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Abstract

Recovery of block sparse signals with partially-known block support information is of
particular importance in compressed sensing. A uniform sufficient condition guarantee-
ing stable recovery of non-strictly block k-sparse signals is established via the weighted
l2,p — a2 4 nonconvex minimization method, and the reconstruction error is precisely
bounded in terms of the residual of block-sparsity and the measurement error. Further-
more, a series of contrastive numerical experiments reveal that exploiting the approximate
block-sparsity characteristic and the nonuniform prior block support estimate substantially
promotes the performance of reconstruction for block-structural signals.

Mathematics subject classification: 94A12, 90C26.
Key words: Compressed sensing, Approximate block-sparsity, Weighted ¢, — af2 ; mini-
mization, Prior block support information, Block restricted isometry property.

1. Introduction

As is well-known, the aim of compressed sensing is to recover high-dimensional sparse signal
x € R™ from
y = Az + z, (1.1)

where A is the measurement matrix of size N x n (N < n), z € RY is a vector of measurement
errors, and y € R¥ is the observation vector [5,6,9].

This paper focuses on the practical scenario where the unknown signal to be recovered ex-
hibits a specific structural property known as block-sparsity, that is, the characteristic that
the nonzero entries appear in clustered regions. The block-sparsity structure naturally arises
in various real-world applications where signals or data exhibit inherent clustering patterns.
Such signals have been widely identified and utilized across various fields, including DNA (de-
oxyribonucleic acid) microarrays [28], color imaging [26] and motion segmentation [31]. DNA
microarray data often exhibits block-sparsity as gene expression levels typically show strong
correlations within specific functional groups or pathways, and the nonzero coefficients which
represent active genes often cluster together rather than being randomly distributed. In im-
age processing, natural images often have block-sparse representations especially in transform
domains such as wavelet or DCT (discrete cosine transform), for instance, edges or textures
in an image tend to create clusters of significant coefficients, while smooth regions correspond
to blocks of near-zero values. In motion segmentation, the motion vectors of pixels associated
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with the same object tend to form clusters, leading to a block-sparse structure in the represen-
tation of motion fields. Suppose that the signal x € R™ is split into m blocks with every block
sequentially satisfying z[i] € R% (i = 1,2,...,m) and Y~ d; = n, that is to say,

T
€r = (:CI)"' axdlaxdl-‘rl)'” )$d1+d23"' axn—dm-‘,-l)”' ,.Tn) . (12)

z[1]7 z[2]T z[m]T
Such a signal is referred to as a block-structural signal over the block index set
1= {d17d27 T adm}

Precisely speaking, x € R™ is called block k-sparse over Z if the cardinality of {i : z[i] # 0} is
no more than k. Equivalently,

m

lz]l20 = Y LIz []]l2) < &,

i=1

where I(-) represents an indicator function that equals to one for positive variable and equals
to zero otherwise.
Denote

m ¥
]2 00 == max flzfdll2,  [lz]l2r = (Zl ||$[Z']||£> ; Vr>0.
1=

It is noteworthy that

m n
lzllzz = | Y llelillls = (| > 2% = allz.
i=1 i=1

The subsequent concept of block restricted isometry property (B-RIP) provides a crucial
framework for the reconstruction of block sparse signals.

Definition 1.1 ([12]). Assume that A € RN*" is a measurement matriz, and k € NN [1,n].
The k-ordered block restricted isometry constant (B-RIC) for A is taken as the smallest oy 7
which satisfies

(1= yz) ll2ll3 < [ A3 < (1+ 6iz) [l2ll3, (1.3)

where x € R™ runs through all block k-sparse vectors over I.

When particularly d; = 1 for i = 1,2,...,m, the notion of B-RIC ;7 degenerates to the
conventional restricted isometry constant (RIC) dy.

In order to make full use of block structure, the ¢5 ; minimization method mathematically
formulated as

& = arg min {lafas : |y - el < (1.4
was considered in [12,23,24], where it is referred to as the f2/¢; minimization. For the {2 ;
minimization method (1.4), Eldar and Mishali [12] proved that if the measurement matrix A is
subject to dgrz < V2—1, the {31 minimization guarantees the robust recovery of block k-sparse
signals. Lin and Li [24] proposed the B-RIP condition daz)7 < 0.4931 and also provided another
condition dz7 < 0.307. Li and Chen [23] proved the sufficient condition dyz < /(t — 1)/t
for t > 4/3.
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In recent years, the ¢3 1 — {2 minimization method which provides an alternative way to
recover block sparse signals by

& = arg minf||z|21 — [[zlla : [y — Az]2 < e}, (1.5)

zeR

has attracted much attention. Based on block RIP, Wang et al. [34] established a sufficient

condition VP
k+1
7_1531@\1 <1,

vk

and also numerically showed that ¢3 1 — £ minimization presented better recovery performance

dok)z +

for recovering block sparse signal from highly coherent measurement matrix in comparison with
{5 1 minimization.

In reality, prior support information can be partially extracted in a variety of applications
such as genetics and image processing [13,17, 21,22, 30, 36]. Denote T C {1,2,...,m} as the
prior block support estimate, and

, i€eT,
W; = v ’ ~ wE[O,l]
1, i¢T,

Recently, Zhang and Zhang [37] extended their previous work for sparse signal recovery in [38]
to block sparse signal recovery, proposed the weighted ¢ ; — ¢2 minimization in ¢3-bounded
noise setting

m
& =arg min ¢ Y willz[i][|2 —
reR™ i—1

Y wizlilll3: ly— Az|2 <ep, (1.6)
i=1

and established a high-order block RIP condition for the robust recovery of block sparse signals
with prior block support information.

In the literature on the standard compressed sensing [14,29,32,33], it has been shown that
sparse signals can be recovered from fewer linear measurements via £, (p € (0, 1]) nonconvex
minimization compared to ¢; convex minimization.

On the other hand, in some important applications, there always exists non-uniformity in
the set of signal blocks, for example, the behavior of neurons exhibits non-uniform clustered
responses in computational neuroscience problems [13]. Non-uniform structures inherently carry
domain-specific prior knowledge. Motivated by this, we attempt to consider the impact of non-
uniform support information on blocks for the purpose of promoting the performance of sparse
signal recovery.

Inspired by [16], we assign an appropriate weight vector w such that critical blocks of x
with higher expected signal energy ||z[i]||2 receive reduced penalties in the weighted objective
function.

To streamline the presentation of the subsequent theorems, we introduce the following hy-
pothesis, denoted as “(H)”:

(H) Suppose the prior block support estimate is 7' = UJL:1 T;, where Tj,j = 1,2,..., L, are
disjoint subsets of {1,2,...,m} with |T}| = p;k, |To N Tj| = v;|T;|. Denote

W= (W17W27 s 7Wm)T7
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where the non-uniform weights are characterized by

j 5 'ETW
wi= 4 TS e 0, 1), (1.7)
1, ig¢T,

Denote wy = 1.

Denote )
m s
Iﬂbmw:<§:WﬂhﬁﬂG> , Vr>0.
i=1

On the basis of the incorporation of the prior block support estimate T = Ule Tj, now we
introduce the following weighted /3, — afs ; nonconvex minimization:

& = arg min {|[a]8, — allal,, : v~ Av € B}, (18)
1

i.e.
yd

i=migm{§:wﬂﬂm5—a<§:wHwM%> :y—AxeB} (1.9)
TER™ i=1 i=1

where (a,p,q) € [0,1] x (0,1] x [1,2]\ (1,1,1), w; is defined in (1.7), and B C R¥ denotes some
noise structure. In the objective function, smaller weights are assigned to those blocks which
are more likely to have non-zero entries.

In particular, when all w; = 1, the {5, — als , minimization (1.8) is thus formulated as

2 = arg min { Z | [e]]|5 — CY(Z |$[l]|g>

TER"

2

q

: y—AmEB}. (1.10)

It is obvious that block-sparse signals are naturally sparse in the standard sense. When all
d; = 1 in (1.10), the {3, — als ; minimization degenerates into the ¢, — of, minimization in
our previous work [19] which is defined as

iargmin{2|xi|pa<2|:ci|q> : yA:EEB}. (1.11)
i=1 i=1

zER™

The following example shows the advantage of £, — af,; nonconvex minimization by suitable
choices of the adjustable parameters p, ¢ and a.

Example 1.1. Suppose the measurement matrix is A = (1,1,4,2,1,1,1,3,1,1,3,1) € R1*12
and consider the following two vectors in R'2:

z* = (0.75,0.75,0,0,0,0,0,0,0,0,0,0) T,
z** = (0.01,0.05,0.07, 0.05,0.02,0.03,0.04, 0.05,0.7,0.02,0.03,0.01) .
It can be readily verified that Az* = Ax** = 1.5. The former vector z* is clearly much sparser

than the latter one x**. However, the minimizer of the following objective functions (1)-(3)
such as ¢ — {5 metric in [38] does not correspond to the sparser vector z*:

(1) For ¢; norm,
l*||x = 1.5 > ||«**|]s = 1.08. (1.12)
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(2) For £1 — aly metric with arbitrary a € [0, 1],

l2* [l — allz* ]2 & 1.5 — 1.0607a > [|**||1 — aflz** || ~ 1.08 — 0.7118a.  (1.13)

(3) For ¢y g quasi-norm,
l2*]108 ~ 1.5888 > [|z**||0-5 ~ 1.4788. (1.14)

By proper choice of the adjustable parameters p € (0,1], ¢ € [1,2] and « € [0,1], the
minimizer of the ¢, — af, minimization method presents the truly sparser vector xz*. For
instance,

(4) For £y g — afs metric with arbitrary « € [0.39, 1],

258 — al|lz*]|9® ~ 1.5888 — 1.0482cr < [|**||08 — af|w**||9® ~ 1.4788 —0.7620cv. (1.15)

(5) For £y — aly.o metric with arbitrary o € [0.31, 1],

2*]|5:8 — allz*]|95 ~ 1.5888 — 1.2611cr < ||**||08 — arf|w**||9"5 ~ 1.4788 —0.8990cv. (1.16)

As the aforementioned example implies, when z* and z** are two feasible solutions of the
optimization problem, the ¢; — afs minimization including the conventional ¢; minimization
and ¢; — {5 minimization tends to favor z** as the optimal solution over the sparser one z*.
In contrast, the ¢, — o/, minimization with appropriate choices of p,q and o does work. As
demonstrated in Figs. 1.1-1.3, for any p € (0, 1], the vector sets with smaller ¢, — al, values are
significantly closer to the set of sparse vectors on the unit sphere of R? compared with those of
¢,-(quasi-)norm.

Since many studies have already proved that ¢; minimization, ¢, minimization and ¢;_»
minimization can stably and robustly recover sparse signals under certain conditions, more
generally we consider ¢, — af; minimization. The above series of examples shows that this
method has notable advantages in sparse signal recovery.

Research on block sparse signals has been relatively mature, and some works on block struc-
tured signals have proved that considering the block sparsity can help achieve better perfor-
mance of recovery. The proposed weighted ¢ , —als 4 optimization model employs a dual-norm
formulation where the /5 ,-norm term promotes block sparsity by aggregating intra-block mag-
nitudes with ¢3-norm and enforcing inter-block sparsity through ¢, minimization (0 < p < 1).
The subtractive als ;-norm term (1 < ¢ < 2) with adaptive parameter « € [0, 1] creates a pref-
erential relaxation effect. This structural treatment ensures effective recovery of block-sparse
signals by exploiting their inherent clustering characteristics.

When partial prior information of block support is available, the assignment of non-uniform
weights to distinct signal blocks formally embeds this structural prior into the optimization
framework through mathematical formalization, while quantitatively regulating the incorpo-
ration of such domain knowledge through explicit weighting mechanisms. The known block
support experience less penalization in the composite {5, — afy 4 objective function, allowing
them to retain signal energy more effectively during the optimization process.

Therefore, in this paper, we propose the weighted {5 , — af3 , minimization for block sparse
signal reconstruction when partial block support information is available. We are devoted to
exploring the recovery of non-strictly block k-sparse signals with prior support estimate in the
presence of noise.
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(a) £o.5 ball (b) £o.5 — 0.2¢1 5 ball (c) £o.5 — 0.4¢1 5 ball
(d) ég(5 - 0.6@1(5 ball (e) ég(5 - 0.8@1(5 ball (f) 20‘5 - €1A5 ball

Fig. 1.1. The fo.5 — al1.5 unit balls in R® with o = 0,0 = 0.2, = 0.4, = 0.6,x = 0.8, v = 1,

respectively.
(a) £o.8 ball (b) £o.8 — 0.2¢1 2 ball (c) £o.s — 0.4£71 2 ball
(d) 60-8 - 0'661-2 ball (e) ég(g — 0.8@1(2 ball (f) lo‘g — 612 ball

Fig. 1.2. The ¢o.s — af1.2 unit balls in R? with o = 0, = 02,0 = 04,0 = 0.6, = 0.8,x = 1,

respectively.

(a) £1 ball (b) £1 — 0.2¢5 ball (c) £1 — 0.4€5 ball
(d) €1 — 0.6£2 ball () £1 — 0.8¢2 ball (£) €1 — £2 ball

Fig. 1.3. The ¢; — ol unit balls in R® with o = 0,ae = 0.2, @ = 0.4, = 0.6, @ = 0.8, a = 1, respectively.
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The remainder of this paper proceeds as follows. In Section 2, we introduce the necessary
terminologies and a series of lemmas. The main theorems are provided in Section 3, with their
proofs detailed in the Appendices A-H. We implement a series of numerical experiments and
discuss the experimental results in Section 4. Finally, Section 5 concludes the whole work in
this paper.

2. Terminologies and Lemmas

In this section, we begin by introducing some preliminary terminologies.

For any « € R™ with the block structure of (1.2), the block index set supp[z] = {i : z[i] # 0}
is defined as block support. For any block index set I' C {1,2,...,m}, zr € R™ denotes the
block-structured vector which preserves the blocks of x on the block indices in I' with all the
other blocks adjusted as 0. Denote zmax(x) € R™ as the block-structured vector which maintains
the largest k blocks of  (in the sense of ¢ norm ||z[i]||2) with all the other blocks set to 0, and

T — max(k) ‘= L — Tmax(k)-

Lemma 2.1 ([39, Lemma 2.1]). Suppose that x € R™ obeys ||z|20 = I,]z]|2,00 < T and
lzll5, < kP with k < 1 being a positive integer, 7 > 0 and 0 < p < 1. Then = can be
represented as the convex combination of block k-sparse vectors u; € R, i.e. x = Y, \u;,
where X\; > 0,> . X\ = 1, ||ui||2,0 < k. Moreover,

M
. 9
> Nl < win {3 el 113, | (2.1)
i=1
Lemma 2.2 ([3, Lemma 5.3]). Suppose that s > r > 1,a1 > a3 > -+ > as > 0,b >0 and
D i1 @i <D0y ai+b. Then

w

1
dar<r (%Zfﬂ) +§ (2.2)

1=r+1
for any w > 1.

Lemma 2.3 ([4, Lemma 5.1]). Suppose A € RN*" k > 2 is an integer, s > 1, and sk is
an integer. Then 5 < (25 — 1)d%.

Lemma 2.4 ([15, Lemma 9.2]). Suppose that A € RN*" is a sub-Gaussian random matriz.
Then there exists a constant C > 0 (depending only on the sub-Gaussian parameters) such that
the restricted isometry constant of A/\/m satisfies 65 < & with probability at least 1 — e provided
that

m>C6 2 <slne—n+ln2>.
s €

Setting € = 2e—6°m/(2C) yields the condition m > 205 2sIn(en/s) which guarantees the proba-
bility P(5s < 8) > 1 — 265 m/(20)

Lemma 2.5. Suppose A € RVNX" k> 2 is an integer, s > 1, and sk is an integer. Then
5sk|l' < (2s— 1)6k|l'-

In what follows in this section, we establish a series of lemmas which will play important
roles in the proof of the main theorems.
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Lemma 2.6. Suppose that £ € R™ is the minimizer of the weighted {3, — oy 4 nonconver
minimization (1.8), where (o, p,q) € [0,1] x (0,1] x [1,2]\ (1,1,1) and € R™ is block structural

over the block index set T = {dy,da,--- ,dp}. Denote h = & —x and Ty = SUpp|Tmax(k)]-
Suppose that Tj,5 =1,2,..., L, are disjoint subsets of {1,2,...,m},

L
Ty = pik, |TonTj|=v|Tyl, T=JT;
j=1

1s the block support estimate. Then

L p
h PP hr |IP A A
H TUG H2,p = wL” ToHQ,p + Jz:; (wjfl 'LU]) ’ (ToUiL:LJ_Ti)\iLiJ‘(TiﬁTO) 2,p
1-— P h 2 p h P . 93
+ wl)’ (ToUT)\ ,L:LJI(TmTo) 2,p+ HxTo””&p,w*aH 2,4 (2.3)

Lemma 2.7. Suppose A € RV*" k> 0,t > d>1,dk is an integer, and tk > 2 is an integer.
Then

Oo(t—dykjz < HOtk|T; (2.4)
where A )
1, d<t<2d,
m=1 3t—4d 5 (2.5)
3 t > 2d.

)

Lemma 2.8. Suppose that £ € R™ is the minimizer of the weighted {3, — oy 4 nonconver
minimization (1.8), where (o, p,q) € [0,1] x (0,1] x [1,2]\ (1,1,1) and € R™ is block structural
over the block index set T = {di,da, -+ ,dm}. For any d > 1, suppose that the matrix A €
RN*" satisfies block RIP of order tk with derz € [0,1) and block RIP of order 2(t — d)k with
Sa(t—aykz € [0,1) for some t > d, and K C {1,2,...,m} is of the size |K| < dk. Denote

c= (Vu?p? +4(1 —p) — pp), (2.6)

DN | =
] =

where p is defined in (2.5). Then

[hrclly < nllAblla + B llhgelly,, (2.7)

where

- 1 1 + (40 — 1>5tk|I
77\/1+5tkzmaX{1+(20_1)5tk|l_7 1—5 }, (2.8)

2
tk|T
b p
= 6?
=)

Lemma 2.9. Suppose that £ € R™ is the minimizer of the weighted {3, — oy 4 nonconver
minimization (1.8) where (o, p,q) € [0,1] x (0,1] x[1,2]\(1,1,1), and € R™ is block structural
over the block index set T = {dy,da,-- ,dm}. Denote h=x —&. For anyd > 1, if

1

! 1_1
(,/u2p2/4+1—p+up/2>1° {u(1—20)+1_20+202 2 g

L6 1k) 7 (1—p/2)(t—d)k

W=

1= max(ar) 15, < Mhmax(ar 3 p + 2012 - max(i 13,5, + ll2ll5 4, (2.10)
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and there exist ¢1 > 0 and ¢o > 0 such that

then

where

for any 6 € (0,1).

15l

2.q < ¢1HAhH2 + ¢2Hx7 max(k)'

2,p,w>

[hll2,q < B3]l AT AR|2, 00 + G4l - max(r)||2,p,w5

()
¢3(7)

P4 = max{

1
P

(143571 (k)" +aF (;01

b0 o1/p
1—-6’ (31—1/p + 1)(d]<;)1/p—1/q + al/p}

Some symbols and notations used in this paper are defined in Table 2.1.

Table 2.1: Symbols and notations.

Notation Definition
B () | {z€RY: ||, <<}
BPS(e) | {zeRY : ATz <<}
5775 (0) | {z e R+ [ ATsl, < o)
TO Supp[xmax(k)]
L L
G| max{ £ v E -, }
Jj=1i =1
L
1, H w; =
d I=1
max {1 — Z@ vipj + Q}7 otherwise.
d<t<2d
W
, t>2d
1 1
c 5 — 31 (V#p? +4(1—p) — )
L 22p 225
o {w’iJerw - )(1+Zp1722y2p2) ]
i= i=J i=j

3. Main Results

(2.11)

(2.12)

(2.13)

In realistic situations, it is inconceivable to measure a signal with infinite precision, which
indicates that the measurement vector y is only an approximation of the vector Az in (1.1) [15].
In block sparse signal recovery, the following three categories of measurement noise settings are
of particular significance. The £5-bounded noise setting is

y— Az € B (e),

(3.1)
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which was motivated by [10]. The second noise setting is
y— Az € BPS(e). (3.2)

Candes and Tao [7] considered the above noise setting in the Dantzig selector (DS) procedure.
For the sake of convenience, we call (3.2) DS-bounded noise setting.
In the study of recovery for block sparse signals, Zhou and Huang [39] considered

y— Az € BPPS(e). (3.3)

In order to distinguish from (3.2), we denote (3.3) as BDS-bounded noise setting.

Firstly, in noisy setting under £2-hounded perturbation, the next theorem establishes a uni-
form sufficient condition which guarantees stable recovery of general non-strictly block k-sparse
signals.

Theorem 3.1. Consider the signal recovery model (1.1) with ||z||2 < €, where x € R™ s block
structural over the block index set T = {dy,da,- - ,dnmn}. Suppose that (o, p,q) € [0,1] x (0,1] x
1,2\ (1,1,1), e > e, ke {1,2,...,m}, k # a.

Under the hypothesis (H), if the measurement matriz A satisfies the B-RIP condition

6tk|l' < 6(paq7a7taaa d) (34)

for some t > d, where § := §(p, q, a,t,0,d) is the unique positive solution of

2(1—p)

1 1 P
PR A
2(1—p)
{p p2p? !
= _— 1 —
p ( 5 + \/ 1 + p)

2—-p 2
L [p—20)+1—2c+ 217 [ 2 N 2P/4d(2=P)/2¢ |7 (3.5)
(1= p/2)(t—d) 7 T amEi—al |
then the minimizer 32 of
" = arg@g}}ﬂ{llwl\g,p,w —allzllf gy lly - Azfz < e}
obeys
H-’iﬁz - xHQ,q < Cl (5 + 6) + CQHZEf max(k)| 2,p,ws (36)
where
21/pH1/a=1(dk)(2=r)/(2p)y
G = {[1 = (ck)@P/280][(dk)(@a—P)/a — o] — 20/90(dk)2—P)/2pP}1/p’ .

2, 2P/ 9(dk)2=P)/23P 41 — (ok)(2—P)/23P v
Cp =27 { [1 — (gk;)(2—p)/2ﬁp][(dk;)(q—p)/q — a] — 2p/qa(dk;)(2—p)/2ﬁp}
with n and B respectively defined in (2.8) and (2.9).

Theorem 3.1 shows that if the measurement matrix satisfies certain RIP condition, all block
k-sparse signals can be stably and robustly recovered by the weighted ¢ ;, — af> ; minimization
(1.8) based on ||z]|2 < €, where z is a type of noise. According to Theorem 3.1, we infer that the
new results improve the existing ones, and the details are presented in the following remark.
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Remark 3.1. In particular, if p = 1,¢ = 2, = 1 and all w;’s take the same value w, then
the above results for the weighted ¢, — afs ; minimization (1.8) degenerate to the results
for the weighted f2 1 — ¢2 minimization (1.6) in [37]. Meanwhile, the new results improve the
reconstruction error estimation in [37].

Actually, when p =1,¢ =2, =1 and € = ¢, we arrive at

1+ 0z Otk|T

= 7 < 6 = )
T T \/(1 —02,7) (t — d)k

and (3.6) turns to be

Hij2 - x||2 S Dl6 + DQfo max(k)| 2,1w>

where
o 2v2dkn
YT (= VokB)(Vak — 1) — V2dkB
D — __ 2(V2dkB — Vokp +1)
(1= VokB)(Vdk — 1) — vV2dk5’

The reconstruction error estimation in [37] is

2 — |2 < D1e + Dallz_ max() 12,105 (3.8)

where

Be— 2v2dkA . 2
T U VoA (VaE —1) —vedks " (L= )Tt oz

It follows from 7 > 7 that Dy > Dy, and thus the new result provides tighter reconstruction

error estimation.

Furthermore, when particularly d; = 1 in the block index set Z = {dy,da, -+ ,dn}, the
results in [37] degenerates into the results in [38] via the weighted ¢; _5 minimization, hence the
new results also include the results in [38] as special cases.

Remark 3.2. In particular, when d; = 1,L =1, = 0 and v; > 1/2, we obtain d = 1, and the
new RIC upper bound (3.5) for ¢t € (1, 2] turns to be

2-p 2-p

) () T = (E2e) (3.9)
4(p,q,0,t,1,1) 5(p,q,0,¢,1,1) =p\7—7° . )

It can be readily certified that our results degenerate to the standard weighted ¢, minimiza-
tion and contain the RIP conditions for ¢ € [1 + o(2 — p)/(2 + p), 2] in our previous work [11].

Remark 3.3. In particular, when p = 1,d; = 1,w; = 1 and ¢t = 2, the new B-RIP condition
(3.4) becomes

k=11 — o
k=14 — o + a221/a°

S < 6(1,q,0,2,1,1) = \/ (3.10)

The RIP condition in [20] is
-

dor < N (3.11)
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where
S171/q70¢
T = —
gl—1/q+a’
and

2
1
———| (k= Vka) +1, VEa > 1.
L —a(V2 - 1)] ( ) -
By setting k = 20, we can find that the RIC upper bound in [20] is larger when ¢ is close
to 1, but the RIC upper bound in our result will be larger when 1.2 < ¢ < 2.
According to Theorem 3.1, we demonstrate that when the accuracy of estimated block

a =

supports is sufficiently high, the minimizer of the weighted {2 , — afs , minimization (1.8) can
recover block sparse signals under less stringent condition compared with those required when
no block support information is utilized.

Remark 3.4. When in particular w; = 1 for any j € {1,2,...,L},thenoc =1and d=1. In
this case, the recovery condition (3.5) on the RIC upper bound degenerates into
2(1—p)

1 1 P
- - 1\ |
<62<p,q,a,t,1,1> > <6<p,q,a,t,1,1> *“)

2(1—p) 2

u2p? up ? pu(l —2¢) +1—2c+2c¢2 7 2P/ ¢ »
= 1—p+— 14+ ——-7— . (3.12
P < P ) { 1—p/2)(t—1) trae—g) - B12)

In contrast, for general cases w; € [0, 1], without loss of generality, we may arrange {w;} in
descending order
l=wy 2w 2wy 22wy >0.

If vy, > 1/2 for all ¢ € {1,2,...,L}, then 0 < 1 and d = 1. As a result, the condition on the
RIC upper bound turns to be

2(1—p)

1 1 P
I — - -
(52(p,q,a,t,0,1) ) (5(p,q,a,t,0,1) +u)

2(1—p) 2 p 9
u2p? 1p ? pu(l—2c)+1—2c+2c¢%] 7 2—p 2r/4¢ »
= 1—p+— 7 . 1
p(\/ gt 2) { (1-p/2)(t—1) 7 Tavi—a (3.13)

Obviously, (1/62 — 1)(1/8 + u)>*~P)/? is monotonically decreasing with respect to = and it is

easy to get
2p/4¢, Z 2-p op/a¢ g
<1 + R/ = a> = <°’ C Tt e - a> '
Thus, the RIC upper bound obeying the condition (3.13) is bigger than the one satisfying (3.12).

Fig. 3.1 shows the comparison of the RIC upper bound (1, ¢, «, 2,1, 1) with that in [20].
Therefore, as long as the accuracy is more than half for all estimated block supports, the

minimizer of the weighted /5 , — afs , minimization method recovers block sparse signals under
a weaker condition compared with the case when block support information is not employed.
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k=20

(L .0.2,11)
- i [20)

Fig. 3.1. The comparison of the RIC upper bound (1, ¢, @, 2,1,1) with that in [20].

Now we discuss the situations where the observations are in two other noisy settings.

Theorem 3.2. Consider the signal recovery model (1.1) with ||ATz||2, « < €, where z € R™
is block structural over the block index set T = {dy,da, - ,dm}. Suppose that (a,p,q) €
[0,1] x (0,1] x [1,2]\ (1,1,1), e > €, k € {1,2,...,m}, k # a.

Under the hypothesis (H), if the matriz A satisfies the B-RIP condition (3.4) for any fized
t € (d,+00), then the minimizer of

N S . T
FPPS = argegnn{llfﬂﬂg,p,w —afzly 4w AT (Y — Az)l2, 00 <}
€T n
obeys
12525 — 2|2, < C3(e + €) + Callz— max(r) 2,905 (3.14)
where

(O 2 1_q 1-1 3\ ! .,
C3—<7) (1+3 )(dk) + E (0% s

Cy 21/p
Cy = max { 1—6" (311 4 1)(dk)V/rP=1/a 4 al/p }

for any 6 € (0,1) with Cy and Cy defined in (3.7).

(3.15)

The following result in the third type of noise setting can be analogously obtained.

Theorem 3.3. Consider the signal recovery model (1.1) with |ATz||e < €, where x € R™
is block structural over the block index set T = {di,da, - ,dmy}. Suppose that (a,p,q) €
0,1] x (0,1] x [1,2]\ (1,1,1),e > e,k € {1,2,...,m},k # a.

Under the hypothesis (H), if the matriz A satisfies (3.4) for any fived t € (d,+00), the
minimizer of

#P5 = arg min { ||} | AT(y — Av) ]| <€}
zER™

pow — allzll2,q

obeys
12°% — 2|2, < \/@03(5 +€) + Callz— max(r) l|2,p,05 (3.16)
where C3 and Cy are defined in (3.15).

4. Numerical Experiments

In this section, we numerically verify the newly-derived results for successful recovery of
block structural signals.
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4.1. Experiments in /5-bounded noise setting

In previous related studies [11,15,18,19,37], a well-established computational methodology
has been documented wherein constrained optimization problems are reformulated as uncon-
strained penalty problems through the strategic introduction of a regularization parameter.
When the regularization parameter is set to a very large value, it effectively enforces the con-
straint as a strict requirement. This paradigm shift achieves computational facilitation by
circumventing explicit constraint handling mechanisms, and achieves theoretical consistency
through asymptotic equivalence when the penalty parameter exceeds critical thresholds.

We firstly transform the constrained problem (1.8) into the unconstrained penalty problem

min (|25, — @zl ) + AllAz = yl3. (4.1)

zERN 2,p, »q,w

Herein, A > 0 denotes the regularizer parameter. Clearly, this problem is equivalent to

1 )
min Sl Az —y[; + A(llz]

2o~ lzl2q0), (4.2)

where A > 0. Inspired by [19], we use the iteratively reweighted least squares (IRLS) algorithm
proposed in (8] to approximate [|z[5 , . We have

o —ang i (3142~ I3+ AW OZ) < Nalle L el (43)

where ) -
w) = diag(wiE (Ti + Hx(”) [z]||§)17§)

Now we are in a position to solve the problem via the difference of convex functions algorithm
(DCA). Suppose that [r(z)]x is the k-th largest value in £3 norm of the blocks of z and v € (0, 1).
We obtain

2D = (ATA 4+ 20 W)W ) ATy + Aaa™ 59, 52,
where

5 = diag (u! (72 + 12 1) ),

Tnt1 = min {7, v[r( (z(" )] 1}

Set v = 0.9 and A = 107%. The performance is measured by the signal to noise ratio (SNR)
defined as

SNR = 2010gy0 | ]2 (4.4)

r — x(ntl) |—|2 .
By Lemma 2.4, we conclude that when m is sufficiently large, the sub-Gaussian random ma-
trix satisfies the RIP condition with high probability. Consequently, according to Theorem 3.1,

it is guaranteed that the block sparse signal can be successfully recovered. Therefore, in this
part, we employ the sub-Gaussian random matrix A.

e By observing Fig. 4.1, we find out that whether in the noisy case or in the noiseless
case, the performance of recovery is better by employing lower weight w when the block
support accuracy is high. Moreover, the recovery performance of the weighted ¢ , — als 4
minimization is superior to that of the £, — af; minimization, and this result agrees with
the theoretical analyses in Section 3.
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e Fig. 4.2 visually suggests that when there are some prior block support estimates, the
incorporation of non-uniform weighting can make more efficient use of the block support
information of the original signal and result in more successful recovery.

e Fig. 4.3 reveals that utilizing the characteristic of block sparsity is necessarily beneficial
for better performance of recovery for block structural signals.

e As shown in Fig. 4.4, whether in the noisy case or in the noiseless case, the recovery
performance is always more excellent for smaller p € (0, 1].

e From the observation of Fig. 4.5, we can find the weighted /3, — af3 , minimization
performs better in the comparisons of the weighted ¢>1 — fo, {25, and ¢35, — als 4 min-
imization. Moreover, if the appropriate ¢ is selected, the recovery performance can be
better.

p=0.5, a =0.5, ¢ = 1.5, noiseless
56 T T T T T T 53
55 - 52k
54
51
53
50 -
14
Z 52 =z
0
49+ Ve
,»‘ v=08w=02
i 4 =08w=02 f *
o7 v = 08,0 = 0.5 "L/ -mr=08,w=05];
. -o-v=0.8w=08 . -@-v=08w=08]||
v=08,w=1 ) v=08w=1
48 - - - - 46 . - - - L -
80 100 120 140 160 180 200 220 80 100 120 140 160 180 200 220
the number of measurements m the number of measurements m
(a) (b)
Fig. 4.1. Forp = 0.5, = 0.5, ¢ = 1.5, the recovery performance of the weighted {2 , —af2  minimization

for block sparse signals in (a) the noiseless case, (b) the noisy case.

p=0.5, a=0.5, ¢ = 1.5, noiseless p =05, a=0.5 qg= 15, 2% noise

53 T T

sf e 51
52 50 -
4 x
s s
51 49
rd 4
¥ S = 02,0 = 0.8,w; = 0.8,wp = 0.2 W V/ 7 e =0.2,a5 = 0.8,w; = 0.8,w, = 0.2] |
Padd a1 =0.2,a0 = 0.8, w1 = 0.8, wy = 0. I s —4-a; =0.2,a0 = 0.8, w; = 0.8, wy =0.
o -m-a=0.5w=0.2 & -m-a=0.5w=02
’
oy -o-a=05w=05 . ~o-a=05w=05
7
T a=0.5,w=038 a=0.5w=038
48 . n n T n n % .
80 100 120 140 160 180 200 220 80 100 120 140 160 180 200 220
the number of measurements m the number of measurements m
(a) (b)

Fig. 4.

2. Forp = 0.5, = 0.5, ¢ = 1.5, the recovery performance of the weighted ¢> ,—af2 ; minimization

for block sparse signals in (a) the noiseless case, (b) the noisy case.
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Fig. 4.3. Forp = 0.5, = 0.5, ¢ = 1.5, the recovery performance of the weighted {2 , —af2 ; minimization
for block sparse signals in (a) the noiseless case, (b) the noisy case.
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Fig. 4.4. For v = 0.8, w = 0.5, = 0.5, ¢ = 1.5, the recovery performance of the weighted ¢z, — afs 4
minimization for block sparse signals in (a) the noiseless case, (b) the noisy case.
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For v = 0.8,w = 0.5, the comparisons of the weighted f21 — ¢2,¢2,, and fl2 ), — alaq
minimization for block sparse signals in (a) the noiseless case, (b) the noisy case.
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11— ‘
i —e-— é()_g — 0.231_2
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w02+ 1
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10 40

Fig. 4.6. Comparison of the performance of sparse signal recovery via different algorithms for Gaussian
random matrix.

¢ To ensure the comparability of the results, we consider general signals. From the observa-
tion of Fig. 4.6, we observe that the weighted ¢y o — 0.2¢; 5 minimization method is better
than other well-known algorithms, including ¢, — a¢; minimization [41] (denoted as IRLS
lo.5, IRLS £o5 — ¢1), DCA £y5 — 0.14; [40], ADMM-Lasso [2], {1 — {2 minimization [25],
CoSaMP [27], iterative hard thresholding (IHT) [1].

4.2. Experiments in DS-bounded noise setting and BDS-bounded noise setting
Inspired by [18], based on the fact that Dantzig selector and Lasso estimator exhibit similar
behavior, we propose an unconstraint penalty problem as follows:

. 1
min -

2 IAT Az —y — ATO[3 + A(]|«]13

p — Izl g 0), (4.5)

where A > 0 and
B(i)) = {x € R" : [|z]|oc < 7}
Let B= ATA and ¢ = ATb. Then (4.5) is equivalent to

min A ([[@]]3 ., — ellwl;

..y € B (7) e

1
+ 5Bz —y—él3
)5 ? (4.6)
st. x—w=0.

We solve it directly using the alternating direction method of multipliers (ADMM) algorithm
[35]. The augmented Lagrangian function of (4.6) is as follows:

. R R 1 R s .
L(w,y,;2) = A5, = all@lf40) + FI1Bz =y = el5 + Sllz —d* + (2,2 —w),  (4.7)

P, W

where z is the Lagrangian multiplier and B > 0 is the regularized parameter. Therefore, we
have

Zk
wkt! =Proxay, _a, oF 4+ =
3°2pT 3524 ﬂ
2
1 k
= arg min — HAu? — (l‘k + %)

WERN 2

A R o,
+3 (nwns,p,w - Enwn;’,q,w) L)

2
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) . k
" = (BTB + pI)~! <BT(yk +¢&)+ 53 <1Z}k+1 - %)) : (4.9)
The iteration of y and z are
y;-”l = min { max{z;, -7}, ﬁ}, (4.10)
2L = 2P 4 B — @F ). (4.11)

Similar to DS-bounded noise setting, we need to solve the following unconstrained problem:

. 1
min -

i SlAT Az =y = ATHE 4 A (3

o — izl 4 0)s (4.12)
where A > 0 and

B>*(i)) = {x € R" : ||2ll2,00 <7}
Except

alil, [ filll2 < 7,
= U

el el > (4.13)

(]
the other iterations are the same as in the DS-bounded noise setting.

Observing Fig. 4.7, we can find that appropriate p, ¢, a can make the recovery performance
of the weighted ¢3 , — a5 ; minimization better than that of the weighted /5, minimization

and the weighted ¢ ; — ¢> minimization in DS-bounded noise setting and BDS-bounded noise
setting.

v = 0.8, w = 0.5, 2% noise

v = 0.8, w= 0.5, 2% noise

SNR

——Llys —0.50 ||
S - ~€UAg

-9-0 — 0y |

los — 0.5012

80 100 120 140 160 180 200 220 80 100 120

140 160 180 200 220
the number of measurements m

the number of measurements m

(a) (b)

Fig. 4.7. For v = 0.8,w = 0.5, the comparisons of the weighted f21 — {2,02p, and l2, — als
minimization for block sparse signals in (a) DS-bounded noise setting, (b) BDS-bounded noise setting.

5. Conclusions

In block sparse signal recovery, we take into account non-uniform prior block support infor-
mation, which always occurs in some important practical applications. We derive stable and
robust recovery of non-strictly block k-sparse signals in different noise settings via the weighted
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l3, — aly ¢ nonconvex minimization under arbitrary prior support information in noisy set-
tings. The obtained results substantially generalize and improve the state-of-the-art results on
block sparse signal recovery. By virtue of theoretical deduction and numerical experiments, we
demonstrate that by exploiting the block sparsity and the known support information of orig-
inal signals, better performance of recovery for block-structural signals can be achieved under
more general conditions.

Appendix A
Proof of Lemma 2.5. Similar to the proof of Lemma 2.3. Denote
z;=(0,---,0,2[]",0,---,0)T.

Then z = Y./, z;. Suppose z is block sk-sparse signal, Z; € {z; : ||z;]|2 # 0} and ijJT =0
(¢ # 7). Without loss of generality, we can set &; = 0 if |[{z; : [|z;]l2 # 0} < sk. Thus,

k :
x =Y, #. Then we obtain

2 sk sk

sk sk
— <ZA@Z-, ZAszj> =Y (Ady, Ay)

i=1 j=1

| A]|3 =

sk
5 ar
=1

2

sk
=Y lAzll5+2 Y (A, Azy)
=1

1<i<j<sk

sk

. . s—1 s—1 . .

=5 [lAzf3—(s—1) Y ||A$i|§+2<1sk—_1+m) > (Ady, Ady)
1=1

1<i<sk 1<i<j<sk
i s—1 s—1 s—1
=5 llAzlli-—— > (sk—1)||Aii|§+2(1—Sk1+m) > (A, Agy)
i=1 1<i<sk 1<i<j<sk

sk
. s—1 . . .
SZHA:@H%*S,{_l > sk —i) + (i — D] Az:3
i=1

1<i<sk

sk—1 sk —

<i<j<sk 1<i<j<sk

—1 —1
+2(1—S ) (Adi, Adj) + —— Y 2(A#;, Ady)
1

sk
. s—1 . s—1 .
e L DD S FEAC R S S S KEA -
i=1

1<i<sk i<j<sk 1<i<sk 1<5<i

sk—1 sk —1

<i<j<sk 1<i<j<sk

-1 —1
+2(1—S ) (Adi, Adj) + 2—= Y 2(A#;, Ady)
1

sk
. s—1 . s—1 .
=5y |l A%3 - —— Do lAwilE - —— D> > IAwl3
i=1

1<i<sk i<j<sk 1< <sk 1<i<j

sk—1 sk —1

<i<j<sk 1<i<j<sk

-1 —1
+2(1—S ) (Adi, Adj) + 2—= Y 2(A#;, Ady)
1

sk
. s—1 . s—1 .
=5y |l A%3 - —— Do lAwlE - —— >0 D0 AwlS
i=1

1<i<sk i<j<sk 1<i<sk i<j<sk
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s—1 R R s—1 . .

1<i<j<sk 1<i<j<sk
sk
. s—1 SN
:32|Axi||§+2(1_5k1) > (A, Agy)
i=1 1<i<j<sk
s—1 . . . .
SIS (AR 1A% 3 - 2(Ad, A2)
1<i<j<sk
sk
oS sz 2(1-22L) S sy - S2L S s — s
i= sk—1 1<i<j<sk Y Sk_11<i<j<sk ’
9 sk (sk) (sk)(k 1)
s k
= o D A3 Y. By (A, Ay
(k) i=1 (k)1<i<jgsk s(sk —1)
s—1 R .
T Z | A%; — Adll5
1<i<j<sk
sk —2 . .
[Z( S IVENERSND DI (g EVEEN
1 1<i<j<sk
- S_l S A — Agyl3
sk—1 ¢ T2
1<i<j<sk
52 . . . s—1 . N
= > ||A$z‘1+f4$iz+'"+A$ik||§—m > I Azi—Az 3. (A1)
(k) 1<i < <ip<sk 1<i<j<sk

Thus, we have

52(1+5k|1) . .
|Az]|3 < —— " >, (i 13 + -+ 20, 113)

(k) 1<i < <ip<sk

BCERIELERES

(I3 + ll;13)

sk—1 1<i<j<sk
(14 6y7) 1)(1 = bgz) ok
= 2L Oup) (K ZH ill3 - S—'Z k=) + (= D]al3
(%) =
= (s(1+0kjz) — (s = (1 = dpiz)) Z [EE
= (14 (2s = Ddgyz) [l =I5, (A.2)
B (1 — Op|z) R .
Az)3 > 2 ST (@ I+ 1 3)
(k) 1<i1 < <ip<sk
(s = 1)(1 + 8j2) ) )
S 2 a3+ ll3)
1<i<j<sk
sk
= (s(1 = byz) — (s — D(1+00) D I3
=1
= (1 (25 = 1)dyiz) [l]3- (A.3)

Therefore, d,4z < (25 — 1)dyz- O



Recovery of Block Sparse Signals by Weighted {2 , — af2 ¢ Minimization

Appendix B

21

Proof of Lemma 2.6. Since & = x4+ h is the minimizer of the weighted ¢5 , — af3 4 nonconvex

minimization (1.8), we have

&+ Al pw = allz + hll5 g v < 2015, = allzlls g

By the triangle inequalities for ¢ € [1,2] and p € (0, 1], we obtain

2+ Rl g w < (I2ll2.0.0 + [Rll2.q.0)" < 207 g0 + 1217 g0 < 12017 6w + (1212,
Therefore,
e+ R84 = (28 4w + [1RI15 )
S lz+ 22w — el + Al g < 22w — allzl2 g
and thus,
2+ Rl v < N2l 5w + allblZ 4
Applying the reverse triangle inequalities yields
2z, + hroll2 pw 2 122112 5w = 1270 112 p s
g + hag s = gl = gl
By virtue of the combination of (B.4)-(B.6), we deduce
2012w + allhllz,
> |l + hlE e = o1, + 1o 18 e + 278 + ool
> (27, 5 = Wt 1B s + 1P N = g 1200
= 218 o = 2oz 15,0 = 107018 5 + g3,
and thus,
rrglly e < WAz N5 e+ 2ll2rg |5, o + RIS -
We derive
L
1hz 15 e = D wh gy 15 + 1hgy ol
- L—1
= w1£||thﬁT||12),p + Z (wf - wi)HhTmT} 12),17 + HhTmTG | g,p
Ly
= wihmylf, + Y (Wl = w}) gy, 1B, + (1= wh) [hgyees,
Lz:1
e lly o = hzells , = > (1= wl)hgeag 5

=1

(B.9)

(B.10)
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Concatenating (B.8)-(B.10) leads to

L L—1
hgg iy, < whllhzy I8, + > (1= wl)[[hgeng 5, + D (@ = wh)llhg 7112,
=1

i=1
+ (1*w€)||h’Toﬂ'j—'BH +2||$TG||2pw+a|‘hHgﬁq
:u}thT Hp +(1—w Hh L "
LI Tol12,p VI oo U (@) 2,
i=1
L i L L
Z Z (W) -1 = )] [z, n1g || Z Z wj_1 ] gy, 12,5
=2 L j=2 i= J=i
L
e, ] Iyl + 2ergl + B,
j=2
P
P P P
= ’LUL”hToHZP + (1 wl) Hh(TOU'J:)\ LLJ (T:nTo)12,p
L L L
+ Z Z (w;)*l - wéj) HhiﬁT(? Hg,p + Z Z ’LU -1 ||hT0rﬂ~“i71 ||12)7p
=2 i—j Jj=21=2

L
+ 3 Wy = )|y mzells, + 2lrsls L + lBl,

p

= w} Iz, 5, + (1= wf) [

(ToUT)\ LfJ (TinTy) 112,p

j—1

L L L
+ 220 (W =g arslly, + 30 3 (wiy = w)) gz 5,

=2 i=j j=2i=1

Sy

L
+ 2 (wioy = )l gally, + 2llwrglls o, + lIBIE,

p
o +allh]5,
(TouT)\ VL,Jl(TmT“) 2,p )

L L i1
> @ =) [ D hgarslls,+ D Mo 15+l ee 5, | +2lleg 15
+ (wj_l wj) HhTmT[?Hz,p"’ 1Py N2, p | gy e ap | 217785

= i=j i=1

J
whllhry 8, + (1= wf) [

J
= w}|lhr, 8, + (1= ) |

P
S +alhl,
(ToUT)\ Lle(TmT(J) 2 )

+i<wfl -l

— U Ti)nTél2,p
j=2 = ) 0

P

+ |

b p
Tom(_LLJ_i-)G z,p} +2H$T00H27P7W
i=j

p
+alhl,

=wh |hp |5, + (1 —w?
LH TOHQ,p ( 1) (ToUT)\ O (TinTo) 12,p
=1

p
+2l|zrel5 ) (B.11)

L L _
(rou U T\ U (Tnmo) 12,0
i=j

i=j

The proof is complete. O
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Appendix C

23

Proof of Lemma 2.7. For t € (cz, 262], we have 2(t — cZ)k < tk, and thus 52(#3),6'1 < gz

For ¢ > 2d, we have 2(t — d)/t > 1. Then we have tk > 2 is an integer and

Q(tt_d) th=2(t —d)k

is an integer. Therefore, by virtue of Lemma 2.5, we get

At —d 3t —4d
Oa(t—dykiz < <7( " ) _ 1>5tkz =— Otk|z-

The proof is complete.

Appendix D

Proof of Lemma 2.8. For K C {1,2,...,m}, we denote

h
K, = {z e KC: |n[i]|. > m}

[(t — d)k]V/»
Ky = {@ e K% ||nfi]]l2 < %}.

We obtain hye = hg, + hg, and

el
el = s + s, > s, > | 22,
and thus |K1| < (t — d)k.
We have | "
h’KG 2,p
1ha 15, = el — lhm |5, < [(E—d)k — |K1l]m-

By the definition of K5, that is,

Ko = {ic KO nllle < lelee ),

we obtain

. BT 7o ll2p
s oo = ma{[Rll i € Ko} < 2 BE.

By virtue of Lemma 2.1, we deduce that hx, = >, \ju;, where X\; >0, . \; =1,

M
ol _
iz < (0= )k = K2l Do Al < G I 83,
=1

Therefore, by Holder inequality,

1 1
=1

C_p/C0-p) C-pp

(C.1)

(D.3)
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and Ko C KC, we obtain

[hce s ||p -
ZA [[wi 77)”7”1%”22 p= Zl\hxzml\

H KBHQp Ap
an 1257 sy 15
2(1— P)
Hh cn m = =5
Tam | 2 Il ZHth I3
=1
H KU” ) .
= T (k1) (s ,) ™
hye
<k “(nmn) = (hgollZ,) 7
(t—d)k
1 2
= (t ) (HhK2|| ) (”hKGHp )271)- (D5)

Denote 8; = hx + hi, + ku;, i =1,2,..., M, for any & € [0,1]. Then

Z NiBi —cfi = (1 —c—k)(hx + hk,) — cku; + Kh. (D.6)

Combining ). A\; = 1, it is easy to get

M M 2
Z)\l A(Z)\]ﬁ] —Cﬁl>
=1 = 2
M M 2
ZAZ( Z/\ AB; +02||Aﬂz||220<z>\ Aﬂ],AﬁZ>>
2 Jj=1 j=1

Z)\ AB;

—I—CQZ)\ | ABi||2 — 20<Z)\ ABJ,Z)\ Aﬁl>

2
= (1-2¢) ZAjAﬂj +c22)\i|\Aﬂi||§, (D.7)
J=1 2 i=1
M M
>SS NNIAG - B3
=1 5=1
M ]]\/I
= 3OS TN (IABi3 + IAB; 13 - 2(AB;. AB:))
i=1 j=1

M M M
=2 " \il|ABil3 - 2< D> NABLY )\iAﬁi>
i=1 j=1 i=1

M
=2 MillABi3 -
i=1
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Combining (D.7) and (D.8), we obtain
M M

M M 2 _ 9
>N A(Z/\Jﬂjcﬂz) oD ANIAB - 8)l5
i=1 j=1

2 =1 j=1

M
=(1-0* Y Nl ABil5-
i=1

Combining (D.6), >, \i =1 and h — (hg + hk,) = hg, = >, \iu;, we obtain

M
A < Z )\jﬁj — Cﬁl>
7j=1
M

= S ANAI = ¢ — K) (i + hic,) — erug + wB] 3
=1
M
= S MNAIA e - K)(hi + hi,) — exui] 3+ £2] AR 3

i=1

2

M
S
=1

2

M
+ 22&(/1(1 —c—k)(hg + hi,) — ckAu;, KAh)

M
=D MlAIL = ¢ = r)(hx + hi,) — eruil|l3 + £%|| AR|3
i=1
M
+2(1—c—k)k(A(hk + hk,), AR) — 20,%2(142 Aiwg, Ah)
i=1
M
= MlIAIL = ¢ = r)(hx + hi,) — eruil|l3 + £%|| AR5
i=1
+2(1 — ¢ — r)K{A(hk + hK,), Ah) — 2cx*(Ah — A(hg + hi,), Ah)
M
= MlAIL = ¢ = r)(hx + hi,) — cruil|l3 + £%|| AR|3
i=1

+2(1 —c— K)k(A(hg + hi,), AR) + 2c*(A(hg + hi, ), Ah) — ck?||Ah)||3

M
= MIAIL — ¢ = r)(hx + hi,) — eruil|l3 + £7(1 = 2¢)[| AR5

=1

+2(1 —c)k(1 —k){A(hk + hk,), AR).

Thus combining (D.9) and (D.10), we have

0= NIA[(l - c—r)(hx + hx,) — eruil |3

i=1

1 oM M M
ZZ/\/\ 1A = B3 — (1 =) Y Xl ABill5
-1 i=1

+2(1 = o)r(1 = K)(A(hx + hx,), Ah) + (1 — 20)s7|| AR5,

25

(D.10)

(D.11)
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Since |K| < dk,|K1| < (t — d)k and ||u;ll2,0 < (¢t — d)k — |K1|, we know that hx + hk,,u;
and (1 —c¢—k)(hx + hi,) — cku; are all block tk-sparse and §; — 8; = ku; — ku; are all block
2(t — d)k-sparse. By virtue of the definition of the B-RIC and Lemma 2.7, we derive

M

S ONNALL = e = g) (b + hi,) — crugl|l3
i=1
M
< (14 buz) l(l —c—r)?|lhx + b |3+ PR )\i|uz‘||§] : (D.12)
M M
DO ANIARB - 83
i=1 j=1
M M
K2 (L + Sag—aynz) D Y i llus — ugll3
i=1 j=1
< 2K%(1 (1 4 pdyrz) <Z)\ l|wil|3 — |hK2||§>, (D.13)
where (4 is defined in (2.5). In addition,
M
Z NillABill3 > (1 = buiz) <|hK +hi 3+ £2 )N |Uz||2> (D.14)
i=1

Denote ¥ = ||hk,]||3. By the inequalities (D.5)-(D.14), we obtain

0 < [+ 0uz)(1 —c—r)? = (1= duyz) (1 = )] i + D, |13
§20-p)/(2=p)
QWmhKﬂ

2
P ) 2—p
2,p

+ [N(Stk\l(l —2c)+ 5tk\1(1 —2c+ 202)]5

— K21 = 2¢)(1 + pdyuyz)?
+2(1 = ¢)r(1 — k)(A(hk + hi, ), AR) + (1 — 2¢)k?|| AR||3. (D.15)

It follows from )

1
_-_z 292 L A(1 — 1) —
c=5 =7 (Vip* +4(1 —p) — )
that ¢ € (0,1/2) for p € (0,1) and ¢ =1/2 for p = 1.

We derive that the following function:

2/(2-p)
(Uhollz,) """ oo
- d)k

—(1=2¢)(1 + pbs2)0 + Spryz (1 — 2¢) + (1 — 2¢ + 2¢°)] (D.16)

attains its maximum at

2—p

2(V12p2 /4 + 1 —p+ pup/2) [u(1 — 2¢) + 1 — 2¢ + 2¢2] by | * 2
9 = HhKGHQ,p'

(2= p)(t = k(1 + pdkiz)

Therefore, we deduce

[+ 0m)[(1 = ©)s = ¢ = (1= Suyz) [(1 = €)s + (1 = )| hrc + I, 13
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2(1 = ¢)s\/1+ duizllhx + hig, ||l ABl|2 + (1 — 2¢)[| AR|13

2(1-p)
p (VP /A+1—pt+up/2)
+ —
2 1+ pdigz
267 [p(1 — 2¢) + 1 — 2¢ + 2¢2 Ea
{ - (2=p)(t - d)k ] Iscellzp 20 (D17)

where s := 1/k — 1. Due to « € [0, 1], we have s € [0, +00). Thus,
20ikiz(1 = ©)* | hic + b, ||35°
+2(1 = &) {1+ Szl Abllz = [1+ (2 = Dol + ey l2 b I1oxc + B, |25
+ (262 4+ 1= 20)0gz — (1 = 20)] e + e, |3 + (1 — 20)]| A3

2(1—-p)

VPR /441 — +up/2> !
2

( L+ plinz

204z (1 — 2¢) + 1 — 2¢ + 2¢7]
2-p)(t—dk

(i) For dirjz = 0, we get lhi + hi, |2 < ||AhR||2.

2-p

} g3, > 0. (D.18)

(ii) For dyz € (0,1), there exist two cases:

k:l'
VI,

h h
) H K+ K1||2— 1+(20 1)6

A1+
9) |lhx + i, |la > —Y——*T HAhHQ Then it follows from (D.18) that
1+ (2¢ — )bz 1)
[1+ (4c — )5tk\1]\/ 1+ 0k

1— 5t2k\1

n <P5tk1((m +up/2)/(1+ :uétk\:[))2(1_p)/p

lhx + hi, ll2 < | AR]|2

1— 5t2k\1

1

[ ) et oo

Denote

. max{ VIt oz VIF 5tk[1 + (4¢ — 1)dy7] }

1 + (20 — 1)5tk‘17 5152k|I

It is clear that > 1 since

J1+0
oMz ! > 1.

14 (2¢ = )0igiz — 14 (2¢ = 1)0ixiz —
To sum up, for dyz € [0,1), we have

1hrclle < lhr + b, ll2 < 0l Ahll2 + Bl B gell2,p, (D-20)
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where

B=

W.H. LIU AND A.H. WAN

w(l—2¢)+1—2c+ 22

J— p
6tk\I

1+ /M;tkﬂ 5?]@‘1

13
<\/u2p2/4+1—p+up/2>p P

The proof is complete.

Appendix E

Proof of Lemma 2.9. Recall (2.10), i.e

Z th max(dk) [’L] ||12)
=1

= ||h7 max(dk)”g,p
< ||hmax dk)Hp + 2”‘%'* max(k)”g,p,w + OéH

= Z ||hmax(dk ||p (QHIL'* max(k) ||12)7P7w

By Lemma 2.2 and 1/p > 1, we derive

Then

Hh— max(dk) H2,1

= Z th max(dk) ['L]”Q < Z (th max(dk) [Z]Hg);
=1 =1

p
+

(1—p/2)(t—d)k

b
hHQ,q

+alhl,).

1 & 1
Sdk{ld_g Vommaseany [2115)

|

2 | ‘ T _ max(k) ||12)7P7w

dk

+

{ li | hana(ar) [1]]]5)

2
_ p p
= ['hmax(dk) ||2,1 + (dk)lfp ||$, max(k) ||2,p,w + (d
by virtue of Jensen inequality, we derive

||h— max(dk) ”2,1

1/p

2
17
<{3t=p |:||hmax(dk)|2,1 + WHL max(k) |2.p.w + (dk)1/r=1

1/p

2
WHJL max(k)'

>~ 3571 |:||hmax(dk)

By Holder inequality, we derive

| Pmax(dr) 2,1

Z max(dk) ”2

=1

(dk KB ||hmax dk)|

3

2,q-

(dk)t=»

2,p,w T

(07

Wﬂhﬂg,q

al/p

al/p

(dke) /=T

+0<|h|§,q}

|

15l

T (Z ||hmax(dk) [Z] ||g>
1=1

1
2]|2— max(k) 12,p. + ll2ll 4 } ’

=

=

|h|2,q]p}

23
P

1
P

(E.3)
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Then we obtain

12ll2,1 = [[hmax(ar) 2,0 + 1P— max(ar) l|2,1
S (1 + 3571)”hmax(dk)|

2,1

1 [ 9l/p al/p
3570 | Gyt 1wt 2 + s Wl
(E§4) (1+ 3%71)(d/€)% | Pmax(dr) 12,4
1+ 3! _(dlf)ll%llm max(k) |12,p,w + (dk?;%'“ 2,q-
<o+ 2 iy + 2 e iz ()

Thus, we have
31/p—1,1/p

(dk)l/p—l

21/pgl/p—1 2
+ 1 17 mmax(iy 12,0 | AT AR |2 00
(dk)\/P

|Ah|> < ( [(1 +357 ) (dk) T + } 1|24l AT AR 12,00

|

By (2.11), for any 6 € (0,1), we deduce

[0+ (1 = 0)][lAll2,q

31/p=141/p

< ¢>1< {(1 +35 ) (dk) T + AT

} Vlz.g | AT AR 2,00

N

o1/pg1l/p—1
+ W ||:L'_ max(k) ||2,p7u) ||ATAh||2700)

+ ¢2||$7 max(k)||2,p,w- (E?)
Therefore,

1 3l/p—1,1/p

Ol < o1 ( |13 ) @) + S| Wbl AT A o

9l/pg1/p—1 3
ATAh||2,oo) (E8)

+ WWL max(k) [[2,p,w]|
or

O2
<
||h||27q -1 9

Otherwise, that is, neither (E.8) nor (E.9) holds, then we have

H.T, max(k)||2,p,w- (Eg)

NI

o1/p31l/p—1
Tt - 47 A0 )

+ ¢2”1‘— max(k)”?,p,wv (ElO)

and (E.7) contradicts.

[0+ (1= 0)][|7ll2.q
1 1 3U/PTlgl/e
> ¢1( |:(1 + 3r 1)(d/{3) a4 W} ||h||27q||ATAh| 2,00
+
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The inequality (E.8) can be readily converted to

31/p—1,1/p

1_q 1—1
PR, - (1437 ah)'

] JAT ARa.so 2
21/p31/p—1

~ a7 e maxie 2l AT ARl <0, (E-11)

where the left-hand side is a quadratic polynomial in ||||2,4, and thus,

2

1 . 3l/p—1,1/p
9y < —L [(1 + 3771 (dk) " + <

(dk)l/p—l

} AT ARl

. 3l/p=1,1/p

2
1 1_ _1
+—<¢>3‘ {(1+3p Y (dk)* HW} |ATAR|3 o

1 1/p—1 2
¥ WWWmax(k)||2,p,w||ATAh||2,m)
31/p—1,1/p
@Rt
31/p—1,1/p
(dk)1/p—1
. 228/ a2,
@3 [(1 + 31/p=1)(dk)1-1/a + 31/p=1al/p /(dk)/P=1] (dk)}/P—1
i1
- Z’—z [(1 + 357 (k) + <%) ' a%] |AT AR50
ol/p

(31—1/p + 1)(dk;)(q—p)/(qp) + al/p

< L {(1 + 3%_1)(dk)1_% + } |AT Ah||2,00

4+ 2L {(1 +37 1) (dk) T 4+ } AT Ahl|,00

+

H:C— max(k)”?,p,w- (E12)

In all,
1Bll2, < @31 AT ARl2, 00 + dallz— max(r)ll2,p,w;
where ¢3 and ¢4 are defined in (2.13). O

Appendix F

Proof of Theorem 3.1. We have d > 1 and

L L
- (”Zpi 2Zyipi>k < dk.
=3 =7

Denote h = &2 — 2. By Lemma 2.6, we obtain

L

(Tou LLJ i)\ U (T, N To)

=7

P

‘ h

L
1 maxan 15 < Ilag |5, < wElibmllE, + > (ufy —wf) .
Jj=2 )

L L
(ToL U Ti)\ U (T:nTo)

i=j =

+ (1—w)|n +2|agg b +allhll,

(ToUT)\ Li) (TiNTo)

i=1

2,p

L

< wi ”hmaX(dk) Hg,p =+ Z (wé?—l - wf) ”hmaX(dk) ||§,p
j=2



Recovery of Block Sparse Signals by Weighted ¢2 , — a2, Minimization 31

+ (17wf)”hmax(dk)ng+2||$T0f.‘.||p +O‘Hh’Hg,q

2,p,w

= Hhmax(dk)”g@ + 2"$T§ Hg,p,w + a”hHgﬂl’

2-p
th maX(dk)Hg,p < wik 2 HhmaX(dk)Hg + allhllg,q

2—p
L

L L 2
+ 3 (wh_y —wf) (kz +> pik—2) uz-pz-k:> [
j=2 i=j i=j

2—p

L L 2
+ (1~ wf) <k D pik=2) Wz*?) hmax(ai 5 + 2] w8 13, .
=1 =1

2-p
= (Uk) 2 ||hmax(dk)Hg + 2H$T0B Hg,p,w + allhllg,q' (FQ)
By Lemma 2.8, we have

[Pmasx(ar 2 < 0l Ahll2 + Bl[h - max(ar) |20, (F.3)

we derive

[1 = (k) %" 37 manca 1§ < 0PI ARIE + 87 2agg |2 +allblB,).  (Fa4)
By (2.9), we have f]s,, ;=0 = 0, and

1—4 1+ pids)z (1—p/2)(t—d)k

th|T
_ D V2p?/44+1—p+up/2 a7t {u(l—Qc)+1—2c+2c2] Ea (F.5)
(1/0ukz)?—1 1/0¢kiz+p (1=p/2)(t—d)k o

Clearly, B is monotonically increasing with respect to &;4z. Hence, 1 — (ok)2~P)/25P and
2P/ 4(dk)(2—ar/(29) gp 1
1= [ 1— (ck)2-»)/23p + (dk)(qm/q]’

which are both monotonically decreasing with respect to 3, are also both monotonically de-
creasing with respect to d;yz.

Consider S(p, q,a,t,o,d) > 0 obeying

2(1—p)
Gomros Vo)
02(p,q, o, t,0,d) d(p,q, o t,0,d)

2(1—-p)

20-p) 3-p
[12p2 7 1-20)+1-2c+22] 7 24
p( H4p +1p+%> {H( )+ cr C] o

(1 —p/2)(t—d)

We derive 1 — (ok)2~P)/23P = (0 when Otkjz = S(p, q,a,t,0,d), and thus 1 — (ck)2=P)/28P > (
for 6tk\I < 5(17, q, 1,0, d)

In view of (3.5), i.e.

1_ 1_1
8l 0_52,\/ P (¢u2p2/4+1p+up/2)p1[M(1—2c)+1_2c+zc2r2
te|z>0 ™ Ytk|T

1

(F.6)

2(1-p)
p

1 1
I —— - -
(52(p,q,a,t,0,d) ) (5(p,q,a,t,0,d) +u)

2(1—p) » 2
u2p? 1o p ke Tolp(l =200+ 12042177 [ 2 N 2P/4d(2=P)/2¢ 7
4 2 (1=p/2)(t—d) (dk)a—p)/a —q|
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we have

op/4(dk)(2—ar/(2q) gp 1
a [ 1= (o) Prpr (dk)mp)/q] =0,

when 047 = d(p, ¢, @, t, 0,d). Hence, it follows from (3.4) that

2r/4(dk)(2—ar/(2q) gp 1
+ > 0.
[ 1— (ok)2-p)/23p (dk)(qp)/q]

The function (1/62—1)(1/6+u)*1~P)/? is monotonically decreasing with respect to § € (0, 1],
and

2-p 2—p op/q4(2—p)/2,, %
or < [a 2 —l—m} )

hence, §(p,q, o, t,0,d) < 5(p,q,a,t,a, d). As a consequence, for oy, iz < d(p,q,,t,0,d), we
have 0,7 < (p, ¢, a,t,0,d), and thus 1 — (ok)2=P)/28r > 0,
Thus, by (F.4), we obtain

nP
P p
||hmax(dk)||2 S 1 ( k)(27p)/2 " ||14h||2
— ; (2H$70Hp O‘HhHP ) (F.7)
1— (ok)2-p)/23p o 12,p,w 2,q)° .

Then by Lemma 2.2, (F.1) and ¢/p > 1, we deduce

2

= max(ar) 5.4 l (12~ max(am [E]115) ]

=1

{ {l i”hmaxdk) 1)

- s 2|17 max(k) 15, p,0 T llBll5
= lehmax(dm[i]II%) + b -
<i_1 (dk;) p/q

SIS

IN

q n 2”-1'— max( ||2pw +OéHhH§1q "1
dk

2 p
= ||hmax(dk)||§,q + anﬁng,p,w d )q ) /q|| || (F.8)
y (F.7), (F.8) and ¢/p > 1, we deduce
HhH}Q7 = (HhmaX(dk H + th max(dk) H2 q)E
1 Ak
< {Ilhmax(dk)lg,q + [Ihmax(dk)ﬂg,q + W@H%G [ 04|h|§,q)] }
w p 1
< 24 Hhmax(dk)ﬂg,q + W@H%G ||2 pw T QHhHS,q)
2P/ 4(dk) 2= 0p/ Ca)qpp
v, AR
1— (ok)2-P)/23p
2P/4(dk) (2= 9)r/(20) gp 1 » »
[ 1 — (ok)2-P)/23p + (dk)(a=p)/q (QHxToG H2,p,w T a||h||27q), (F.9)
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where the details of Step w are as follows. Denote

Fqi:= (Hhmax(dk)Hg,qa Hhmax(dk)HIQ),q) € RQa

L 2H‘TT00H12),p,w +04Hh| g,q 2
Fo= O @@ nra €k

Since ¢/p > 1, we have

{|hmaX(dk)”qu + [”hmaX(dk)”gﬂ + W@Hxﬂ? ||2,p,w + O‘”h”;q)]

[
Qs

=Fi+Falle <[IFille +Fele
p p P
1

» P
= 2| hiax(ar) 5.4 + W@H%ﬁ Hz,p,w +allhlf,)- (F.10)
Thus,
or/a(dk)(2—apr/(29) gp 1
l—«a (dk) b + 17115
1— (g]g)(%p)/?ﬂp (dk)(qu)/q q
or/a(dk)2—ap/(29) pp or/a(dk)(2—a)p/(2q) gp 1
< P e anlg + 2| P et g e (B11)
1 — (ok)@=r)/2pp 1 — (ck)2-P)/2pp (dk)(a—p)/a o !12:p,
Since
ARz < lly — AZ®||2 + [| Az — yll2 < e+,
we obtain
||h||27q < (E + 6) + CQH.TTOG H21p’w, (F.12)
where Cy and Csy are defined in (3.7). O
Appendix G
Proof of Theorem 3.2. Denote h = #8P% — . We derive
JAT Abllz,co < [|AT(AZPPS = )lloe + [ AT(y = AD) 200 < & + €. (G.1)

In the proof of Theorem 3.1, the specific form of noise structure is not needed for the derivation
of (F.1) and (F.11), hence the difference of noise structure has no effect on them. In view of
derjz < 0(p,q, v, t,0,d), applying (F.1), (F.11) and Lemma 2.9 leads to

||h||27q < 03(5 + 6) + C4H’TTUG H2,p,w’

where C3 and Cy are defined in (3.15). O

Appendix H

Proof of Theorem 3.3. Denote h = #P% — x. The proof of Theorem 3.2 can be subtly carried
over to this theorem by replacing (G.1) with

|ATAh|2.00 < , /maxd; (¢ + €), (H.1)



34 W.H. LIU AND A.H. WAN

HhHZq S Cg /mzaxdi (E + 6) =+ C4HSCTUG|

The proof is complete. O

and therefore

2,pw-
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