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Abstract

This paper proposes an energy-dissipative scheme for solving two- and three-dimensio-

nal time-fractional Navier-Stokes equations. The numerical scheme is constructed, using

nonuniform L2 − 1σ approximation in the temporal direction and the Fourier spectral

method in the spatial direction. It is shown that the numerical scheme can keep discrete

energy stable and the numerical solutions are uniformly bounded without any restriction

on step sizes. Error estimates of the fully-discrete scheme are presented. Moreover, a fast

algorithm is applied to accelerate the computation. Numerical results in long time intervals

are presented to confirm the effectiveness and high efficiency of the scheme.
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1. Introduction

We present an effective numerical scheme for solving the following time-fractional Navier-

Stokes equation (TFNSE) with periodic boundary conditions:

∂α
t u− ν∆u+ (u · ∇)u+∇p = 0, x ∈ Ω, t ∈ (0, T ], (1.1)

∇ · u = 0, x ∈ Ω, t ∈ (0, T ], (1.2)

u = u0(x), x ∈ Ω̄, t = 0, (1.3)

where Ω ⊂ R
d (d = 2, 3) is a rectangular domain, T > 0 is a fixed time, ν > 0 is the viscosity

parameter, the vector-valued function u represents the velocity, and the scalar function p is the

pressure. Here ∂α
t denotes the Caputo fractional derivative of order α (0 < α < 1) with respect

to t, i.e.

∂α
t u =

1

Γ(1− α)

∫ t

0

∂u

∂r

1

(t− r)α
dr.
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TFNSE is an effective mathematical model with which to describe the behavior of intermittent

turbulence, where the flow field experiences sporadic, intense turbulent bursts amidst quieter

intervals [11,42]. The Eqs. (1.1)-(1.3) can also be obtained by the notion of fractional velocity [3,

7,9,21], or viewed as a kind of fractional governing equations of incompressible flow [5,8,20,49].

In the past decades, theoretical analysis of the TFNSE has been extensive. Here we refer the

reader to [44] for the uniqueness and existence of global and local mild solutions, to [4] for the

well-posedness of TFNSE in R
N in Lebesgue space as well as the decay rates and regularity of

the mild solutions.

It is remarkable that the solution of TFNSE possesses some fundamental properties. First,

the solution of TFNSE has a certain initial layer, which is described by ‖∂tu‖ ≤ Ctα−1 [24,28,

40]. As t → 0+, ∂tu blows up. Second, taking the inner product of (1.1) with u and acting the

operator Iα
t on both side of the equation, we get

1

2
‖u(t)‖2 + νIα

t ‖∇u(t)‖2 ≤ 1

2
‖u0‖2, (1.4)

where ‖ · ‖ presents the L2-norm and

(

Iα
t v
)

(t) :=

∫ t

0

(t− s)α−1

Γ(α)
v(s)ds.

Eq. (1.4) implies that the equation satisfies the following energy dissipation. Especially, when

α → 1, (1.4) covers the energy dissipation of the usual classical Navier-Stokes equation, namely,

‖u(t)‖2 ≤ ‖u0‖2.

A significant amount of attention has been dedicated to the development of effective meth-

ods for overcoming the difficulties associated with the initial layer. Typical schemes include

the L1 scheme [26,30,40] and nonuniform L2-type schemes [22,32], the convolution quadrature-

type methods with some initial correction terms [18,19,27,45], and some transformed schemes

with the change of variable [36, 38]. Besides, there are also some structure-preserving schemes

for time-fractional problems, see [6,12,15,43,48]. For instance, Tang et al. [41] studied the con-

tinuous and discrete energy dissipation laws for time-fractional phase-field equations. They also

proposed a class of finite difference schemes to confirm the theoretical predictions. For solving

the time fractional Allen-Cahn equations (TFACE), Liao et al. [33] established a nonuniform

time-stepping L2− 1σ scheme. Furthermore, they proved that the numerical scheme is second-

order convergence in the temporal direction and preserves the discrete maximum principle.

In their subsequent work, Liao et al. [34] derived an asymptotically compatible energy of the

TFACE and proved that the L2−1σ scheme can preserve the energy dissipation law. Addition-

ally, the authors in [46] constructed a finite difference scheme with the shifted fractional trape-

zoidal rule for the TFACE, and proved the scheme decays the discrete energy and preserves the

maximum principle. Shen et al. [39] proposed a scheme by using the nonuniform time-stepping

method in time and the finite difference method in space to solve the time-fractional Burg-

ers’ equation. The scheme is shown to preserve the variational energy dissipation law at the

discrete level. Hou and Xu [13] presented an energy-dissipative scheme for the TFACE. More-

over, an energy-decaying variable-step L1 finite difference scheme to solve the time-fractional

Swift-Hohenberg model was established in [47]. Most of the results focus on time-fractional

phase-field models. A few numerical results were found on the time-fractional incompressible

flow.
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Recently, Gao et al. [10] presented an energy-dissipative method for TFNSE. To the best

of our knowledge, it is the first energy-decaying scheme for the time-fractional incompressible

flow. However, the theoretical and numerical results were limited to two-dimensional problems.

Furthermore, the convergence results were obtained under some restrictions on the initial value.

Due to the non-locality of the problem, the numerical scheme becomes time-consuming and

requires significant computational storage, especially in long-time simulations. To overcome

the difficulties, the sum-of-exponentials (SOEs) approximations have been widely adopted to

accelerate the evaluation of convolution integrals, see [16,29,35]. Jiang et al. [17] first proposed

a fast evaluation of the Caputo fractional derivative by applying the SOEs approximation for

the kernel t−α in the time discretization. This method reduces the number of nodes to be stored

fromM to P , where P(≪ M) represents the number of exponentials needed, andM denoted the

number of time-discrete grids. Inspired by Jiang’s work, we further develop the SOEs technique

to enhance the computational efficiency of our scheme, particularly for long-time simulations

and higher-dimensional problems.

In this paper, we aim to overcome the above difficulties and then present a high-performance

scheme to solve TFNSE. The highlights of the paper are as follows:

• The scheme is developed by taking both the initial layer and the energy-dissipative prop-

erty into account. It is shown that the scheme can overcome the difficulties in dealing

with the initial layer and mimic the energy dissipation at the discrete level.

• Optimal error estimates of the scheme in temporal direction are obtained for both two- and

three-dimensional cases. It is shown that the temporal convergence rate of the numerical

scheme is 2.

• A fast algorithm is applied to accelerate the computations. Numerical experiments are

given to confirm the effectiveness and high efficiency of the scheme.

The rest of the paper is organized as follows. In Section 2, we construct a fully-discrete

scheme for TFNSE by using nonuniform L2− 1σ approximation in time and the Fourier spec-

tral method in space. The theoretical results and the implementation of the scheme are also

presented. The theoretical results are rigorously proved in Section 3. In Section 4, several rep-

resentative numerical experiments illustrate the high efficiency and effectiveness of the scheme.

In Section 5, some conclusions and remarks are given.

Throughout the paper, we use C, Cu, Cτ to represent positive constants. Such representa-

tions could take different values. In addition, vector-valued spaces and vectors are denoted by

boldface letters.

2. The Fully-discrete Scheme and Main Theoretical Results

The fully discrete numerical scheme and its corresponding fast version will be established

in this section. Then, the main theoretical results will be presented. To start with, we denote

Hk
p (Ω) = {v ∈ L2(Ω) : Djv ∈ L2(Ω), Djv is periodic, for |j| = 1, 2, . . . , k},

and define the vector-valued spaceHk
p(Ω)=[Hk

p (Ω)]
d, whereDj=(∂x1

)j1 . . . (∂xd
)jd , j1, . . . , jd≥0

denotes differentiation of x with an arbitrary order |j|, where |j| = j1+ · · ·+ jd. The norm and
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the semi-norm of the above space are defined by

‖v‖k =

(

∑

|j|≤k

‖Djv‖2
)

1
2

, |v|k =

(

∑

|j|=k

‖Djv‖2
)

1
2

.

We set H0
p(Ω) = L2(Ω), denote

L2
0(Ω) =

{

u ∈ L2(Ω) :

∫

Ω

udx = 0

}

,

and define the subset of L2
0(Ω),H

1
p(Ω) as

H =
{

u ∈ L2
0(Ω) : ∇ · u = 0

}

, V =
{

u ∈ H1
p(Ω) : ∇ · u = 0

}

.

As in [37], we define

Cm
κ

(

(0, T ]
)

:=
{

v
∣

∣v ∈ Cm
(

(0, T ]
)

⋂

C([0, T ]) and
∣

∣∂l
tv
∣

∣ ≤ Cv(1 + tκ−l)

for l = 1, . . . ,m with 0 ≤ t ≤ T
}

,

where κ ∈ (0, 1) ∪ (1, 2) is a regularity parameter.

2.1. Spatial discretization by the Fourier spectral method

We present a detailed spatial discretization for the two-dimensional TFNSE and take

Ω = [0, Lx) × [0, Ly) for simplicity. Spatial discretization in the three-dimensional case can

be achieved similarly. Let hx = Lx/Nx and hy = Ly/Ny be spatial step-sizes, where Nx, Ny are

positive even integers. Denote the Fourier approximation space by

SN =

{

ei
2πj
Lx

xe
i 2πk
Ly

y

∣

∣

∣

∣

− Nx

2
≤ j ≤ Nx

2
− 1, −Ny

2
≤ k ≤ Ny

2
− 1

}

,

where j, k ∈ Z and i =
√
−1. The corresponding vector-valued space is defined as SN . The

velocity u = (u1, u2)
⊤ and the pressure p can be approximated as

ul(x, y, t) ≈ ul,N(t) =

Nx/2−1
∑

j=−Nx/2

Ny/2−1
∑

k=−Ny/2

ul,j,k(t)e
i 2πj
Lx

xe
i 2πk
Ly

y
, l = 1, 2,

p(x, y, t) ≈ pN(t) =

Nx/2−1
∑

j=−Nx/2

Ny/2−1
∑

k=−Ny/2

pj,k(t)e
i 2πj
Lx

xe
i 2πk
Ly

y
.

Here we let p0,0(t) = 0 so that the mean of pN is 0, and define uN = (u1,N , u2,N)⊤.

Define the L2-orthogonal projection operator ΠN : L2(Ω) → SN by [14]

(ΠNv − v,φ) = 0, ∀φ ∈ SN , v ∈ L2(Ω). (2.1)

Then, the spatially discrete scheme for the TFNSE takes the form

∂α
t uN − ν∆uN +ΠN (uN · ∇uN ) +∇pN = 0, (2.2)

∇ · uN = 0 (2.3)

with initial value ΠN (u0(x, y)).
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2.2. Temporal discretization with L2− 1σ approximation

We denote a time mesh as 0 = t0 < t1 < t2 < · · · < tk < · · · < tM = T and the temporal

step sizes as τk := tk − tk−1, for 1 ≤ k ≤ M . Define the maximum temporal step size as

τ = max1≤k≤M τk and the time-step ratios as rk := τk/τk−1, ρk = 1/rk+1, 2 ≤ k ≤ M . Let θ be

an offset parameter and satisfy θ = α/2. To capture the initial layer, the following restrictions

on the temporal meshes are needed [33].

M1. The maximum time-step ratio ρ = max2≤k≤M ρk = 7/4.

M2. There exists a constant Cδ > 0 such that τk/tk ≤ Cδτk−1/tk−1 for 2 ≤ k ≤ M and

τk ≤ Cδτ min{1, t1−1/δ
k } for 1 ≤ k ≤ M with tk ≤ Cδtk−1.

For the grid function w = {wk | 1 ≤ k ≤ M}, define

∇τw
k = wk −wk−1, δτw

k =
∇τw

k

τk
, wk−θ := (1 − θ)wk + θwk−1, k ≥ 1.

Based on the values at the time points tk−1 and tk, we denote Π1,ku as the linear interpolant

of function u. While, based on the values at the time points tk−1, tk, and tk+1, we denote Π2,ku

as the quadratic interpolant of function u. For 2 ≤ k ≤ M , it holds

(Π1,ku)
′(t) =

∇τu
k

τk
, (2.4)

(Π2,ku)
′(t) =

∇τu
k

τk
+

2(t− tk−1/2)

τk+1(τk + τk+1)

(

∇τu
k+1 − rk+1∇τu

k
)

. (2.5)

In each subinterval [tk−1, tk], we use (2.5). In the final subinterval [tn−1, tn−θ], we use (2.4).

Then, we obtain the L2− 1σ formula of Caputo derivative, that is

(Dα
τ v)

n−θ :=

∫ tn−θ

tn−1

(Π1,kv)
′(s)

(tn−θ − s)−α

Γ(1− α)
ds+

n−1
∑

k=1

∫ tk

tk−1

(Π2,kv)
′(s)

(tn−θ − s)−α

Γ(1− α)
ds

=

n
∑

k=1

A
(n)
n−k∇τv

k, (2.6)

where

tn−θ := θtn−1 + (1− θ)tn,

and A
(n)
n−k can be calculated by A

(1)
0 = a

(1)
0 and

A
(n)
n−k =



















a
(n)
0 + ρn−1b

(n)
1 , k = n,

a
(n)
n−k + ρk−1b

(n)
n−k+1 − b

(n)
n−k, 2 ≤ k ≤ n− 1,

a
(n)
n−1 − b

(n)
n−1, k = 1

with

a
(n)
0 =

1

τn

∫ tn−θ

tn−1

(tn−θ − s)−α

Γ(1− α)
ds,

a
(n)
n−k =

1

τk

∫ tk

tk−1

(tn−θ − s)−α

Γ(1− α)
ds,

b
(n)
n−k =

2

τk(τk + τk+1)

∫ tk

tk−1

(

s− tk− 1
2

)

· (tn−θ − s)−α

Γ(1− α)
ds.



6 R.M. GAO, D.F. LI AND H.Y. QIN

The local consistency error can be written as

Rn−θ :=
(

∂α
t v
)

(tn−θ)−
(

Dα
τ v
)n−θ

. (2.7)

Let un
N be the approximation of uN at time point t = tn. Applying (2.6) to approximate the

time-fractional derivative ∂α
t in (2.2), we present the fully-discrete numerical scheme for solving

the TFNSE at the time point t = tn−θ, 1 ≤ n ≤ M,

n
∑

k=1

A
(n)
n−k∇τu

k
N − ν∆un−θ

N +ΠN

(

un−θ
N · ∇un−θ

N

)

+∇pn−θ
N = 0, (2.8)

∇ · un
N = 0. (2.9)

The initial condition is

u0
N = ΠNu0(x, y). (2.10)

Moreover, if taking the divergence on both sides of (2.8) and using the divergence-free

condition (2.9), we can have

−∆pn−θ
N = ∇ ·ΠN

(

un−θ
N · ∇un−θ

N

)

,

which implies

pn−θ
N = −(∆)−1∇ ·ΠN

(

un−θ
N · ∇un−θ

N

)

. (2.11)

Substituting (2.11) into (2.8), we can calculate un−θ
N independently, i.e.

n
∑

k=1

A
(n)
n−k∇τu

k
N − ν∆un−θ

N +ΠN

(

un−θ
N · ∇un−θ

N

)

−∇
(

(∆)−1∇ · ΠN

(

un−θ
N · ∇un−θ

N

))

= 0.

With un−θ
N known, pn−θ

N can be calculated by (2.11).

2.3. Main results

As in [31], we introduce a family of complementary discrete convolution kernels {P (n)
n−k}nk=1,

which satisfies
n
∑

j=m

P
(n)
n−jA

(j)
j−m ≡ 1, 1 ≤ m ≤ n ≤ N.

Such kernels can be given by

P
(n)
0 :=

1

A
(n)
0

, P
(n)
j :=

1

A
(n−j)
0

j−1
∑

k=0

(

A
(n−k)
j−k−1 −A

(n−k)
j−k

)

P
(n)
k , 1 ≤ j ≤ n− 1.

Next, we define the discrete energy as

Eh
(

un
N

)

=
1

2

∥

∥un
N

∥

∥

2
+ ν

n
∑

m=1

P
(n)
n−m

∥

∥∇um−θ
N

∥

∥

2
,

Eh
(

u0
N

)

=
1

2

∥

∥u0
N

∥

∥

2
,

and the energy-dissipative property of the fully discrete scheme is presented below.
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Theorem 2.1 (Energy Dissipation). Let u0 ∈ V
⋂

H3
p(Ω). Under the assumption M1,

scheme (2.8)-(2.10) is unconditionally energy-dissipative, i.e.

Eh
(

un
N

)

≤ Eh
(

u0
N

)

, 1 ≤ n ≤ M.

Below we present the boundedness and the error estimates of the numerical solution, and

the proof will be left in the next section.

Theorem 2.2 (Boundedness). Let u0 ∈ V
⋂

H3
p(Ω). Under the assumption M1, the numer-

ical solutions of scheme (2.8)-(2.10) satisfy
∥

∥un
N

∥

∥ ≤
∥

∥u0
N

∥

∥, 1 ≤ n ≤ M, d = 3,
∥

∥∇un
N

∥

∥ ≤
∥

∥∇u0
N

∥

∥, 1 ≤ n ≤ M, d = 2.

Theorem 2.3 (Convergence Rates). Suppose that u ∈ C([0, T ],V
⋂

Hs
p(Ω))

⋂

C3
κ([0, T ],

H1(Ω)), ‖∂α
t u‖s ≤ Cu, ‖u‖k+2+2α ≤ Cu with integer s ≥ 3, k ≥ 0, and the assumptions M1-M2

hold. Then, it holds that
∥

∥u(tn)− un
N

∥

∥ ≤ 2Eα

(

Cνt
α
n

)

·
(

CuCδτ
min{2,κδ} +N−m

)

,

whenever τ ≤ 1/ α
√

11Γ(2− α)Cν , where

Eα(z) =

∞
∑

k=0

zk

Γ(αk + 1)
.

2.4. An accelerated algorithm

In this subsection, we present a fast version of the fully-discrete scheme (2.8)-(2.10) to

accelerate the computation.

We split (2.6) into two parts

I =

∫ tn−θ

tn−1

(Π1,kv)
′(s)

(tn−θ − s)−α

Γ(1− α)
ds,

II =

n−1
∑

k=1

∫ tk

tk−1

(Π2,kv)
′(s)

(tn−θ − s)−α

Γ(1− α)
ds.

The first part is approximated by

I ≈ ∇τu
n

τn

∫ tn−θ

tn−1

(tn−θ − s)−α

Γ(1− α)
ds := a

(n)
0 ∇τu

n, (2.12)

and the second part can be accelerated from an efficient sum-of-exponentials approximation for

the kernel t−α. Suppose µ = min1≤k≤M τk and ǫ as the absolute error, we have the following

lemma.

Lemma 2.1 ([17, Theorem 2.1]). For the given parameters α, ǫ, µ and T , one can find a fa-

mily of points si and weights ωi : (i = 1, 2, . . . ,P) such that
∣

∣

∣

∣

∣

t−α −
P
∑

i=1

ωie
−sit

∣

∣

∣

∣

∣

≤ ǫ, ∀ t ∈ [µ, T ],

where the total number P of exponentials needed is of order

P = O
((

log
T

µ
+ log(log ǫ−1)

)

log ǫ−1 +
(

logµ−1 + log(log ǫ−1)
)

logµ−1

)

.
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As in [17], the SOEs method is applied to approximate t−α. The second part is calculated by

II ≈ 1

Γ(1− α)

P
∑

i=1

n−1
∑

k=1

∫ tk

tk−1

(Π2,kv)
′(s)wie

−si(tn−θ−s)ds

=
1

Γ(1− α)

P
∑

i=1

(∫ tn−1

tn−2

(Π2,n−1v)
′(s)wie

−si(tn−θ−s)ds

+

n−2
∑

k=1

∫ tk

tk−1

(Π2,kv)
′(s)wie

−si(tn−θ−tn−1−θ+tn−1−θ−s)ds

)

=
1

Γ(1− α)

P
∑

i=1

∫ tn−1

tn−2

(Π2,n−1v)
′(s)wie

−si(tn−θ−s)ds+ e−siτn−θHi(tn−2), (2.13)

where Hi(t0) = 0, and

Hi(tn−1) =

n−1
∑

k=1

∫ tk

tk−1

(Π2,kv)
′(s)wie

−si(tn−θ−s)ds.

Combining (2.12) and (2.13), we get the fast nonuniform L2− 1σ approximation

(

FDα
τ u
)n−θ

=

n
∑

k=1

B
(n)
n−k∇τu

k (2.14)

with

B
(n)
n−k =















































a
(n)
0 +

P
∑

i=1

ρn−1b̂
(n)
1 , k = n,

P
∑

i=1

e−si(tn−θ−tk+1−θ)
(

â
(k+1)
n−k + e−siτk+1−θρk−1b̂

(k)
n−k+1 − b̂

(k+1)
n−k

)

, 2 ≤ k ≤ n− 1,

P
∑

i=1

e−si(tn−θ−t2−θ)
(

â
(2)
n−1 − b̂

(2)
n−1

)

, k = 1,

where

â
(k+1)
n−k =

ωi

τkΓ(1− α)

∫ tk

tk−1

e−si(tk+1−θ−s)ds,

b̂
(k+1)
n−k =

2ωi

τk(τk + τk+1)Γ(1 − α)

∫ tk

tk−1

(s− tk− 1
2
)e−si(tk+1−θ−s)ds.

Using (2.14) to approximate the time-fractional derivative ∂α
t in (2.2), we obtain the fast version

of (2.8)-(2.10). Moreover, (2.14) only requires O(log2 M) storage and O(M log2 M) computa-

tional cost.

3. Proof of the Theoretical Results

In this section, we will prove the main theoretical results rigorously.
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3.1. Preliminary

We first define a trilinear form

b(v,u,w) =

∫

Ω

(v · ∇)u ·wdx,

which satisfies, as pointed out in [14],

b(v,u,w) = −b(v,w,u), ∀u ∈ H, v,w ∈ H1
p(Ω), (3.1)

and when d = 2,

b(v,w,∆w) = 0, ∀v ∈ H, w ∈ H1
p(Ω). (3.2)

Besides, the following embedding inequality holds [1, 2]:

‖v‖Ll ≤ C‖v‖H1 , 1 ≤ l ≤ 6. (3.3)

Some important lemmas are stated below, which play an important role in the subsequence

analysis.

Lemma 3.1 ([23]). For any 0 ≤ k ≤ s, there exists a constant C such that

‖ΠNv − v‖k ≤ C‖v‖sNk−s, ∀v ∈ Hs
p(Ω).

Lemma 3.2 ([33]). Under the assumption M1, the discrete kernels A
(n)
n−k, 1 ≤ k ≤ n− 1 have

the following properties:

(I) The first kernel A
(n)
0 can be bounded by

A
(n)
0 ≤ 24

11π

∫ tn

tn−1

(tn − s)−α

Γ(1 − α)
ds,

and there is a constant πA > 0, so that A
(n)
n−k are bounded by

A
(n)
n−k ≥ 1

πAτk

∫ tk

tk−1

(tn − s)−α

Γ(1− α)
ds, 1 ≤ k ≤ n,

where πA = 11/4.

(II) The first kernel A
(n)
0 is appropriately larger than the second one,

1− 2θ

1− θ
A

(n)
0 −A

(n)
1 > 0, n ≥ 2.

(III) The discrete kernels A
(n)
n−k are monotone and satisfy

A
(n)
n−k−1 −A

(n)
n−k ≥ (1 + ρk)b

(n)
n−k +

1

5τk

∫ tk

tk−1

(tk − s)
(tn−θ − s)−1−α

Γ(α)
ds.

Lemma 3.3 ([31, Lemma 4.1]). Let the assumption M1 hold and fix the parameter θ ∈ [0, 1).

Then the sequence {uk}nk=0 in L2(Ω) satisfies

n
∑

k=1

A
(n)
n−k∇τ (‖uk‖2) ≤ 2

((

Dα
τ u
)n−θ

, un−θ
)

− ξn(θ
(n) − θ)

∥

∥

(

Dα
τ u
)n−θ∥

∥

2
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for 1 ≤ n ≤ M , where 0 < ξn < 1/A
(n)
0 and 0 < θ(n) < 1/2 are given by

ξn =
2An

0 −A
(n)
1

A
(n)
0

(

A
(n)
0 −A

(n)
1

)

, θ(n) :=
A

(n)
0 −A

(n)
1

2A
(n)
0 −A

(n)
1

<
1

2
.

Lemma 3.4 ([33, Lemma 3.6]). Assume that u ∈ C3((0, T ]), and there exists a positive

constant Cu such that
∥

∥

∥

∥

∂3u

∂t3
(t)

∥

∥

∥

∥

≤ Cu(1 + tκ−3), 0 < t ≤ T

with the regularity parameter κ ∈ (0, 1)∪(1, 2). Under the assumption M1, the global consistency

error (2.7) satisfies, for 1 ≤ n ≤ M ,

n
∑

k=1

P
(n)
n−k|Rn−θ| ≤ Cu

(

τκ1
κ

+ tκ−3
1 τ32 +

1

1− α
max

2≤k≤n

tαk t
κ−3
k−1τ

3

ταk−1

)

.

Lemma 3.5 ([37, Theorem 2.3]). Let (ξn)Mn=1, (η
n)Mn=1, and (λl)

M−1
l=0 be given non-negative

sequences. We assume further that there exists a constant Λ (independent of the step sizes)

such that

Λ ≥
M−1
∑

l=0

λl,

and that the maximum step size satisfies

τ ≤ α

√

1

2πAΛΓ(2− α)
.

For any non-negative sequence (uk)Nk=0 satisfying

n
∑

k=1

A
(n)
n−k∇τ (u

k)2 ≤
n
∑

k=1

λn−k(u
k)2 + unξn + (ηn)2, 1 ≤ n ≤ M,

it holds that, for 1 ≤ n ≤ M ,

un ≤ 2Eα

(

2max{1, ρ}πAΛt
α
n

)



u0 + max
1≤k≤n

k
∑

j=1

P
(k)
k−jξ

j +
√

πAΓ(1− α) max
1≤k≤n

{

t
α
2

k ηk
}



 .

3.2. Proof of Theorem 2.1

Taking the inner product of (2.8) with un−θ
N , we can get

(

n
∑

k=1

A
(n)
n−k∇τu

k
N ,un−θ

N

)

+ ν
∥

∥∇un−θ
N

∥

∥

2
+
(

ΠN

(

un−θ
N · ∇un−θ

N

)

,un−θ
N

)

+
(

∇pn−θ
N ,un−θ

N

)

= 0.

By using (2.1) and (3.1), we have

(

ΠN

(

un−θ
N · ∇un−θ

N

)

,un−θ
N

)

=
(

un−θ
N · ∇un−θ

N ,un−θ
N

)

= 0.

Since
(

∇pn−θ
N ,un−θ

N

)

= −
(

pn−θ
N ,∇ · un−θ

N

)

,
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and (2.9), we can get
((

Dα
τ uN

)n−θ
,un−θ

N

)

+ ν
∥

∥∇un−θ
N

∥

∥

2
= 0.

From Lemma 3.3, we have

1

2

(

Dα
τ ‖uN‖2

)n−θ
+ ν
∥

∥∇un−θ
N

∥

∥

2 ≤ 0. (3.4)

From the definition of kernels P
(n)
n−j , we have P

(n)
0 > 0. Then, from the iterative procedure

and (III) in Lemma 3.2, we can get P
(n)
j ≥ 0, 1 ≤ j ≤ n − 1. Multiplying both sides of (3.4)

by P
(m)
m−n and summing n from 1 to m, we arrive at

m
∑

n=1

P
(m)
m−n

n
∑

k=1

A
(n)
n−k∇τ

(∥

∥uk
N

∥

∥

)2
+ 2ν

m
∑

n=1

P
(m)
m−n

∥

∥∇un−θ
N

∥

∥

2 ≤ 0.

From
n
∑

j=m

P
(n)
n−jA

(j)
j−m ≡ 1,

we can get

∥

∥um
N

∥

∥

2 −
∥

∥u0
N

∥

∥

2
=

m
∑

k=1

∇τ

∥

∥uk
N

∥

∥

2
=

m
∑

k=1

m
∑

n=k

P
(m)
m−nA

(n)
n−k∇τ

∥

∥un
N

∥

∥

2
,

which implies that

1

2

∥

∥um
N

∥

∥

2
+ ν

m
∑

n=1

P
(m)
m−n

∥

∥∇un−θ
N

∥

∥

2 ≤ 1

2

∥

∥u0
N

∥

∥

2
.

We finish the proof. �

3.3. Proof of Theorem 2.2

We will give the theoretical analysis of the boundedness of ‖un
N‖H1 rigorously. And the

bound in L2-norm can be derived similarly. Taking the inner product of (2.8) with −∆um−θ
N ,

we have
(

m
∑

k=1

A
(m)
m−k∇τ

(

∇uk
N

)

,∇um−θ
N

)

+ ν
∥

∥∆um−θ
N

∥

∥

2

− b
(

um−θ
N ,um−θ

N ,∆um−θ
N

)

−
(

pm−θ
N ,∇ ·

(

∆um−θ
N

))

= 0.

By using (3.2), we have

(

m
∑

k=1

A
(m)
m−k∇τ

(

∇uk
N

)

,∇um−θ
N

)

+ ν
∥

∥∆um−θ
N

∥

∥

2
= 0.

By using Lemma 3.3, we can obtain

m
∑

k=1

A
(m)
m−k∇τ

∥

∥∇uk
N

∥

∥

2 ≤ 0.
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Replace the index m with j, then multiply by P
(n)
n−j and sum j from 1 to n, we can obtain

n
∑

j=1

P
(n)
n−j

j
∑

k=1

A
(j)
j−k∇τ

∥

∥∇uk
N

∥

∥

2 ≤ 0.

Since the left-hand side of the above inequality can be rewritten as

n
∑

j=1

P
(n)
n−j

j
∑

k=1

A
(j)
j−k∇τ

∥

∥∇uk
N

∥

∥

2

=
n
∑

k=1

(

n
∑

j=k

P
(n)
n−jA

(j)
j−k

)

∇τ

∥

∥∇uk
N

∥

∥

2

=

n
∑

k=1

∇τ

∥

∥∇uk
N

∥

∥

2
=
∥

∥∇un
N

∥

∥

2 −
∥

∥∇u0
N

∥

∥

2
,

we arrive
∣

∣un
N

∣

∣

1
≤
∣

∣u0
N

∣

∣

1
.

We can derive the bound of ‖un
N‖L2 from the energy stability. �

3.4. Proof of Theorem 2.3

In the following, we let un = u(tn), p
n = p(tn) and define

en = un − un
N , enΠ = un −ΠNun, enN = ΠNun − un

N , en = enΠ + enN , enp = pn − pnN .

Obviously, for any v ∈ SN , it holds that
(

n
∑

k=1

A
(n)
n−k∇τu

k,v

)

+ ν(∇un−θ ,∇v) + (un−θ · ∇un−θ,v) + (∇pn−θ,v) = (Rn−θ,v), (3.5)

(

n
∑

k=1

A
(n)
n−k∇τu

k
N ,v

)

+ ν
(

∇un−θ
N ,∇v

)

+
(

ΠN

(

un−θ
N · ∇un−θ

N

)

,v
)

+
(

∇pn−θ
N ,v

)

= 0. (3.6)

Subtracting (3.6) from (3.5), we get

(

n
∑

k=1

A
(n)
n−k∇τe

k,v

)

+ ν(∇en−θ,∇v) +
(

un−θ · ∇un−θ − un−θ
N · ∇un−θ

N ,v
)

+
(

∇en−θ
p ,v

)

= (Rn−θ,v), ∀v ∈ SN . (3.7)

Let v = en−θ
N in (3.7), and we have

(

n
∑

k=1

A
(n)
n−k∇τe

k
N , en−θ

N

)

+ ν
∥

∥∇en−θ
N

∥

∥

2

=
(

Rn−θ, en−θ
N

)

−
(

un−θ · ∇un−θ − un−θ
N · ∇un−θ

N , en−θ
N

)

, (3.8)

where we have used (2.1) and (en−θ
p ,∇·en−θ

N ) = 0. We estimate the first term on the right-hand

side of (3.8) by using the Cauchy-Schwarz inequality, that is,

(

Rn−θ, en−θ
N

)

≤ ‖Rn−θ‖ ·
∥

∥en−θ
N

∥

∥. (3.9)
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Then, we calculate the second term on the right-hand side of (3.8) as

−
(

un−θ · ∇un−θ − un−θ
N · ∇un−θ

N , en−θ
N

)

= −
(

un−θ
N · ∇en−θ, en−θ

N

)

−
(

en−θ · ∇un−θ, en−θ
N

)

= −
(

un−θ
N · ∇en−θ

N , en−θ
N

)

−
(

un−θ
N · ∇en−θ

Π , en−θ
N

)

−
(

en−θ
N · ∇un−θ, en−θ

N

)

−
(

en−θ
Π · ∇un−θ, en−θ

N

)

≤
∥

∥un−θ
N

∥

∥

L2

∥

∥∇en−θ
Π

∥

∥

L3

∥

∥en−θ
N

∥

∥

L6 +
∥

∥en−θ
N

∥

∥

L2‖∇un−θ‖L3

∥

∥en−θ
N

∥

∥

L6

+
∥

∥en−θ
Π

∥

∥

L2‖∇un−θ‖L3

∥

∥en−θ
N

∥

∥

L6

≤ C(ǫ)
∥

∥en−θ
Π

∥

∥

2

2
+ ǫ
∥

∥en−θ
N

∥

∥

2

1
+ C(ǫ)

∥

∥en−θ
N

∥

∥

2

+ ǫ
∥

∥en−θ
N

∥

∥

2

1
+ C(ǫ)

∥

∥en−θ
Π

∥

∥

2

1
+ ǫ
∥

∥en−θ
N

∥

∥

2

1
,

where we have used the Cauchy-Schwarz inequality, (3.3) and the Hölder inequality. Then, by

using Lemma 3.3, we can estimate the first term on the left-hand side of (3.8) as
(

n
∑

k=1

A
(n)
n−k∇τe

k
N , en−θ

N

)

≥ 1

2

n
∑

k=1

A
(n)
n−k∇τ

∥

∥ekN
∥

∥

2
. (3.10)

Combining (3.9)-(3.10), we have

1

2

n
∑

k=1

A
(n)
n−k∇τ

∥

∥ekN
∥

∥

2
+ ν
∥

∥∇en−θ
N

∥

∥

2

≤ ‖Rn−θ‖ ·
∥

∥en−θ
N

∥

∥+ C(ǫ)
(

∥

∥en−θ
Π

∥

∥

2

1
+
∥

∥en−θ
Π

∥

∥

2

2

)

+ C(ǫ)
∥

∥en−θ
N

∥

∥

2
+ 3ǫ

∥

∥en−θ
N

∥

∥

2

1
.

When ǫ < ν/3, we get

n
∑

k=1

A
(n)
n−k∇τ

∥

∥ekN
∥

∥

2 ≤ 2‖Rn−θ‖
∥

∥en−θ
N

∥

∥+ C(ǫ)
∥

∥en−θ
N

∥

∥

2
+ C(ǫ)

(

∥

∥en−θ
Π

∥

∥

2

1
+
∥

∥en−θ
Π

∥

∥

2

2

)

.

Letting

vn =
∥

∥enN
∥

∥,

M−1
∑

l=0

λl = C(ǫ), Λ = C(ǫ), ξn = 2‖Rn−θ‖, ηn =
∥

∥en−θ
Π

∥

∥

1
+
∥

∥en−θ
Π

∥

∥

2

in Lemma 3.5, we arrive at

∥

∥enN
∥

∥ ≤ 2Eα

(

2max{1, ρ}πAΛt
α
n

)

·
[

Cu

(

τκ1
κ

+ tκ−3
1 τ32 +

1

1− α
max

2≤k≤n

tαk t
κ−3
k−1τ

3
k

ταk−1

)

+
√

πAΓ(1− α) max
1≤k≤n

t
α
2

k ηk

]

for τ < α
√

11Γ(2− α)C(ǫ). From Lemma 3.2, we can get πA = 11/4. If the mesh assumption M2

holds, then τ1 ≤ Cδτ
δ , and

tαk t
κ−3
k−1τ

3
k

ταk−1

≤ Cδt
α+κ−3
k τ3−α

k ≤ Cδt
α+κ−3
k τ3−α−β

k τβk

≤ Cδt
κ−3+α
k τ3−α−β

k τβ
(

min
{

1, t
1− 1

δ

k

})β

≤ Cδt
κ− β

δ

k τβ
(

τk
tk

)3−α−β

≤ Cδτ
βt

max{0,κ− 3−α
δ

}

k ,
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where β := min{2, κδ}, 2 ≤ k ≤ n. Moreover, we have

tκ−2
k−1τ

2
k ≤ Cδt

κ−2
k τ2−β

k τβ
(

min
{

1, t
1− 1

δ

k

})β ≤ Cδt
κ− β

δ

k τβ
(

τk
tk

)2−β

≤ Cδτ
βt

max{0,κ− 2
δ
}

k ,

tκ−3
1 τ32 ≤ Cδt

κ−3
2 τ3−β

2 τβ
(

min
{

1, t
1− 1

δ

2

})β ≤ Cδτ
βt

κ− β
δ

2

(

τ2
t2

)3−β

≤ Cδτ
βt

max{0,κ− 3
δ
}

2 .

By noting that tk ≤ T , the error can be estimated as

∥

∥enN
∥

∥ ≤ 2Eα

(

C(ǫ)tαn
)

·
(

CuCδτ
min{2,κδ} +N2−m

)

.

Finally, we can get

‖en‖ ≤
∥

∥enΠ
∥

∥+
∥

∥enN
∥

∥ ≤ 2Eα

(

C(ǫ)tαn
)

·
(

CuCδτ
min{2,κδ} +N−m

)

.

This completes the proof. �

4. Numerical Experiments

This section presents several numerical examples to confirm the effectiveness of the proposed

schemes. We define

‖EN‖ =
∥

∥eMN
∥

∥, ‖Ep‖ =
∥

∥eMp
∥

∥,

where the errors are calculated at time point tM = T . In the following, we only test the

convergence orders by choosing δ = 2/α. Similar numerical experiments for different choices of δ

can be found in [33, 34].

Example 4.1. We consider the following two-dimensional TFNSE:

{

∂α
t u− ν∆u+ u · ∇u+∇p = f(x, y, t),

∇ · u = 0
(4.1)

with the following exact solutions:

u1(x, y, t) = (tα + t2 + 1) sin2(x) sin(2y),

u2(x, y, t) = −(tα + t2 + 1) sin(2x) sin2(y),

p(x, y, t) = (tα + t2 + 1)2 cos(x) sin(y)

in domain Ω = (0, 2π)× (0, 2π). The source term f(x, y, t) is computed according to the exact

solutions.

Convergence tests. We test the errors and convergence rates of the proposed scheme (2.8)-

(2.10). We set T = 1, and the time grid nodes are calculated by tk = T (k/M)δ, 0 ≤ k ≤ M . The

spatial grid number is fixed as N = 8. Other parameters are fixed as ν = 1, α = 0.4, 0.6, 0.8 and

κ = α. The numerical results with different α for the velocity and the pressure are presented in

Tables 4.1 and 4.2, respectively. The convergence orders of the velocity can reach 2, which are

consistent with our theoretical results. Moreover, the convergence orders of the pressure can

also lead to 2, which shows the effectiveness of our numerical schemes.

Energy evolution. We set f(x, y, t) = 0 and T = 50. The time interval is split into

two parts. The first part is [0, T0] and time mesh is calculated as tk = T0(k/N0)
δ, δ = 2/α,
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Table 4.1: Numerical results for ‖EN‖ with δ = 2/α, ν = 1, and N = 8 for Example 4.1.

M
α = 0.4 α = 0.6 α = 0.8

Error Order Error Order Error Order

8 7.94e-02 * 5.73e-02 * 4.29e-02 *

16 2.45e-02 1.70 1.56e-02 1.88 1.11e-02 1.95

32 6.70e-03 1.87 4.04e-03 1.95 2.80e-03 1.98

64 1.76e-03 1.93 1.03e-03 1.98 7.02e-04 1.99

Table 4.2: Numerical results for ‖Ep‖ with δ = 2/α, ν = 1, and N = 8 for Example 4.1.

M
α = 0.4 α = 0.6 α = 0.8

Error Order Error Order Error Order

8 3.08e-01 * 2.23e-01 * 1.67e-01 *

16 9.53e-02 1.69 6.09e-02 1.87 4.31e-02 1.95

32 2.61e-02 1.87 1.58e-02 1.95 1.09e-02 1.98

64 6.47e-03 2.01 4.01e-03 1.98 2.74e-03 1.99

0 ≤ k ≤ N0 and T0 = 0.01, N0 = 20. The second part is [T0, T ] and time mesh is calculated by

the following adaptive time-stepping strategy [33]:

τada = max

{

τmin,
τmax

1 + η‖∇τE(u)‖2
}

(4.2)

with τmin = 10−2, τmax = 10−1 and η = 10. The viscosity is chosen as ν = 0.1 and α = 0.4,

0.6, 0.8. The energy evolution of the above problem is presented in Fig. 4.1(a). Corresponding

evolution of the step-sizes with different α are shown in Fig. 4.1(b). We can find that the

numerical scheme fulfills the discrete energy dissipation for both large and small α. Furthermore,

we also test the velocity divergence

D
(

un
N

)

=
∣

∣∂xu
n
1,N + ∂yu

n
2,N

∣

∣, 1 ≤ n ≤ M (4.3)

(a) Evolution of discrete energy (b) Evolution of time step-sizes

Fig. 4.1. Evolution of discrete energy (a) and time step-sizes (b) with α = 0.4, 0.6, 0.8 for Example 4.1.
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with different α in Fig. 4.2, where un
N = (un

1,N , un
2,N )⊤. Such performances illustrate the

stability and effectiveness of our scheme in the long-time simulation.

Then, we choose the Fourier modes as 128× 128 to show the vorticity contours in Fig. 4.3.

We choose time step-sizes by using (4.2), where we set τmin = 10−2, τmax = 10−1 and η = 10.

The viscosity is set as ν = 0.0001. In Fig. 4.3, we can observe the generation of four vortices

that gradually rotate in an anti-clockwise direction.

Fig. 4.2. Evolution of velocity divergence with different α: 0.4(left), 0.6(middle), 0.8(right) for Exam-

ple 4.1.

Fig. 4.3. Vorticity contours at t = 0, 1.78, 3.78, 5.78 with α = 0.8, ν = 0.0001 for Example 4.1.
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Comparison of computation time. We compare the computational time of the nonuni-

form L2 − 1σ scheme (L2 − 1σ) (2.8) and the fast nonuniform L2 − 1σ scheme (FL2 − 1σ)

(2.14) in Table 4.3. The spatial grid number is fixed as N = 8, and the time grid nodes are

calculated by tk = T (k/M)δ, δ = 2, 0 ≤ k ≤ M with T = 1. The viscosity is chosen to be 1. To

calculate the weights wi and points si, we define the time step as max{10−14,min0≤k≤M τk}
and the error as ǫ = 10−8. From the calculation, the smaller the temporal step sizes, the more

effective the fast numerical scheme.

Table 4.3: Computational time with δ = 2, ν = 1, and N = 8 for Example 4.1.

M
α = 0.4 α = 0.6 α = 0.8

FL2− 1σ L2− 1σ FL2− 1σ L2− 1σ FL2− 1σ L2− 1σ

8000 6.82s 99.45s 8.59s 107.5020s 7.16s 90.557s

16000 16.27s 465.55s 18.94s 425.43s 14.54s 361.17s

32000 35.99s 1702.28s 44.68s 1843.45s 30.72s 1438.33s

64000 69.70s 6790.50s 62.18s 7370.41s 61.44s 5742.22s

Example 4.2. We consider the following three-dimensional TFNSE:

{

∂α
t u− ν∆u+ u · ∇u+∇p = f(x, y, z, t),

∇ · u = 0
(4.4)

with the following exact solutions:

u1(x, y, z, t) = (t2 + tα + 1) sin(x) cos(y) cos(z),

u2(x, y, z, t) = (t2 + tα + 1) cos(x) sin(y) cos(z),

u3(x, y, z, t) = − 2(t2 + tα + 1) cos(x) cos(y) sin(z),

p(x, y, z, t) = (1 + tα + t2) sin(x) sin(y) sin(z)

in domain Ω = (0, 2π)3. The source term f(x, y, z, t) is computed according to the exact

solutions.

Convergence tests. We set T = 1 and ν = 1 to compute the numerical solutions. We

define the temporal step size as tk = T (k/M)δ, 0 ≤ k ≤ M . We fix the spatial grid number

as N = 8, the order of Caputo fractional derivative as α = 0.4, 0.6, 0.8 and κ = α. Then, we

present the errors and convergence rates with different α in Tables 4.4 and 4.5 for the velocity

and the pressure, respectively. The convergence orders of the velocity and the pressure can

reach 2, which is consistent with our theoretical convergence results.

Energy evolution. We set f ≡ 0 and T = 50 to compute the numerical solutions. The time

interval is split into two parts. The first part is [0, T0] and the time mesh is calculated as tk =

T0(k/N0)
δ, δ = 2/α, 0 ≤ k ≤ N0, with T0 = 0.01, N0 = 20. The second part is [T0, T ] and time

mesh is calculated by (4.2) with corresponding parameters chosen as τmin = 10−2, τmax = 10−1

and η = 10. The viscosity is set as 0.1 and α = 0.4, 0.6, 0.8. The discrete energy evolution is

presented in Fig. 4.4(a). The evolution of the step-sizes with different α is shown in Fig. 4.4(b).

Then, we also compute the velocity divergence

D(un
N ) =

∣

∣∂xu
n
1,N + ∂yu

n
2,N + ∂zu

n
3,N

∣

∣, 1 ≤ n ≤ M (4.5)
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Table 4.4: Numerical results for ‖EN‖ with δ = 2/α, ν = 1, and N = 8 for Example 4.2.

M
α = 0.4 α = 0.6 α = 0.8

Error Order Error Order Error Order

8 2.94e-01 * 2.10e-01 * 1.56e-01 *

16 9.06e-02 1.70 5.72e-02 1.87 4.03e-02 1.95

32 2.48e-02 1.87 1.48e-02 1.95 1.02e-02 1.98

64 6.65e-03 1.90 3.76e-03 1.98 2.56e-03 1.99

Table 4.5: Numerical results for ‖Ep‖ with δ = 2/α, ν = 1, and N = 8 for Example 4.2.

M
α = 0.4 α = 0.6 α = 0.8

Error Order Error Order Error Order

8 9.97e-01 * 7.12e-01 * 5.30e-01 *

16 3.08e-01 1.69 1.95e-01 1.87 1.37e-01 1.95

32 8.46e-02 1.87 5.05e-02 1.95 3.47e-02 1.98

64 2.13e-02 2.00 1.28e-02 1.98 8.73e-03 1.99

(a) Evolution of discrete energy (b) Evolution of time step-sizes

Fig. 4.4. Evolution of discrete energy (a) and time step-sizes (b) with α = 0.4, 0.6, 0.8 for Example 4.2.

with different α in Fig. 4.5, where un
N = (un

1,N , un
2,N , un

3,N)T . Such performances show that the

numerical scheme can preserve the discrete energy dissipation during the long-time simulations

in the three-dimensional cases.

Comparison of computation time. We compare the computational time of the nonuni-

form L2 − 1σ scheme (L2 − 1σ) (2.8) and the fast nonuniform L2 − 1σ scheme (FL2 − 1σ)

(2.14) in Table 4.6. The spatial grid number is fixed as N = 8, and the time grid nodes are

calculated by tk = T (k/M)δ, δ = 2, 0 ≤ k ≤ M in time interval [0, 1]. The viscosity is set as 1.

To calculate the weights wi and points si, we define the time step as max{10−14,min0≤k≤M τk}
and the error as ǫ = 10−8. From the table, one can see the effectiveness and high efficiency of

the fast scheme.



An Energy-dissipative Scheme for TFNSEs 19

Fig. 4.5. Evolution of velocity divergence with different α: 0.4 (left), 0.6 (middle), 0.8 (right) for

Example 4.2.

Table 4.6: Computational time with δ = 1, ν = 1, and N = 8 for Example 4.2.

M
α = 0.4 α = 0.6 α = 0.8

FL2− 1σ L2− 1σ FL2− 1σ L2− 1σ FL2− 1σ L2− 1σ

8000 31.62s 392.51s 46.40s 347.94s 35.45s 323.98

16000 59.33s 1341.04s 64.01s 1384.48s 70.76s 1405.00s

32000 131.93s 5929.79s 123.78s 5827.33s 136.22s 5658.81s

64000 245.64s 21584.35s 253.86s 22881.27s 232.30s 21808.43s

Example 4.3. We consider the TFNSE with the following initial conditions:

u1(x, y, 0) =

{

tanh
(

ρ(y − 0.25)
)

, y ≤ 0.5,

tanh
(

ρ(0.75− y)
)

, y > 0.5,

u2(x, y, 0) = ε sin(2πx),

where ε is the size of the perturbation and ρ is the shear layer width parameter. In the following

experiment, ε is fixed as 0.05. Such initial value problem is used to describe the double shear

layer problem in the doubly-periodic unit square [14].

Energy evolution. We set ν = 0.1, ρ = 100, T = 50 and α = 0.4, 0.6, 0.8 to compute the

numerical solutions. The space discretization is achieved by choosing the Fourier modes as 8×8.

The time discretization is achieved by using (4.2). The time interval is split into two parts. The

first part is [0, T0] and the time mesh is calculated as tk = T0(k/N0)
δ, δ = 2/α, 0 ≤ k ≤ N0,

with T0 = 0.01, N0 = 20. The second part is [T0, T ] and time mesh is calculated by (4.2) with

corresponding parameters chosen as τmax = 10−1, τmin = 10−3 and η = 10. The discrete energy

evolution is presented in Fig. 4.6(a). The evolution of the step-sizes with different α is shown

in Fig. 4.6(b). We can see, for varying values of α, the energy shows a rapid initial decline.

Specifically, a smaller α results in a quicker stabilization of the discrete energy to its steady

state. Then, the evolutions of the velocity divergence (4.3) with different α are presented in

Fig. 4.7, from which we can see the divergence fluctuations are kept at the machine precision

level in the long time simulation.

Furthermore, Fig. 4.8 illustrates the so-called vorticity contours for a thick layer problem

with ν = 0.0001, ρ = 30, while Fig. 4.9 shows the contours for a thin layer problem with
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Fig. 4.6. Evolution of discrete energy (a) and temporal stepsizes (b) with α = 0.4, 0.6, 0.8 for Exam-

ple 4.3.

Fig. 4.7. Evolution of velocity divergence with different α: 0.4 (left), 0.6 (middle), 0.8 (right) for

Example 4.3.

Fig. 4.8. Vorcity contour at t = 0, 0.27, 0.37, 0.44, 0.55 0.70 with ν = 0.0001, ρ = 30, and α = 0.8 for

Example 4.3.
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Fig. 4.9. Vorcity contour at t = 0, 0.11, 0.19, 0.25, 0.30, 0.52 with ν = 0.00005, ρ = 100, and α = 0.8 for

Example 4.3.

ν = 0.00005, ρ = 100. The space discretization is achieved by choosing the Fourier modes with

128×128. The time discretization is achieved by using (4.2) with η=10, τmin=10−3, τmax=10−1.

The figures show the evolution of the vorcity contour in the flow. As the vortex emerges

from both ends, it forms the starting primary rings. Later, the vortex splits and wraps around

these strong primary rings, resulting in the evolution of a vortex-ring dipole.

Example 4.4. We now consider the problem with the following initial condition:

u1(x, y, z, 0) = sin(x) cos(y) cos(z),

u2(x, y, z, 0) = − cos(x) sin(y) cos(z),

u3(x, y, z, 0) = 0.

The domain is chosen as Ω := (−π, π)3. The velocity is assumed to satisfy the periodic boundary

condition. Such an initial value problem is used to simulate a more general flow [25], the Taylor-

Green vortex flow.

Energy evolution. We set ν = 0.1, T = 50, and α = 0.5, 0.8 to compute the numerical

solutions. The space discretization is achieved by choosing the Fourier modes as 8× 8× 8. The

time discretization is achieved by using (4.2). The time interval is divided into two parts. The

first part is [0, 0.01] and the time mesh is calculated as tk = 0.01(k/N0)
δ, δ = 2/α, 0 ≤ k ≤ N0

with N0 = 20. The second part is [0.01, 50] and the time step size is calculated by using (4.2)

with τmin = 10−2, τmax = 10−1 and η = 10. The discrete energy evolution is presented in

Fig. 4.10(a). The evolution of temporal step-sizes is presented in Fig. 4.10(b). The properties

of divergence-free (4.5) are shown in Fig. 4.11. The numerical scheme is shown to satisfy the

energy stability discretely.

Moreover, we set the Fourier modes as 32×32×32, and the temporal step sizes by using (4.2).

We let τmin = 10−2, τmax = 10−1 and η = 10. Then, we present the iso-surfaces of ωx
1 = −3 at
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(a) Evolution of discrete energy (b) Evolution of time step-sizes

Fig. 4.10. Evolution of discrete energy (left) and the temporal stepsize (right) with α = 0.5, 0.8 for

Example 4.4.

Fig. 4.11. Evolution of velocity divergence with different α: 0.5(left), 0.8(right) for Example 4.4.

different times with α = 0.8, ν = 0.005 in Fig. 4.12. We observe that the flow initially induces

eddies of clear structures, which then break up and are finally dissipated by the viscosity.

5. Conclusion

In this paper, we establish a nonuniform L2− 1σ scheme for solving the TFNSE. The space

is discreted by the Fourier spectral methods. The boundedness of the numerical solutions and

the discrete energy dissipation are proved. The error estimates of the scheme for the velocity in

the sense of L2-norm is also given. Moreover, we provide an accelerated algorithm to implement

the scheme, which can greatly reduce the memory requirement and the computational cost in

long-time simulations. Several numerical experiments are presented to confirm the theoretical

results, and illustrate the effectiveness and high efficiency of the scheme.

Code and data that allow readers to reproduce the results in this paper are available at

https://github.com/ligroup2000/ruimingao A-second-order-in-time-and-energy-stab

le-scheme-for-TFNSE.
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Fig. 4.12. Iso-surface of ωx
1 = −3 at t = 0, 1.55, 3.14, 4.07, 5.03, 7.00 with α = 0.8, ν = 0.005 for

Example 4.4.

Acknowledgments. The research was supported by the National Natural Science Foundation

of China (Grant Nos. 12231003, 12571426) and by the Fundamental Research Funds for the

Central Universities of HUST (Grants No. YCJJ20252108). The computation is completed in

the HPC Platform of Huazhong University of Science and Technology.

References

[1] S.C. Brenner and L.R. Scott, The Mathematical Theory of Finite Element Methods, in: Texts in

Applied Mathematics, Vol. 15, Springer, 2008.

[2] W. Cai, W. Sun, J. Wang, and Z. Yang, Optimal L2 error estimates of unconditionally stable

finite element schemes for the Cahn-Hilliard-Navier-Stokes system, SIAM J. Numer. Anal., 61:3

(2023), 1218–1245.

[3] P.M. Carvalho-Neto, Fractional Differential Equations: A Novel Study of Local and Global Solu-

tions in Banach Spaces, PhD Thesis, Universidade de São Carlos, 2013.

[4] P. Carvalho-Neto and G. Planas, Mild solutions to the time fractional Navier-Stokes equations

in RN , J. Differential Equations, 259:7 (2015), 2948–2980.



24 R.M. GAO, D.F. LI AND H.Y. QIN

[5] J.W. Cholewa and T. Dlotko, Fractional Navier-Stokes equations, Discrete Contin. Dyn. Syst.

Ser. B, 23:8 (2018), 2967–2988.

[6] Q. Du, J. Yang, and Z. Zhou, Time-fractional Allen-Cahn equations: Analysis and numerical

methods, J. Sci. Comput., 85 (2022), 42.

[7] R.A. El-Nabulsi, Fractional Navier-Stokes equation from fractional velocity arguments and its

implications in fluid flows and microfilaments, Int. J. Nonlinear Sci. Numer. Simul., 20:3-4 (2019),

449–459.

[8] M. El-Shahed, and A. Salem, On the generalized Navier-Stokes equations, Appl. Math. Comput.,

156:1 (2004), 287–293.

[9] M.A. Fontecha-Medina and E.J. Villamizar-Roa, Global existence and asymptotic behavior of

solutions for a fractional chemotaxis-Navier-Stokes system, Dyn. Partial Differ. Equ., 19 (2022),

285–309.

[10] R. Gao, D. Li, Y. Li, and Y. Yin, An energy-stable and divergence-free variable-step L1 scheme

for time-fractional Navier-Stokes equations, Phys. D, 467 (2024), 134264.

[11] S. Grossmann and D. Lohse, Intermittency in the Navier-Stokes dynamics, Z. Phys. B: Condens.

Matter, 89 (1992), 11–19.
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