1055e-03 | 6.1176e-04 | 1.2391e-03 | 6.1293e-04 | 3.0882e-04
0.7761 0.8536 1.0155 0.9890
0.9 5.6659e-04 | 2.8282e-04 | 1.4199e-04 | 5.3070e-04 | 2.5254e-04 | 1.2482e-04
1.0024 0.9941 1.0714 1.0166
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Table 7.2: Convergent order of ID2-BDF2 method for superdiffusion (2.7).

a=12 a=16
7 N =128 N = 256 N =512 N =128 N = 256 N =512
01 2.4834e-02 | 1.7853e-02 | 1.2854e-02 | 5.1026e-03 | 2.9224e-03 | 1.5534e-03
0.4762 0.4739 0.8041 0.9117
05 1.6463e-03 | 8.9387e-04 | 4.8413e-04 | 5.8338e-04 | 2.5348e-04 | 1.0896e-04
0.8811 0.8847 1.2026 1.2180
0.9 1.2936e-04 | 5.2761e-05 | 2.1597e-05 | 1.3228e-04 | 4.0064e-05 | 1.2521e-05
1.2938 1.2887 1.7232 1.6779
Table 7.3: Convergent order of ID2-BDF2 method for subdiffusion (6.4).
a=04 a=038
7 N =128 N = 256 N =512 N =128 N = 256 N =512
0.5 6.2999e-02 | 5.4221e-02 | 4.6031e-02 | 1.0829e-02 | 7.3419e-03 | 4.9439e-03
0.2165 0.2363 0.5607 0.5705
0.9 3.9614e-03 | 2.5893e-03 | 1.6829e-03 | 6.2984e-04 | 3.1978e-04 | 1.6417e-04
0.6135 0.6216 0.9779 0.9619
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