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Abstract

Graph energy is a spectrum-based graph invariant that has been studied extensively
in network sciences. However, as far as we are aware, most of the existing works try to
establish theoretical bounds, and there are few efficient algorithms for computing energy
of extremely large-scale graph. To fill-in this gap, we first propose a randomized algorithm
for evaluating energy of large-scale graphs, under the assumption that the adjacency ma-
trix is approximately low (numerical) rank. However, the number of sampling used in this
algorithm is difficult to determine in advance, and the graph energy is often underesti-
mated. In order to improve the quality of the evaluation, we then propose a non-restarted
randomized algorithm that updates the columns of the search basis incrementally. The
error analysis and the convergence of the algorithm are established. However, the non-
restarted algorithm may suffer from heavy overhead as the iteration proceeds. So as to
release the overhead of the non-restarted algorithm, we finally propose a restarted random-
ized algorithm for evaluating energy of extremely large-scale graphs. The rationality of the
restarted algorithm is given. Extensive numerical experiments are performed on extremely
large-scale real-world and synthetic graphs, to show the effectiveness of our strategies and
efficiency of the proposed algorithms.

Mathematics subject classification: 65F10, 65F15.
Key words: Graph energy, Extremely large-scale graph, Low (numerical) rank, Complex
network analysis, Randomized singular value decomposition, Restarting.

1. Introduction

Let G be a graph with n vertices and m edges, then the graph energy E(G) is defined as
the sum of the absolute values of all the eigenvalues of the adjacency matrix of G [25,26]. For
undirected graph, graph energy is defined as the energy norm of the corresponding adjacency
matrix, which is one of the most important unitary norms [32]. The concept of graph energy
arose in the context of the study of conjugated hydrocarbons using a tight-binding method
known in chemistry as the Hiickel molecular orbital (HMO) method [9,25]. Now, it appears in
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many applications such as graph theory [6,7,13,16,21,43], quantum chemistry [24,25, 28, 52],
complex network analysis [19], scientific computation [24,59], and so on.

The mathematical theory of graph energy is nowadays relatively elaborated [27,45]. A large
number of upper bounds [4,11,47,53] or lower bounds [38,39,55,69] have been established. To
name a few, McClelland [52] established an upper bound on the energy of a general graph as
follows:

E(G) <V2mn. (1.1)

Caporossi et al. [8] provided a lower bound based on the number of edges

E(G) > 2v/m. (1.2)
Koolen and Moulton [41] presented an upper bound based on the number of vertices
n
B(G) < 501+ Vi), (13)

Some upper and lower bounds on energy of special graphs, such as bipartite graphs [13,57,
72], regular graphs [5,29,37], cyclic graphs [36,62], random graphs [16], singular graphs [65],
weighted graphs [21], and unitary Cayley graphs [35], were also investigated intensively. To
name a few, for a simple, undirected, connected graphs without multiple edges or self-loops,
Estrada and Benzi [19] proved the following upper bound on graph energy:

1
EG) < 5 n + )\—lm,

where A; is the maximum eigenvalue of the adjacency matrix of the graph G. For a regular
graph of size n with degree ¢, Balakrishnan [7] provided an upper bound as follows:

E(G) <q+valn—1)(n—q).

For the energy of bipartite graphs, Koolen [42] proved the following upper bound:

1

Moreover, the relationships between graph energy and specific parameters were also studied,
such as graph energy and degree [1,48], graph energy and vertex coverage [22,68], graph energy
and the smallest eigenvalue of the adjacency matrix [3], and so on. One refers to [27,45,60] and
the references therein for review on these bounds.

Although there are thousands of theoretical results on graph energy, to the best of our
knowledge, few of them are concerned with the problem of computing graph energy. As far
as we know, most of these studies focus on seeking lower or upper bounds on graph energy,
however, these bounds may be greatly overestimated or underestimated, and even may be far
away from its real values. Gutman [27] mentioned whether it is possible to use some effective
algorithms to solve graph energy. Recently, Safaei et al. [59] proposed to calculate graph energy
based on the Estrada-Benzi method, however, the method is inappropriate to large-scale graphs.
Indeed, for small graphs (with a dozen or so vertices) this is no problem at all, while for large-
scale graphs (with over tens of thousands or even over millions of vertices), it seems that the
problem was ignored until now. The key reason it that computing all the eigenvalues or singular
values of a large-scale graph is prohibitive or even infeasible [23,58].

Graph energy is a very useful parameter in studying large-scale graphs or networks. Indeed,
as a graph invariant, graph energy contains very important structural information about the
graph, its subgraphs, and ingredient segments [18, p. 72], [59, p. 214]. Evaluating graph energy
of large-scale graphs or networks efficiently is very attractive in practice. For example, ranking
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nodes in a large-scale network is one of the most pressing and challenging tasks in complex
network [18]. Graph energy can be used to measure the node importance. More precisely, the
importance of a node is equivalent to the change of graph energy caused by its removal [2,14],
[49, p. 13]. Moreover, the Laplacian energy, which comes from graph energy [11-13,56], is
a broad measure of graph complexity [12, p. 52], [56, p. 242]. Indeed, Laplacian graph energy
can be used to measure the importance (centrality) of a vertex by the relative drop of Laplacian
energy in the network caused by the deactivation of this vertex from the network [56, p. 242].
Song et al. [63] introduced component-wise Laplacian graph energy, as a complexity measure
useful to filter image description hierarchies.

To the best of our knowledge, however, efficient algorithms for computing energy of ex-
tremely large-scale graphs are still lacking. To fill in this gap, we propose three randomized algo-
rithms for evaluating energy of large-scale undirected and directed graphs. The idea is based on
the observation that big data matrices are approximately low (numerical) rank [33,40,61,66,70],
and our aim is to give estimations which are in the same magnitude as the “exact” graph energy.
Indeed, for large-scale graphs with over tens of thousands or even over millions of vertices, the
computation of “real” values of graph energy is prohibitive or even infeasible, and one has to
evaluate it numerically. In this situation, the numerical and computational errors arising in
the algorithms are unavoidable. Fortunately, in some real applications, it is enough to know
the magnitude of a graph energy. If the “exact” values are needed or it is desirable to know
the values in a very high accuracy, the proposed algorithms are not applicable. However, they
could be used to provide nice initial guesses.

The contribution of this work is as follows. First, we propose a low-rank approximation
approach based on randomized singular value decomposition (RSVD) [30,46] for graph energy.
However, the target rank required in this algorithm is difficult to determine in advance, and the
estimation is often underestimated. In order to deal with this problem, the second contribution
is to propose a non-restarted and randomized algorithm that expands the search subspace
consecutively by block Gram-Schmidt orthogonalization. However, the storage requirements
and the computational cost will increase gradually as the iteration proceeds. So as to release
the overhead, the third contribution is to propose a restarted and randomized algorithm instead,
in which the dimension of the search subspace is fixed and an initial block matrix is constructed
at each restarting, such that the algorithm can be run from scratch. Theoretical analysis is
given to show the rationality of our new strategies, and numerical experiments are performed
on some real-world and synthetic extremely large-scale graphs to illustrate the effectiveness of
the proposed algorithms.

In this paper, we denote by G a graph with n vertices and m edges, by F(G) the graph
energy, and by A € R™ " the adjacency matrix of G. Denote by E(-) the expectation with
respect to random test matrix. Let || - ||, || - [|2, and || - || 7 be the energy norm, the 2-norm and
the Frobenius norm of a matrix, respectively. We denote by ® the Kronecker product, and by
vec(+) the “vec operator” that stacks the columns of a matrix into a long vector. Let I and 0
be the identity matrix and zero matrix (or zero vector), whose order are clear from context.

2. A Low-rank Approximation Method for Evaluating Energy of
Large-scale Graph

Graph energy is the sum of the absolute value of eigenvalues of the adjacency matrix. In
practice, the adjacency matrix is so large that it is impractical or infeasible to compute all its
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eigenvalues. With the help of the random singular value decomposition [30,46], in this section,
we propose an algorithm for evaluating energy of large-scale directed and undirected graphs.
We first introduce some definitions, and then present the new algorithm.

Definition 2.1 ([45]). Let G be a graph with m edges and n vertices, and let A € R™™™ be the
adjacency matrixz. Then the energy of the graph G is defined as

E(@) =3 I\l (2.1)

where A1, ..., A\, are the eigenvalues of A. Specifically, if G is an undirected graph, then the
energy of the undirected graph G can be rewritten as

E@G) = Al =)o (2.2)
i=1
where o1, ...,0, are the singular values of A, and ||Al|« denotes the energy norm of A.

The aim of this paper is to provide fast algorithms for energy of extremely large-scale graphs
such that the estimation and the “exact” value can be in the same magnitude. Here “in the
same magnitude” means:

Definition 2.2. Let x,y > 0 be two real numbers, then under the scientific notation, if they
can be expressed as
T =a; X 10b1, Y = ag X 10b2,

where 1 < ay,as < 10 and by = by, then we say that x and y are in the same magnitude.

Matrices of approximately low (numerical) rank are pervasive in data science [66]. We have
the following definition for low (numerical) rank of a matrix.

Definition 2.3 ([31]). Let A € R™*"™ be nonzero. For k < n, the rank-k accuracy of A is

A= Wl |
A) = - k(W) <Ek». 2.3
() = i PAE s < 23)

We call Wi, an optimal rank-k approzimation to A if Wy achieves the minimum in (2.3). The
numerical rank of A at accuracy e, denoted by k.(A), is

k-(A) = min{k : e (4) < e}.
The matriz A is of low (numerical) rank if e,(A) < 1 for some k < n.

It is often the case that the graphs are massive in size involving over hundreds of millions
of vertices. An important tool for analysis and interpretation of the data is the low rank
approximation of the adjacency matrices or graph Laplacians related to the graphs, and low
rank approximations in these applications are extremely useful for many different reasons [61].
For example, one of the recent studies on generating adversarial attacks for graph data is
Nettack [73]. The Nettack model has shown to be very successful in deceiving the graph
convolutional network (GCN) model. Entezari et al. [17] showed that the GCN model can
significantly resist the attacks when a low-rank approximation of the graph is used. Wu et al. [70]
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considered the use of low rank approximation to reconstruct the graph topology from the
randomized network.

It was pointed out that adjacency matrices may have low rank structure [33,40, 61,66, 70].
In particular, Hsieh et al. [33, p. 509] showed that the adjacency matrix of a complete k-weakly
balanced network is low rank. In practice, there are a large number of dangling nodes [44] and
unreferenced nodes [71] contained in the Web graphs, and there are many zero rows or zero
columns in the adjacency matrices. Hence, the adjacency matrices can be low (numerical) rank
in practice. To illustrate this more precisely, we plot in Figs. 2.1-2.2 the singular values of 8
(with 4 symmetric and 4 unsymmetric) adjacency matrices of directed or undirected graphs,
respectively, in which 7 of them are from the SNAP (Stanford network analysis platform)
network data sets'), and the sticky-2e4 matrix is from running the MATLAB toolbox CONTEST
[64]. The details of the adjacency matrices are listed in Table 2.1. It is obvious to see from
the figures that the singular values of the adjacency matrices decay quickly, and the adjacency
matrices are low (numerical) rank.

Table 2.1: Details of some adjacency matrices.

Adjacency matrix | Size (n) | Symmetric Title or background
. (Symmetrized) Structure of internet routers as
as-22july06 22963 Yes
of July 22, 2006
bfly 49152 Yes Butterfly graph sequence
Oregon-1 11492 Yes (9 graphs) AS peering info inferred from Oregon
route-views, 3/31-5/26/01
. Synthetic graph created by the MATLAB toolbox
sticky-2e4 20000 Yes )
CONTEST [64], with n = 20000
enron 69244 No Enron email network
EPA 4772 No Pajek network: Kleinberg, pages linking to www.epa.gov
p2p-Gnutella24 26518 No Gnutella peer to peer network from August 24, 2002
wiki-Vote 8297 No Wikipedia who-votes-on-whom network

On the other hand, for adjacency matrices that do not have a clear low rank structure,
a very promising approach is clustered low-rank approximation: instead of computing a global
low-rank approximation, the adjacency matrix is first clustered (which does not change the
graph energy), and then a low-rank approximation of each cluster (i.e. diagonal block) is
computed [61]. A framework called clustered low rank matrix approximation for massive graphs
was proposed in [61]. A low-rank sparse decomposition of adjacency matrices for graphs having
clusters was given in [40].

Motivated by these observations, the idea is that we first compute a low-rank approxima-
tion to the adjacency matrix, and then evaluate graph energy by using a projection method.
To this aim, one can use some randomized algorithms, such as the randomized singular value
decomposition [30,46,51], and some sparse-preserving algorithms such as the randomized col-
umn-row—column decomposition (CUR) and interpolative decompositions (ID) [67], and the
randomized unitary—triangular—unitary decomposition (UTV) [50], and so on. As the energy
norm is a unitary invariant norm and the graph energy is an eigenvalue problem in essence, we
exploit the widely used randomized singular value decomposition in this work.

D) https://sparse.tamu.edu/SNAP
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Fig. 2.2. Singular values of some adjacency matrices of directed graphs.

The randomized singular value decomposition [30, 46, 51] is a powerful tool for comput-
ing low-rank approximations of large-scale matrices. This method is simply divided into two
phases [30]: First, constructing a low-dimensional subspace capturing most of the information
of a given matrix. Second, projecting the original matrix into the subspace and then computing
standard decomposition of the reduced matrix. The framework of this method is described in
Algorithm 2.1, for more details, refer to [30].

The following theorem indicates that if the singular values of a matrix A decay rapidly, the
randomized singular value decomposition will provide a sufficiently good approximation to the

matrix.

Algorithm 2.1: A Randomized Singular Value Decomposition [30].

: The data matrix A € R"™*" a target rank ¢, an over-sampling parameter p,
and let s = £ + p.

Output: The matrices U, Vp and Sp.

Input

1 Generate a random matrix Q € R"*5,

2 Compute the matrix Y = A, and perform the economized orthogonal triangular
decomposition (QR) decomposition for an orthonormal basis @ of Y.

3 Form the matrix B = Q" A € R®*", and compute the economized singular value
decomposition (SVD) of B = UgSpVj .
Return U = QUpg, Vg and Sp with A ~ (QUB)SBV];F = USBVB;r = QQTA

I
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Theorem 2.1 ([30]). Let A € R™*™ be a real matriz with singular values o1 > o9 > -+ > 0y,
Choose a target rank £ > 2 and an over-sampling parameter p > 2, where £ + p < min{m,n}.

Draw an n x (£ + p) standard Gaussian matriz Q, and construct the sample matriz Y = AQ.
Then

B(la-aTal) < (14255 (Za;) |
p >t

where E(-) denotes expectation with respect to the random test matriz.

We are ready to estimate energy of large-scale graphs. We first focus on the undirected
graph. In this case, the adjacency matrix is symmetric, and the graph energy is the sum of all
the singular values of A. Let USpVy be the RSVD of A obtained from Algorithm 2.1. Thus,
the energy norm of A can be approximated by using that of USpV, . More precisely, as Q, U
and Vp are orthonormal matrices, we have

1Al = 1QQ T All. = [USsV ||, = 1S5l (2.4)

Notice that there is no need to form or store the low-rank approximation USpV, explicitly.

The following theorem indicates that the quality of the estimation is closely related to the
decaying of the singular values of the adjacency matrix. More precisely, if o¢41,...,0, are
relatively small, then ||Sg||« and [|A]|. can be in the same magnitude.

Theorem 2.2. Let A be the adjacency matriz of an undirected graph, then under the above
notations, we have

E(|[IAll« — 1551

’ <Z a?) , (2.5)

el (2

where r is the rank of the error matriz A — USBVBT.

Proof. Note that the energy norm is an unitary invariant norm, so we have

1S5l — 1A+

=[lssVs [l — 141l < |4 - USsVs ],
=4~ QQTA|l < VTIQQTA - Allr, (2.6)

where 7 is the rank of A — USpVy, and (2.5) follows from a combination of Theorem 2.1
and (2.6). O

Now we consider the large-scale directed graph. In this case, the adjacency matrix is non-
symmetric. By (2.1), the graph energy is the sum of the absolute values of all the eigenvalues of
the adjacency matrix. Similar to the case of undirected graphs, the idea is to reduce the large
matrix eigenvalue problem into a much smaller one, so that one can save the computational
cost significantly. We need the following result.

Theorem 2.3 ([20,54]). Let the two matrices M € R™*™ and N € R"™*™ then the
non-zero eigenvalue of M N are the same as those of NM.

We have from Algorithm 2.1 that QQ " A is a low-rank approximation to A, i.e.

A~QQTA=QB=QUgSgV, = A c R™".
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Denote by
C = SBVBTQUB c R(EJFP)X(ZJFP),

then we have from Theorem 2.3 that the nonzero eigenvalues of the “small” matrix C' and
the “large” matrix A are the same. Therefore, the energy of the directed graph G can be
approximated by the sum of the absolute values of the eigenvalues of C.

In summary, we have the following algorithm for evaluating energy of large-scale direct and
undirect graphs.

The main overhead of Algorithm 2.2 is from the economized QR decomposition of Y in
Step 2 and the economized SVD of B in Step 3, in O(n(¢ + p)?) flops altogether, as well as
2(¢ + p) sparse matrix-vector products in Steps 1 and 3, in O((¢ + p) - nnz(A)) flops. Here
nnz(A) denotes the number of nonzero elements of A.

Algorithm 2.2: A RSVD-based Algorithm for Evaluating Energy of Large-scale
Graph.

Input : The adjacency matrix A of a graph G, a target rank ¢ and an oversampling
parameter p, and let s = £ + p.

Output: An estimation to the energy of graph E(G).
1 Form a random Gaussian matrix € of n x s, and compute Y = AQ.

2 Perform the economized QR decomposition of Y: Y = QR, where Q € R"** is
orthonormal and R € R**# is upper triangular.

3 Form B = QT A and calculate the economized singular value decomposition of B:
B=UgSpVy .

4 On one hand, if G is an undirected graph, let E(G) = || Sg||«. On the other hand, if G is
a directed graph, let E(G) ~ Y7, |\i|, where {\;}5_; are the eigenvalues of the
s-by-s matrix C' = SpVy4 QU5.

3. Non-restarted and Restarted Algorithms for Evaluating Energy
of Large-scale Graph

In Algorithm 2.2, one has to provide the target rank ¢ and the oversampling parameter p,
which are difficult to determine in advance, if there is no information available a priori. Con-
sequently, the results evaluated can be underestimated and even very poor; see the numerical
experiments made in Section 4.

In order to deal with these problems, in this work, we propose two randomized algorithms
for evaluating energy of large-scale undirected and directed graphs. The first one is a “non-
restarted” algorithm based on expanding the search subspace by block Gram-Schmidt orthog-
onalization. However, the storage requirements and computational cost of this algorithm will
increase gradually as the iteration proceeds, especially for extremely large-scale graphs. To over-
come this difficulty, we then propose a “restarted” randomized algorithm in which an initial
block matrix is constructed at each restarting, such that the storage requirements of algorithm
are limited.
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3.1. A non-restarted and randomized algorithm for energy of large-scale graph

In this subsection, we propose a non-restarted and randomized algorithm for energy of
large-scale graphs. We first suppose that G is an undirected graph, and the adjacency ma-
trix A € R™ ™ is real symmetric. We will introduce this algorithm by recursion. Let Qj =
[Q1,Q2, ..., QL] be the orthonormal matrix obtained from the first k-th step of the algorithm.
Then,

Hy = Qr Q) AQL Q)

is an orthogonal projection of A in the subspace span{Qj} [23], which can be utilized as
an approximation to A. As Qf is orthonormal, the energy norm of Cj = Q;AQk is equal to
that of Hy, i.e.

[Ckll« = 1 Hll+

and we make use of ||Cy|/. as an approximation to ||A||..
If the approximation is not good enough, we expand Qp to Qri+1 = [Qk, Qk+1], such that
Q11 is orthonormal, with Q11 € R™*® being orthogonalized to Q. Therefore,

(3.1)

C QlAQ
ckﬂQzHAQkH< : r ’““>,

Q;JrlAQk Q;HAQHI

and we use ||Cry1 ||« as a new approximation to || A||.. However, as the columns of Q1 enlarges,
the storage requirements and the overhead for calculating C1 will increase gradually.
The idea is that, if [|Q/,;AQk||. is sufficiently small compared with ||Ci1|+, we can use

Ch 0 >
D = 3.2
et ( 0 Q;J,-lAQkJrl ( )

to approximate ||Ci41||.« instead. Notice that

the energy norm of

[Dkralle = [1Ck [ + || Qus1 AQk+1 (3:3)

*7

so one only needs to compute HQ/IHAQIC—HH* for updating the approximation, where
Q,LrlA Qr+1 € R%*% is a small matrix.

To show the feasibility of this proposed strategy more precisely, we analyze the upper bound
of the error between the exact value ||A]|. and the approximation ||Dyy1|«. Recall that both
Qi and Qry1 = [Qk, Qr+1] are orthonormal matrices, and thus,

A6l = | Dra I«

= 1Al = ICk+1 ]l + IChsalls = | Dipall«
= |14l = [| Qus19Q4s1 AQus1 Qi ||, + 1041l — [ Dresa 1]
< ||A - QkJrl Q;.;.lAQkJrl QE-HH* + ||Ck+1 - Dk+1H*-

If we denote by
Ek+1 = HA - Qk—i—l QnglAQk-l-l Q];rJrlH* (34)

the error from the low-rank approximation to A in the (k4 1)-th step, then

AL = 1 Dirall«] < rsr + [1Ck+1 — Dials- (3.5)
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Moreover,

T T .
Cit1 — Diy1 = < Qi AL Qe A1 ) _ (Qk AQy, 0 )

QnglAQk QnglAQk—i-l 0 QnglAQk-i-l

_ 0 O AQk11
Qry1AQk 0 ,

ICki1 — Digalls = 2||Q AQr1|.-
Denote by Tp, = A — QO QQAQ;C Q;, then

|98 AQrs1]], = [|QF (21 Q4 AQk Qs + Th) Qi
= |98 (A — QkQf AQLO)Qus1]|,
<||A- QkQf AQLQ)

.= 19  ThQria

*

« = &k,
where we used QkTQkH =0, and
en=||A- Q9L A0, Q, ||, (3.6)

is the error arising from the low-rank approximation to A in the k-th step. As Qky1 Q,;'—H is
an orthogonal projector, we have ex41 < €.
In conclusion, we get the following result.

Theorem 3.1. Let the adjacency matriz A be symmetric, then under the above notations, we

have
Dy = diag(Qy AQk, Qf 1 AQk+1),
eri1 = [|A— Q1901 AQ1 QL |,
e =||A— QL A0} |,

then

1Al = 1Dt ]«

< €gy1 + 2. (3.7)

Remark 3.1. Theorem 3.1 indicates that the quality of the approximation is closely related
to that of the low-rank approximations Qp41 QkT_HAQkH Q,CT_|r1 and Qy Q,CTAQ;c QkT. If e, en41
are small enough, then || D41« will be a good approximation to ||Al|., and they can be in the
same magnitude.

Remark 3.2. We point out that the strategy discussed above also applies to directed graphs.
In this case, one only needs to calculate Y ;_, |A;| instead of the energy norm of Q;HAQ;CH,

where {\;}’s are the eigenvalues of the matrix.

Based on the above discussions, we present in Algorithm 3.1 a non-restarted algorithm for
evaluating graph energy of large-scale undirected and directed graphs.

The following theorem shows the convergence of this algorithm when G is an undirected
graph.

Theorem 3.2. Let the adjacency matrix A be symmetric, the approximation sequence con-
structed by Algorithm 3.1 is non-decreasing and is upper-bounded from above, and it converges.
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Algorithm 3.1: A “Non-restarted” and Randomized Algorithm for Graph Energy of
Large-scale Graph.

Input : The adjacency matrix A, a parameter s (= £+ p), and the convergence

threshold §.

Output: An estimation E to the graph energy.

Generate a random matrix 2 € R"** with i.i.d. Gaussian entries.

Let W = AQ and compute the economized QR decomposition of W to get Q.

Compute the energy norm of Q" AQ, and use it as the initial guess Ey, let r = 1.

while r > § do

Generate a random matrix €, € R™*® with i.i.d. Gaussian entries.

Let W, = AQ, and compute the economized QR decomposition of Wy to get Q.

Orthonormalize Q, with respect to Q: Qs = Q, — Q(Q' Q,).

On one hand, if G is a undirected graph, we compute the energy norm of Q! AQ;
and set it to be E5. On the other hand, if G is a directed graph, we calculate
>y |Xi| for the energy norm of Q] AQ,, where {);}’s are the eigenvalues of the
matrix.

8 Let E=Ey+ Es and r = (F — Ey)/E.

if r < 0 then
| Output F and stop.

else
| Let 0=(Q Q.)and Ey=E.

end

w N =

N o s

end

Proof. Let

Ek = ||d1ag(Q1rAQ17 Q;AQQa s aQ;AQk) H*a
Epy1 = ||diag(Q] AQ1, Qs AQa, ..., Q)41 AQk11)|

*7
then it is seen that

By < By <--- < Eyp < Epga,
moreover,

Ejt1 < || Qds1AQk+1

That is, the sequence {F}}7° is non-decreasing and is upper-bounded from above, so it con-
verges. 0

L <Al

3.2. A restarted and randomized algorithm for energy of extremely large-scale
graph

In Algorithm 3.1, the columns of the matrix Q will enlarge consecutively as the iterations
proceed. Consequently, the amount of calculation and storage requirements will increase grad-
ually. Hence, the computational cost will be prohibitively high and the algorithm may be
infeasible when the graph is extremely large. To settle this problem, we propose a “restarted”
randomized algorithm for calculating the energy of extremely large graphs, whose order may
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be over, say, 10°. Rather than increase the number of the columns of Q unlimited, if the size
is larger than a given threshold, say, 103, we will choose a new initial block matrix and run the
algorithm from scratch.

More precisely, suppose that Qp = [Q1, ..., Qr—1, Qx| = [Qk—1, Qx| has reached the maxi-
mal number of columns, and we have to restart this algorithm. Thus, the block matrix Q1
generated in the next step will not be orthogonalized with respect to Qp any more. Indeed, we
only orthogonalize it against the “nearest” block matrix @, and take advantage of the resulting
matrix as the initial block matrix for the next outer iteration.

Let us discuss it in more detail. Denote by Qpt1 = [Qk, Qr+1], and by

A1 = Qi419441 4011194 14
= 01,9} A0k} + Qr41Q) 1 AQk+1Q) 4

Q7 AQ, 0 o
(Qk Qk+1)< 0 Q;rlAQk-H) (Q;Lrl)

_ Qr
=(Q% Qwi1)Dra| + |, (3.8)
Qrt1
where
Dyt = diag(Q, AQk, Q41 AQk11) (3.9)

is a block diagonal matrix.
Unlike that in the non-restarted algorithm, here Q11 is not an orthonormal matrix any

more. Without loss of generality, we assume that Q11 = [Qr, Qr+1] is of full column rank.
Let the economized QR decomposition be
A I Ris
= 3.10
(Qr Qr+1) (Qk Qk-i—l) (0 R22) ; (3.10)

where Qk+1 is used as the initial block matrix for restarting, QkTHQk =0, and Rs is nonsin-
gular. Moreover,

Qrs1 = QeR1z + Qrr1 Roo, (3.11)
and
Q- Qi
s = 01wl = | () 0| = | (%42 llob el @12
k 2 2

Furthermore, we have from (3.11) that

Qri1Ros = Qi1 — QrRiz = Qry1 — Q1 Q) Qi

Qs
=Qrt1— (1 Q) T | Qe
Qy,

= Q1 — Q1941 Qr+1, (3.13)
where we used Q; Q11 = 0. Thus, it follows from (3.8) and (3.10) that

R I Ry I 0 2%
Apsr = p )
k1 (Qk Qk+1) (0 Rgg) h (RlTQ R;g) (Q;-f-l

= Qk—i—lﬁk-l-l Q;Lrl, (3.14)
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where Qk+1 = (Qk Qk+1) is orthonormal, and

- 1 R12> ( 1 0 )
D = D . 3.15
k+1 (0 R22 k+1 RE R;—Q ( )

As Q1 is orthonormal, it follows from (3.14) that one can use ||Dji1 ]|+ as an approximation
to ||All.. However, we see from (3.15) that Dy is a full matrix, whose size will become larger
and larger as the restarting proceeds. To deal with this problem, we propose to exploit || Dyt1]|«
as an approximation to || A/« instead. The key is that D41 is a block diagonal matrix, and one
only needs to compute the eigenvalues or singular values of a small matrix Q;HAQ;CH at each
restarting, refer to (3.9). The resulting algorithm is presented in Algorithm 3.2. Similarly, the
restarting strategy also applies to evaluate energy of directed graphs. More precisely, one only
needs to calculate Zle |\ instead of energy norm of QJ AQ;, where {\:}'s are the eigenvalues
of the s-by-s matrix.

We are ready to show the rationality of the restarted and randomized algorithm. For
simplicity, we only consider the case of undirected graph. Suppose that the largest number h
of columns of Qp = [Q1,...,Qk—1,Qk] = [Qk—1,Qk] has reached, where k& = h/s, and we

Algorithm 3.2: A “Restarted” and Randomized Algorithm for Extremely Large-scale
Graphs.

Input : The adjacency matrix A, the number of s (= ¢+ p) for sampling, the
number A for controlling the column number of 9, and the convergence
threshold 4.

Output: An estimation E to the graph energy.

1 Generate a random matrix 2 € R"** with i.i.d. Gaussian entries.

2 Let W = AQ and compute the economized QR decomposition of W to get Q.

3 Compute the energy norm of Q" AQ, and use it as the initial guess Ep, let r = 1.

while r > 4 do

Generate a random matrix G4 € R™** with i.i.d. Gaussian entries.

Let W5 = AG,, and perform the economized QR factorization of Wy to get Q5.

Let Qs = Qs — Q(QTQs)

On one hand, if it is a undirected graph, computing the energy norm of Q] AQs,
and set it to be Ey. On the other hand, if it is a directed graph, calculating
Sy |Xi| instead of the energy norm, where {\;}’s are the eigenvalues of the
matrix Q] AQs.

8 Let E=Ey+ Es and r = (F — Ey)/E.

if r < 6 then
| Output E.

else

Q= (Q Qs)

Ey=FE.

if the number of columns of Q is larger than i then
| 9=Qs;. % for restarting

end

N o o oa

end

end % the outer iteration
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have to restart the algorithm from scratch. For restarting, the next block matrix Q41 only
orthogonalizes to Q, and it is not orthogonal to Qk_; any more. Without loss of generality,
we make the assumption that

cos Z(Qk—1,Qrr1) = || Qr-19Q4-1Qnr1|, = [| Q1 Qua ||, < 1, (3.16)

which is the cosine of the angle between the two subspaces span{ Qj_1} and span{Qj+1}. That
is, the two subspaces are sufficiently far away from each other.
Consider the error

Al = I1Dresalls] = [IAIL = T Akt1 ]l + it ]l = 1 Dralls
<14l = 1 Assall«] + [l Arsalls = [1Drsalls
< 1AL = 1 Aksalls] + 1 Drsalls = [ Drall
< A= Agsalls + | Ditr = Diga s, (3.17)
where we used the fact that Q. is orthonormal and thus || Axr1|lx = || Dir1lls, see (3.14).

Notice that ||A — Agy1]« is the error from a low-rank approximation to A, and it is only
necessary to consider ||Dygi1 — Dj41]|«. Denote by

0 R (k+1)sx (k+1)s
F = R
<0 Rys — I) < ’

where Roo € R*** and [ is identity matrix. Notice that the rank of F' is at most s. Thus, we
have from (3.15) that

Diy1 — Diyr = (I + F)Dyyr(I+ FT) — Dy
= (Dpy1 + FDyjp )T+ FT) = Drys
= Djt1+ D1 F' + FDyy1 + FDp 1 FT — Dy
=Dy1F" + FDjy1 + FDypy  FT,

and
D41 = Diyille < 2 Digalll| Fll2 + [| Disa ||| FII3- (3.18)

From (3.16) and (3.12),
[|R12]|2 = cos £(Qr—1,Qry1) < 1,

moreover, as both R{, R12 and (Rag—1I) T (Raa —I) are Hermitian positive semi-definite matrices,
we obtain

[F)13 = Amax(F " F) = Amax (RIQRU 4+ (Roz — I) T (Rag — 1))
< Amax (Riz Ri2) + Amax ((Roz — I) " (Ra2 — 1))
= || Riz|l3 + | R22 — I1I3
= cos” Z(Qk—1, Qr+1) + [[Raz — 1[5 (3.19)
We now consider ||Rga — I||2. It follows from (3.13) that

Ras = QL1 (Qri1 — Q1951 Qrt1)
= Qi1 Qi1 — Q1 Q1941 Qi

= Q11 Qni1, (3.20)
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where we used QkTHQk,l = 0. Thus,

RyyRop = QkT+1(Qk+1QZ+1)Qk+1
= Q2+1(Qk+1Qg+1 - Qk-i-lQ;rl + Qk-‘rlQ;cr«}»l)Qk}Jrl
= QkT+1(Qk+1Q;+1 — Qr1Qf41) Qi1 + 1.

As a result,
Ry Ro2 — I, < [|Qe+1@rrs — Qrr1Qpa ||, = sin Z(Qrr1, Qe (3:21)

If Ry, is nonsingular, we have from (3.10) that the two subspaces span{[Qp, Qr+1]} and
span{[Qk, Qr+1]} are the same. As span{Qj11} is orthogonal to span{Qy}, moreover,

Qri1Qr =0, cosZ(Qx-1,Qp11) < 1,

so span{ Q11 } is “almost” orthogonal to span{Qy}. Thus, the two subspaces span{Qj,1} and
span{Q+1} are close to each other, i.e.

sin Z(Qra1, Qra1) < 1, (3.22)
and ||RgyRo2 — I||2 < 1. Denote by
S = RjoRoy — I, (3.23)
we have
Ryy — I = (Raz — RpyRa2) + (RjyRaz — I)
= (I — Rj,)Ras + S. (3.24)
Let X = Roo — I, then (3.24) can be rewritten as
I-X+X" Ryp=2, (3.25)

which is a T-Sylvester equation [34], and Ras — I is the solution to this problem.
We are in a position to consider the solution of (3.25). The following theorem gives a suffi-
cient and necessary condition that 1 or —1 is an eigenvalue of the upper-triangular matrix Ras.

Theorem 3.3. Let q; and q; be the i-th column of Qr+1 and Qk+17 respectively. Then the i-th
diagonal element of Rao is 1 if and only if q; = q; and qui =0,1<7i<s.

Proof. We only prove the case of 1, and the proof of —1 is in a similar way. On one hand,
we suppose that the i-th diagonal element of Rgs is 1,1 < i < s. Let e; be the i-th column of
the identity matrix, then we obtain from (3.20) that

T TAT
e, Ryoe; =e; Qp 1Qr+1€; = 1.

That is, cosé(QkHei,QkHei) = 1, and the angle between q; = Qri1e; and q; = Qk.ﬂrlei
is zero. Let q; = a;q;, where «; is a real number, moreover, as both Qx4+ and Qk+1 are
orthonormal and real, we have |a;| = 1, and «; = £1.

Denote by r; ; the (i, j)-th element of Ry, and

.
Ryse; = (r1,i,72,45 -+, Ti-1,4,1,0,...,0) ",
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where 4,7 =1,2,...,s. Then it follows from (3.13) that

Qry1R2ei = Qrrrei — O 19) 1 Qrrre,
i.e.
Qirii+Qoroi + o+ Qicaio1, 7 = di — Qi—1 (Q;ﬁli)- (3.26)
Recall that r; = 1, so we have
qiri +Qere; + -+ Qimiricis + (1 — ;)@ = 7Qkfl(Q;grflqi) = Z;.

Hence, z; € span{Qy_1} ()span{Qx11}. As these two subspaces are perpendicular to each
other, we have z; = 0. Recall that Q41 is an orthonormal matrix, and q;,qo,...,qs are
linearly independent, so we have

Tii="T2;="""="Ti—1;=1—0a; =0,

i.e. a; =1, and thus q; = «;q; = q;. Furthermore, z; = 0 implies Q;—_lqi = 0. As q; is the
i-th column of Q41 and QQHQ;C =0, we have Q;qi =0 and Q,;rqi =0.

On the other hand, if q; = q; and QZ%’ = 0, it follows from (3.26) and the orthogonality
Of@k+1 that 7’“':1, 1§’L§S O

Remark 3.3. In Algorithm 3.2, Q41 is not orthogonal to Q = [Qk—1,Qkl, and it is only
orthogonalized with respect to Q. Thus, Q,;rqi #0,i=1,2,...,s, and we have from Theo-
rem 3.3 that 1 and —1 are not eigenvalues of Ras.

The following theorem gives the solution to a T-Sylvester equation.

Theorem 3.4 ([15]). Let A,B,C € R"*", and A, B is non-singular, consider the following
malriz equations:

AX+X'B=cC, (3.27)
(B-TA)X -X(A "By=B""C-B "C"A™ "B, (3.28)

where X € R™ ™, then the following conclusions hold:
(1) If Xq is the solution of (3.27), then Xy is also the solution of (3.28).
(2) If (3.28) has a unique solution X, then Xq is also the unique solution of (3.27).

Let A=1,B = Rgs,C =S and X = Rgy — I, then (3.25) can be written as (3.27). Notice
that both A and B are nonsingular, by (3.28), we consider the following Sylvester equation:

Ry X — XRgs = Ry, S — Ry’ ST Ryo. (3.29)

It is well known that the above Sylvester equation has a unique solution if and only if the

cigenvalues of the matrices Ros and R,  have no intersection [23,34]. In view of the above
discussions, we can present the following result.
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Lemma 3.1. Denote by
L=1,® Ry — Ry I,

and by

Wy=I,®R; , Wa=R},®R;
then

[Rao — I|]2 < wy/s - sin Z(Qr+1, Qr+1) (3.30)
where

w = L7 2([Wil2 + [Wall2).
Proof. From (3.29), we have
(I, ® Ryy' — Rgy ® I )vec(X) = (I, ® Ry, )vec(S) — (Rgp ® Ry )vec(ST),

where ® is the Kronecker product, and vec(-) is the “vec operator” that stacks the columns
of a matrix into a long vector. As Ros is upper-triangular, the diagonal elements (or the
eigenvalues) of Rgo are all real, and by Theorem 3.3, both 1 and —1 are not eigenvalues of Ras.
As aresult, the eigenvalues of the matrices Roy and Ry, have no intersection, and the Eq. (3.29)
has a unique solution. Therefore, the matrix £ = I, ® R, — Rgy ® I, is nonsingular, and

vec(X) = L7 (W1 - vee(S) — Wa - vee(ST)). (3.31)
Note that [|vec(S)||2 = |[vec(ST)||2 = ||S||F, we obtain from (3.31) that

[B22 = Illa = [|X[l2 < [|X[|F = [lvec(X)]|2
<L 2STEIWa 2 + [Wal2)
< VSILTH 2(IWll2 + [Wall2) - [1S]]2, (3.32)

where we used ||S||r < /5||S]|2, and the proof is completed by combining (3.21), (3.23) and
(3.32). O

We have from (3.19) and (3.30) that

7|13 < | Ri2ll3 + || Re2 — 113
< cos® Z(Qp—1, Qrtr) + w?ssin® Z(Qrt1, Qrs1)-

Hence,

||l < \/cos? Z(Qp—1, Qus1) + w?ssin® Z(Qrs1, Qr1)-
Applying the above equation to (3.18), we get
D1 = Dirall < 2 D[l Fll2 + | Dy [+ 13

< 2||Dk+1|\*\/‘3032 Z£(Qk—1, Qry1) + w?ssin® Z(Qrs1, Qi)
+ || Disall+ (cos® £(Qr—1, Qrs1) + w?ssin® Z(Qrs1, Qrs1)).

Therefore, from the above equation and (3.17), we obtain the main result on the difference
between the graph energy ||A|. and our approximation ||Dg1]|«-
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Theorem 3.5. Let the adjacency matriz A be symmetric, then under the above notations and
assumptions, we have that

AL = 1 Degall«] < 1A = Al

+ 2| Dy | +/ c0s? Z(Qk—1, Qrt1) + w?ssin® ZL(Qps1, Qry1)
+ || Disall+ (cos® £(Qr—1, Qrs1) + w’ssin® Z(Qrs1, Qrs1)).

Remark 3.4. Theorem 3.5 indicates that the quality of our approximation is closely related
to the error from the low-rank approximation A1, as well as to the values cos Z(Qk—1, Qr+1)
and sin A(Qkﬂ, Qk+1). Moreover, the larger the angle between span{Qj+1} and span{Qj_1},
the better the approximation. By (3.9), this theorem shows the rationality of using

I Drsalle = || QF AQx]|, + [|Qrs1AQk11),

as an approximation to || A]|. after restarting.

4. Numerical Experiments

In this section, we perform some numerical experiments on some real-world and synthetic
data sets to illustrate the numerical behavior of the proposed algorithms. All the numerical
experiments are run on a HP workstation with 16-core dual Intel (R) Xeon (R) E5-2637 v4 pro-
cessor, and with CPU 3.50 GHz and RAM 256 GB. The operation system is 64-bit Windows 10.
All the numerical results are obtained from using the MATLAB R2018b software.

In the first two examples, all the adjacency matrices are from https://sparse.tamu.edu/.
Table 4.1 lists some details of the adjacency matrices, including the size n (the number of
vertices), the number of non-zero elements m (Nnz, the number of edges), and whether the
adjacency matrix is symmetric or not (undirected graph or directed graph). For an extremely
large-scale graph, computation of the “real” graph energy is prohibitive or even infeasible. In
order to show the effectiveness of our proposed strategies, we present in Table 4.2 the upper or
lower bounds provided by using (1.1)-(1.3) for graph energy, which can be used as references
to the computed values.

In all the experiments, we make use of the MATLAB build-in function eig.m (the implicitly
restarted QR algorithm [23]) for all the eigenvalues of a matrix, which can be used as a baseline
algorithm for computing graph energy. Indeed, the results obtained from eig.m will be used
as the “exact values” of graph energy if available. In all the tables below, “CPU time” denotes
CPU time in seconds. If an algorithm fails to compute the graph energy within 12 hours, we
will stop it and denote the result by “-".

Example 4.1. In the non-restarted approach Algorithm 3.1, we assume that the norms of the
off-diagonal blocks of the matrices ||Q AQk1]. are relatively small during iterations. In this
example, we demonstrate that the assumption is reasonable. In Fig. 4.1, we depict the values of

,M k=1.2....

_ 7 2, (4.1)
H QII+1AQk+1 ||F

Uk
for the 4 undirected graphs oregon 1, as-22july06, cond-mat-2003, and cond-mat-2005. It is
seen that the values of v, are much smaller than one during iterations. However, there is no
guarantee that it is monotonically decreasing, see the figure for oregon 1.
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Table 4.1: Details of some adjacency matrices.

Adjacency matrix Size (n) Symmetric Nnz (m)
oregon 1 11492 Yes 46818
as-22july06 22963 Yes 96872
cond-mat-2003 21163 Yes 240058
cond-mat-2005 40421 Yes 351382
mycielskian16 49151 Yes 33382480
caidaRouterLevel 192244 Yes 1218132
coAuthorsDBLP 299067 Yes 1955352
dblp-2010 326186 Yes 1615400
coPapersDBLP 540486 Yes 30491458
delaunayn-19 524288 Yes 3145646
roadNet-PA 1090920 Yes 3083796
wiki-Vote 8297 No 103689
p2p-Gnutella04 10879 No 39994
p2p-Gnutella24 26518 No 65369
cit-HepPh 34546 No 421578
cit-HepTh 27770 No 352807
soc-Slashdot0902 82168 No 948464
amazon0302 262111 No 1234877
wiki2006 A 3148400 No 39383235
soc-LiveJournall 4847571 No 68993773
wh-edu 9845725 No 57156537
333SP 3712815 Yes 22217266
delaunay-n22 4194304 Yes 25165738
channel-500 4802000 Yes 85362744

Moreover, for the four graphs, we depict in Fig. 4.2 the curves of the relative errors

_ |Ext1 — Ek|

k=1,2
Eta

b2y (4.2)
obtained from Algorithm 3.1 during iterations. It is seen that the approximation sequences
constructed by Algorithm 3.1 are non-decreasing for the undirected graphs, which coincides
with the theory established in Theorem 3.2. All these show the rationality of the schemes used
in Algorithm 3.1, and this algorithm can be used to estimate energy of large-scale graphs.

Example 4.2. In this example, we show the numerical behavior of Algorithm 2.2 (RSVD-
based algorithm), Algorithm 3.1 (non-restated and randomized algorithm) and Algorithm 3.2
(restated and randomized algorithm) for evaluating energy of both large-scale directed and
undirected graphs, which are from https://sparse.tamu.edu/. Notice that the performance of
Algorithm 2.2 relies on the sampling parameter s that is difficult to determine in advance. Thus,
for an adjacency matrix of size n, we set the sampling parameter s = 10%n in Algorithm 2.2.
In the non-restarted approach Algorithm 3.1, we choose both the number of columns in the
initial matrix @ and the number of columns added in each time as s = 100. The convergence
threshold is set to be 6 = 0.01. In Algorithm 3.2, we choose the largest number of columns
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Table 4.2: Lower or upper bounds estimated by using (1.1)-(1.3) for graph energy.

Matrix E(G) <V2mn | E(G) > 2ym | E(G) < n(1+ /n)/2
oregon 1 3.280 x 10* 4.327 x 102 6.217 x 10°
as-22july06 6.670 x 10* 6.224 x 102 1.751 x 10°
cond-mat-2003 1.223 x 10° 9.799 x 102 2.116 x 10°
cond-mat-2005 1.685 x 10° 1.182 x 10® 4.085 x 10°
mycielskian16 1.811 x 10° 1.155 x 10* 5.473 x 10°
caidaRouterLevel | 6.843 x 10° 2.207 x 10? 4.224 x 107
dblp-2010 1.026 x 10° 2.542 x 10° 9.331 x 107
coAuthorsDBLP 1.081 x 10° 2.796 x 103 8.192 x 107
delaunay-n19 1.816 x 10° 3.547 x 10° 1.901 x 108
roadNet-PA 2.593 x 108 3.512 x 10° 5.702 x 108
wiki-Vote 4.148 x 10* 6.441 x 102 3.821 x 10°
p2p-Gnutella04 2.949 x 10* 3.999 x 102 5.727 x 10°
p2p-Gnutella24 1.888 x 10* 5.114 x 102 2.172 x 10*
cit-HepPh 1.706 x 10° 1.298 x 10° 3.227 x 108
cit-HepTh 1.399 x 10° 1.118 x 10® 2.372 x 106
soc-Slashdot0902 3.948 x 10° 1.947 x 10® 1.181 x 107
amazon0302 8.045 x 10° 2.222 x 10° 6.722 x 107
wiki2006 A 1.574 x 107 1.255 x 10* 2.794 x 10°
soc-LiveJournall 2.586 x 107 1.661 x 10* 5.133 x 10°
wh-edu 3.354 x 107 1.512 x 10* 1.545 x 10'°
333SP 1.264 x 107 9.427 x 10® 3.578 x 10°
delaunay-n22 1.452 x 107 1.001 x 10* 4.297 x 10°
channel-500 2.863 x 107 1.847 x 10* 5.263 x 10°

as h = 1000, and set § = 0.01, s = 100. As a comparison, we also run the MATLAB build-in
function eig.m on these problems. Tables 4.3 and 4.4 list the numerical results of the algorithms
on the undirected graphs and the directed graphs, respectively.

Some remarks are in order. First, we observe from Tables 4.3 and 4.4 that for this problem,
all the graph energy computed by using Algorithm 2.2 (if available) and Algorithm 3.2 are
at the same magnitude as the “real value” obtained from eig.m. Moreover, all our proposed
three algorithms run much faster than the MATLAB build-in function eig.m. Moreover, the
evaluations from Algorithms 2.2 and 3.2 are much more effective than the upper and lower
bounds given in Table 4.2. Taking the undirected graph cond-mat-2003 as an example, the
“true” value obtained from eig.m are 4.242 x 10*, and the estimated values from Algorithms 2.2
and 3.2 are 2.246 x 10* and 2.586 x 10%, respectively, while the bound given in Table 4.2 is
[9.799 x 102, 2.116 x 10°]. Thus, our evaluations are preferable to the lower or upper bounds,
and the proposed algorithms are promising for evaluating graph energy of large-scale graphs.

Second, for matrices whose size are in the order of 10°, the CPU timings of Algorithms 3.1
and 3.2 are comparable, and the two algorithms run much faster than Algorithm 2.2. However,
the estimated graph energy from Algorithm 3.1 can not be in about the same magnitude as
the “real” value computed from eig.m in some cases. For example, for undirected graphs
such as as-22july06, cond-mat-2003 and cond-mat-2005, the estimations from Algorithm 3.1
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Table 4.3: Example 4.2: Estimated graph energy and CPU time in seconds (in brackets) of Algo-
rithms 2.2, 3.1, 3.2 and eig.m for undirected graphs, where “~” denotes an algorithm fails to compute

the graph energy within 12 hours. Here we also list the size n of the adjacency matrices.

Matrix: n eig.m Algorithm 2.2 | Algorithm 3.1 | Algorithm 3.2
7.493 x 10° | 5.009 x 103 3.532 x 103 8.289 x 10°
oregon-1: 11492
(20.38) (3.44) (6.63) (5.63)
) 1.525 x 10" | 1.026 x 10* 4.692 x 103 1.154 x 10*
as-22july06: 22963
(133.85) (20.55) (9.95) (10.73)
4.242 x 10* 2.246 x 10* 7.710 x 103 2.586 x 10*
cond-mat-2003: 21163
(286.80) (46.71) (20.62) (24.47)
5.606 x 10* | 3.071 x 10* 9.005 x 103 3.067 x 10*
cond-mat-2005: 40421
(549.66) (99.53) (26.95) (34.88)
o 3.375 x 10° | 2.307 x 10° 2.977 x 10° 4.638 x 10°
mycielskian16: 49151
(1031.37) (931.19) (1064.51) (603.33)
- 1.144 x 10° 1.018 x 10* 3.123 x 10*
caidaRouterLevel: 192244
- (7685.52) (179.57) (179.12)
— - 4.086 x 10* 1.104 x 10°
coAuthorsDBLP: 299067
— - (534.21) (549.95)
— - 4.014 x 10* 1.006 x 10°
dblp-2010: 326186
- - (518.52) (441.59)
- - 5.510 x 10* 5.807 x 10*
delaunay-n19: 524288
- - (2522.20) (1412.09)
- - 9.299 x 103 1.127 x 10*
roadNet-PA: 1090920
- - (5087.10) (2014.51)
— - - 5.628 x 10*
333SP: 3712815
, _ . (10401.93)
- - - 5.818 x 10*
delaunay-n22: 4194304
_ _ - (11853.23)
—~ - ~ 1.594 x 10°
channel-500: 4802000
_ _ - (12131.50)

are about one magnitude lower than the “real” value from eig.m. Similar situations occur in
some directed graphs p2p-Gnutella04 and p2p-Gnutella24. One reason is that the number of
columns s added in each iteration of Algorithm 3.1 is a little small. Specifically, for directed
graphs, we see from Table 4.4 that Algorithm 2.2 is about 50 times faster than eig.m, which is
a great improvement. Although Algorithm 2.2 is efficient to calculate graph energy of undirect
and direct graphs of medium size, it does not work when the size of the coefficient matrix is
larger than 5 x 10*. This is because the size s of the initial block for sampling is very large in
this situation, and this algorithm will suffer from heavy storage requirement and computational
overhead.

Third, for large adjacency matrices whose size are over 3 x 10°, all the algorithms do not
work except for the restarted approach Algorithm 3.2. This is because Algorithm 3.2 will be
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Table 4.4: Example 4.2: Estimated energy and CPU time in seconds (in brackets) of Algorithms 2.2,

3.1, 3.2 and eig.m for directed graphs, where “~” denotes an algorithm fails to compute the graph
energy within 12 hours. Here we also list the size n of the adjacency matrices.
Matrix: n eig.m Algorithm 2.2 | Algorithm 3.1 | Algorithm 3.2
. 2.905 x 10® | 2.139 x 10° 1.882 x 10° 4.215 x 10®
wiki-Vote: 8297
(148.78) (2.09) (11.69) (6.31)
4.420 x 10° | 1.067 x 103 7.824 x 102 2.886 x 10°
p2p-Gnutella04: 10879
(174.82) (4.30) (10.49) (17.49)
6.451 x 10° | 2.538 x 10° 8.838 x 102 2.223 x 10°
p2p-Gnutella24: 26518
(2027.49) (37.60) (38.23) (40.58)
_ 4.308 x 10® | 6.378 x 10° 3.072 x 10° 9.936 x 10°
cit-HepTh: 27770
(11182.59) (45.27) (13.79) (21.26)
_ - 6.968 x 10? 3.334 x 10? 1.035 x 10*
cit-HepPh: 34546
- (83.12) (19.47) (28.15)
- 5.861 x 10* 1.827 x 10* 3.630 x 10*
soc-Slashdot0902: 82168
- (927.44) (182.98) (105.43)
- - 3.302 x 10* 3.173 x 10*
amazon0302: 262111
- - (825.63) (473.10)
- - - - 4.116 x 10*
wiki2006A: 3148400
— — — (9731.82)
_ - - - 3.566 x 10°
soc-LiveJournall: 4847571
— - — (17513.09)
- - - 1.843 x 10°
whb-edu: 9845725
- - - (18751.74)

restarted as soon as the columns of Q reaches 1000, and the storage requirement is limited.
Furthermore, all the values evaluated by using Algorithm 3.2 meet the upper and lower bounds
given in Table 4.2. Thus, Algorithm 3.2 performs the best both in terms of CPU time and the
quality of the estimated value, especially when the adjacency matrix is extremely large.

Example 4.3. In this experiment, we run the algorithms on synthetic graphs created by the
MATLAB toolbox CONTESTY [64], and show the numerical behavior of them. The MATLAB
toolbox CONTEST implements nine popular random network models. Here we make use of
three of them [64]:

e The call A = geo(n,r, m,per,pnorm) returns an instance of a geometric random graph,
where n is the size of the adjacency matrix A, r specifies the radius, defaulting to 1/1.44/n,
m specifies the dimension, defaulting to 2, per is a logical variable specifying whether
periodic distance is to be used, defaulting to per = 0 (not periodic), and pnorm specifies
the Lp-norm to be used, defaulting to 2.

e The call A = renga(n,lambda, alpha) returns an instance of the RENGA model arising
from the protein-protein interaction (PPI) networks, with n being the size of the adjacency
matrix, lambda defaulting to 0.9 and alpha defaulting to 1.

ttp: www.maths.strath.ac.uk/researc roups/numerica. analysis/contest
D nttp:// h h k/ h/groups/ ical lysis/
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e The call A = sticky(n, gamma) returns an instance of a stickiness graph of dimension
n with a scale-free expected degree distribution, with n being the size of the adjacency
matrix and gamma defaulting to 2.5.

In each model, the adjacency matrix A is a sparse, symmetric, zero-diagonal matrix of
dimension n, with n being the number of vertices. Moreover, these models have been designed
to ensure that A corresponds to a connected (irreducible) graph with high probability, except
for sticky, which may produce many small disconnected subgraphs [64]. In Fig. 4.3, we show
a spy plot of the three models geo, renga and sticky with n = 100.

As is pointed out in [64], one can also create nonsymmetric adjacency matrices by using
the MATLAB toolbox CONTEST. More precisely, corresponding to directed networks, we
generate nonsymmetric adjacency matrices by combining the upper and lower triangles from
two independent samples from the same model. For example, calling Al = sticky(n, gamma)
and A2 = sticky(n,gamma), one could set

A = triu(Al) + tril(A2) (4.3)

as nonsymmetric adjacency matrices corresponding to directed networks.

We run all these functions with default values. In Algorithm 2.2, we use s = 10%n for
randomized singular value decomposition. In the non-restarted approach Algorithm 3.1, we
choose the parameters as § = 0.01 and s = 100, while in Algorithm 3.2, we choose the largest
number of columns h = 1000, = 0.01, and s = 100. As a base-line algorithm, we also run the
MATLAB build-in function eig.m on these problems. Tables 4.5 and 4.6 present the numerical
results of the algorithms on the undirected graphs and directed graphs, respectively.

We observe from Tables 4.5 and 4.6 that all our proposed algorithms run much faster than
the MATLAB build-in function eig.m. Indeed, eig.m does not converge within 12 hours when
the size of the adjacency matrices is over 2 x 10°. Specifically, for the directed graphs, we see
from Table 4.6 that Algorithm 2.2 is about 55 times faster than eig.m, which is very impressive.
Indeed, when the adjacency matrix is relatively small, Algorithm 2.2 performs the best in terms
of CPU time, and both Algorithms 2.2 and 3.1 may run faster than Algorithm 3.2. However,
for large adjacency matrices whose size is larger than 9 x 10%, both Algorithms 3.1 and 3.2 run
much faster than Algorithm 2.2, and as the data size increases, this superiority becomes more

obvious.
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Fig. 4.3. Example 4.3: Spy plots showing nonzero patterns for a 100 x 100 sample from three models
geo, renga and sticky (from left to right).
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Table 4.5: Example 4.3: Estimated energy and CPU time in seconds (in brackets) of eig.m, Algo-
rithms 2.2, 3.1 and 3.2 for symmetric adjacency matrices created by the MATLAB toolbox CONTEST,
where “~” denotes an algorithm fails to compute the graph energy within 12 hours. Here we also list
the size n of the adjacency matrices.

Model: n eig.m Algorithm 2.2 Algorithm 3.1 Algorithm 3.2
geo: 1 x 107 1.647 x 10* | 4.624 x 10° 7.034 x 10° 2.362 x 10*
(15.03) (2.37) (10.32) (8.98)
renga: 1 x 10* 3239 x 10* 9.685 x 10° 1.084 x 10* 2.783 x 10*
(15.01) (2.71) (7.13) (6.71)
renga: 9x 100 | 2710 10° | 8.692 x 10* 5.202 x 10* 1.869 x 10°
(5248.63) (966.04) (83.76) (174.20)
sticky: 9 x 10t | 020X 10* 2.807 x 10* 3.914 x 10° 1.068 x 10
(4330.08) (890.78) (56.06) (48.62)
renga: 1x 10° | o2H0X 10° | 9.665 x 10* 5.737 x 10 1.879 x 10°
(6552.27) (1242.03) (99.92) (192.96)
sticky: 1% 10° | 48X 10° 3.125 x 10 4.041 x 10° 1117 x 10°
(7178.42) (1212.25) (57.82) (52.45)
renga: 2 x 10° B 1.933 x 10° 1.035 x 10° 1.931 x 10°
- (9134.35) (376.59) (397.58)
sticky: 3 x 10° - - 6.119 x 10° 1.841 x 10*
- - (168.19) (178.70)
renga: 4 x 10° B N 1.511 x 10° 1.984 x 10°
_ - (1263.19) (833.61)
sticky: 5 x 10° - - 7177 x 10° 2.104 x 10*
~ - (315.74) (317.97)
renga: 6 x 10° B - 1719 x 10° 1.989 x 10°
= - (2332.04) (1301.62)
sticky: 7 x 10° - - 7.649 x 103 2.192 x 10*
- - (522.69) (492.75)
renga: 9 x 10° - - 1.837 x 10° 1.993 x 10°
- - (4789.74) (2038.93)
sticky: 9 x 10° - - 8.462 x 10° 2.458 x 10*
~ - (661.34) (649.72)
renga: 1 x 10° h - 1.863 x 10° 1.993 x 10°
- - (5743.19) (2278.35)
sticky: 3 x 10° - - 1.332 % 10" 3.968 x 10*
- - (2670.93) (2635.17)
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Table 4.6: Example 4.3: Estimated energy and CPU time in seconds (in brackets) of eig.m, Al-
gorithms 2.2, 3.1, and 3.2 for nonsymmetric adjacency matrices created by the MATLAB toolbox
CONTEST and (4.3), where “~” denotes an algorithm fails to compute the graph energy within 12
hours. Here we also list the size n of the adjacency matrices.

Model: n eig.m Algorithm 2.2 | Algorithm 3.1 | Algorithm 3.2
geo: 1 x 10* 1.240 x 10* | 1.798 x 10° 2.157 x 10° 1.083 x 10°
(167.06) (3.15) (3.97) (11.03)
renga: 1x 100 | 2092 10 | 7.134x10° 1.013 x 10* 1.258 x 10°*
(165.16) (3.33) (9.64) (3.30)
sticky: 1x 100 | 229X 10° | 8.226 x 102 6.381 x 10° 1.940 x 10?
(320.77) (3.03) (9.05) (8.44)
renga: 9 x 10 N 6.418 x 10* 5.062 x 10* 1.809 x 10°
- (1227.15) (85.35) (170.44)
sticky: 9 x 10* - 7.417 x 10® 9.011 x 10? 2.594 x 10°
- (1090.82) (70.19) (61.54)
renga: 1 x 10° B 7.134 x 10" 5.564 x 10* 1.817 x 10°
- (1574.58) (103.57) (193.68)
sticky: 1 x 10° B 7.986 x 10° 9.192 x 10° 2.813 x 10°
- (1498.75) (72.88) (66.99)
renga: 2 x 10° a 1.426 x 10° 9.814 x 10* 1.869 x 10°
- (11589.31) (383.93) (404.37)
sticky: 3 x 10° - - 1.193 x 103 4.126 x 10°
- - (257.66) (277.98)
renga: 4 x 10° B - 1.444 x 10° 1.922 x 10°
- - (1223.92) (842.48)
sticky: 5 x 10° B B 1.327 x 10° 4.576 x 10°
— - (479.43) (491.66)
renga: 6 x 10° B B 1.645 x 10° 1.925 x 10°
- - (2323.83) (1327.46)
sticky: 7 x 10° - - 1.499 x 10° 4.969 x 10°
— - (743.97) (757.72)
renga: 9 x 10° N - L777 x 107 1.928 x 10°
~ - (4588.21) (1997.88)
sticky: 9 x 107 - - 1.682 x 107 5.875 x 10°
_ - (957.55) (952.09)
renga: 1 x 10° B - 1.786 x 10° 1.929 x 10°
- - (5690.75) (2361.80)
sticky: 3 x 10° B - 2.524 x 10° 9.019 x 10°
- - (3799.34) (3596.05)
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Although Algorithm 3.1 also works for large-scale graphs, we see from Tables 4.5 and 4.6 that
this algorithm may suffer from the difficulty of low accuracy, i.e. the magnitude of its results
can be lower than the “real” values obtained from eig.m. Indeed, the estimations obtained
from both Algorithms 2.2 and 3.1 can be one magnitude lower than the “real” value obtained
from eig.m. As a comparison, all the approximations from Algorithm 3.2 are about in the
same order, and they meet the upper and lower bounds shown in Table 4.2. On the other hand,
Algorithms 3.1 and 3.2 are comparable for matrices whose size are less than 5 x 10° in terms
of CPU time. However, Algorithm 3.2 converges faster than Algorithm 3.1 as the size of the
graph is larger than 108, and it is suitable to evaluate energy of extremely large-scale graphs.

In summary, all the numerical results show that if the adjacency matrices are of medium
size, say, whose order are below 104, Algorithms 2.2 and 3.1 often run faster than Algorithm 3.2,
however, both of them may suffer from underestimating the graph energy. As a comparison,
all the results obtained from Algorithm 3.2 are in the same magnitude as the “exact” value
computed by using eig.m. When the size of the graph is extremely large, say, over 105, all
of the three algorithms eig.m, Algorithms 2.2 and 3.1 may fail to work, while Algorithm 3.2
works quite well. Therefore, the restarted and randomized algorithm is competitive to evaluate
energy of extremely large-scale graphs.

Example 4.4. To our knowledge, MATLAB is not the fastest way for eigenvalue problems,
and C, C4++ or FORTRAN can be much faster. For instance, ARPACK is a software written in
FORTRAN for solving large-scale eigenvalue problems. SPECTRA stands for Sparse Eigenvalue
Computation Toolkit as a Redesigned ARPACK (https://spectralib.org/)"). It is a C++
library for large-scale eigenvalue problems, built on top of Eigen, an open source linear algebra
library. SPECTRA calculates a specified number of eigenvalues/eigenvectors of a large square
matrix. However, in the computation of graph energy, one has to compute all the eigenvalues
of an adjacency matrix. In this case, SPECTRA is unsuitable and may converge slowly.

As a compromise, we present a comparison of numerical results under different programming
environment in this example. More precisely, we show the numerical behavior of Algorithms 2.2,
3.1 and 3.2 implemented on Python for evaluating energy of both large-scale directed and undi-
rected graphs. As a comparison, we run Python function np.linalg.eigvals on these prob-
lems. The data are available from https://sparse.tamu.edu/. The settings of the parameters
involved in Algorithms 2.2, 3.1 and 3.2 are similar to those in Example 4.2.

To compare with the results of Example 4.2, which are obtained from using MATLAB, we
choose some of the same undirected and directed graphs in this example. Table 4.7 lists the nu-
merical results. It is seen from Tables 4.7, 4.3 and 4.4 that, whether we use MATLAB or Python,
the values of the graph energy got from the four algorithms are about the same. On the other
hand, for both directed and undirected graphs, the running times of Algorithms 2.2, 3.1, and 3.2
on Python are comparable to those of their counterparts on MATLAB. However, for computing
graph energy of undirected graphs, we see that the Python function np.linalg.eigvals is
much slower than the MATLAB built-in function eig.m. Indeed, no matter what computing
environment is utilized, as the sizes of eigenproblems we solve in our randomized algorithms are
much smaller than n, the proposed algorithms will run much faster than the classical algorithms
in which all the eigenvalues of a graph need to compute.

Example 4.5. In this example, we pay attention to the energy of large-scale complete and
path graphs. The adjacency matrix A of a complete graph K, with n vertices is an n x n

1) We thank a reviewer for reminding us of this.
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Table 4.7: Example 4.4: Estimated energy and CPU time in seconds (in brackets) of Algorithms 2.2,
3.1, 3.2, and np.linalg.eigvals for undirected and directed graphs with Python.

Graphs Matrix: n np.linalg.eigvals|Algorithm 2.2|Algorithm 3.1|Algorithm 3.2
7.493 x 10° 5.009 x 10° | 3.517 x 10° | 8.201 x 10°
oregon-1: 11492
(178.58) (7.26) (9.04) (6.34)
Undirected i 1.525 x 10* 1.026 x 10* | 4.704 x 10% | 1.155 x 10*
as-22july06: 22963
graphs (1221.27) (47.32) (13.56) (13.83)
4.242 x 10* 2.246 x 10* | 7.686 x 10® | 2.584 x 10*
cond-mat-2003: 21163
(3528.27) (114.01) (29.32) (33.26)
5.607 x 10* 3.071 x 10* | 9.058 x 10® | 3.065 x 10*
cond-mat-2005: 40421
(7436.01) (232.12) (38.25) (43.75)
. 2.905 x 10® 2.135 x 10° | 1.933 x 10° | 4.218 x 10°
wiki-Vote: 8297
(190.37) (3.57) (22.26) (8.44)
Directed 4.420 x 10® 1.065 x 10® | 7.853 x 10% | 2.896 x 103
p2p-Gnutella04: 10879
graphs (177.18) (7.29) (16.00) (22.54)
6.450 x 10° 2.538 x 10° | 8.861 x 10% | 2.223 x 10°
p2p-Gnutella24: 26518
(1908.61) (78.41) (68.12) (51.39)
) 4.281 x 10° 6.376 x 10° | 3.077 x 10®> | 9.935 x 10°
cit-HepTh: 27770
(12132.50) (91.54) (18.36) (27.36)

symmetric matrix with all off-diagonal entries equal to 1 and all diagonal entries equal to 0.
The eigenvalues of the adjacency matrix are given by [10]:

e A simple (multiplicity one) eigenvalue: \y =n — 1.

e A repeated eigenvalue of multiplicity n — 1: \; =

Hence, the energy of the complete graph K, is

E(K,)=2n-—2.

~1,i=2,3,...,n.

(4.4)

On the other hand, the adjacency matrix of a path graph P,, with n vertices is a symmetric
tridiagonal matrix, with ones on the sub- and super-diagonals, and zeros elsewhere. Thus, the
eigenvalues of the adjacency matrix of P, are given by [10]

km
A =2 k
k cos(n+1>7

=1,2

,2, .., M.

The eigenvalues are real, distinct, and lie strictly within the interval (—2,2). Therefore, the
energy of the path graph P, is equal to

(4.5)

Despite the fact that explicit expressions for the energies of complete and path graphs can

be readily derived from their known spectral properties, it is interesting to see performances
of the new algorithms on the graphs where the graph energy is easy to compute. We employ
the proposed algorithms to evaluate the energy estimation on these two type of graphs. The
numerical results are summarized in Table 4.8.
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Table 4.8: Example 4.5: Estimated energy and CPU time in seconds (in brackets) of Algorithms 2.2,
3.1, 3.2 and eig.m or np.linalg.eigvals with MATLAB and Python for complete and path graphs,

where “~” denotes an algorithm fails to compute the graph energy within 12 hours.
MATLAB
Graphs Matrix: n eig.m Algorithm 2.2 | Algorithm 3.1 | Algorithm 3.2
5 % 10° 3.999 x 10* 2.199 x 10* | 2.017 x 10* | 2.017 x 10*
n —=
(81.96) (46.97) (6.04) (6.12)
4 % 10* 7.999 x 10* 4.399 x 10* | 4.016 x 10* | 4.018 x 10*
n =
(517.71) (450.64) (20.94) (21.35)
Complete graphs = " 2 2
6 % 10° 1.200 x 10 6.599 x 10* | 6.015 x 10* | 6.016 x 10
n —=
(1649.94) (1490.72) (45.20) (46.51)
1 % 10° 2.000 x 10° 1.100 x 10° | 1.001 x 10° | 1.001 x 10°
n =
(6653.72) (6485.21) (119.26) (122.11)
5 104 2.546 x 10* 3.802 x 10® | 1.376 x 10® | 1.922 x 10°
n==2s2Xx
(6.72) (13.55) (42.07) (25.99)
4 % 104 5.093 x 10" 7.604 x 10® | 1.134 x 10° | 1.401 x 10°
n —=
(27.09) (98.10) (89.59) (53.94)
Path graphs
6 % 104 7.639 x 10* 1.141 x 10* | 9.993 x 10% | 1.152 x 10*
n=0x
(58.37) (321.23) (134.26) (73.22)
L x 10° 1.273 x 10° 1.901 x 10* | 8.306 x 10* | 8.951 x 10
n —=
(103.35) (1341.20) (268.31) (132.37)
Python
Graphs Matrix: n |np.linalg.eigvals |Algorithm 2.2 | Algorithm 3.1 | Algorithm 3.2
5 104 3.999 x 10* 2.199 x 10* | 2.019 x 10* | 2.019 x 10*
n —=
(719.28) (67.37) (14.16) (14.80)
4 % 10 7.999 x 10* 4.399 x 10" | 4.018 x 10* | 4.019 x 10*
n —=
(5724.37) (473.06) (57.98) (61.12)
Complete graphs - 1 1 1
6 % 10 1.199 x 10° 6.599 x 10* | 6.018 x 10* | 6.018 x 10
n =
(19380.86) (1504.56) (132.13) (139.14)
1 % 10° - 1.099 x 10° | 1.001 x 10° | 1.001 x 10°
n=1X
- (6686.17) (372.21) (396.68)
5 % 10 2.546 x 10* 3.802 x 10® | 1.360 x 10® | 1.958 x 10°
n —=
(1164.68) (36.17) (101.36) (43.10)
4 x 10° 5.092 x 10* 7.604 x 10° | 1.142 x 10® | c1.446 x 10°
n=4x
(7801.71) (257.59) (241.66) (89.51)
Path graphs
6 % 104 7.639 x 10* 1.141 x 10* | 1.001 x 10® | 1.174 x 103
n —=
(25697.05) (824.69) (366.49) (123.72)
1% 10° - 1.901 x 10* | 8.329 x 10? | 9.030 x 102
n=1X
- (3641.90) (620.53) (210.62)

In this example, we run the algorithms in different programming environment including
MATLAB and Python. As is shown in Table 4.8, the values of graph energy computed by

the same algorithms in both programming environments are in the same order of magnitude.



30 G. WU, K. LI AND J.J. WANG

In addition, in terms of CPU time, all algorithms implemented in MATLAB run faster than
their counterparts in Python. These observations are consistent with the observations drawn
in Example 4.4.

We present some remarks on the numerical results from using MATLAB. On the one hand,
for the complete graphs listed in Table 4.8, the graph energies calculated by Algorithms 2.2,
3.1 and 3.2 are all at the same magnitude as the “real value” obtained from eig.m, except
for the case when n = 6 x 10*. Furthermore, Algorithms 3.1 and 3.2 are comparable in terms
of computation time. Both algorithms run at least 20 times faster than Algorithm 2.2 and
eig.m. On the other hand, for the path graphs, the numerical results of our three randomized
algorithms are not satisfactory. It is observed that the energy values estimated by the new
algorithms are all one order of magnitude lower than those computed by eig.m. The reason
is that the decaying property of the eigenvalues in this type of adjacency matrix is relatively
poor.

5. Concluding Remarks

Graph energy is an invariant that is calculated from the eigenvalues or singular values of the
adjacency matrix of a graph. Most of the existing work focuses on establishing upper or lower
bounds for estimating graph energy. However, these results may not be sharp and can be far
away from the exact values. To the best of our knowledge, efficient algorithms for computing
energy of extremely large-scale graphs are still lacking.

To fill in this gap, we propose three randomized algorithms based on low-rank approxi-
mations of adjacency matrices, for evaluating energy of extremely large-scale undirected and
directed graphs. The motivations are that large-scale adjacency matrices are often approxi-
mately low (numerical) rank, as well as the estimation and the “exact” graph energy are only
necessary to be in the same magnitude in practical use. Theoretical results are established to
show the rationality and effectiveness of our new strategies. Numerical experiments are per-
formed on some extremely large-scale real-world and synthetic graphs, which demonstrate the
feasibility and efficiency of the proposed algorithms. Moreover, the proposed strategies also
apply to the computation of Laplacian energy which comes from graph energy [11-13, 56].

Given prior information on adjacency matrices (including directed/undirected and rank),
an interesting question is it possible to automatically select between Algorithms 2.2, 3.1,
and 3.27 Indeed, the numerical performances of our proposed algorithms strongly rely on
the size the (numerical) rank of the adjacency matrix of a directed/undirected graph. Given
the rank r of a adjacency matrix, if the adjacency matrix is of medium size and r < 5000, we
can choose Algorithm 2.2 for the graph energy. If the matrix is large and 5000 < r < 10000, it
is preferable to use Algorithm 3.1. When the adjacency matrix is extremely large and r > 104,
Algorithm 3.2 is a good choice.

There are still some problems need to study further. In this paper, we only consider the
convergence of Algorithms 3.1 and 3.2 for undirected graphs, however, the convergence of
the two algorithms for directed graphs is still an open problem. Moreover, we find that the
numerical performances of Algorithms 2.2 and 3.1 strongly rely on the choice of s, i.e. the
size of the initial block for sampling, and a skillful choice of this parameter is very interesting.
Finally, the proposed algorithms are based on the assumption that adjacency matrices are
approximately low (numerical) rank. Although this is generally true in practice, it is not the
case for some typical adjacency matrices. For instance, it is known that almost all eigenvalues
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of a random graph on n vertices are O(y/n/2), and there is no (strongly) decaying property for
the eigenvalues or singular values of this type of adjacency matrices. How to deal with these
problems deserves further investigation and are definitely a part of our future work.
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