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Abstract

In this work, we investigate a thermoviscoelastic system governed by the Guyer-Krum-
hansl model. The system is free from the paradox of infinite heat propagation speed and,
furthermore, is more suitable for modeling complex problems involving heterogeneous ma-
terials on a macroscale and at room temperature. Firstly, we establish the well-posedness
of the system using the theory of semigroups of linear operators, and then we prove uniform
exponential decay with respect to a given physical parameter using the multiplier method.
Subsequently, we discretize the system and propose a monotone and consistent numerical
scheme using finite differences. The convergence of the numerical solution is proven by
the Lax equivalence theorem. Finally, we present numerical experiments using MATLAB
to demonstrate the accuracy and efficiency of the scheme that reproduce the theoretical
results.

Mathematics subject classification: 93D20, 656M06, 74H40.
Key words: Wave equation, Viscoelasticity, Guyer-Krumhansl model, Uniform exponential
decay, Finite differences.

1. Introduction

Conventional thermoelasticity theory is based, among other constitutive relations, on Fou-
rier’s law [11]. The foundations of this theory were likely laid in the first half of the 19th century
by Duhamel [10] and subsequently reformulated by Biot [6], who introduced an elegant model
to study the coupling effects between elastic and thermal fields. Because of this, this theory
became known as classical coupled thermoelasticity theory. However, due to the dependence on
Fourier’s law, this theory also suffers from the deficiency of allowing infinite heat propagation
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speed. To address this issue, Cattaneo [8] derived a new equation to relate heat flux and
temperature. He introduced the thermal relaxation time, which is intrinsic to the material, to
the heat flux. In this way, the problem of infinite heat propagation speed was resolved in the
context of thermodynamics. However, the issue persisted in the context of thermoelasticity until
the emergence of Lord-Schulman’s generalized thermoelasticity theory [15], which modified the
classical theory of coupled thermoelasticity by considering the heat flux idealized by Cattaneo.
Consequently, the finite speed of heat propagation was also extended to thermoelasticity.

In this context, several works [4,5,9,20, 23] have studied the well-posedness and asymp-
totic behavior of solutions to thermoelastic systems with the Cattaneo model. For instance,
Racke [20] proved, for two distinct boundary conditions, the exponential stabilization of a ther-
moelastic system governed by the Cattaneo model. On the other hand, Alves et al. [4] considered
the problem of vibrations in a non-uniform flexible structure modeled by a viscoelastic equation
with thermal effect provided by the Cattaneo model. They established the well-posedness of
the system, exponential decay for a set of boundary conditions, and polynomial decay for an-
other set of boundary conditions. Avalos et al. [5] considered a thermoviscoelastic system with
the Cattaneo model, modeling a string composed of three different materials: thermoelastic,
viscoelastic, and elastic. They proved that exponential stability depends on the position of each
material, i.e. the model is exponentially stable if and only if the viscoelastic material is not
in the center of the string. Otherwise, there is no exponential stability, and the corresponding
semigroup decays polynomially.

One of the reasons researchers have been studying thermoelastic systems with the Cattaneo
law is to achieve finite speed for heat propagation. However, the Cattaneo model hyperbolizes
the system and can, therefore, produce oscillatory solutions for temperature, known as second
sound — a phenomenon first observed in liquid helium [19] and later in solid crystals through
appropriately designed experiments [1,2,16,17]. On the other hand, for a broader range of
engineering applications, such as in heterogeneous materials at macroscopic scales and at room
temperature, we highlight the Guyer-Krumhansl (GK) model [12,13]. This model generalizes
the Cattaneo model and, furthermore, results in the heat transport known as over-diffusive.
Recently, Ramos et al. [21] demonstrated the well-posedness and uniform exponential stabi-
lization of the GK model with respect to two physical parameters. They showed, through the
energy functional, that the dynamics of the GK model can be reduced to the dynamics of limit
systems determined by the Cattaneo and Fourier models. Additionally, they employed the finite
difference method to discretize the problem and conducted numerical simulations illustrating
the theoretical results.

Since Zhukovsky’s work [27], it was believed that the GK model violated non-negativity and
the maximum principle. However, Ramos et al. [22] proved that the exact solution of the GK
model does not violate non-negativity and satisfy the maximum principle. Continuing with the
GK model, recent experiments [7,26] have underscored that the GK model is the most suitable
for modeling complex materials, positioning it as the next standard model in engineering.

Although the GK model is more suitable in many practical applications, there is no existing
literature that studies its behavior when coupled with mechanical equations. Therefore, this is
the first work to consider a thermoviscoelastic wave equation, where thermal effects are governed
by the GK model. More precisely, we have

Upt — Ugy — PlUggr +mb, =0 in (0,£) x (0, 00), (1.1a)
Pl + Gz + mug =0 in (0,¢) x (0,00), (1.1b)
Toqt + q— M2q:vz + kaz =0 in (0,[) X (Oa OO), (1'1C)
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where u denotes the displacement, 6 is the difference of temperature, ¢ is the heat flux and
p, B,c, k, u?, m, my are positive constants representing mass density, viscoelasticity coefficient,
specific heat, thermal conductivity, dissipation coefficient, coupling coefficient, and relaxation
time, respectively. The system is subject to boundary conditions

u(0,t) = u(l,t) = q(0,t) = q(¢,t) =0, Vit>0, (1.2)
and initial conditions
w(@,0) = fo(x), wi(@,0) = fi(z), 0(x,0)=go(x), q(x,0)=ho(z), we(0,0). (13)
We introduce the functional energy of the system (1.1)-(1.3) given by

1 [ 1 [* pc ¢
E(t) === 7dx + = 2de+ = [ 0°da+ — 2d 1.4
(t) Q/Outz+2/0uzsc+2/0 x+2k q“dzx, (1.4)
which decreases to the equilibrium point with time tending to infinity, i.e.
0 ’u2 L
:—ﬂ/u dzf—/q2dx7?/qidx<0, Vit > 0. (1.5)
0 0

Consequently, F(t ( ) is a non-increasing monotone function of the time variable ¢.

To support the integration of the system (1.1)-(1.3) as the next standard model in engineer-
ing, we must thoroughly study its mathematical properties regarding well-posedness and the
asymptotic behavior of solutions. It is also crucial to develop robust numerical methodologies
capable of providing practical and efficient algorithms for numerical simulations. In this regard,
we have developed a hybrid approach that combines explicit and implicit finite difference meth-
ods. To illustrate the type of difficulty encountered in this approach and how our methodology
addresses it, we use a toy model.

Toy model. Consider a coupled finite difference numerical scheme of the form

urtl = pom,untvn, Vn=0,1,...,N, (1.6a)
Vvr =Gt urhveh v =1,2,...,N, (1.6b)
U° = (f@1), f(w2), - flam)) . U= U = 2A4(g(x1),g(x2), - ,g(am)) . (1.6¢)
VO = (h(x1), h(x2), -+ hlam)) (1.6d)

with F' : R™ x R™ x R™Tt — R™ G : R™ x R™ x R™*! — R™*! being multilinear
transformations and f,¢g,h : R — R scalar functions. The solution to (1.6) is given by
(U™, vr)y € R™ x R™*L where U™ = (uf,uf,---,u?)" and V* = (vg,0},---,v%)" are

vectors. Observe that the initial conditions determine (U°, V°) however, to find (U!, V1), i.e.

Ul =FU°, U, V),
Vi=aU?, U, v,

we need the vectors {U~1,U?}. The vector U~! can be expressed in terms of U' due to the
initial conditions and the linearity of F. However, the vector U? is unknown, as we are still
calculating the solution in the previous step. Our methodology consists of making specific
combinations between Egs. (1.6a) and (1.6b) to eliminate the appearance of terms like U™ !
when we are still computing U”.

Main contributions of the paper. The main contributions of this paper can be highlighted
as follows:



4 A.J.A. RAMOS ET AL.

e We studied a new thermoviscoelastic system free from the infinite heat propagation speed,
which generalizes the limit system governed by the Cattaneo model.

e We proved the well-posedness and uniform exponential decay with respect to the param-
eter 12, which allows us to extend our results to the limit system.

e We developed a monotone and consistent numerical scheme for the numerical approx-
imation of the system (1.1)-(1.3), which can also be used for simulations of the limit
system.

o We validated the numerical scheme with tests that accurately demonstrate the theoretical
results.

Organization of the paper. In Section 2, we used the theory of linear operator semi-
groups to prove well-posedness. In Section 3, we employed the multiplier method to establish
uniform exponential stabilization with respect to the parameter ;2. In Section 4, we presented
a finite difference numerical scheme capable of reproducing qualitative properties of the solution.
Additionally, we proved the convergence of the numerical solution using the Lax equivalence
theorem. In Section 5, we present numerical simulations that accurately and efficiently illus-
trate the theoretical results of this work. Finally, in Section 6, we discussed the difficulty of
obtaining monotonicity in the numerical scheme and the importance of correctly reproducing
the multiplier method in the numerical context.

2. Well-posedness

In this section, we show that the system (1.1)-(1.3) is well-posedness using the semigroup
technique. Let us start by introducing Hilbert spaces

12(0,0) = {f (0,0) c;/oe (@) Pz < oo},

¢
U P A
0
with the norm ,
113 = [ 1f(@)Pas
and the subsets of L?(0, /)

HY0,0) = {f € L*(0,¢); f, € L*(0,0)},
Hy(0,0) = {f € H'(0,0); f(0) = f(£)=0}.

Now we define the phase space
H = Hy(0,£) x L*(0,¢) x L*(0,¢) x L*(0,¢),
which is a Hilbert space endowed with the norm

70
1913 = I1l13 + luall3 + pell6ll3 + -llall3, (2.1)
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and the corresponding inner product

¢ ¢ ¢ ¢
(®, (I)*>H = / vorda +/ ugutdr + pc/ 00*dx + ;—0/ qq*dx
0 0 0 0

for all ® = (u,v,0,q)" € H. Thus, denoting u := u(x,t), v := u(x,t), 0 := O(z,t) and
q := q(z,t) we can transform the system (1.1)-(1.3) into the first-order set of equations

O, (t) = AD(t), V>0, (2.2)
®(0) = Po(), '
where
o(w) = (fo(@), 1(x), go(@), ho(x))
and A : D(A) C H — H is the differential operator given by
0 () 0 0
0%()  ,0%() a()
ox? p ox? ™ 0
A = . . )
0 —Ew 0 _iw
pc Ox pc Ox
k() 1 02 62()
0 0 To Ox 7o Ta() + T0 Ox?
where I;(-) denotes the identity operator, furthermore
D(A) := {U = (u,v,0,q)" € H; v, g € HA(0,0),
Uy + Bvy —mb € H'(0,0), i°q. — ko € H'(0,0)}. (2.3)

Theorem 2.1. The system (2.2) is well-posed, i.e. for any ®o € H, the system (2.2) has
a unique mild solution ®(t) = e*4®y € C(R*; H). Furthermore, if &y € D(A), ®(t) €
CL(RT; H)NC(R*; D(A)) becomes the unique classical solution for (2.2).

Proof. The proof is divided into two parts, where the title of each part indicates its main
purpose.

(i) The linear operator A is dissipative in H. It can be shown that A is a dissipative
operator in the space H. More precisely, we have

0 4 4
(AU, Uy = Z'Im{ / uzﬁmdx} + imlm{/ @ﬁdz} + iklm{ / Hzﬁd:c}
0 0 0

1 >
— Bllualg - 7 lal3 — £ lawl.

Consequently,
Re(AU, Uy = — 2 Ly B2
(AU, U = ~Blve} — 7 alld — -l 3.

This implies that A is dissipative in H.
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(ii) The linear operator \I—A is surjective in H. Next, we prove that A\T—A is surjective,

for all A > 0. For this purpose, given F = (f1, fa, f3, f1) " € H, weseek U = (u,v,0,q)" € D(A)
which is the solution of

(M- AU =F,
i.e. the entries of U satisfy the system of equations
M —v = f € Hy(0,0), (2.4a)
N — Upy — Bgz +mby = fo € L*(0,4), (2.4b)
Aoch + g + mu, = pefz € L*(0,0), (2.4¢)
Mg + q — 12 qee + KO, = T0fs € L2(0,0). (2.4d)
From (2.4a) we have that v = Au — f1, so we have the following system:
Nu— (14 M)ty +mby = Af1 — Bfraa + f2 in (0,0),
Apcl + g + Amug = mfi 5 + pcfs in (0,9), (2.5)

(Ao + 1)q — 12 qua + kb, = 70 f4 in (0,¢),

where fi, and fi ., denote the first and second-order derivatives of f; with respect to z,
respectively.

Solving the system (2.5) is equivalent to finding
(u,0,9) € Hy(0,0) x L*(0,£) x Hy(0,0),

such that

Y4 14
)\2/ wa'de + (1 + )\ﬂ)/ UgTndr —m 9u dz

7)\/ flu*dz+ﬂ/ 1,21 dz+/ fou*dx,
/99 dz+)\/qxt9 derm/ uz0 dzf—/ f1..0 dz+—/f39 dez,
0 0

Ao + 1 1 ¢ 2 _* T x
v / 7*da + N, (17qe — kO)gdr = E/o faq"dx

for all (u*, 0%, ¢*) € H3(0,¢) x L*(0,¢) x H}(0,£). Now we observe that solving the system (2.5)
is equivalent to solve the problem

S((u,0,q), (u*,0%,q%)) = F(u",0",q"), (2:6)
where S : [H}(0,¢) x L?(0,¢) x H}(0,¢)]* — C is the sesquilinear form given by
S((’U,, 97 Q)a (’U,*, 9*5 q*))

¢ ¢ ¢
= )\2/ vudr + (1+ )\6)/ ugurde —m [ Ouida
0 0 0

+pc/ 99d$+—/qz9dx+m/ uz0 dx
0 AJo 0

Ao+ 1 1/t
g7 dx + — 20. — k0)7°d
+— /0 T+ (u q )@, dz,
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and F : H}(0,¢) x L?(0,¢) x H}(0,¢) — C is the antilinear form given by

¢ ‘ ‘ ‘
F(u*, 0%, q%) ::)\/ flﬂ*dx—i—ﬁ/ fl,IU;dx—i—/ fgﬂ*d:c—i—%/ fl,mg*dx
0

/f39d +—/f4

Now we introduce the Hilbert space V := H}(0,¢) x L*(0,¢) x H}(0,¢) equipped with the norm
1Cu, 0, )15 = N3 + [luzl3 + 1013 + llgll3 + =113

It is easy to see that S and F are bounded. Furthermore, there exists a positive constant C'
such that

Re{S((u,0,q), (u,0,q))}
= N |ul3 + (1 + A8)||uzll3 + pcl|0]]3 +
> C|\(u,0,9)|3

)\T0+1

2
Il + £ lla.13

which implies that S is coercive.

Hence, we assert that S is continuous and coercive form on ¥V x V and F is continuous form
on V. From Lax-Milgram’s theorem, we conclude that there exists only one solution satisfying

(u,0,q) € Hy(0,0) x L*(0,£) x Hy(0,0).

Furthermore, it follows that v = M — f1 € H{(0,£), and from Egs. (2.4b) and (2.4d) that
Uy + Bvy —mO € HY(0,0) and p?q, — kO € H*(0,£). Thus, the operator A\I — A is surjective
for all A > 0.

Since D(A) is dense in H(D(A) = H), A is a dissipative operator and A\I — A is surjective,
then A is an infinitesimal generator of a Cp-semigroup of contractions (see Lumer-Phillips
theorem [18]). It follows from the semigroup theory of linear operators (see Pazy [18]), that
®(t) € CL(RT; H)NC(RF; D(A)), i.e. ®(t) is a global solution of (2.2). The proof is done. [J

3. Uniform Exponential Decay

In this section, we prove that the energy functional of the system (1.1)-(1.3) exhibits uniform
exponential decay with respect to the parameter p? for an equilibrium point that depends on
the space where the initial condition gy is embedded. More precisely, we demonstrate that the
dynamics of the system (1.1)-(1.3) governed by the GK model can be reduced to the dynamics
of the limit system determined by the Cattaneo model when pu? — 0, i.e.

Upt — Ugy — PUger +mb, =0 in (0,£) x (0, 00),
pcly + G + mug =0 in (0,¢) x (0,00), (3.1)
Toqt +q+ kb, =0 in (0,¢) x (0,00).
In both cases, the energy functional exhibits exponential decay to an equilibrium point that
depends on the space of go.

Before presenting the main result of this section, we state and prove two technical lemmas
that will be used later.
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Lemma 3.1. Let (u,ut, 0,q) be a strong solution of the system (1.1)-(1.3). Then the functional

‘ 5
F(t) ::/ wiudr + = Huz||2
0
satisfies the following estimate:

d 2
g RelF@®)} < ||uz||2 +pllul3 + 1005, e 0.

Proof. Multiplying Eq. (1.1a) by @ and integrating over (0,¢) we obtain

¢
ugTde + ||ug||2 —|— ||umH m/ 0, dx = 0.
/O 27 24t 2

¢ d [*
/0 uydr = E/o utde—HutH%,
d

4
GO = sl + sl + m [ 6w,
0

Using the identity
we have

in which
‘ g
F(t) ::/ wyudx + = ||uz||2
0
Using Young’s inequality, we obtain
d 1 m?
SRe{F()} < — 3 s + [l + S 10]3 (32)

The proof is complete. O

Lemma 3.2. Let (u,ut, 0,q) be a strong solution of the system (1.1)-(1.3). Then the functional

/ 0(s pcu ||9H2—7'0/ / 0(s,t)dsdx

satisfies the following estimate:

pc

d k ¢t 1
d < _Eig2 1 70 2
SRe(Gl} < 101+ 2 (14 2 Yol +m (1 + 22 )l

m2 4
+ = sl + AL V0,

where

e_
A(t) = — (u2qu(,1) —ke(e,t))/o B(s, t)ds

Proof. Integrating Eq. (1.1b) over (0, ) C (0, ¢), multiplying by fo s,t)ds and integrating
over (0,¢) we obtain

Y4 T T £ T £ T
pc/ (/ Gt(s,t)ds/ g(s,t)ds)dx—i—/ q/ ?(s,t)dsdx—i—m/ ut/ 0(s,t)dsdz = 0.
0 0 0 o Jo 0 0
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When using the identity

L T T
0 (s,t)ds/ 9(8,t)d5) dx = ——H/ s, t)d
/0 (/0 ! 0 2dt
pc d
5 & (s,t)d O(s,t)dsdz +m [ w; [ 0(s,t)dsdz = 0. (3.3)

On the other hand, multiplying Eq. (1.1c) by fo s,t)ds and integrating over (0,¢) we have

14 x L T 14
7'0/ qt/ 0(s,t)dsdx + / q/ 0(s,t)dsdz + A(t) + / (1*qr — k0)fdx = 0, (3.4)
0 0 o Jo 0

where

)

we have

l_
A(t) = — (2. (6,1) —ke(e,t))/o B(s, t)ds

Subtracting Eqs. (3.3) and (3.4), we obtain

T 2 4 T
/ 0(s,t)ds +m/ ut/ 0(s,t)dsdx
0 2 0 0

Y4 T Y4
- <7‘0/ qt/ 0(s,t)dsdx + ,LLQ/ qmgdz> —A(t) + K| 0]|3 = 0. (3.5)
0 0 0

I:=

dpe
dt 2

Exploiting the identity

L T L T L T
_ d _ _
/ qt/ 0(s,t)dsdx = —/ q/ H(S,t)dsd:cf/ q/ 0:(s,t)dsdx
o Jo dt Jo " Jo o Jo

together with the Eq. (1.1b), it yield

0 x ¢
= o [ Bstdsdo sy [ g,
L T e _
= —To/ / 0(s,t) dsdx—To/ Q/ 9t(5at)d5dx+ﬂ2/ qz0dx

= —7‘0/ / 9 s, t)dsda + —/ q(q + muy)de — / (pcy —l—mumt)?dx

¢ ¢
= —(TQ/ q/ 0(s,t)dsdx — —|9||§) + —0||q||§ + —0/ qudr — m,uQ/ UzOda.
dt o Jo 2 pc pc Jo 0

Substituting I into (3.5) we obtain

d
360 = K0+ 2l —m [ [T st
—i—@ qutdx—m,u / Ugt0dx + A(t),
pe Jo 0
where
G(t) ;:% / 0(s, t)ds L e ||9|\2770/ / (s,t)dsdz.
0
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Using Cauchy-Schwarz, Young’s and Poincaré inequalities we obtain

d k.12 To m 9 12 To 9
= <Y 02 -0
RGO} <~ 21018+ 2 (1+ 5 JlalB +m + 5% )l

m2ut
+ [l + [A()]- (3.6)

The proof is complete. O

Now, we state and prove the main result of this section.

Theorem 3.1. Let E(t) be the energy functional of the system (1.1)-(1.3). Suppose the initial
data (fo, f1,90,ho) € D(A). Then, there exist uniformly bounded constants M,C,w > 0 such
that E(t) satisfies the following exponential decay estimates:

(I) If go € L?(0,¢) then
E(t) < ME(0)e " + C||Aljoo, Vt>0, (3.7)

where

e_
A(t) == —(1Pqu (L, t) — KO(, t))/o 0(s,t)ds,
[Allo = sup{|A(t)]; t € RT}.

(II) If go € L2(0,¢) then
E(t) < ME(0)e ', Vt>0. (3.8)

Proof. We start the proof by defining the following Lyapunov functional:
L(t) := N1E(t) + Re{F(t)} + NaRe{G(t)}, Vt>0, (3.9)

where F' and G are defined in Lemmas 3.1 and 3.2 and N;,7 = 1,2, will be chosen later. Using
the Cauchy-Schwarz, Young and Poincaré inequalities we obtain

z 2
pe / 0(s,t)ds
0

B
+ G llusll3 + Na

|L(t) — N1E(t)] < ‘/Oe uadx

2

pc,u2 £ T
+ N2 013+ Naro / q/ i(s, t)dsdz| < nE(®),
o Jo
where 1 > 0 is a positive constant. Consequently,
(N —n)E(t) < L() < (N1 +n)E(t), V=0,
Taking N7 > n we find the positive constants ¢; and ¢y such that
clE(t) < L(t) < e2E(t), Yt >0. (3.10)
This proves that E and L are equivalent. Now using Egs. (1.5), (3.2), (3.6) and (3.9) we have
d m2ut / T0 1
—L(t) < - N1 - N. A2+ (14 Nom| — 4+ — 2 |ugl|?
0 < = (808 = 8" o -+ (1 M+ 52 ) ) el 3l

k. m? 1 To m
— [ No= — — 2 (N —Ny—k(1+—= 2
( 25~ )|9||2 k( 1 2pC/<?( + 2))||q||2

M2 2
= N llgall + NafA)]-
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Using Poincaré inequality and eliminating unnecessary terms, we get

d N3 mut 0 5 1 9
—L(t) < — ~1-N. 42 — —|ug
L < - o (2 )l = el

1 1 70 m
— Z(Nok —m2)|0]|2 = = | Ny — No— k(14 — 24+ NolA(t
5 (k= m2) 01— 1| M - M2k (14 5 )|l + Malacol,
where ¢, > 0. Choosing Ny > m?/k and

4
c mpu / To To m

N L2114+ N -+ — No—Fk(1+ —

1>max{ﬂ[ - Qm(cpk +k+2/’c)} 2PC ( " 2),77}’

we have
Drw < i 2 —&)10)15 - 3+ No|A(t
3£ < —Glluellz - Ellusllz — &10112 — Eallallz + N2|A @),
where
NS mut 0 1 1
= — 1 — N — —_— O = = 0
& Cp 2m(cpk+k+2 >0 & 2>’
1 1 ) m
= = (Nok —m? = — [Ny — No—k( 1+ — :
& 2( ok m)>0, &y k|:1 2pck(+2>:|>0
Thus,
d
S L(t) < —5B(1) + Na|A()].
where ) ok
6= min{2§1, 285, é, 64}.
pc 7o
Using the second inequality of (3.10) we obtain
d
T L) < —wL(t) + NalA(1)], (3.11)
where w := §/ca. Multiplying (3.11) by e** we have
d
a(L(t)ewt) < No|A(t)|e*t. (3.12)

Integrating (3.12) over [0, t], we get
L(E) < £(0)e + Ny /0 A e D dr, Vi 0,
where 7 € [0,¢]. Choosing M := c3/c1, Yo := Na/c1 and considering (3.10), we finally obtain
E(t) < ME(0)e™“! + 7 /0 t IA(r) e~ dr, Vi > 0. (3.13)

On the other hand, integrating the conjugate of Eq. (1.1b) over (0,¢), using the boundary
conditions (1.2), and denoting z(t) := foe 0(x,t)dz, we get the initial value problem
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whose solution is z( fo go(z) dz. Therefore, fo x,t)dr = fo go(z) dz is bounded over
time ¢. Furthermore, notmg that <I>( ) is a global solution, due to Sobolev immersion (continuous
injection) H'(R) < L*(R) and p?q, — k6 € H'(0,¢) we conclude that |A(t)| is bounded on
every RT :=[0,00) and hence A € L>°(R"). Consequently if the initial condition go ¢ L2(0, /)
then (3.13) implies

B(t) < ME(0)e™" + (1 - ™) A

< ME(0)e™t + 2| Ao, VE>0.
w

This proves estimate (I). Otherwise, if go € LZ(0, ¢), implies that A(t) = 0. Consequently from
(3.13), we immediately obtain the proof of (II). O

4. Fully Discrete Finite Difference Model

In this section, we present a finite difference numerical scheme for the system (1.1)-(1.3)
n (0,¢) x (0,7) that combines explicit methods for the wave equation and implicit methods
for the thermal equations. We prove the convergence of the numerical solution and propose
a numerical algorithm to simulate the approximate solution of the system.

Considering J, N € N, we define the mesh parameters Ax = ¢/(J +1),At = T/(N +1),
the set I,, = {1,2,...,n}, and the mesh points

0:$0<.T1<"'<$j:jA.T<"'<.T‘]<.T‘]+1:f,
O=to<t1 < - <tpb=nAt<--- <ty <tyy1 =17,

followed by the discretization of (1.1)-(1.3)

9y 0 O —Vy o ku”
- d;+ 0
ﬂVzoVI< t; ! ">+ mV, 07 =0, jel, nely, (4.1a)
- di 40
pcd 07 + Vag + mvz< t; . ”) =0, jel;u{0}, nely, (4.1b)
100:4) + qf — p*Vae o Vag) +kV07 =0, jely, nely, (4.1c)

that provides a consistent numerical scheme of order O(At, Az), where

n+l __  n n_ ,n—1
dpun = U U R Uy T Yy
J At J At
= 1 -1 1 -1
at+at n U?+ 7’&? I n U?+ 72’&?4’11,7}
5 T T oAy Gredngi= INE
are finite difference approximations in time ¢, and
n n n n
n._ Y1 7Y N B '
Vet = S Vet = S
<~ n
Ve + Vg n j+1 Ui iva n J 2u-7+u
uj = , VzoV,u? = 5
2 2Ax Az
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are finite difference approximations in space x;. We denote the numerical approximations of
(u,0,q) at the mesh points (x;,t,) by (u?,07,q}). For boundary conditions, we use

W =Wy = qf = @y =0, Vn € IvgU{0) (4.2)

and for the initial conditions, we adopted

ul — it

uf = folxy), JQT; = fi(zy), 0F =go(x;), ¢} =ho(z;), Vjelau{0}. (43)

4.1. Solvability

Due to the combination of explicit and implicit methods in (4.1), we need to develop
a uniquely solvable algorithm to plot the numerical solution in the system (1.1)-(1.3). For
this, we rewrite the numerical scheme (4.1)-(4.3) in vector form given by

At? BAL
ntl — -1 _— no_ -1 n—1
Ut =B <2IJ+ X3 L>U B <IJ+ 2Ax2L)U
A2
,mAx B 1A(~)n7 n € Iy uU{0}, (4.4a)
At m
n—@nl_ no_ n+1 _ -1
0" =0 PN zpcA:CC(U ur), n e ly, (4.4b)
2
70 —1 pAt kAt
v To + At + (10 + At)Az? Q (10 + At)Az o% nely, (4.4c)
UO=(fo(x1), folxa), -+, folws)) , U'—UT=2AL(fr(21), fi(wa), -+, fizy)) |, (44d)
0°=(g0(w0), go (1), - ’90(9”J))T’ Q°=(ho(z1), ho(2), - - ahO(-TJ))Ta (4.4e)

where we denote

T

u" = (U?,ugy" ! ,U?) s o" = (93;9?7 ' 799)T; @n = (q?aqga o 7qz]l)Ta

and we define the mass matrix
BAt

2Ax?

Furthermore we denote by L and I, the tridiagonal matrix associated to the approximation of

B:=1, L.

the Laplacian and p x p identity matrix respectively, i.e.

-2 1 0 0 0 1 0 0 0 0
1 -2 1 0 1 0
Lo— 0 1 0 R - 0 O 0
0 1 0 0 0 O
1 -2 1 0 1 0
0 0 1 =2 0 0 0 1

JxJ pPXp
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On the other hand, A and C are trapezoidal matrices given by

-1 1 0 0 -~ 0 0
0 -1 1 0
A |0 0 0 0 7
0 1 0 0
0 -1 1 0
0 0 0 0 -1 1),
1 0 0 0 0
-1 1 0
0 -1 0
C=|, ~ 0
o1 10
0 -~ 0 0 -1 1
0 - 0 0 0 1)

This is a coupled linear system of equations in variables ©™ and Q™.

4.1.1. Uncoupled system

To uncouple the linear system of Eqs. (4.4), we perform the following procedure: Replacing
(4.4b) in (4.4c) we have

T0 -1 1 kAt 1 1
"= D - D AO"
@ TQ+At Q (T0+At)A$ ©
mkAt -1 nt1 _ -1
2pc(To + At)AxD ACU v, (45)
where 2 LA
D1, Al i AC

(1o + ADAZ2 T pe(mo + AD)Az2"
Replacing, in turn, (4.5) in (4.4b) we obtain

At m =~
o"—go" ! - ——"___cplgn! - EC(U"+! —Um! 4.6
pc(To + At)Ax Q 2pcAx ( ) (4.6)
where
kAt?
E:=1 — = _CD'A
s+t pc(ro + At)Ax? ’
~ kAt? 1
E: =1 —CD™ A
st pc(mo + At)Ax
Finally, substituting (4.4a) into (4.5) and (4.6) we have
n 70 D—l@’n—l . kAt D—IA@n—l

- To + At (10 + At)Ax
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m2kAt3
2pc(T0 + At)Ax?

- mkAt
2pc(T0 + At)Ax

mkAt
2pc(T0 + At)Ax

ToAt

" =F"'EO"' - ——————
pc(To + At) Az

+

F'EC|I, +B (1
2pcAx { st ( st

m

" 2pcAx Ax?

where
m2At? ~

D 'ACB'AO"
D 'AC [IJ +B7! (IJ +

D 'ACB! (21, +

15

BAt n—1
2Ax? L) ] v

At?
_L n
Ax? )U ’

F*chlenfl

BAt n—1
2A 12 L)} v

. 2
F'ECB™! (21, + A—tL>U”,

F:=I,,,————ECB'A.

2pcAx?

Therefore, putting together Eqs. (4.4a), (4.7) and (4.8) we obtain the following algorithm:

Ut = X U — X, U — X507,

0" =Y, 0" - Y,Q" + Y3U" - Y, U,

UO=(fo(x1), fo(xa), -+, folas)) |,

0°=(go(z0), go(21), - ,go(z.]))T7

where

At?

X, =B 20, + =
1 ( .]+ AII]Q

followed by

Y, :=F'E,
T()At

=——— _F'cp!
pc(To + At)Ax ’

YQZ

m
Y; =
3 2pcAx
m —11 -1
Y, := F "ECB 21
‘ 2pcAx ( I
and
70 -1
7, =
! T0+At ’
kAt
Zo = D 'A

Q" =Z,Q" — Z,0" — Z30" 1! — Z,U" + Z;U" T,
UI*U_IZQAt(ﬁ(ZEl),f1($2)a'" ,fl(z.]))T7

QO=(ho(z1), ho(x2), -+ ,holzs))

. -1 BAL . -1
L), X, :=B (IJ+—2A:E2L), X3 =~ —B'A,

TZEINU{O},
n € In U{0},

n € Iy U {0}, (4.9)

T

mAt?

F 'EC [IJ +B™! <IJ + pat L)}

2Az2

At?
—L
Az? ) ’
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m2kAt? 1 1
Zs = D 'ACB'A
s 2pc(T0 + At)Ax? ’
mkAt _ _ BAL
Z,=— D 'AC|I; + B }1I L
7 2pc(ro + At)Ax [ 7 < Y gﬂ ’
mkAt At?
Zs:=——— D 'ACB!(2I,+ —L].
> 2pc(mo + At)Ax < st Ax? )

Remark 4.1. The non-singularity of the matrices B,D and F is guaranteed by their being
strictly diagonally dominant (see Levy-Desplanques theorem [25]). Thus, we have the following
result.

Theorem 4.1. The difference scheme (4.9) is uniquely solvable.

4.2. Convergence

Proving the convergence of the numerical solution in systems of partial differential equations
is not a straightforward task; an alternative for this is to use the Lax equivalence theorem
(see [24]). Knowing that the finite difference approximations used in (4.1) are consistent, we
are left to prove the stability of the numerical scheme. Therefore, we define the discrete energy
functional of (4.1)-(4.3) as

. Az J n2 Az ! n+1 n
B :ZTZ’@%’ +7Z(unj - Vauj)
7=0 j=0
J J
S R - RSl e (110
i =0

and use the discrete Lyapunov stability theorem to prove the stability of the scheme (4.1). For
this, we analyze in detail the following results regarding the dissipactivity and positivity of E™.
Theorem 4.2 (Dissipactivity). Let (u}, 0}, ;) be the numerical solution of the system (4.1)-
(4.3). Thus, for all Az, At € (0,1) the rate of change of the energy functional E™ in (4.10) at
the instant t, is given by

E" — prel or+00 NP 1. & e
Tg—ﬁAwZ Vz( 5 —EAxZ|qj|
j=0 7=0
TR 2
. kAfE;OWm‘Iﬂ <0, Vnely. (4.11)

In particular, E™ < E° for alln € Iy U{0}.

Proof. Multiplying the Eq. (4.1a) by Az((9; + 0;)u}/2) and adding to j € I; we have

J = J 3
Az Z (3,5 o 8tu?) (at ;r O u?) —Ax Z (VI o Vzu?) (at ;L O u?)
j=1

j=1

Sti= Spi=
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J _ _
_ﬁAJ:Z [ﬁx ovz(at;—atu?)] (at;atu?)

j=1
Sii=
L (040
+mAva$9;( = tu;) =0. (4.12)

j=1
After simplifications we obtain

J B, + 0, n)
U

¢ =3 (@ oou?) (

2 J

n+1 n n—1
(uj 2Uj + Uy )(unJrl B nfl)

I
[\

-
L
-

:Li u?“ u?u?“ ulf ! 7Li ul —u 1u7+1 ulf !
2 tj:l At At 2 tj:l At At
J n+1 n 2 J n n—1,2
~m [ | A
2At 4 At 2At 4 At
Jj=0 7=0
1
:ﬂ2|8tu"| 2At2|8u , (4.13)
j=0
followed by
n [0 +0
53 = Y (720 %a) (25245 )
j=1
Tt — 20T 4 u
:Z J+1 J Jj—1 (n+1 unfl)
Ax2 J J
j=1
J n+1 n+1 J n—1 n—1
:72 J+1 Yy UJ+1 Yj Jrz Yj+1 — “ Ujr1 — U
Ax ‘ Ax Ax
7=0
J J
= _Z Vouf) + Y (Voul - Vouy ™), (4.14)
j=0
and finally we have
sy [Fem (5 ")] ")

Jj+1
4At2Az2

-y

Jj=1

v /—\
o
b

[( n+1 o 2un+1 + un-{-l

(e = 20 g
4At2 Az?

-3
=
N———
—~
S
SU3
+
—
S
S-3
L
SN—
[E—"

1 n+1 n+1 1 n—1|2
= CAAZAZ2 Ujrr — Uy | 4At2Ax2 Z J+1 U
=0
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J 1 1 1 J —1 -1 1
= IAEAL j AA? A2 i

Making further simplification, we have

J J
n 1 n n 2 n n n—
S8 = ~apag | 2 U *Z\%H = D (e 1]
J=0 Jj=1
J J J
e DI () T S Tl TSy <>]
AA2 A2 | 4 7 : J . J J=1)%j
Jj=1 Jj=1 j=1
- 1 XJ:’ n+1 n+1‘ +Z‘ _ 2 v n+l _ 41y, n—1
 4A2Ax2 Yisl T Wi =T Y (G - )
Jj=0 j=0
J J J
+ # Z (unJrl uﬂ+1)uﬂ*1_z (unfl_u(zfl)un+1+z (unl_unl)u@+1]
AA2 A2 J+1 J Jj+1 J+1 J J J+1 J Jj+1
j=0 j=0 =0
J J
= ,# Z n+l_ n+1‘ +Z | 7 722 (u’?*l—unﬂ) (u’»’lunl)]
4AL2Ax? Y1 ]+1 ug el Y 1 U
=0 =0
J n+1 n+1 n—1 n—1,2 J 2
Ujpr — U5 Uiy — U B 0+ 0
=2 |55 NAr | T2 v”ﬂ( > “J) (4.15)
7=0 7=0
Replacing (4.13)-(4.15) in (4.12), we obtain
J
QAtZ’af ;l’ QAtZ’af ;L 1‘ 2Atz V n+1 V 7 )
=0
Az " e o +0 \I
_EZ(Vw“j'Vw“j ) Vw( - t“j)
j=0
J =
+ mAxZVI9j< ! 5 tuj) =0. (4.16)

j=0
On the other hand, multiplying the Eq. (4.1b) by Az67 and adding to j € 1, U{0}, we have

J J J

a3 gn\pn n\ gn a +a u™ n
pcA:cZO(atej)ej +Az;(vij)9j +mAx;) [vm< — )9 ] =0. (4.17)
J= J= J=
Spi= Spi=

Using Young’s inequality in S}, we have

S ! n ! 9?79;}71 n 1 ! n|2 1 n—1|2

From S we have

J

J —
sr=Y {vx (—at ad u;) 9;]
j=0
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[ (ot
= 2AtAx 2AtAx
J n+1 _ n 1 J un-i—l n 1
Jj+1 Ujr1 J uj n
_ o — 0. 4.1
> (Comat)w ;( >J (19

Using left shift assignment about j, we have

J n+1 n—1 J n+1 n—1
0 Uit~y no_ Y~ \pn
S5 = Jz_: ( 2AtAx )93—1 2 ( 2AtAx )ej

—0 =0
J n+1 n—1 n n
:_Z Uy T 07 — 071
‘ 2At Ax
7=0
J
== (at ; O ”>v 07 (4.20)
j=0

Replacing (4.18) and (4.20) in (4.17), we obtain

pcAx o cAx e
wzm wzw rarY (V- 7)

7=0

0t +0: ,N\e= n

_mAacZ ( 5 uj)vmej <0. (4.21)
j=0

Similarly, multiplying the Eq. (4.1c) by Azq}/k, adding to j € I; and using the boundary

condition ¢ = 0, we have

70 Az < " T0 Ax e
ZOQ—MZ\%\Q*?OQ—MZM 1 AzZ!%
=0

2 J o J B
Jj=1

j=1

S§=

Using the boundary conditions (4.2), we have

J
77/ lj/ n
= —?Aac; V o Vaqj - qJ —|—sz Ve 0; qj)

j=1
J

J
J

=AY [Vaf A0 (Vg ). (4.23)
7=0

Jj=0

From (4.22) and (4.23) we obtain

To Az T0 Ax ne
£2AtZ‘J| I§2At2| e Azzmﬂ

<

2
+%Am2‘vxqﬂ27AxZ( L 07) <0, (4.24)

=0 =0
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Adding (4.16), (4.21), (4.24) and using the energy E™ in (4.10), we obtain

E" — Erl J D+0 NP 1. & e
Tg—ﬂAzz Vz< 5 uj) fEA:cZ‘q”
§=0 §=0
T 2
f?AxZ‘VIqﬂ <0, Vnely.
i=0
Therefore E™ < E for all n € Iy U{0}. O

Theorem 4.3 (Positivity). If At < Az, then for every non-trivial solution of the discrete
system (4.1)-(4.3), we have

n 2 J
£ > 1(1 — A—t) Z‘@tu?f >0, VnelyU{0}.

Ax — 2 Ax2 ) 4
7=0
Proof. From (4.10) we have
En - 1 J ntl YL gt " 195
Azx — 2At2z‘ui *uﬂ Qszz wify — i) (ufy —uf). (4.25)
7=0

In:=

Because of boundary conditions (4.2) we know that

J J
S, = Zu“” Z\w = lul” (4.26)
J=0 j=0

Therefore we have

J
> (wify = i) (i — )

"=
=0
J
_ o nt+l n n+l, n __,nt+l n
= > (= Mg Fupha g +af g - g)
Jj=0

n+l n n+1l n n+l n
(—u] Uiy +2u; " U —u]+1uj).

|
VM“

<
Il
o

Then using (4.26) and Young’s inequality, we obtain

J 1
I"ZZ(—§| n+1‘ __‘ ]Jrl‘ +2un+1“?__‘ J+1| __‘ J|)
=0
J 1 2 2
= =3 (Gl P+ gl = 2 + g P+ gl )
7=0

H
Mk

J
> (j ™ 20 g ) = = S (427
j=0

<.
Il
o
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Replacing (4.27) in (4.25), we obtain

J

E™ 1/ 1 1 2
2 n+1 n
A A A =0

since At < Ax. O

The following result is an immediate consequence of Theorems 4.2 and 4.3, and the discrete
Lyapunov stability theorem (see [3,14]).

Corollary 4.1 (Lyapunov Stability). The scheme (4.1)-(4.3) is stable if and only if At<Ax.

Therefore, the convergence of the numerical solution of the scheme (4.1) is obtained from
the Lax Equivalence theorem [24]. In Fig. 4.1, we provide an illustration with the convergence
summary.

Theorem 4.3 1
(Dissipactivity) : ____________
1

" I Corollary 4.5 !

+ (Lyapunov stability) :
1

1

1

1

N | I

Theorem 4.4 I 1

e 1

(Positivity) o + . Convergence
B _I | 1 (Lax Equivalence theorem)

1 |
' ™\ 1 |
Classical Finite 1 . !
- Diﬂerence FormUIas) L :

Fig. 4.1. Convergence summary.

5. Numerical Simulations

In this section, we present the numerical simulation of the thermoviscoelastic system with
the GK model. We also compare it with the limit system governed by the Cattaneo model.
The simulations demonstrate that the numerical scheme (4.9) is robust enough to reproduce
the theoretical results from the previous sections. For this purpose, we choose the following
numerical data:

(=1-10"Y, Az=25-10"% At=24998-10"%, p=27-10°, f=1-10"3,
c=5-10%, 715=8-1073, pr=28-1073, k=5-10>, m=9-10""1,

followed by the initial conditions
folz;) =310 sin (”—;J> filz;) = —6-10""sin (”—;J>
T .
go(ey) =Ty + - cos (%)

kTym . T .
h J b S -3 I J {0
o(x;) 20(1 + w2 /02) St ( Y4 )’ 7 € L1 U0},
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where Tj, and Ty are determined later to ensure that the initial condition gg belongs to or not
to the space L2(0, /). In the simulations below, we reproduce the results of Theorem 3.1.

Case I of Theorem 3.1: We adopt the initial condition go ¢ L2(0,¢) by choosing T}, =
1.5-10' °C and Ty = 310! °C, which implies A(¢) # 0. According to Theorem 3.1, the energy
functional decays exponentially to a positive constant. In Fig. 5.1, we observe that ©" decays
rapidly to a non-zero equilibrium point, while the other numerical solutions decay to zero. On
the other hand, from Fig. 5.2(a), we can assume that the decay of ©™ directly influences the
asymptotic behavior of the energy functional, which, in turn, decays to a horizontal asymptote
y > 0 instead of zero. From here, we want to know if E(t) decays exponentially to y, as proven
in Theorem 3.1. For this, we invoke item (I) and establish the following equivalence:

E" < MEe " 4 C|Al|oc & H" < —wt, +7, (5.1)
where o ClIAl
n o__ n __ o0 wty, _ 0

Having this in mind, we look at Fig. 5.2(b) on a semi-log scale and observe a linear function
with a negative slope. According to (5.1), this confirms the exponential decay of E™ to the
asymptote y > 0, as we can see in Fig. 5.2(a).

Case II of Theorem 3.1: Now we adopt the initial condition go € L2(0, /), i.e. we choose
the values T, = 0 °C and Ty = 3 - 10 °C, which implies A(t) = 0. According to Theorem 3.1,
the energy functional decays exponentially to zero.

In Fig. 5.3, we clearly notice that ©™ decays exponentially to zero, as well as the other
numerical solutions. This is corroborated by the graphs in Fig. 5.4.

Remark 5.1. As we can see in the figures above, the space where the initial condition gq is
embedded directly affects the asymptotic behavior of the system.

en - Un
05
‘ 0.4
30 25 04 0.3
25 02 0.2
20 120 0 0.1 0-1
0 5 0.05 5
5 i 40 space X
o . 145 time t_ p i
Q" %10°
5 = 6
10 =10 ‘
0
0.1 5 #
4 |5 5
0.05 01
0 .
N z 0 2 0.05 0
0
space X : 4 0
i 0 o time tn time tn space xJ.

Fig. 5.1. Numerical solution of the thermoviscoelastic system in [0, 0.1] x [0, 4].
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24 107 Functional energy - Arithmetic scale o Functional energy - semi-log scale
' —Functional energy 10 §
2.2 —Asymptote: y ~ 1.52. 107 |

c 2 =]

W T !
18 107200
1.6 |
1.4 1

0 1 2 3 4 0 0.005 0.01 0.015 0.02
time t time t
n n
(a) (b)

Fig. 5.2. Asymptotic behavior of the energy functional.

e" un
15
0.5
0.4
20 10 0.4 03
0.2 0.2
1 B 0 0.1 0.1
0 2 0.05 0
0 4 0
time t space X,
= 0 n J
Al x Q" %10°
6
5 x10°
-20
0.1 5 4
N
-10
4 | 2
0.05 , g 01
0 0.05
space x ) -15 2 4 0 0
j 0 o time tn time tn space xJ.
Fig. 5.3. Numerical solution of the thermoviscoelastic system in [0, 0.1] x [0, 4].
8 «10° Functional energy - Arithmetic scale Functional energy - semi-log scale
—Functional energy
—Asymptote: y ~ 0
6
c c
w4 T 08
2
0 L
0 1 2 3 4 0 1 2 3 4
time t time t
n n
(a) (b)

Fig. 5.4. Asymptotic behavior of the energy functional.

5.1. Comparison between the thermoviscoelastic systems

Here, we compare the solutions of the thermoviscoelastic system (1.1)-(1.3) subject to the
thermal effects of the GK and Cattaneo models.
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Temperature Displacement
30 ¢ 0.04 P
—— With the GK model — With the GK model
— With the Cattaneo model . — With the Cattaneo model
251
0 1 2 3 4
) time t
> n
4 Heat flux
20 % 10
20+ — With the GK model
15 H — With the Cattaneo model
15 ! "
0 1 2 3 4 0 1 2 3 4

time t time t
n n

Fig. 5.5. Temporal evolution of the solutions from the point z19 in the discretized space.

Fig. 5.5 (left side) clearly shows the over-diffusive heat conduction provided by the GK
model. It is also possible to observe an interference in the solution of the transverse displace-
ment u},, causing the approximation to zero to be slower than in the case governed by the
Cattaneo model.

6. Final Comments

In the first part of this work, we present a thermoviscoelastic system governed by the
GK model that is free from the issue of infinite heat propagation speed. Furthermore, it is
more suitable for modeling heat transfer at room temperature. Here, we prove well-posedness
and exponential decay uniformly. In the second part, we study the fully discrete problem
using the finite difference method and propose a monotone and consistent numerical scheme to
approximate the exact solution of the system. The difficulty in achieving monotonicity is due
to the discretizations of the thermal equations and the Kelvin-Voigt damping. To overcome
this challenge, we use a precise combination of explicit and implicit methods, with suitable
choices for the discretization of viscoelastic damping. This seems to be the first finite difference
numerical scheme in the literature to solve a system with Kelvin-Voigt damping while preserving
monotonicity. Finally, we emphasize the importance of the correct algebraic manipulation of
discrete terms to reproduce the multiplier method in the numerical context. This care is
essential to produce robust finite difference numerical schemes.
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