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Abstract

The process of direct method to solve large sparse linear equation mainly includes
reordering, symbolic factorization, numerical factorization and triangular solving. Tradi-
tional symbolic factorization predicts the pattern of L based on single column and single
row index. We propose to directly partition supernodes based on characteristics of matrix
reordered by METIS, and then perform parallel symbolic factorization based on supern-
odes and row index fragments. A parallel block supernode numerical factorization strategy
is proposed based on the concept of task pool here. In triangular solving stage, unlike tra-
ditional algorithms based on DAXPY and DDOT operations, we propose a new parallel
triangular solving algorithm based on DGEMM and DTRSM operations. We name the
parallel solver as finite element analysis direct solver (FEADS) and compare it with the
advanced MKL PARDISO and MUMPS. The stiffness equations of 394770 and 719871
dimensions are solved using the solvers on two different computers. On the first com-
puter, the solving efficiency of FEADS and MKL PARDISO is comparable, while MUMPS
is relatively backward. On the second computer, FEADS performs especially well. For
solving the case with 394770 dimensions, FEADS leads MKL PARDISO and MUMPS by
21.92% and 42.35%, respectively. For solving the case with 719871 dimensions, FEADS
leads 34.75% and 38.38% respectively.

Mathematics subject classification: 65N06, 65B99.
Key words: Cholesky equation solving, Parallel algorithm, Block supernode, Symbolic
factorization, Triangular solving.

1. Introduction

The structural finite element analysis forms stiffness equation Ax = B. A is the stiffness
matrix which is sparse symmetric positive definite (SPD) and diagonally dominant. @ is the
matrix formed by multiple displacement/rotation component column vectors of finite element
nodes to be solved. B is the matrix formed by multiple equivalent node-load column vectors.
Iterative method and direct method are two commonly used methods for solving large sparse
linear equations [32]. Here we only focus on the direct Cholesky method for SPD stiffness matrix
equations [9,27]. At present, the advanced direct solvers such as MUMPS [3], PARDISO [6,31,
32] and SuperLU [22] have been developed based on factorization methods such as multifront
method, block supernode method, and Gaussian elimination method. Fully utilizing multi-
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core and high-speed cache resources of computer for solving is an effective way to further
improve solving efficiency [6]. The block supernode method constructs dense submatrices and
utilizes high-performance multi-threaded and cache-optimized level-3 BLAS [11, 13, 14] and
LAPACK [4,12] subroutines to perform the dense submatrix calculations, which makes full use
of multi-core and high-speed cache resources of computers.

The process of direct method usually includes reordering, symbolic factorization, numerical
factorization and triangular solving. Reordering can effectively reduce the number of fill-ins
generated during the numerical factorization. In order to allocate sufficient memory for numer-
ical factorization and provide reference for scheduling the numerical factoring process, symbolic
factorization predicts the positions of fill-ins to obtain necessary information. Numerical fac-
torization formally factors the reordered matrix into a lower triangular matrix L, which is the
most time-consuming stage in the entire solving process. Triangular solving includes two steps
of forward substitution and backward substitution, solutions are obtained after this stage.

For symmetric matrices, symmetric reordering is often used. Common symmetric reordering
strategies include minimum degree [16], approximate minimum degree [1,7,8], minimum fill-in
[28], as well as hybrid algorithms METIS [15,18-21] and SCOTCH [30]. Guermouche et al. [17]
found that METIS and SCOTCH yields wider and more balanced elimination trees, which are
more suitable for parallel solving. Nowadays, both MUMPS and PARDISO recommend using
METIS as reordering algorithm [23,26]. Traditional symbolic factorization predicts positions of
fill-ins based on single column and single non-zero row index, which has a large time complex-
ity [6]. Based on the idea of dimensionality reduction, this paper proposes to directly partition
supernodes on the matrix reordered by METIS, and perform symbolic factorization with su-
pernodes and row index fragments. Due to the fact that the numbers of supernodes and row
index fragments are much smaller than the numbers of matrix columns and non-zeros, the time
complexity of symbolic factorization is greatly reduced.

Numerical factorization is the most time-consuming stage in the entire solving process, and
mainstream numerical factorization methods include multi-front method [2], block supernode
method [32], Gaussian elimination method [22], etc. This paper only focuses on factoring SPD
matrices, using the block supernode Cholesky method for numerical factorization, and applying
the task pool model for parallel implementation. For the sparse triangular solving problem
(SpTRSV), parallel implementation is not easy because the solutions of the unknowns are often
interrelated [5,24,25,29,33]. To fully utilize the multi-core and multi-threaded resources of
computers, this paper proposes a task pool template based on OpenMP, and flexibly applies
it to stages of symbolic factorization, numerical factorization and triangular solving. Unlike
traditional triangular solving algorithms that operate on single row and column using DAXPY
and DDOT operations [6], this paper proposes novel triangular solving algorithms based on
DGEMM and DTRSM operations, and combining them with the task pool template for parallel
implementation. After test and comparison, the new triangular solving algorithms achieve
better efficiency than MKL PARDISO and MUMPS.

This paper is organized as follows. Section 2 presents the principle and parallel algorithm
of the proposed approximate symbolic factorization (ASF). Section 3 introduces the principle
and parallel algorithm of block supernode Cholesky numerical factorization. Section 4 intro-
duces triangular solving algorithms based on supernode structure, including both forward and
backward substitution algorithms. Test results and optimal parallel solving performances of
solving real stiffness equations on two different computers are compared among FEADS, MKL
PARDISO and MUMPS in Section 5. Section 6 makes brief summary.
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2. Parallel Approximate Symbolic Factorization

2.1. Predicting fill-ins’ positions and concept of elimination tree

1) Predicting the positions of fill-ins.

As mentioned before, the main job of symbolic factorization is to predict the positions of
fill-ins. Here we briefly introduce how to predict the positions of fill-ins in SPD matrices. If
there is a set

S ={ajs|ajs #0, s <j},
whose elements are at row j and on the left side of a;;, and for each element a;, of S, there is
a set
Ss = {aks | axs # 0, k > j, s < j},

whose elements are at column s and below a;,, then set
Ssy={akj|aks #0, ak; =0, k > j, s < j},

represents the set of fill-ins in column j and produced by column s. That is, if there is a non-
zero ays of Ss in row k, and ay; is zero, then ay; is the fill-in produced by ais. In actual
situation, we do not consider whether ay; is zero or not for efficiency.

Matrix (2.1) is the lower triangular part of a SPD matrix, X denotes the fill-in of L. We
now pay attention to the fill-in in column 5. Firstly, ass = 6.0, there is a non-zero as4 = 1.0 on
the left side of ass in column s = 4, and there is a non-zero ay4 = 1.0 below as4 in row 7, and
a7s = 0, then ars is the fill-in of column j=5,
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2) Algorithm of elimination tree.

The elimination tree usually records the dependency information between columns or su-
pernodes of a matrix, which can be applied in multiple stages such as symbolic factorization
and numerical factorization, and plays an important role in the sparse matrix factorization pro-
cess [23]. Each column or supernode of the matrix represents a node on the elimination tree,
and except the (N — 1)-th node, all other nodes can have one parent node. An N-dimensional
array P can be used to represent the elimination tree structure in the program. If j is the parent
of k, then position *(P + k) stores k’s parent j, that is, P[k] = j. To obtain the elimination
tree, it is necessary to first obtain the lower triangular matrix in compressed sparse row (CSR)
format, as (2.2),

int N =8, (2.2a)
int NNZ = 15, (2.2b)
int RAp[] = {0,1,2,3,6,7,9,10,15}, (2.2¢)
int CA[]=1{0,1,2,0,2,3,4,4,5,6,1,3,4,6,7}. (2.2d)
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Algorithm 2.1 is the algorithm of computing elimination tree, which is modified from ref-
erence [6] to make it applicable to programming languages numbering from 0. P is the
N-dimensional array used to store elimination tree, with its elements initialized to 0, a is
an N-dimensional auxiliary array, with elements initialized to —1, ¢ and j are auxiliary vari-
ables initialized to 0.

Algorithm 2.1: Algorithm of Computing Elimination Tree.

Input : Lower triangular part of reordered A stored in CSR format.
Output: Array P that contains information of elimination tree.
1 P+ 0,a+—-1,1=0, j=0.
2 fork=1,...,N—1do
3 for m = RAplk],...,RAplk +1]—1 do
i =CA[m].
while i # —1 and i < k do
J = alil.
ali] = k.
if j = —1 then
| Pli] =k
10 end

© ® N o oA

11 i =j.
12 end

13 end

14 end

2.2. Approximate symbolic factorization
2.2.1. The process of ASF

Traditional symbolic factorization uses single column and single row index for L’s pattern
predicting, the time complexity of the algorithm is O(|L|). As the dimension of matrix and
the number of non-zeros continue to increase, the time required for symbolic factorization will
dramatically increase, even exceeding the time required for numerical factorization.

Based on the idea of dimensionality reduction, we propose a new symbolic factorization
strategy called approximate symbolic factorization. Traditional symbolic factorization obtains
supernode partition after the pattern of L has been gotten, while here we propose to directly
partition supernode based on the matrix reordered by METIS. We explore characteristic of
matrix reordered by METIS. Patterns in Fig. 2.1(a) belong to matrices before and after METIS
reordering and patterns in Fig. 2.1(b) belong to their corresponding L. It is evident that
the non-zeros after METIS reordering exhibit a regular block-shape, and the corresponding L
pattern indicates that they both have similar block regions. Usually, supernodes need to be
partitioned based on L’s pattern, but here we propose to partition supernodes on the pattern
of reorder A as an approximation based on the above feature.

As Fig. 2.2, we mark the boundary rows of block-shape regions with arrows and horizontal
lines. How to accurately locate these boundary rows in the program is crucial. Two characteris-
tics of these boundary rows are summarized here. The first characteristic is that the boundary
rows have only one nonzero because program stores only the lower and diagonal part of re-
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Fig. 2.1. Patterns of A and L.
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Fig. 2.2. Matrix reordered by METIS.

ordered A. This condition is easily met because we use METIS as reordering algorithm which
uses the method of multilevel nested dissection. The second characteristic is that the nonzero
number of boundary rows’ previous row must greater than one. If we denote the nonzero num-
ber of the row j as RNj, then RN; — RN;_; < 0 is bound to hold. We set a threshold TH to
filter out more obvious boundary rows. If we set TH = —15, then the boundary rows of matrix
in Fig. 2.2 obtained by FEADS are 144,219,495, 774,1284,1467,1674, 1890, as marked in the
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figure. Then we can use the same columns as these boundary rows to partition supernodes.
Supernodes are divided with dashed lines in Fig. 2.2. To control the size of supernodes, we set
a threshold STD_SN_SIZE. If the size of a supernode is much greater than STD_SN_SIZE,
then partition it into supernodes smaller or a little bit greater than STD_SN_SIZE. If we set
STD_SN_SIZFE = 100, then the final partition of supernode can be shown as

supernode| | = {0,144, 219,319,495, 595, 774,874,974, 1074, 1174,
1284, 1467, 1567, 1674, 1774, 1890, 1990, 2090, 2205}

After the partitioning of supernode, it needs to get fragments information of each supernode
to further reduce the complexity of symbolic factorization. Taking matrix (2.1) as an example,
whose supernode partition is supernode| ]| = {0,4, 6,8}, SN = 3, then its row index information
can be kept in the form (2.3) where array F'N stores the fragments number of each supernode,
array Start and End store the start and end information of each fragment. Based on the
fragments, we mark block supernodes with boxes in Fig. 2.3. In order to efficiently use level-3
BLAS and LAPACK subroutines for dense matrix operation, we fill traditional trapezoidal
supernode into block supernode with zeros,

FN[]=1{2,2,1},
Start[0][] = {0,7}, Start[l][]={4,7}, Start]2][]= {6}, (2.3)
End[0][] = {4,8},  End[l][]={6,8}, End[2][] = {8}.
Afterwards, based on the obtained fragments information, it can construct the adjacency
matrix of supernodes, whose size is SN * SN. For each supernode J, if one of its fragments
has common row indices as the diagonal matrix of its subsequent supernode K, then the two

supernodes have a connection relationship. Or it can be said that K is J’s ancestor supernode.
Then J’s all ancestor supernodes in reordered A can be represented as set

Sy ={K | (Start[J][i] > supernode[K] and Start[J][i] < supernode[K + 1]) or
(Start[J][i] < supernode[K] and End[J][i] > supernode[K]),
i€ [0, FN[J]),K € [J +1,SN)}. (2.4)

According to this, the supernode adjacency matrix (only the lower triangular part) of matrix
(2.1) is (2.5). All diagonal positions are filled with 1, and non-diagonal positions are filled

{100 0

10 2 0 O

10 0 3 0!
S S S

00 0 0'5 O
000 011 6! ____
00000 0:!7 0}
0 10T X1 sy

Fig. 2.3. Block supernodes of matrix (2.1).
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with 1 to indicate a connection relationship, 0 indicates no connection relationship. At this
point, we have successfully transformed the symbolic factorization problem from 8-th order to
3-th order. Subsequently, by applying Algorithm 2.1, the elimination tree of supernodes can be
quickly obtained to guide the parallel symbolic factorization process. The elimination tree of
supernodes represented by a tree diagram is shown in Fig. 2.4,

1
01 (2.5)
11 1

ONG

Fig. 2.4. Elimination tree of matrix (2.1)’s supernodes.

2.2.2. The parallel algorithm of ASF

Task pool is a commonly used parallel strategy that achieves parallel computing. A thread
can add new tasks into task pool once it finishes a task and any idle thread can try to receive
an executable task without waiting, which can maximize parallelism. The parallel algorithm of
ASF is achieved by a template of task pool based on OpenMP, as Algorithm 2.2. In the first
line of Algorithm 2.2, two task pools are created to store two different kinds of tasks. task_add
is used to store the type of tasks that child supernodes add their contribution fragments to
their parent supernodes, while task_merge stores the type of tasks that merge fragments of
supernodes. For example, in matrix (2.1), supernode 2 is the parent supernode of 0 and 1,
then both 0 and 1 need to add their contribution fragments to 2. Then, after receiving the
contribution fragments of 0 and 1, the supernode 2 needs to merge its fragments to ensure
that there are no duplicate fragments. If I represents a fragment of J, then the contribution
fragments set of J to its parent node F' can be represented as set

Syp={I3k €I, k> supernode[F}. (2.6)

Afterwards, it adds all independent child supernodes to task_add (line 3), and then enters
the OpenMP parallel area. It is prior for each thread to receive merge tasks first in each loop.
When receiving add tasks, it is important to note that multiple child supernodes cannot add
fragments to the same parent node simultaneously. Therefore, an additional auxiliary array
needs to be used to restrict the receiving of add tasks. For example, a SN-dimensional array
J_lock can be used for state tagging. If J_lock[J] = 1, it indicates that one thread is adding
fragments to J, and the current thread cannot receive the add task whose parent is J. Tasks
are performed according to its type next (line 16). When determining whether all tasks have
been completed, it can be checked whether all root supernodes have completed the merge tasks.
Usually, only SN —1 is the root supernode, but there may be multiple root supernodes in special
cases.
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Algorithm 2.2: Algorithm of Parallel Approximate Symbolic Factorization.

Input : Matrix reordered by METIS and supernode partition information.
Output: Approximate pattern of L.

1 task_-merge < 0, task_add < 0.

2 task-merge_N = 0, task_add-N =0, TASK_FINISHED = 0.

3 Add all independent supernodes into task_add and initialize task-add_-N.

4 #pragma omp parallel.

5
{
6 while TASK_FINISHED =0 do
7 current_task = —1, task_type = —1.
8 #pragma omp critical.
o | {
10 if task_merge_N > 0 then
11 task-merge_N = task_-merge_N — 1, task_type = 0.
12 current_task = task_-merge[task_merge_N].
13 end
14 if task_type = —1 and task_add_-N > 0 then
15 Get an executable task from task_add, then update task_add and task_add_N.
16 task_type = 1.
17 end
18 }
19 Perform current_task according to task_type.
20 #pragma omp critical.
21 {
22 Add new tasks into task pools.
23 }
24 if There are no more tasks needed to be performed then
25 | | TASK_FINISHED = 1.
26 end
27 end

28 }

3. Parallel Numerical Factorization

3.1. Block supernode Cholesky numerical factorization

Numerical factorization is the most time-consuming stage in the entire equation solving pro-
cess. This paper adopts the block supernode Cholesky factorization method for SPD matrices.
Based on the approximate L pattern obtained by ASF, the original reordered matrix is factored
into LLT. Daydé and Duff [10] detailed various methods of dense matrix block factorization
in their article, such as JIK-SDOT, JKI-GAXPY, KJI-AXPY, etc. For large sparse matri-
ces, the concept of block partition was extended to the concept of supernode. Based on the
non-zero’s characteristics in L, multiple columns with similar non-zeros are flexibly regarded
as a whole and called supernode. Combining the concept of supernode, this paper extends
the JIK_.SDOT method to the Cholesky factorization of large SPD matrices, known as block
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supernode Cholesky factorization (see Fig. 3.1).

As shown in Fig. 3.1, the numerical factorization process of a supernode J consists of
two main steps. The first step is external modification, where J needs to separately perform
DGEMM operation with all its descendant supernodes. Taking the modification of S5 to J as
an example, it performs DGEMM operation as (3.1), where B = (A1) due to symmetry. This
operation is performed using the high-performance multi-threaded and cache-optimized level-3
BLAS subroutine dgemm (),

(ox} C1 Al
Cc2 C2 A2
c3| = |c3| | as| Bl (8-1)
C4 (0! A4

After all the descendant supernodes of J have completed their external modification to J,
J can start independent internal factorization, as shown in Fig. 3.2. Firstly, it performs
Cholesky factorization on the diagonal square matrix of J, as Eq. (3.2) which is accomplished
by the LAPACK subroutine dpotrf (). Since the matrix targeted here is symmetric positive
definite, which is numerically stable, the pivoting operation is not needed. Then, it updates the
fragments below the diagonal based on the L; matrix as shown in Eq. (3.3), which is completed
by the BLAS subroutine dtrsm(),

Cl1=1L,L], (3.2)
Cc2 Cc2
C3 c3
ca| = [ca| [(L]) 7] (3.3)
C5 C5
cé Cé

There are Sy, Se,J, and K four supernodes in Fig. 3.1. Since the non-zero fragments of S
and Sy have common row indices with J’s diagonal square matrix, P[S1] = J and P[S3] = J.
Similarly, P[J] = K, and the corresponding elimination tree is shown in Fig. 3.3. To correctly

Sy

2

c3

ct

Cs5

c6

Fig. 3.1. Block supernode Cholesky factorization.  Fig. 3.2. Independent internal factorization.
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complete the factorization process, the factorization tasks of these four supernodes must be
carried out in a certain order.

Firstly, S1 and S5 do not have any descendant supernodes, their internal factorization tasks
can be performed simultaneously. When S and S, are factored, three new external modification
tasks are immediately generated, they are S; to J,S3 to J and S to K respectively . Among
the three tasks, the tasks have the same ancestor cannot be executed simultaneously. That
is, tasks S7 to J and S5 to J cannot be executed at the same time. The reason is that they
will both change J’s data, which may cause data race and result in incorrect result. However,
modification tasks for different ancestors can be executed simultaneously, such as S5 to J and S,
to K. This is the basis of numerical factorization to achieve parallelism.

oo

Fig. 3.3. Elimination tree of supernodes.

Based on the elimination tree, a more detailed supernode relationship storing structure is
proposed here, as shown in (3.4). The two-dimensional array F'J stores the information of each
supernode’s all ancestors that constructed from the elimination tree in Fig. 3.3, while F'J_N
stores the number of ancestors. Conversely, a two-dimensional array S.J is also used to store the
information of each supernode’s all descendants. It should be pointed out that although all the
ancestor information of any supernode S can be directly obtained from the elimination tree, not
all of these ancestors need S’s external modification. For example, although K is an ancestor
of S7 on the elimination tree, actually S; does not have contribution to K. In Fig. 3.1, since
S1’s fragments do not have the same row indices as K’s diagonal matrix, S; to K is an invalid
modification task. Therefore, it is necessary to verify the ancestors of each supernode. The
invalid ancestor can be removed directly, as (3.5) and (3.6),

: (3.4)
FIK][]={}, FJ_N[K] =0,
FJ[S1][] = {J}, FJ_N[S)| =1,
FJ[S][]={J, K}, FJ.NI[Ss]=2, -
FJ[J)[] = {K}, FJ_N[J] =1, (3:5)
FJIK][]={}, FJ_N[K] =0,
SIS[T={} SJ_N[S] =0,
SIS:)[]=1{1} SJ_N[S3| =0, 16
SJ[J)[] = {S1,S2}, SJ.N[J] =2, (3.6)

[ [
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3.2. Parallel algorithm of numerical factorization

Algorithm 3.1 is the parallel algorithm of numerical factorization based on task pool. task_in
is the task pool of internal factorization, task_S and task_J store the tasks of external modifica-
tion. We initialize the arrays and variables first and then put all supernodes without descendants
into task_in for parallel internal factorization tasks. Simply, if SJ_N[J] = 0, it means that J
has no descendants. In parallel area, it initializes the current task and task type to —1 at the

Algorithm 3.1: Parallel Algorithm of Numerical Factorization.

Input : Lower triangular part of reordered A stored in CSC format and L’s
approximate pattern obtained by ASF.
Output: The factored lower triangular matrix L.
1 taskan < 0, task_S < 0, task_J < 0.
2 task_in_.N =0, task_out_N =0, TASK _FINISHED = 0.
3 Add all supernodes with 0 descendant into task_in and initialize task_in_N.
4 #pragma omp parallel.

5

{

6 while TASK FINISHED =0 do

7 S =-1,J = -1, task_type = —1.

8 #pragma omp critical.

o | {
10 if task_in_N > 0 then

11 task_in_N = task_in_N — 1.

12 S = task_in[task_in_N].

13 task_type = 0.
14 end
15 if task_type = —1 and task_out_-N > 0 then
16 | Get an executable modification task and update task_S, task_J and task_out_N.
17 end

18 }

19 if task_type=0 then

20 | Perform internal factorization task S.

21 end

22 if task_type=1 then

23 | Perform external modification task S to J.
24 end

25 #pragma omp critical.

26 {

27 Add new tasks into task pools.

28 }

29 if There are no more tasks needed to be performed then
30 | TASK_FINISHED = 1.

31 end

32 end

33 }
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beginning of each loop. When receiving tasks, it is prior to receive internal factorization tasks
first, which are currently placed in variable S. Only when there are no internal factorization
tasks, then external modification tasks can be obtained. Generally, the earlier a task is added,
the prior it should be obtained. It should be noted again that multiple external modification
tasks with the same ancestor cannot be performed simultaneously. Therefore, an auxiliary
array should be used to mark the ancestor who is being operated, and this task should be
skipped when receiving tasks. The operations of altering the contents of auxiliary array should
be performed within the critical region.

Once a valid task is received, the task will be executed according to its type (lines 16-21).
Every time a supernode S completes its internal factorization task, the external modification
tasks that S to all its ancestors can be immediately added to task pool. When the times that J
participates in external modification tasks as ancestor are equal to the number of J’s descen-
dants, J should be put into task_in. It can break from while loop only when the completion
amount of internal factorization is equal to the number of supernode.

4. Parallel Triangular Solving

4.1. Parallel supernode forward substitution
4.1.1. The introduction of supernode forward substitution

The triangular solving includes two steps of forward and backward substitution, which are per-
formed based on the lower and upper triangular matrices obtained from numerical factorization.
For Cholesky factorization, due to symmetry, only the L lower triangular matrix is obtained,
and both forward and backward substitution are performed on it. Firstly, the right-hand side
matrix B is necessary to perform the same row permutation as A. If b;; is located in the row ¢
and column j of B, then after permutation, it is located in the row ipermli] and column j.
iperm is the inverse permutation sequence obtained by METIS.

The traditional forward substitution algorithm updates the right-hand side column by col-
umn with a low efficiency based on DAXPY operation. To fully utilize the characteristics of
supernodes, a novel forward substitution method based on dense matrix operations is proposed
here. Its core operations are completed by the multi-threaded high-performance dtrsm() and
dgemm () subroutines. As shown in Fig. 4.1, a supernode J and the right-hand side matrix B are
presented, where B is stored in a dense form with column major. When it is time to operate on
supernode J to update B, the first step is to perform a dense triangular solving, as Eq. (4.1),
where C1 is the lower triangular part of supernode J’s diagonal square matrix. After that,
a DGEMM operation is performed, as Eq. (4.2),

B1 = (C17Y)(B1), (4.1)

B2 B2 C2
B3 B3 C3
B4| = |B4| — |C4]| [B1]. (4.2)
B5 B5 C5
B6 B6 C6
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A B

NB

Fig. 4.1. Supernode forward substitution.

4.1.2. The parallel algorithm of supernode forward substitution

The parallel algorithm of supernode forward substitution is Algorithm 4.1. In the initial stage,
any supernode without descendants can start forward substitution at the same time. When
executing a forward substitution corresponding to a supernode, there is no possibility of data
race during dense triangular solving. However, data race may occur during DGEMM operation.
At this point, each thread needs a temporary array T'B and its initial data is initialized to 0,
then Eq. (4.2) is changed to Eq. (4.3). After the calculation is completed, OpenMP atomic
operation can be used to Eq. (4.4) to avoid data race,

C2
C3
TB=TB - |C4| [B1], (4.3)
C5
(of]
B2 B2
B3 B3
B4| = |B4| +TB. (4.4)
B5 B5
B6 B6

In addition to paying attention to the problem of data race, a supernode J can be added into
task pool only if all of its descendants have finished their update. Besides, due to the sparsity
of the matrix B, it can be determined whether B1 is a 0 matrix or not before performing
Egs. (4.3) and (4.4). This optimization often has a significant acceleration effect.
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Algorithm 4.1: Parallel Algorithm of Supernode Forward Substitution.

3

N o oA

10
11
12
13

14
15
16
17

18
19
20
21
22
23
24
25

Input : The factored lower triangular matrix L and matrix B.
Output: Modified matrix B after forward substitution.

1 task_pool < 0, task-N =0, TASK_FINISHED = 0.
2 Add all supernodes with 0 descendant into task_pool and initialize task_N.
#pragma omp parallel.

while TASK_FINISHED =0 do

J=-1
#pragma omp critical.

{
if task_N > 0 then

task_N = task_N — 1.
J = task_pool[task_N].
end
}
if J! = —1 then
| Perform J’s forward substitution.
end
F = PlJ].
if F’s all descendants have finished their update tasks then

| Add F into task_pool and update task_N in critical section.

end

if There are no more tasks needed to be performed then
| TASK_FINISHED = 1.

end

end

4.2. Parallel backward substitution based on supernode

4.2.1. The introduction of supernode backward substitution

Backward substitution updates B from column N — 1 to column 0. The traditional backward
substitution algorithm operates on single column and is based on the DDOT operation. Here
we introduce the improved algorithm based on supernode structure. When it is time for su-

pernode J to update matrix B, a DGEMM operation as Eq. (4.5) is performed firstly. Then,

a dense triangular solving as Eq. (4.6) follows,

c2] ' [B2

c3| |B3
Bl=Bl1- |c4| |B4|,

cs| |Bs
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B1=((c1)")"(B1). (4.6)

4.2.2. The algorithm of supernode backward substitution

The parallel supernode backward substitution algorithm is shown as Algorithm 4.2. In the
initial stage, all supernodes without ancestors should be added to the task pool. Due to the
fact that each update only changes the content of B1, there will be no data race issue in both
DGEMM and DTRSM operations. Only when all ancestors of a supernode S have completed
their updates, can S be added to the task pool (lines 16-18). It can be judged based on
whether the number of S’s ancestors that has finished their update is equal to the number of
S’s ancestors.

Algorithm 4.2: Parallel Algorithm of Supernode Backward Substitution.

Input : The factored lower triangular matrix L and modified matrix B after forward
substitution.
Output: Modified matrix B after backward substitution.

1 task_pool <+ 0, task_-N =0, TASK_FINISHED = 0.
2 Add all supernodes with 0 ancestor into task_pool and initialize task_N.
3 #pragma omp parallel.

{
while TASK_FINISHED =0 do

J=-1
#pragma omp critical.

{
9 if task_N > 0 then

RS 'S

10 task_N = task_N — 1.
11 J = task_pool[task_N].
12 end

13 }

14 if J! = —1 then

15 | Perform J’s backward substitution.

16 end

17 for k=0,...,SJ_.N[J]—1do

18 S = SJI[J][k].

19 if S’s all ancestors have finished their update tasks then
20 | Add S into task_pool and update task_N in critical section.
21 end

22 end

23 if There are no more tasks needed to be performed then

24 | TASK_FINISHED = 1.

25 end

26 end

27 }
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5. Test and Comparison

5.1. The effect of supernode size on factorization efficiency

The size of ASF’s supernodes can be controlled by variable ST D_SN_SIZFE as mentioned
in Section 2. Here we explore the effect of supernode size on the efficiency of ASF and numerical
factorization (NF). We construct a 294636 dimensional stiffness equation with 6574641 nonzeros
and FEADS solves it with 4 OpenMP threads. Table 5.1 shows the effect of supernode size
on efficiency of factoring 3D_29W. As the increase of supernode size, the supernode number
decreases and the downward trend slows down. The trend of ASF time is consistent with the
trend of supernode number. The number of NNZ increases nearly linearly as the increase of
supernode size and more NN Z means there are more logical zero elements in L. The total
factorization time decreases largely first and increases slowly as STD_SN_SIZFE trends to be
very large, as Fig. 5.1. A minimum total time is obtained when ST D_SN_SIZFE is nearly 250
and we think this is the appropriate size for supernode.

The size of supernode indirectly affects various deeper factors, such as NNZ of L, the
efficiency of level-3 BLAS subroutines, and the cache utilization rate, etc. The combined effect of
all these factors determines the actual efficiency of factorization. The level-3 BLAS subroutines
usually have saturation threshold and the appropriate supernode size should be below but close
to the saturation region [32]. When STD_SN_SIZE is too small, too many small supernodes

Table 5.1: Effect of supernode size on efficiency of factoring 3D_29W.

STD_SN_SIZE SN NNZ of L ASF/s NF/s Total/s
50 5634 | 377163927 | 2.910374 | 35.522215 | 38.43259
100 2689 | 390949729 1.312708 | 20.983140 | 22.29585
150 1727 | 405048984 | 0.738118 | 17.846209 | 18.58433
200 1239 | 416607989 | 0.432265 | 16.897974 | 17.33024
250 967 427990107 | 0.308880 | 16.743526 | 17.05241
300 821 441017334 | 0.273872 | 16.964127 | 17.23800
400 690 465595734 | 0.248627 | 18.482175 | 18.73080

1000 555 534380934 | 0.170784 | 22.933425 | 23.10421

1500 538 552517434 | 0.176485 | 26.056129 | 26.23261
45
a0
a5
; 30
=25
% 20
E 15
10
5
0

0 200 400 500 200 1000 1200 1400 1600

STD SN SIZE

Fig. 5.1. Total time as the growth of STD_SN_SIZE.
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cannot maximize performance of level-3 BLAS subroutines, which ultimately leads to extremely
low factorization efficiency. And when ST D_SN_SIZFE trends to be very large, too many NN Z
of L leads to more calculation of factorization, which also reduces factorization efficiency.

5.2. Logical zeros in L produced by ASF

The maximum memory requirement during the total solving process is keeping data of
L’s nonzeros. For large-scale problems, this item typically accounts for over 95% of the total
memory requirements. ASF generates approximate pattern of L, hence it is easy to think that
there is possibility that the NNZ produced by ASF is much greater than the minimum NNZ
by instinct, which may cause significant waste of memory.

Five stiffness matrices with different scales are constructed to explore the trend of logical
zeros in L produced by ASF. We set STD_SN_SIZE as 250, and record NNZ of each L
produced by ASF, as Table 5.2. The trend of logical zero proportion as the increase of matrix
dimension is as Fig. 5.2. It is obvious that the proportion trend converges to around 20% as the
increase of matrix dimension, which indicates feasibility of ASF for matrices of various scales.

5.3. The impact of OpenMP threads

To explore the impact of OpenMP threads on solver’s performance, the 394770 dimensional
stiffness equation is used. The number of OpenMP threads is continuously increased for FEADS,
MKL PARDISO and MUMPS. The final timing results are shown in Table 5.3. The computer
CPU is Intel (R) Core (TM) i5-8250U, with 4 cores and 8 threads, and available physical
memory is 8 GB.

Table 5.2: Basic information of matrices.

Name Dimension | NNZ of A | Accurate NNZ of L | NNZ of L
3D_3W 30342 613618 9920285 19125474
3D_14W 144264 3181533 91810308 142794164
3D_29W 294636 6574641 291535293 427990107
3D_39W 394770 8822715 403476936 558936006
3D_7T1W 719871 16152141 944898786 1237953840

60.00%
48.13% —&-FEADS

50.00%

40.00%

30.00%

20.00%

10.00%

Proportion of logical zeros

0.00%
1] 100000 200000 300000 400000 500000 600000 700000 800000

Matrix dimension

Fig. 5.2. Logical zero proportion of FEADS.
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Table 5.3: The impact of OpenMP threads.

oT 1 2 3 4 5 6 7 8
PARDISO/s|60.152143 | 45.842895 [45.684765 | 37.336508 - - - -
FEADS/s |68.629308 |48.679464 |44.533408 | 39.848192|39.216628 | 37.962909 | 37.911802 | 39.926214
MUMPS/s [73.521681 [57.920461 |54.698671 | 53.911495 | 53.899999 | 55.88733 |56.863012|58.181173

Table 5.4: The impact of OpenMP threads on FEADS’s solving stages.

OT | Input/s | Reorder/s | Perm/s SF/s NF/s TS/s Other/s Total/s
1 6.357382 | 1.998104 | 0.285237 | 1.599802 | 57.776788 | 0.576791 | 0.035204 | 68.629308
2 6.031456 | 1.911884 | 0.286091 | 1.288729 | 38.802608 | 0.325058 | 0.033638 | 48.679464
3 | 6.053243 | 1.902922 | 0.284711 | 1.157926 | 34.549765 | 0.545013 | 0.039828 | 44.533408
4 | 6.040819 | 1.903081 | 0.282596 | 1.094084 | 30.053294 | 0.440691 | 0.033627 | 39.848192
5 6.034115 | 1.917723 | 0.285761 | 1.123825 | 29.502116 | 0.31733 | 0.035758 | 39.216628
6 6.046970 | 1.907614 | 0.281014 | 1.097730 | 28.246871 | 0.348561 | 0.034149 | 37.962909
7 | 6.056986 | 1.918699 | 0.279768 | 1.085133 | 28.111950 | 0.425163 | 0.034103 | 37.911802
8 | 6.177256 | 1.909398 | 0.280108 | 1.098898 | 29.942594 | 0.483011 | 0.034949 | 39.926214

PARDISO limits its maximum number of OpenMP threads to not exceed the computer’s
number of physical cores, so its maximum OpenMP thread number is 4. On this computer, the
optimal number of OpenMP threads for PARDISO is 4, FEADS is around 6, and MUMPS is also
around 4. It can be seen that the optimal solving performance is not achieved when the number
of OpenMP threads is set to the maximum thread number. The reason is that hyperthreading
overhead outweighs its benefits. On this solving platform, the solving performance of PARDISO
and FEADS is not significantly different, with an optimal solving time of around 37 seconds,
while MUMPS is slower with an optimal solving time of around 54 seconds.

FEADS uses parallel algorithms in the stages of approximate symbolic factorization, nu-
merical factorization and triangular solving (TS). Table 5.4 provides a detailed list of FEADS’s
solving time for each stage under different OpenMP threads (OT) number. It can be seen that
as the number of OpenMP threads increases, there is a significant improvement in the efficiency
of both symbolic factorization and numerical factorization. However, we can not see significant
acceleration effect in the triangular solving stage on this solving case. This may be the reason
that the solving scale is relatively small. And it can be seen that numerical factorization has
the most significant parallel acceleration effect in the entire solving process. Using the model
of task pool, our solver fully utilizes the multi-threaded resource of the computer and achieves
excellent parallel performance.

5.4. Comparison of the optimal solving performance

To compare the optimal solving performance of the three solvers, stiffness equations are
solved on two computers with different hardwares, the solving time of each solving stage was
recorded in detail. The hardware parameters of the two computers are shown in Table 5.5.

Tables 5.6 and 5.7 show the optimal solving time to solve 394770 dimentional stiffness
equation for MKL PARDISO, FEADS, and MUMPS on two test computers, respectively. For
this case, the MKL PARDISO produces 40415 supernodes, FEADS produces 1530 supernodes
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Table 5.5: Parameters of test computers.

19

Numbering 1 2
) AMD Ryzen 7 7840H
CPU Intel(R) Core(TM) i5-8250U
with Radeon 780M Graphics

CPU number 8
Maximum thread 16
Maximum memory/GB 32
Frequency/GHz 1.8 3.8
L1 cache/KB 256 512
L2 cache/MB 1.0 8.0
L3 cache/MB 6.0 16.0

Table 5.6: The optimal time to solve 394770 dimentional stiffness equation on Computer 1.

Stage Step | PARDISO (4 THREADS)|FEADS (6 THREADS)| MUMPS (4 THREADS)
File input| Input/s 6.055577 6.04697 6.621816
Reorder/s 1.840393 1.907614
Analysis SF/s 1.017117 1.097730 4.128700
Other/s 0.554760 0.281014
NF NF/s 26.617478 28.246871 35.123100
Solving TS/s 1.034659 0.348561 3.4066
Other/s 0.216524 0.034149 4.6312795
Total/s 37.336508 37.962909 53.911495

Table 5.7: The optimal time to solve 394770 dimentional stiffness equation on Computer 2.

Stage Step |PARDISO (8 THREADS) |FEADS (12 THREADS)| MUMPS (8 THREADS)

File input| Input/s 2.654813 2.695898 3.203672
Reorder/s 1.076132 1.211387

Analysis SF/s 0.479456 0.466742 2.360400
Other/s 0.31095 0.25241

NF NF/s 11.686333 8.256473 14.824800

Solving TS/s 0.463209 0.134385 2.190200

Other/s 0.205308 0.019411 1.045818

Total/s 16.876201 13.036706 23.624890

and MUMPS produces 9132 supernodes. It is obvious that the supernode number of FEADS
is much smaller than the other two solvers. The average supernode size for the three solvers
are 9.8,258.0 and 43.2 respectively. According to the table, the solving performance of MKL
PARDISO and FEADS is basically equivalent on computer 1. PARDISO is slightly faster than
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Table 5.8: The optimal time to solve 719871 dimentional stiffness equation on Computer 2.

Stage Step |PARDISO (8 THREADS)|FEADS (12 THREADS) | MUMPS (8 THREADS)

File input| Input/s 4.937067 4.920709 5.680402
Reorder/s 2.065474 2.322934

Analysis SF/s 1.097088 1.189592 4.876800
Other/s 0.593856 0.428325

NF NF/s 46.709760 27.719550 44.635700

Solving TS/s 1.109359 0.290667 4.641700

Other/s 0.287476 0.035467 2.018214

Total/s 56.80008 36.907244 61.852815

FEADS in the numerical factorization stage, but FEADS is slightly faster than PARDISO in
the symbolic factorization and triangular solving stage. This fully shows that the parallel ASF
method and the supernode triangular solving algorithm proposed in this paper are progressive.
However, MUMPS lags behind the other two solvers in all stages. On the second computer,
FEADS performs especially well. FEADS leads MKL PARDISO and MUMPS by 21.92% and
42.35%, respectively. Our solver mainly leads in the numerical factorization and triangular
solving stages at this point compared with the other two solvers.

Another larger stiffness equation with 719871 dimensions is built for the three solvers to solve
on Computer 2, the timing result is as Table 5.8. For this case, the MKL. PARDISO produces
98105 supernodes, FEADS produces 2783 supernodes and MUMPS produces 16457 supernodes.
It is obvious that FEADS leads more than MKIL PARDISO for this solving case, especially in
the numerical factorization stage. FEADS takes only 27.7 seconds to finish parallel numerical
factorization, while MKL PARDISO takes 46.7 seconds, almost twice as much as FEADS. For
the total solving time, FEADS leads 34.75% than MKL PARDISO and 38.38% than MUMPS.

6. Summary

We use METIS as reordering algorithm to reorder the SPD stiffness matrix in this paper,
and directly partition supernodes based on the reordered matrix. Approximate symbolic fac-
torization is carried out based on supernodes and row index fragments, which has a much
lower time complexity due to much less operating dimensions. To fully utilize the multi-core
and multi-threaded resources of computers, task pool is applied to the stages of ASF, nu-
merical factorization, and triangular solving. In the numerical factorization stage, the block
supernode Cholesky factorization method is used to construct dense submatrices, and then high-
performance multi-threaded and cache-optimized level-3 BLAS and LAPACK subroutines are
used for calculating. In the triangular solving stage, new algorithms upgrade traditional algo-
rithms based on DAXPY and DDOT operations to algorithms based on DGEMM and DTRSM
operations. The new algorithms perform better than the algorithms of MKL PARDISO and
MUMPS according to the test results.

We compare our FEADS with MKL PARDISO and MUMPS. The stiffness equations of
394770 and 719871 dimensions are solved using these three solvers on two different computers.
On the first computer, the solving efficiency of FEADS and MKL PARDISO is comparable,
while MUMPS is relatively backward. On the second computer, FEADS performs especially
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well. For solving the case with 394770 dimensions, FEADS leads MKL PARDISO and MUMPS
by 21.92% and 42.35%, respectively. For solving the case with 719871 dimensions, FEADS leads
34.75% and 38.38%, respectively.
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