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Abstract

The hybrid patch proposed by Salvi effectively integrates both ribbon-based and cont-
rol-based surfaces, thereby inheriting the advantages of each. This new multi-sided patch
representation represents an improvement over Kato’s patch by incorporating interior con-
trol. It is also more versatile than the generalized Bézier surfaces, as it can handle positional
and cross-derivative boundary constraints of arbitrary degrees. In this paper, we study the
geometric properties and algorithms of the hybrid patch with B-spline boundaries. We
first demonstrate that the hybrid patch possesses boundary interpolation and boundary
derivative interpolation. The original degree elevation by Salvi changes the geometry of
the patch slightly, which makes it undesirable in some applications. To address this issue,
we propose an improved degree elevation algorithm for the hybrid patch, which preserves
the geometric consistency of the patch. Furthermore, based on the knot insertion algo-
rithm for B-splines, we propose a novel knot insertion algorithm for the hybrid patch with
B-spline boundaries. Some representative examples show the effectiveness and validity of
the proposed results.

Mathematics subject classification: 65D07, 656D17, 68U07.
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1. Introduction

The representation of parametric surfaces is one of the core fields in computer aided geomet-
ric design (CAGD) [4] and computer aided design (CAD), which has made great progress over
the past few decades with the rapid development of computers. Parametric surface modeling
plays a crucial role in various practical applications, especially in automotive, aerospace, and
architecture. In terms of geometric modeling, several powerful tools have been developed, in-
cluding Bézier method, B-spline method, and industry-standard non-uniform rational B-spline
(NURBS) method [16].

The B-spline method, which employs the standard B-spline basis functions and control
points for curve, surface, or volume construction, addresses the limitations of the Bézier method
and serves as a generalization of the Bézier method, proving to be more versatile in practical ap-
plications. Nowadays, the B-spline method has become a significant tool in geometric modeling
in the world. However, in practical applications, existing tools often fall short in representing
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the n-sided (n > 4) surfaces, which are necessary for complex domain representation. As a re-
sult, multi-sided patches, including S-patches [14], toric surfaces [12], and generalized Bézier
(GB) surfaces [25], have garnered extensive research attention [6,22,26,33]. For the traditional
surface design, the control point-based surface representation has some advantages in research
and applications. Although toric surfaces and GB surfaces are control point-based representa-
tions, they are limited to constructing surfaces with Bézier boundaries and cannot generalize
to B-spline boundaries.

Hughes et al. [9] and Cottrell et al. [2] proposed the concept of isogeometric analysis (IGA),
which aims to bridge the gap between finite element analysis (FEA) and CAD. Given the
boundary representation of a CAD model, constructing a analysis-suitable parameterization of
computational domain is a crucial task in IGA and the quality of parameterization dramatically
affects the accuracy and efficiency of the subsequent analysis [31]. The degree elevation and
knot insertion algorithms are two of the most crucial techniques in the B-spline method. By
degree elevation and knot insertion, the number of control points can be increased, which en-
hances the degrees of freedom (DOFs). These enhancements are vital for IGA because it allows
for improvement of PDE solving accuracy over complex CAD geometry, called p-refinement (de-
gree elevation), h-refinement (knot insertion) and k-refinement (both). Li et al. [13] proposed
a de Casteljau algorithm and a degree elevation algorithm for toric surfaces and applied the
degree elevation algorithm of toric surfaces to IGA. Ji et al. [10] proposed a novel h-refinement
scheme in IGA with planar multi-sided toric surface patches. Wang et al. [30] proposed an im-
proved degree elevation algorithm for GB surfaces and a new GB surface knot insertion algo-
rithm based on the properties of the basis function, employing these algorithms to refine the GB
parameterizations of computational domains in IGA. There are also many literatures discussing
the application of geometric algorithms in IGA [7,12,32]. How to construct analysis-suitable
parameterizations of multi-sided complex computational domains with B-spline boundaries and
then provide efficient refinement strategies to increase the accuracy in analysis are challenging
problems in IGA.

Recently, Salvi [18] introduced a new multi-sided parametric patch construction scheme,
known as the hybrid patch, which integrates the benefits of ribbon-based [20,24,27] and control-
point-based [19, 23, 29] methods. The hybrid patch can handle position and cross-derivative
boundary constraints of any degree while also allowing for control over the interior of the sur-
face. Although the hybrid patch has good properties, the degree elevation algorithm introduced
in [18] may change the geometrical shape of the original surface, making it unsuitable for some
applications, especially for IGA [3]. Recently, Véarady et al. [28] proposed a new scheme for
GB/GBS surfaces that preserves the interior of the surface algebraically while refining the
boundary ribbons by degree elevation/knot insertion.

In this paper, our study focuses on the hybrid patch with B-spline boundaries, since the
boundaries of CAD models are generally presented by B-splines. We explore the geometric
properties of the hybrid patch with B-spline boundaries, including the boundary interpolation
property and the boundary derivative interpolation property. The research of surface blending
and the filling of multi-sided surface holes holds significant practical value and has garnered
considerable attention from many scholars [8,11,15,17,21]. We also propose an improved degree
elevation algorithm for the hybrid patch with B-spline boundaries and a novel knot insertion al-
gorithm to enable local control for the hybrid patch. These two algorithms both keep the patch
interior and boundary unchanged and provide the application to the refinements in IGA. Several
examples are given to demonstrate the effectiveness and validity of the proposed algorithms.
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The rest of this paper is structured as follows. In Section 2, we review the definitions of
B-splines and the hybrid patch. In Section 3, the properties of boundary interpolation and
boundary derivative interpolation of the hybrid patch are presented. In Section 4, we propose
an improved degree elevation algorithm and a novel knot insertion algorithm for the hybrid
patch. And some examples are given to show the effectiveness and validity of the proposed
results. Finally, the paper concludes with a summary and future work in Section 5.

2. Preliminaries

In this section, we briefly introduce the definition of the B-spline basis functions, and the de-
gree elevation and knot insertion algorithms of the B-splines. And then we review the definition
of the hybrid patch proposed in [18].

2.1. B-splines

The B-spline basis functions, as piecewise polynomials, not only inherit the advantages of
simplicity and computational convenience form of polynomials but also possess the property
of local control. B-spline curves and surfaces can be structured using standard B-spline basis
functions. The B-spline curve constructed by the B-spline basis functions retains the advantages
of the Bézier curve and is a generalization of the Bézier curve.

Definition 2.1 (B-spline Basis Function). For a given knot vector U={to,t1, - - , tntp+1},
its knots satisfy t; < tjy1. The B-spline basis functions of degree p defined on the knot vector U
can be computed recursively using the following de Boor-Cox formula:

NOV(r) = {

t—ti tipr1- -
NPV () = = NEPY () 4+ =22 NI (), p2
tH—p ti tl+P+1 it1

17 te [tjathrl)a

0, otherwise,

therein stipulate 0/0 = 0.

Definition 2.2 (B-spline Curve). The B-spline curve of degree p is defined as
P(t)=> PiNPU(t), te [ty tnpl,
i=0

where Nip’U(t),z' =0,1,...,n, are the B-spline basis functions of degree p defined on the knot
vector U = {to,t1,* ,tnipt1}. The points P; € R3i = 0,1,...,n, are called the control
points.

The B-spline surfaces are defined by the tensor-product B-spline basis functions in the same
way and we will omit the details here. The degree elevation and the knot insertion algorithms
for B-splines are important geometric algorithms. The degree elevation algorithm enhances the
flexibility of curve shape control. The number of control points of the B-splines can be added
by elevating the degrees, which increases the DOFs. Additionally, inserting knots improves the
locality of B-splines. In fact, the B-splines remain unchanged after degree elevation and knot
insertion. We can find the detailed formula for the geometric algorithms of B-splines in [16].
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2.2. Hybrid patch

The hybrid patch can handle positional and cross-derivative boundary constraints of any
degree while providing intuitive control over the patch interior. It is a rational polygonal patch
defined over n-sided convex domain I' (see Fig. 2.1(a) for an example). The definition of the
hybrid patch needs local parameters s; = s;(u,v) and h; = h;(u,v) which are computed by
Wachspress barycentric coordinates \;. We introduce the expression of Wachspress coordi-
nates [5] as follow.

Definition 2.3 ([5]). For a given n-sided convex polygonal domain T' with its vertices vi,- - -,
v, (n > 4), denote its outward unit normal to the edge e; = V;—1v; by n; = (ni,n%)". Let
#7(x) be the perpendicular distance of x to the edge e;, that is,

QﬁJ‘(X) = (Vi — X) - n;, Vxel. (21)

K2

Then, the Wachspress barycentric coordinates is defined as

(%) = ’LUZ(X) i = n
i (%) 72?:1 0, (%) 1,...,n, (2.2)
where o, )
w;(X) := m, (2.3)

i—1 i—1
and (n;_1,n;) = n'"tny —nitnl.

With Wachspress barycentric coordinates in hand, the hybrid patch can be defined directly.

Definition 2.4 ([18]). Given an n-sided convexr polygonal domain T', denote the Wachspress
barycentric coordinates of I' by A\;,i = 1,...,n. Given the control points C;l,’,i,j =0,...,d,
k=0,...,1—1, where d is the degree of the Bernstein basis functions, | = [d/2] is the number
of control point layers. The control points around the corners are shared by the two adjacent
patches, i.e.

CZ,Z cdi-t p,q=0,...

d—q,p’
The hybrid patch is the image of the mapping S : T — R3, for any (u,v) € T,

-1

3

n d -1
S(u Z Z C‘j; 15, de( i(u,v), hi(u,v)) +Ri(si, by ) L (u,0) | +CABE (u,v), (2.4)
=1 Lj=0 k=2
where N
- i =1 — N — )\ 2.
Si /\i—1+>\i, hz )\z 1 )\z ( 5)

are the local side and distance parameters,
d . s (d
d,d —
B soti) = B0 = () -5 () 1 = ny -t

are Bernstein basis functions of (s;, h;), the ribbon R;(s;, h;) is a quadrilateral surface interpo-
lating the i-th boundary curve,

d 1
=3 s ha) B Gsis hi) (2.6)

§j=0 k=0

are the weight sum of the two rows,
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1~ i
Ci=-> Ciia (27)

i=1

is the central point, and its corresponding blending function

n d [-1
Bi(u,v) =1 — Bs(u,v) =1 — ZZZ“ de (si(u,v), hi(u,v)), (2.8)
i=1 j=0 k=0
the weights
0, i<k, k>2
1
| 5 2<j=k<l,
'u;}kj<d/2 = hi
B i = 175 .a k< 25
R PRy A
1, otherwise,
0, j>d—k, k>2,
1
. 57 .7 =d- kv k Z 25
“;}kj>d/2 - hii
i = : ) j d— 23 k 23
ﬁ hz—i—l + h2 7= =
1, otherwise.

Remark 2.1. The definition of s; in Definition 2.4 is undefined for points on the distant
sides e;,7 ¢ {i — 1,4,7 + 1}. This results in the basis functions and the hybrid patch being
discontinuous along the boundary. To circumvent this problem, we use the equivalent definition
of s; proposed in [25]

s = sin(@i)qﬁf_l (29)

sm(@z)gbf_l + sin(@i,l)(biﬁ_l ’

where 0; is the angle at v;. The resulting basis functions remain continuous across the entire
parametric domain I', which is advantageous for subsequent analysis and computations.

Remark 2.2. The i-th ribbon R;(s;, h;) in (2.4) can be defined as
Ri(si, hi) = PZ(Sl) + hiTZ‘(Si), (2.10)

the P;(s;) is the boundary curve along the i-th side and the T;(s;) is the cross-tangent function
associated with the boundary [27]. We define the P;(s;) and T;(s;) of the ribbon R; in the

forms of
d

i Arpi,UY
Pi(s;)) = » ClgNI" i (s:),
- (2.11)

7=0

d

Di d,i d,i pi, U

Ti(si) = Y W(C — Clo)N;" 7 (s4),
j=0 —4Lp+J

b
where the B-spline basis functions ij U3 (i) at side i have degree p; and knot vector U?.
Therefore, the hybrid patch S(u,v) in (2.4) can be expressed as S“P(u,v)(p = {p1,- - ,Pn})-
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If the degrees and knot vectors of the B-splines are the same on each side,that is, the P;(s;)
and T;(s;) defined in the forms of

d

i b
Pi(si) = > C{oNPT (s1),
0 (2.12)
p dyi dyi ,ut
Ti(s;) = Z Ut _uo (Cj,l - Cj,O)NJP (84),
j=0 —p+J J

the hybrid patch S(u,v) in (2.4) can be expressed as S (u, v).

The hybrid patch representation is a generalization of the GB surfaces because it adds
interior control and is not limited to polynomial boundaries. In this paper, we focus on the
hybrid patch with B-spline boundaries, so we explain how to construct a hybrid patch from
given B-spline boundaries through the following example. More details about the hybrid patch
are available in [18] and references therein.

Example 2.1. Given d = 6,1l = 3,n = 5. Consider a pentagonal parametric domain

I = Conv {(0,0), (1,0), (1, %) , (% 1) (0, 1)}

as shown in Fig. 2.1(a). The P;(s;) and T;(s;) of the ribbon R; are defined in (2.12), where
b

the degree and knot vector of the B-spline basis functions NJP U (s;) are p =2 and
U’ ={0,0,0,0.2,0.4,0.6,0.8,1,1,1}.

Fig. 2.1(b) shows the corresponding pentagonal hybrid patch S52.

(a) Pentagonal parametric domain (b) Pentagonal hybrid patch

Fig. 2.1. Pentagonal parametric domain and hybrid patch.

3. Boundary Properties of the Hybrid Patch

In this section, we will demonstrate both the boundary interpolation property and boundary
derivative interpolation property of the hybrid patch, along with the corresponding proofs.
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3.1. Boundary interpolation

We define a side interpolant I;(s;, h;) as B-spline surfaces of bi-degree p; x p;, created by
the first two layers of control points for each sides

d 1
d,i iy i, U?
i(s0,he) = > > CHINPYE (5, )NV (hy).
7=0 k=0

Then, we conclude the following boundary interpolation property.

Theorem 3.1. Given a n-sided convez polygonal domain T, the hybrid patch is defined as (2.4).
The hybrid patch interpolates the B-spline boundaries, that is, when the local distance parameter
h; =0 on the side T'; for all points (u,v) on the i-th side, we have

SEP(u, v) = P;(s;) = Li(s;, 0).

Proof. The “contribution” of the i-th side can be written as

—~

d 1-1
i(sihi) =D % Clan kB (si hi) + Ralsi, hi) L (u, 0), (3.1)
7=0 k=2

then the hybrid patch can be represented as

STP(u,v) =Y Si(si, hi) + CBY(u,v). (3.2)

i=1
(1) S;(si,h;) does not affect the distant sides I';,j ¢ {i — 1,4,i + 1}, in positional sense.
Because the h; equals 1 on the distant sides I'; by definition. We obtain

Bi(h) = B{(1) =0, ke{0,....1—1},
by the endpoint property of the Bernstein basis function
1, k=d
Bl =4 "7
0, k#d.
The Bernstein functions vanish, so we have S;(s;, h;) = 0.

(i1) Si(si, hi) does not affect the adjacent sides I';_; and I';41 in positional sense. Because
s; = 0 on the side I';_1 and h;—1 = s; = 0. So we obtain

Bi(s;) = BX0) =0, je{l,...,d}.

The S;(s;, h;) in (3.1) can be represented as

1
i(8i, i) ZC(C)I,IZW“BI@BI@ )+ Ri(si, h ZH kBil(h
k=0

For k > 2, the multiplier Ué,k = 0 by definition, and for k£ < 2, the multiplier

2
i hifl

= = = 0,
ok T T R R

due to h;—1 = 0. The weighted Bernstein functions vanish, so we have S;(s;, h;) = 0. For T';11
we proceed in the same way.
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(iii) S;(si, hi) reproduces the related boundary curve P;(s;) on I';. Because when h; = 0, we
obtain B{(h;) = B{(0) =0,k € {1,...,1 — 1}, by the endpoint property of the Bernstein basis

functions
1, k=0,
B0) =
0, k#0.

The S;(s;, h;) in (3.1) can be represented as
d .
Si(si hi) = Pi(si) >l 0B (si).
=0

For 0 < j < d, all M;,o are equal to 1, since h; = 0. Then we have S;(s;, h;) = P;(s;) by the
partition of unity of the Bernstein basis functions.

To sum up, we have shown that the boundaries of the hybrid patch are the curves defined
by P;(s;),i =1,...,n exactly. O

To validate the correctness of the property presented in Theorem 3.1, we present an example
showing that the boundaries of the hybrid patch defined by (2.11) are the boundary B-spline
curves exactly.

Example 3.1. Given d = 6,1l = 3,n = 6. Consider a hexagonal parametric domain

= cone{ (L0).100 (1.2). (2:1) 00, (0.2) ).

The P;(s;) and T;(s;) of ribbon R; are defined in (2.11). Given the degrees of boundaries as
p1=5,p2=3,p3 =2,p4 = 4,p5 = 4,ps = 2 and their knot vectors

U} = {0,0,0,0,0,0,0.5,1,1,1,1,1,1},
U5 = {0,0,0,0,0.2,0.5,0.8,1,1,1,1},
U4 ={0,0,0,0.1,0.3,0.7,0.9,1,1,1},
U ={0,0,0,0,0,0.4,0.8,1,1,1,1,1},
U? = {0,0,0,0,0,0.3,0.7,1,1,1,1,1},
U = {0,0,0,0.2,0.4,0.6,0.8,1,1,1}.

Fig. 3.1(a) shows the corresponding hexagonal hybrid patch interpolating these six B-spline
boundaries which are generated by boundary control points and corresponding B-spline basis
functions. In the same way, given d = 6,1 = 3,n = 8, consider a octagonal parametric domain

1 3 1 3 3 1 3 1
e-conf(G0). (50) (03)-(03) (31) () (o) (03)}
We show the octagonal hybrid patch interpolating eight B-spline boundaries in Fig. 3.1(b).

From our findings, we conclude that the hybrid patch defined by (2.11) interpolates B-spline
boundaries. That means we can construct the hybrid patch from given B-spline boundaries of
any degree and knot vector. This result is useful for constructing domain parameterization of
CAD model with complex multi-sided boundary representation, which is a key step in IGA.
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(a) Hexagonal hybrid patch (b) Octagonal hybrid patch

Fig. 3.1. Boundary interpolation property of hybrid patches.

3.2. Boundary derivative interpolation

To demonstrate that the hybrid patch with B-spline boundaries satisfies derivative interpo-
lation conditions along the boundaries, we establish the following result. Our proof uses the
recursive formula of Bernstein derivative function, that is

[BE(h)] = d[B{ ) — B )
d! _ _
- mhf A

d!
ma— g T

where
BT (hi) = B4 (hy) = 0.

Theorem 3.2. Given a n-sided convex polygonal domain T, the hybrid patch is defined as (2.4).
The hybrid patch interpolate the cross-tangent of the respective sides, that is, when the local
distance parameter h; = 0 on the side T';, for all points (u,v) on the i-th side, we have

(STP(u,v)) = Ti(s:),

where (STP(u,v)) denotes a derivative of h;.

’

Proof. First, we investigate the derivatives of weighted Bernstein functions [u; kB;.ly’,f (siy hi)] s
when j € {0,...,d} and k€ {2,...,] —1}.
According to the definition of weights ,u;'.yk, it is constant when k > 2. So, it is equal

’

to investigate the derivatives ué-’ka(si)[Bg(hi)] . From the recursive formula of Bernstein
derivative function, we obtain that the derivative of [Bg(hi)]',k € {2,...,1 — 1} have the
term h; since k > 2 and d — 1 > 0. For side I'; (h; = 0), the derivatives of the weighted
Bernstein functions vanish. For other sides T',,,m ¢ {i}, the derivatives ukajl(sm)[Bg(hm)]/
do not have the term h;, therefore,the derivatives vanish. Then, we obtain that the equation

~
|

1
’

n d
SO>S i kB (si hi)] = 0. (3.3)

i=1 =0 2

B
||

Next, we investigate the derivatives [Ry (s, hi)L* (s, k)] . Our proof consists of three parts.
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(i) For the distant sides I',,m ¢ {i —1,4,i+ 1}, due to h,, = 1 on side I';, B¢(h.,) = 0 and
[B(hm)] = 0 when j € {0,...,d} and k € {0,1}. We also have L¥(sy,hm) = 0. Therefore,
the derivatives [Ron (S, Ao )L, (Sms han )] = 0,m ¢ {i — 1,i,i+ 1}

(ii) Next look at the derivative of R;_1(s;—1,hi—1)L}_1(8i—1, hi—1) on the side I';. According

to the definition of weights u;;cl (k < 2), only when j € {d —1,d}, $;—1 have the term h;. Due
to s;_1 = 1 on the side I';, we can obtain

1
[RiflL:"_J/ =Ri_1(si—1, hi—1)[Bi-1] ZB
k=0

In the same way, according to the definition of weights ,tﬂ‘|r1 (k < 2), only when j € {0,1}, a1
have the term h;. Due to s;+1 = 0 on the side I';, we can obtain

’

Bil(his1).

M-

Riv1Liy1] = Riva(sit1, higr)[iga]

el
Il
=)

Since h; = 0 on the side I';, we have

, IR , 21
bt = [agis] =0 ool = || =0

Then, we can obtain the derivatives [R;_1L? ;] = 0 and [RZ-HL;‘H]/ =0.

(iii) In the end, we show the reproduction of the cross-derivative function T;(s;) on I';. Since
hi =0,L}(s;,h;) =1 and the definition of the weights ,u;k, we have

1 d
B$MMWMM=EWWHR&M<Zde-+Z . )
j=0 =d—1

J

Since h; = 0 on the side I';, we have

/ o1 , n2, 71
i = Rt = O’ i = IEC ot S = 0,
o] [w4+hﬂ 141 [@H+hﬂ

and R;(si, hi) = Ti(s;), that is, [R;(s;, hi) L} (4, hi)]/ = T;(s;). Then, we can get

> [Ri(siy hi) Ly (si he)] = Ti(si). (3.4)

=1

Combine (3.3) and (3.4), we can obtain the result (S“P(u,v)) = Ty(s;).

To sum up, the hybrid patch interpolate the cross-tangent function T;(s;) at the boundary.
The proof is complete. O

We present an example of surface blending to illustrate the property of boundary derivative
interpolation of the hybrid patch.
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Example 3.2. Fig. 3.2(a) shows a five-sided hole composed of classical tensor-product B-spline
patches, where each side of the hole is the B-spline curve with the same degree and knot
vector. Given d = 5,1 = 3,n = 5, we consider the same pentagonal parametric domain I' as in
Example 2.1. The P;(s;) and T;(s;) of the ribbon R; are defined in (2.12). Fig. 3.2(b) shows
the pentagonal hybrid patch S>?2 filling the five-sided hole by Theorem 3.2, where the black
curves indicate the boundary curves of the hybrid patch.

Similarly, Fig. 3.2(d) shows a six-sided hole, with the B-spline curves of different degrees as
the boundaries. Given d = 6,1 = 3,n = 6, we consider the same hexagonal parametric domain I"
as in Example 3.1. The P;(s;) and T;(s;) of the ribbon R; are defined in (2.11). Fig. 3.2(e)
shows the hexagonal hybrid patch filling the six-sided hole by Theorem 3.2. Finally, Figs. 3.2(c)
and 3.2(f) display the overall surface and its corresponding control points, respectively.

The conclusions we have obtained regarding boundaries are highly significant for surface
blending. The hybrid patch behaves as B-spline curves with the same control points and
B-spline basis functions on the boundaries. This boundary property indicates that a hybrid
patch can be C° connected to other surfaces with B-spline boundaries. The boundary derivative
interpolation property theoretically guarantees the hybrid patch interpolates the given cross-
tangent T;(s;) of the ribbon R;(s;, h;) on each side.

(a) Five-sided hole (b) Pentagonal hybrid patch (c¢) Surface with control points

4

(d) Six-sided hole (e) Hexagonal hybrid patch (f) Surface with control points

Fig. 3.2. Boundary derivative interpolation property of hybrid patches.

4. Improved Degree Elevation and Knot Insertion of Hybrid Patch

Degree elevation proposed in [18] can be used for increasing control points in the interior of
the hybrid patch, but this changes the shape of the surface slightly. The elevated surface is not
the same as the initial surface, so the flaw that makes the original degree elevation unsuitable
for some applications, especially for IGA.

In this section, we focus on the geometric algorithms of the hybrid patch characterized
by B-spline boundaries. We propose an improved degree elevation that keeps the surfaces and
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boundaries unchanged while increasing the degree of the hybrid patch. In practical applications,
surfaces with locality are more advantageous. Then we also propose a new knot insertion algo-
rithm for the hybrid patch. In this study, we primarily focus on the hybrid patch characterized
by B-spline boundaries of identical degree and knot vector, that is, the hybrid patch S®?(u,v)
defined by (2.12). This choice is motivated by the patch’s comprehensive properties and the
simplicity of its mathematical representation. Although the hybrid patch S%P(u,v) defined by
Eq. (2.11) exhibits varying degrees and knot vectors for the B-splines on each boundary, the
uniformity in the number of control vertices across all boundaries allows for the derivation of
analogous conclusions.

4.1. Improved degree elevation

Our improved degree elevation is based on the iterative property of tensor-product Bernstein
basis functions, that is

dd _ pdpd _ d+1,d+1 d+1,d+1
Bjak - Bj By, = nj+1vk+1B‘+17k+1 + (1 - nj)vk+1B

7 J,k+1
d+1,d d+1,d
+ 141 (1 — Uk)Bj-iJ-rll,kJrl + (1 =mn)(1 - ”k)Bj,Jlgl o (4.1)
where . 1
] .
= J = =0,...,d, k=2,....1—1
nj d+ 17 Uk d+ 17 .7 Y Pl 9 9

b
Denote the B-spline basis function V. f d (s;) of degree p by knot vector

b
U° = {u()vulv"' ;ud+p+l} = {t()v"' 7t07t17"' 7t17"' atha"' 7th}7
—_———— ———
ro—times ri—times rL—times

where h + 1 represents the number of mutually different knots in U®, and r; represents the mul-
tiplicity of knot ¢;(i = 0, ..., h) respectively. Then, we denote the knot vector after increasing
the degree of the B-spline basis function by

ﬁb:{aOaala"';ad+h+p+2}:{ th"'atO ) tla"'atl sty tha"';th } (42)
—_——— —_——— ——
(ro+1)—times (ri+1)—times (rp+1)—times

The degree elevation of B-splines can be obtained using the Cohen-Lyche-Schumaker method [1].
Besides, we treat each ) kC?’; in form as a new control point C;l,z of the hybrid patch. Then
we obtain the following result.

Theorem 4.1. Assume that

b
U’ = {th"' atO;tla"' atla"' atha"' ath}a
——— —— ——
ro—times ri—times rp—times

then the hybrid patch is defined as

d
S (u,v) =D | YN T CHBI Y (si, hi) + Ri(siy hi) L (u, ) | + C§Bg (u,v), (4.3a)

d d
Ri(si, hi) = Pi(si) + hiTi(si) = > CHaNPY (s) + by (Z Chne? <sz->>, (4.3b)

=0 =0
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where

d,i =d,i p d,i d,i
Cg k= Ng kC] k> Cj,o - Ut = Ub (Cj,l - Cj,o)-
p+i

The hybrid patch after degree elevation can be represented as

SA+hPHL (4 Z Z Z QdJrhz d+hd+h(si,hi>

n [d+hl+h 1

=1 Lj=0 k=2
+Ri(ss, hi) L (u,0) | + Cng(u, v), (4.4a)
R(s:,hi) = Pi(si) + hiTi(si)
d+h d+h
fZQdJrtherlU s:) + hi (ZQdJrtherlU”( Z_))’ (4.4D)
where the B-spline basis functions Nf“’ﬁb are defined by knot vector U in (4.2). The control
- Ad+1,i -
points QNc satisfy

Ndli i N Gadai
Q. " =mveCily oy + (L —n)uCiy_y

5 (1 = o) G772 (1= ) (1= o) G, (4.5)
i which
-*L *L =0 d+1, k=2 l
njfd_i_la Uk*d_i_lv J =Y, ) ) — 4 )

Besides, for j ¢ {0,...,d} ork ¢ {2,...,1—1}, we set C;l, = 0. And the control points QdJrh ‘
and Qi—gh’i satisfy

1

. 1 . _ .
d+h, d, . d+h,
Qj70 t= Cs,(z)Ag(])v Qj,o f= Pt
s=0

CHAP(j), j=0,....d+h, (4.6
p+1s_0 5,0 s(]) J ( )

where

U —Us 1, . Ug — U
Ag(j)=LA§ 1(_7)+ +p+1 J+P+1AP 1( )+Oé ( )

1
Usp — Us Us4p+1 — Us1 st
Ujyp — Us U — Uy
D) _ 2ItPp s p—1g.: s+p+1 Jj+p p—1/,:
CYS (.7) - as (.7) + aerl (j)
Us+p — Us Us+p+1 — Us+1

starting with

. . 1, u; € |ug, uit1),
c&nAxn{ i € i i)

0, otherwise.

Theorem 4.1 presents the degree elevation of the hybrid patch boundary from degree p to
degree p + 1 while keeps geometry and parameterization consistent. We compare the elevated
hybrid patch with the original patch through the following example to show that our algorithm
keeps the surface geometric invariant. To show the differences between the elevated surfaces
and the original surfaces more clearly, we added texture mapping to the hybrid patch after
degree elevation.
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Example 4.1. Given d = 6,1 = 3. The original B-spline basis functions in R; are defined by
the knot vector U® = {0,0,0,0.2,0.4,0.6,0.8,1,1,1} and degree p = 2. The initial pentagonal,
hexagonal and octagonal hybrid patches are shown in Figs. 4.1(a)-4.1(c). The initial patches
elevates degrees from S%2 to S2'° by the improved degree elevation, the elevated patches are
shown in Figs. 4.1(d)-4.1(f). The elevated patches obtained by the proposed degree elevation
in Theorem 4.1 remain geometry consistent with the original hybrid patches.

(d) Resulting pentagonal hybrid (e) Resulting hexagonal hybrid patch  (f) Resulting octagonal hybrid patch
patch after degree elevation after degree elevation after degree elevation

Fig. 4.1. Comparison with the initial patches and the elevated results.

4.2. Knot insertion

We propose an knot insertion algorithm for hybrid patch in this section.The basic idea is
that we deem a tensor-product Bernstein basis function B;l’,? of bi-degree d as a tensor product

B-spline basis N;l’kd of the same degree over knot vectors

U={&, - ,%a+2t={ 0,---,0 , 1,---,1 }
N—— ———
(d+1)—times (d+1)—times

in the u-direction, and

V:{nl,...,n2d+2}:{ 0’--.,0 , 1’...,1 }
N—— ——

(d+1)—times (d+1)—times

in the v-direction. Thus, the original hybrid surface (2.4) is expressed as

d —
SHP(u,v) =D | YD CHNG (s, ha) + Ri(si, hi) L (u,0) | + CIBE (u,v), (4.7)
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where R;(s;, h;) is defined by (4.3b). We denote the spline spaces Sldj’?v spanned by these

tensor-product B-spline basis functions N , L.e. S{ij’:i\, = span(Nj‘.i’kd).
Denote the knot vector in the u—dlrectlon after inserting one new knot by

={& =¢&,8, -, &ars = E2at2} D UL

And denote the knot vector in the v-direction after inserting one new knot by
V = {il =m,72,- - N2d43 = N2at2} D V.

Then we have Sldjfgv C Sd ¢ and the B- spline basis Nd S%’flv.

Denote the knot vector of the B-spline basis function N} ’Ub(si) in R; by
U° = {ug,u1,- -+, Udipi1}-

And denote the knot vector after inserting one knot by

U° = {iag = uo, 1, -+, hatpra = Udipi1}-

According to the knot insertion property of the B-spline basis functions, the relationship
between the B-spline basis function N Jd of degree d on the original knot vector and the B-spline
basis function N J‘»i on the new knot vector is as follows:

N = a;N{ + B;N{. 4, (4.8)
where
1 j=0,...,m—d,
5* &85
= j=m-—-d+1,...,m,
/ §]+d7§]
0, j=m+1,....d,
0, i=0,...,m—d—1,
Ejrar1 —&" )
Bi={d T S i—m—d,...,m—1,
’ Eirdr1 — Ej+1
1, j=m,...,d,

and N¢ and N ]’-’ 'U” are calculated in the same way. Then the Nﬁ}cd in (4.7) can be calculated as
d,d G G
N = NIN{ = (NS + BN ) (o N+ BN ).

Finally, we conclude the following knot insertion algorithm of the hybrid patch as below
result.

Theorem 4.2. Assume that { 0,---,0 , 1,---,1 } c U,{ 0,---,0 , 1,---,1 } C V
N—_—— N—_—— N—_——

(d+1)—times (d+1)—times (d+1)—times (d+1)—times
and U° = {ug,u1, "+, Ugip+1}, then the hybrid patch in (4.7) can be represented as the follow-
ing hybrid patch:

SEP (u, v) Z ZZ Q‘ji]\_f (i, hi) 4+ Rilsi, hi) LY (u,0) | + CEBE (u, v), (4.9a)

R = Py(s;) + Z Qd lN;D7 51) T hy ( Z Q%N]’-’,Ub (Sz)> ) (4.9b)
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where Nﬁ}cd are B-spline basis functions of spline space S. 4 ond N]’-”ﬁb are defined by knot

d
u,v
b . Adi ~ydi ~di :
vector U". The control points Qj,k, Q; o and Qjy satisfy

Qi’; = ajaké‘?ﬁ’]i + Oéjﬁk—léi’;;71 + Bj_laké?fl,k + Bj_lﬁk_lé‘?fl,kfl’ (410)
Qjp = ;CJy + 8-1C7 1, (4.11)
Q= a;Clp + Bi-1Cj . (4.12)

Besides, for j ¢ {0,...,d} ork ¢ {2,...,1—1}, we set Ci; =0.

Theorem 4.2 presents the knot insertion of the hybrid patch which keeps geometry consistent.
We compare the refined surface with the original surface through the following example to show
that our knot insertion algorithm keeps the consistency of the surface.

Example 4.2. Given d = 6,1 = 3,p = 2. The original knot vectors of the hybrid patches are
defined as

Uu=v={0---,0, 1,---,1 }, U®={0,0,0,0.2,0.4,0.6,0.8,1,1,1}. (4.13)
N—— ——

(d+1)—times (d+1)—times

The initial pentagonal, hexagonal and octagonal hybrid patches are shown in Figs. 4.2(a)-4.2(c).
Then, we insert 5 new knots into the knot vectors U, V and U? of the initial hybrid patches
respectively. The refined patches using the knot insertion algorithm proposed in Theorem 4.2
are shown in Figs. 4.2(d)-4.2(f). We remark that the resulting patches obtained by our algorithm
keep hybrid patches consistently.

(d) Resulting pentagonal hybrid (e) Resulting hexagonal hybrid patch  (f) Resulting octagonal hybrid patch
patch after knot insertion after knot insertion after knot insertion

Fig. 4.2. Comparison with the initial patches and the refined results.
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Remark 4.1. In the proposed methods, we keep C¢ and its corresponding basis function and
the weight sum of the two rows L} the same as the initial hybrid patch S%?. This treatment is
the key point to keep the elevated /refined surface unchanged and avoid redundant computation.

5. Conclusions and Future Work

In this paper, we focus on the geometric properties and algorithms of the hybrid patch with
B-spline boundaries based on the multi-sided surface scheme proposed in [18]. We present the
boundary interpolation and boundary derivative interpolation of the hybrid patch. We then
propose an improved degree elevation algorithm and a new knot insertion algorithm of the
hybrid patch. The degree elevation algorithm increases the degree of the surface to facilitate
surface refinement while maintaining geometric consistency. Meanwhile, the knot insertion
algorithm increases the DOFs by adding control points at specific locations, allowing for more
precise adjustments to the surface shape.

The results we get regarding the boundary can be applied to surface blending and hole filling
by polygonal surfaces, which will be our future work. In addition, our future research will focus
on constructing the high-quality suitable-analysis parameterization in IGA by hybrid patch from
complex multi-sided CAD models with given B-spline boundaries. The p, h and k refinements
for analysis in IGA can be derived using the degree elevation and knot insertion algorithms
proposed in this paper. Furthermore, we will consider to construct control point-based multi-
sided solid with B-spline boundaries and study its geometric properties and algorithms in future.

Acknowledgements. The authors would like to thank Dr. Péter Salvi, Budapest University
of Technology and Economics, Hungary, for valuable discussions of the hybrid patch.

This research was supported by the National Natural Science Foundation of China (Grant
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