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Abstract

Low-rank tensor recovery is pivotal in numerous applications, including image and
video processing, machine learning, and data analysis. A common approach to this problem
involves convex relaxation, where the tensor rank function is minimized by using the tensor
nuclear norm. However, this method can be significantly suboptimal. In addition, the
stochastic variance reduced gradient (SVRG) method, a variant of stochastic gradient
descent, has been applied to matrix recovery problems.

In this paper, we extend the SVRG method to the tensor framework, introducing the
tensor stochastic variance reduced gradient (TSVRG) algorithm for tensor recovery with
CP or Tucker rank constraints. TSVRG is designed to achieve higher precision solutions
by escaping local minima and identifying superior global optima. Moreover, TSVRG offers
reduced computational complexity compared to traditional gradient descent methods. We
establish a convergence theorem for TSVRG under the tensor restricted isometry condi-
tion when the measurements are linear. Finally, we present numerical results using both
synthetic and real data, demonstrating the competitive performance of TSVRG compared
to other advanced algorithms.

Mathematics subject classification: 15A69, 68U10, 68W20, 90C25.
Key words: Tensor recovery, Stochastic variance reduced gradient, CP rank, Tucker rank.

1. Introduction

Tensors, as generalizations of vectors and matrices, provide natural representations for mas-
sive multimode data sets encountered in many applications, including image and video pro-
cessing [13, 18,19, 24], recommendation system [26], signal processing [9], etc. These successful
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applications are based on the rich structures carried by the tensors. The low-rankness of the
tensor is one of the structures. The rank of a tensor can be defined in several ways, two popular
ones are as follows:

¢ CANDECOMP/PARAFAC (CP) rank: The smallest number of rank-1 tensors that sum
to form the given tensor. A rank-1 tensor is an outer product of vectors.

e Tucker rank: Generalization involving the rank of the core tensor in a Tucker decompo-
sition.

These ranks derived from the decomposition of CP and Tucker [11] allow the extraction of latent
factors from multidimensional data. This is useful in signal processing, data compression, and
feature extraction in machine learning.

Tensor completion is one of the most actively studied problems in tensor-related research,
yet it is diffusely presented in many different research domains. This dispersion is due to various
factors, such as the inherent nature of multidimensional data sets that are often raw and incom-
plete due to unpredictable or unavoidable reasons such as maloperations, limited permissions,
and missing data at random. Tensor completion aims to impute missing or unobserved entries
of a partially observed tensor [15].

A low-rank hypothesis is often necessary to restrict the degrees of freedom of missing entries
in a tensor. Given a low-rank tensor 7 with missing entries, the goal of completing it can be
formulated as the following optimization problem:

min rank(X)
X (1.1)
sit. Pa(X) =Pa(T),

where X’ represents the completed low-rank tensor of 7,2 is an index set denoting the indices
of observations, and Pq is the projection operator onto the set (2.

Since calculating the tensor rank is an NP-hard problem, directly addressing the prob-
lem (1.1) is impractical. To circumvent this, some researchers consider the rank of the target
tensor to be fixed and relax the problem (1.1) to the one that minimizes the difference between
the observations and their predictions, as follows:

min D(Po(X), Pa(T)) (1.2)
s.t. rank(X) <, |

where D is an error measure between Po(X) and Po(7T), which is often defined as the square
of the Frobenius norm of their difference [14,17]. As the projection operator Py can be viewed
as a special linear transform, a generalized tensor recovery model [16] is considered as follows:

1
min Ny — A(X)|?
X ERM1XN2X " Xng mHy ( )HF (1.3)
s.t. rank(X) <,

where y € R™ denotes the observed data and A is a linear transform from R™ X724 o R™,

The (stochastic) tensor iterative hard thresholding (StoTTHT/TIHT) methods [6, 7], based
on (stochastic) gradient descent (SGD/GD), are commonly used for solving (1.3). However,
the GD method is very time-consuming as it requires calculating the gradient over the entire
sample set. In contrast, the computational complexity of SGD is significantly lower compared
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to GD. Nevertheless, the stochastic gradient introduces bias and variance issues, which can lead
to slow convergence and the potential for the algorithm to get stuck in local minima.

Combining the benefits of both SGD and traditional GD while mitigating their respective
drawbacks is essential. The stochastic variance reduced gradient (SVRG) method, developed
in [10], aims to achieve this balance. SVRG maintains the computational efficiency of SGD
while retaining the accuracy and stability of GD. It does this by periodically recalculating
a reference full gradient and using it to adjust the stochastic gradients. This adjustment involves
a correction term derived from the difference between the current stochastic gradient and the
gradient evaluated at the reference point. This correction significantly decreases the variance of
the gradient estimates, leading to more stable updates and better convergence rates. The low
computational cost per iteration, characteristic of SGD, combined with the reduced variance in
gradient estimates, approaching the stability of GD, allows SVRG to achieve faster convergence
compared to both SGD and GD. This makes SVRG particularly suitable for large-scale machine
learning problems where both computational efficiency and convergence speed are crucial.

SVRG has been successfully applied to various structured prediction problems and neural
network learning [10]. Additionally, several variants and enhanced versions of SVRG have been
proposed: In [10], a generic framework based on a new SVRG descent method was proposed
to accelerate the recovery of nonconvex low-rank matrices; An efficient stochastic variance
reduction-gradient support pursuit algorithm and its accelerated version were presented in [22];
A variant of SVRG employing a trust-region-like scheme for selecting step sizes, which was
proved to be linearly convergent in expectation for smooth strongly convex functions, and
to enjoy a faster convergence rate than traditional SVRG methods, was developed in [27];
An efficient SVRG algorithm to solve the affine rank minimization problem, consisting of find-
ing a matrix of minimum rank from linear measurements, was developed in [8]; and recently,
a novel Riemannian extension of the Euclidean SVRG algorithm to a manifold search space
was presented in [21]. These advancements highlight the flexibility and effectiveness of SVRG
in various optimization contexts.

In this paper, we propose the tensor stochastic variance reduced gradient algorithm to re-
cover tensor data with the CP or Tucker rank constraint. It promises to find a higher precision
solution and reduce computational complexity under the guarantee of theory. Specifically,
compared to SGD, SVRG achieves faster and more stable convergence by reducing the vari-
ance of gradient estimates. Furthermore, its combination of variance reduction and periodic
full-gradient corrections enables SVRG to escape local minima more effectively than the noisy
and unstable updates of standard SGD. Meanwhile, SVRG has smaller computational com-
plexity compared with GD. We have also demonstrated a linearly convergent guarantee for our
TSVRG algorithm under a tensor restricted isometry condition when measurements are linear.
Furthermore, we focus on two types of tensor data in order to confirm our theoretical results.
Specifically, we will examine tensors derived from synthetic data and video data. Finally, we
give results of numerical experiments to demonstrate that TSVRG can indeed be effectively
utilized for tensor recovery problem compared to other advanced methods.

The remainder of this paper are organized in the following order. In Section 2, we provide
a concise overview of essential concepts and terminologies used in the tensor structure and
introduce the TSVRG method. In addition, we demonstrate a linearly convergent guarantee
for the proposed TSVRG method in Section 3. Section 4 presents all computational results with
the CP or Tucker rank constraint that demonstrate the effectiveness of the algorithm using both
synthetic and real data. Finally, we summarize this work and discuss future work in Section 5.
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2. Tensor SVRG (TSVRG) Algorithm

In this section, we will present a tensor stochastic variance reduced gradient algorithm to
solve the model (1.3). To set the stage, we first provide some necessary concepts and definitions
related to tensors.

In this paper, we denote scalars by lowercase letters (e.g. x € R), vectors by bold lowercase
letters (e.g. @ € R™), matrices by bold capital letters (e.g. X € R™*"2) and tensors by
calligraphic letters (e.g. X € R™M>m2xxna)  The order of a tensor refers to the number
of dimensions it has. Mathematically, if a tensor X has order d, it can be represented as
X € RrxnzXXna where ny,na,...,nq are the sizes of the tensor along each dimension. We
denote the i;-th entry of a vector & by x(i1), the (i1,i2)-th entry of a matrix X by X(i1,42),
and the (i1,42,...,14)-th entry of a d-order tensor X’ by X (i1,i2,...,74). The expression of [n]
refers to the set of {1,2,...,n}.

We use the term “mode” to describe operations on a specific dimension of a tensor (e.g.
mode-n product). Tensor matricization refers to the unfolding of a tensor in a matrix format
with a predefined ordering of its modes. The most commonly used tensor matricization is mode-i
matricization (also known as mode-i unfolding), which unfolds a tensor X € R™ *"2X"" X" glong
its i-th mode into a matrix. This matrix is denoted as X9 and has a size of n; x H#i n;. This
process is crucial for various tensor operations and algorithms, as it allows us to manipulate
tensors in a more manageable two-dimensional matrix form.

For d column vectors a; € R™ ... ag € R™ the outer product among them is defined as

A=ajo---oay,

where A € R *n2xXnd and A(iq,42,...,04) = a1(i1) - aq(iq) . Using the concept of the
outer product, the canonical polyadic decomposition (CPD) of a tensor X € Rm*m2xX"nd
expresses it as a sum of weighted outer products

where A\, > O,ugk) is a unit vector in R™ and R is a positive integer denoting the rank of

the decomposition. The smallest number R for which this representation holds is called the
CP rank of the tensor X.

The mode-k product of a tensor with a matrix is an essential operation in tensor algebra,
often used in tensor decomposition like Tucker decomposition. The mode-k product of a tensor
X € RmxmeXoxXna with a matrix A € R7*™ is denoted as X xj; A and results in a tensor
Y € Rm X Xne—1XIXnkp1X-Xna - Nathematically, the element of ) is computed as

Nk
Vv, sk, dyikgrs - ovia) = 3 X, yiko ik kg1, - - ia)AG, k).

in=1

In terms of mode-k unfolding notation, Y*) = AX(®)  The operation of mode-k product
tensor X with a matrix A can be seen as reshaping the tensor X into a matrix, multiplying it
by A, and then reshaping it back into a tensor. The Tucker rank of a tensor X' € R *n2X " Xnd
is a tuple (r1,r2,...,7q), where 7y is the rank of the mode-k unfolding of the tensor [11]. By
higher-order singular value decomposition (HOSVD) algorithm, the Tucker decomposition of X
expresses this tensor as a core tensor multiplied by a matrix along each mode
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X =G x1 Ui xqUq,

where U, € R™ %"k are factor matrices and G is called the core tensor of X.
The inner product of X and ) in R"1*"2X"%"d ig defined as

ni no
Z Z ZX’LM’LQ;"W )y(il,iQ,.-.,id)-
11 112 1 Zd 1

The Frobenius norm of X is then defined as ||X||r := (X, X)/2. These definitions extend the
familiar concepts of inner product and norm from vectors and matrices to tensors, allowing for
a consistent framework for analyzing and manipulating higher-dimensional data structures.
Pr represents the corresponding sampling operator that retrieves solely the entries indexed
by I’
T
0, it (41,19, -+ ,iq) € T
Here, I' denotes a binary indicator tensor of the same shape as X', where each entry is 1 if
observed and 0 otherwise. The complement of I' is denoted by I'. Moreover, the projection
operators satisfy Pr(X) + Pre(X) = X.
In the remainder of this section, we will present the SVRG algorithm for the model (1.3).
Let A be a linear transform from R™ %" *"d to R™. There exist A4; € R™* " ¢ {1,...,m}
such that y = A(X) for X € R™* %" implies

y(i) = A;(X) = (A;, X).

Given an integer M, let S;,i =1,..., M be a partition of the set [m], that is, UM, S; = [m]
and S;NS; = () for i # j. Based on this partition and a given linear transform A from R™ > *"d
to R™, we define linear transforms Ag, from R™1*""*"4 to RIS and function f; from R™ X xnd

to R, respectively, as
As, (X) = (A;(X):j € S), (2.1)
JiX) = llys, = As,(X)3 = D (9(5) — (4;,2))" (2:2)

JES:

Then, the cost function of the model (1.3) can be rewritten as

F(X) :—Hy A(x Zfz (2.3)

Accordingly, the model (1.3) becomes
min F(Xx)
XERMLXM2X 1 Xng (2.4)
s.t. rank(X) <r.

We propose the tensor stochastic variance reduced gradient algorithm, detailed in Algo-
rithm 2.1. This algorithm operates on K cycles. In each cycle k, an iterate X, is used to
compute the gradient VF (??k) After initialization Xy «+ ??k, a set of m inner iterations, in-
dexed by t, with an update )’EkJrl < X, is performed, where

Xop1 = Mo (X — (Vi (X)) — Vi, (X)) + VF (X)), (2.5)
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Algorithm 2.1: Tensor Stochastic Variance Reduced Gradient for Model (1.3).

Input: The given tensor CP or Tucker rank r, the maximum number of outer loops K,

the maximum number of inner loops n, the stepsize 7.
Initialization: .170.
for k=0,1,2,..., K —1do
Compute the gradient VF(Xy).
Xy + .j(vk
fort=0,1,2,...,n—1do
Randomly select I; € {1,..., M}.
Xevr = Ho( X = (V1 (%) = V1, (X) + VF(Xp))).
end
')?kJrl = Xy.
Exit if a stopping criterion is satisfied.

end
Output: X = ??k.

and l; € {1,..., M} is chosen randomly. Since the expected value of V fi, ()?k) over all possible
I, € {1,..., M} is equal to VF(X), Vfi, (Xk) — VF (X)) can be scen as the bias in the gradient
estimate V fj, (/'?k) Thus, in every inner iteration, the algorithm randomly selects a stochastic
gradient Vf, (X;) evaluated at X; and corrects it on a perceived bias. In general, V f,(X;) —
V f1,(Xy) + VF(X) represents an unbiased estimator of VF(X;), but with a variance expected
to be smaller than if one were simply using V f;, (). This variance reduction is why the method
is referred to as the SVRG method [10].

In addition, note that the ¢t-th iteration does not update directly to the (¢ + 1)-th iteration.
Similarly to TIHT [7] with CP rank and StoTIHT [6] with Tucker rank, a more detailed process
from the ¢-th iteration to the (¢+1)-th iteration involves projecting onto the constraint space M,
employing a hard thresholding operator H,.(-), where

M, = {X € Rm>XmeXXnd o pank(X) < r}.

The operator H,.(X) denotes the hard thresholding operator which calculates a best rank-r
approximation Xbest of a tensor X € RMXm2X Xng

e If r is given the Tucker rank (ry, 7 -+ ,74), we use HOSVD to get X¢st [5], that is,
HT(X) = Hr(g) X1 U1 e Xy Ud,

where Hr(g)(il,ig, e ,id) = g(il,ig, s ,id),il S Tl,ig S ro, .- ,id S rq. And
H,(G)(i1,42, -+ ,iq) = 0, otherwise, and G(i1,i9, - ,i4) denotes the (i1, ia, - ,iq)-th
entry element of the core tensor G.

e If r is given the CP rank R, H,(X) uses CPD to get X"t [7], i.e.

Ho(X) = S H )u oul ool

where H, (M) = Ai,i < R, H,(A) = 0,4 > R.
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We also assume that

11, (Xe) = XellF < 00| Xt — X, (2.6)
holds for all t =1,2,...,n with some 6y € [1,00) as same as [20]. Here
X =X, — (Vi () = Vfi,(Xe) + VF(X)).

Denote
th%t = argminrank(X)ngXt - X|r

as the best rank-r approximation of /'E corresponding with CP or Tucker decomposition of
tensor (given by the CPD or HOSVD). The different tensor ranks correspond to different
parameters 6y [5]. In this work, we will also presume that such an approximation )?tbe“ exists.
The TSVRG algorithm for solving problem (2.4) is given in Algorithm 2.1.

3. Linear Convergence Analysis for TSVRG

In this section, we provide a theoretical analysis on the linear convergence of the TSVRG
algorithm. We begin with the concept of the tensor restricted isometry property (TRIP) intro-
duced in [4,6]. In the following, “rank” denotes CP or Tucker rank.

Definition 3.1. Let A : R™M*"Xma 5 R™ and Ag, : R ¥ xna — RISl pe given by (2.1) for
an associated partition S;, i € [M], UM, S; = [m] and S;NS; =0 fori # j. We say A and As,
meet the TRIP if there exists a tensor restricted isometry constant 6, € (0,1) such that

1
(=0 XlIF < — A3, [IMs, ()13 < (1 + )12 (3.1)
hold for all tensors X € R™ > X" qjth their rank at most r.

We remark that the TRIP automatically implies that

1
EIIA(X)I@ < (1+6,)] X% (3.2)
This inequality holds because
M
—HA )|z = Z | As, (X)[I3 < —Z(l +6,) X%
i=1

In the following discussion, we always assume that the linear mappings A and Ag, satisfy
TRIP with constant ds, and the functions F' and f; defined in (2.3) and (2.2), respectively. By
a direct computation, the gradients of F' and f; defined in (2.3) and (2.2) are

ZA ((Ai, X) = y(3),
V(X —2ZA (Aj, X) = y(5),

JES;

respectively. Obviously,

(X =Y, VF(X) ~ VF()) = <x—y,iAi<Ai,x—y>>=%||A<X—y>|§, (34)

i=1

2
m

and similarly

(X =V, Vfi(X) = V) =2 Ai(X = V)]3. (3.5)
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Lemma 3.1. For any tensors X,y € R™M> X% qith their rank at most r, the following
inequalities hold:

(X =V, VF(X) = VF()) > 65, |X = VIE, (3.6)

and

5+
Fi(Y) < FilX) + (VA(X), Y = &) + =X = V7, (3.8)
where 83, = 2(1 — 83,.) and 65, = 2(1 + J3,.).

Proof. Eq. (3.6) is a direct consequence of Eq. (3.4) and the TRIP condition, while Eq. (3.7)
is a direct consequence of Eq. (3.5) and the TRIP condition. To prove that (3.8) works. By (2.2),

) =Y () — (A, &) — (4, Y - X))

JES:
= 3 ((W0) ~ (A )~ 2050) — (A, X)) (A4, — ) + (4, Y - 1))
JES;
= fiX) +(VFi(X),Y = X) + || As, (Y = X) 3. (3.9)

In the last equation above, the first term is from the definition of f;, the second term is from
Eq. (3.3), and the last is simply the ¢3 norm. Clearly, Eq. (3.8) is the direct consequence of the
above equation and the TRIP condition. O

Lemma 3.2. For given X and Y in R™ > X" with ranks less than r, let T' be a space that
contains the span(X, )) spanned by tensors X, Y. Let Pr : R™>* X" T be the orthogonal
projection onto I'. Then, for all i € [M],

1Pr (Vi) = VAW 7 < 04,(X = Y, VFi(X) = VL)), (3.10)
[P (VE(X) = VEW)) |5 < §5,(X — Y, VF(X) - VF(D)) (3.11)

hold with 83, = 2(1 + &3,.).
Proof. Define h; : R™>* %™ — R ag follows:
hi(Z2) == fi(Z) = fi(X) = (Vfi(X), Z = X).
By definition, h;(X) = 0 and h;(Z) = || As,(Z — X)||3 > 0.
For any U and V in I', we know that the ranks of U, V), and their linear combinations are
less than 2r. Hence, using (3.8), we have

hi(U) < hi(V) + (Vfi(V) = V(X),U = V) + (1 + 830) [ = V|7

In particular, choosing

1
V=Y, U=Y-3

mpr (Vhi())),
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both in I', we have

0.< (V) g (V) ~ VA(X), Pr(VAW) - V(X))

(1+dsr)

1 2
+ mupr(vfi(x) - vfz(y))HF

Since
(VD) = VA(X), Pr (VA = V(X)) = |Pe(VEX) = VED) |5

we therefore have

1 2
T 5 1Pr (V) = VED) [ < 1Y) = (D) = fi(X) = (V:(X). 9 = ).

By exchange the roles of X and ) in the above inequality, we have

TP (VR = TR < 10 = £O) = (TH).2 =),

Adding these two inequalities leads to the desired inequality (3.10).
Similarly, since (3.2) holds for the map A, the inequality (3.11) also holds. O

Lemma 3.3. For given X and Y in R™ > X" with ranks less than r, let T' be a space that
contains the span(X,)) spanned by tensors X,Y. Let Pr : RM>* " *"d — T pe the orthogonal
projection onto I'. Then, for all i € [M],

|X =Y = nPr(VF(X) = VED) ||z < parll X = VI, (3.12)
Ei||X =Y = nPr(V(X) = VD) || . < psrllX = Ve (3.13)

hold with

pr = \/1 026505, — 205, 05 =2(1—63,), 6F. = 2(1 + 03,),
and the stepsize n < 2/55,.

Here, the mathematical expectation is denoted by E to reflect the mean value of a given
random variable in the sense of probability.
Proof. We first prove inequality (3.12).

|X =Y = 4P (VE(X) - VEY)) [
— X = VI3 +n?|[Pe(VE(X) = VED))|[%
—2n(X =Y, Pr(VF(X) - VF(}))).
By inequality (3.11), we have
|X =Y — 4P (VEWX) — VED)) ||
<X = V|% — (20 —1?65.) (X — Y, VF(X) = VF(Y))
<X = V% = 65,.(2n — n°05,) |X = VIIE,

where the last inequality follows from (3.6), with n < 2/83..
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Next, we prove the inequality (3.13). From the above discussion, we have
2
X =Y = nPr(VFilX) = VL) |
<X = DlE = (20— w°05,) (X = Y, V(X) = V(D).

Taking the expectation on the above equation and using the fact of E;Vf;(X) = VF(X), we
obtain

E|| X — Y — nPr(VA(X) - VED)|[5
<X = VIE = (20— 1763, ) (X = Y, VF(X) = VF()).
Using (3.6) with < 2/83,., we further deduce
Ei[|X =Y = nPr(VEX) = VED) 5 < 03,12 = VlIE, 08, = 1+ 0204,55, — 2n5,.

Finally, the desired result for (3.13) follows from Jensen inequality, (EZ)* < E(Z)?. a

Theorem 3.1. Assume that the operators
.A . RnlanX---Xnd N Rm’ -Ali :Rnlxngx---xnd N Rl,

used in the generation of linear measurements, satisfy the TRIP defined in Definition 3.1 with
parameter 03, < 1/71. Furthermore, assume that the rank-r approzimation operator H,(-)
satisfies (2.6) for all t = 0,1,...,n — 1 with some O € [1,00). Let X* denote the optimal
solution of (2.4) and let Xy denote the initial tensor. Then at the t-th iteration in Algorithm 2.1,
TSVRG converges linearly in expectation, as follows:

By, || X — X[ p < 6F)| X — X%,
where the step size n satisfies
305, —w 305, +w
ot = SN < o
3537‘537‘ 3537‘537‘
with

—30" Tt 6" 4+ 20
K — — <1, w:\/716§T—7253T+1,

0 = 2p3, = 2\/1 + 1203,.65, — 20d3,., 05, =2(1 —d3,.), 04, =2(1+ &5,).

Proof. For a given k and the initial tensor Xy, denote
Koo = X — (V1 () = Vi,(X) + VF (X)),
We then generate a sequence {X;}}; via
X1 = Ho(Xe):

By the Eckart-Young theorem, which ensures that &;y; is the nearest rank-r approximation
to &3 in the Frobenius norm, we have

11 — Xegll 3 < 1X* = Xl
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Together with the identity

[ X1 = X% = X = XepllF — [ = Xp T — 20X — &%, &

- Xt,k > )
we obtain

X1 — X7 < 2(Xpgr — X%, Xy jp — XF).
To further explore the inner product (X;41 — X'™, ?Et,k -

X*), by using the expression of -)Et,k
and the fact of VF(X

) = 0, we split the term ?Et,k — X" into three terms as follows:
-;?t,k - = (Xt - X" — U(Vflt(xt) - Vflt(X*)))
(X — X = (Vi (Xk) = Vi, (X))
+ (A — X —(VF(X) — VE(X™))),
which yields
(X1 — X, X — X%)
= (X1 — X", X — X —n(V,(X) — Vi,(X)))
— (X1 — X7, X — X = (V 1, () — Vf1,(X7)))
H (Xpr — X7, X — X — n(VE(X) — VE(X™))).

Now, define two subspaces as follows:

T := span{X;q1, Xp, X*}, I‘Q = Span{Xt+1a§kaX*}-

Thus,
(X1 — XX — X —n(Vfi,(X) — Vi, (X))
= (Xop1 — X", X — X = Pr, (Vi (%) = Vfi,(X7)))
(X1 — X X — X = (Vi (X) — Vi, (X))
= (X1 — X", X — X7 = Pry (Vf1,(X) = Vf1,(X7)))
(Xipr — X5, X, — X* —(VFE(X,) — VE(X™)))
= (Xps1 — X", Xy — X — jPp (VF(Xy) — VE(X™))).
Therefore,

311 = X
< || X = &* —nPr, (Vi,(X) = V,(X) |,
+H??k*?(**ﬁpr;(vfzt()(w*szt( N 5
+ || X — X = 0P (VE(Xx) = VE(X) ||,
Taking the expectation on both sides of the inequality results in the following expression

1
2B [| X1 = X" p
< EltH'Xt - X - UPFt (vflt(‘)(t) - Vflt (X*))HF

+Ey, || X — X% = 0Py (Vi (X)) = V(X))

+ By, || X — X% — 0Py (VE(X) — VE(X)) |,
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Since
305, +w 2

< SV IR
T s T
by using (3.12) and (3.13), we have
Ei, [ Xir1 = X7 p < 208, (|1 X — X7||7 + 2] X — X7 ).

Here

P3r = \/1 + 7725:;;53; - 27753;"7 53;" = 2(1 - 53’1“)5 5:;; - 2(1 + 53r)'

Let 6 = 2p3,., by recursively using the above inequality over ¢, and noting that )?k = Ap and
X1 = A, we can deduce

By, | X1 — X% = By, [ X — X5 < 0 Xy = X*[|7 +20] Xy — X,
from which, we further have
Ey, || Xy — X7

< OB, | Xy — X7 |5+ 20] % — X7
< 6] X — X[+ 2(6% 4 0)]| X — |

Following the same argument, we have

Ep, || X1 — X% p

<O X — AT+ 2 <Z 9i> 1 — X*| 7
=1

=307+ 0" + 20, ~ . ~ .
= 10 [ Xk — X7 p < [[ Xk — X7 .

The last inequality follows from

_=30" T 0" 420

= 1
K 1-0 <1,
since d3, < 1/71 and
305, —w < 305, +w
3050, T 3ats;
where w = /7102, — 7253, + 1. O

Obviously, the linear convergence of the TSVRG method for the tensor recovery problem
with the CP or Tucker rank constraint follows immediately.

In the next section, we focus on two types of tensor data that are selected for clarity of
presentation, and with the aim of confirming our theoretical results.

4. Numerical Experiments

In this section, we present numerical experiments to demonstrate the performance of the
TSVRG method for tensor recovery tasks constrained by the CP or Tucker rank. All experi-
ments use third-order tensor data (i.e. d = 3), including both synthetic and real datasets. For
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comprehensive and complete comparisons, we first evaluate recovery performance based on the
CP rank constraint of the tensor with TIHT [7]. Then, we compare the performance based on
the Tucker rank constraint of the tensor with TIHT and StoIHT [6]. In the numerical results,
the red, green, and blue lines represent the TIHT, StolHT, and TSVRG methods, respectively.
Furthermore, we use the Barzilai-Borwein (BB) [2,25] technique for automatic adjustment of
step sizes 1 according to the information of the first two iterations, helping the algorithm to
converge to the optimal solution faster. For the k-th iteration, we set

[ X — X1 |12

= . gk = VF(X).
(X — X1, 98 — gr—1)

Nk =

The BB strategy has been highly effective in practical applications [1,12,27]. And it is not
convergent in the process of proving [3] in general. The same case appears in our paper.
Specifically, n; in the numerical experiment is within the range of n in Theorem 3.1. Each
experimental result shows that SVRG with the BB strategy is convergent.

All methods are executed on a desktop running Windows 11 and MATLAB (R2023a) with
an Intel(R) Core(TM) i7-10700 CPU at 2.90 GHz and 64 GB RAM. For parameter settings,
the maximum number of iterations K = 500 is used for both synthetic and real data across
all methods. We randomly select 30%, 50%, 70%, 90% of the entries in the tensor as observed
data, denoted as the sample ratio (SR). Experimental data (both synthetic and video data) and
parameters (such as CP or Tucker rank r and the corresponding SR) are based on the guidance
provided in [6,7].

We assess the performance of tensor recovery using two common criteria: the relative square
error (RSE) and the peak signal-to-noise ratio (PSNR), defined as follows:

X" — Xllr
RSE i= ——————
1|

, PSNR := 10log;, ( — ”XH%O ) ,
1/(ixiz -+ +ia) | X% — X[

where X*, X respectively represent the recovered tensor and original tensor. We consider re-
covery successful if RSE < 1073, In each figure of the numerical experiments, we also observe
varying levels of the “convergence horizon”, which refers to the RSE values after the algorithm
has reached a relatively stable state. Another metric to assess the recovery effect is PSNR. Each
run is repeated 5 times, and we report the average results. In addition, we show the execution
time of each algorithm on real data, measured in seconds. For simplicity, we have rounded the
running time and the PSNR to two decimal places.

4.1. Performance comparison with CP rank restraint

In this subsection, we demonstrate the effectiveness of the TSVRG method compared to
TIHT using both synthetic and real data under CP rank constraints. The “thresholding”
step H, in Eq. (2.5) is performed using the cpd function from the Tensorlab 3.0 package.

Firstly, for verification with synthetic data, we generate ny X ns X ng tensors of CP rank r,
whose elements adhere to Gaussian distributions. The positions of the observed entries on
n1 X ng X ng are randomly and uniformly selected. The tensor size is set to n; = ny = ng = 10,
with different SR = {30%, 50%, 70%, 90%} and the CP rank r ranges from 2 to 5 to demonstrate
performance compared to TIHT. Fig. 4.1 presents results that illustrate the RSE for different
ranks as well as different SR values.

In our first experiment, we report the RSE results of TIHT and TSVRG against varying CP
ranks 7 with SR = 0.5 in Fig. 4.1(a). In Fig. 4.1(b), we set the CP rank r = 2 and vary the SR,
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Fig. 4.1. RSE versus iteration for ny = n2 = ng = 10. (a): Various CP rank with SR = 0.5;

(b): Various SR with CP rank r = 2.

showing the RSE of TTHT and TSVRG for different SR values. The differences in initial values
arise from the random selection of observed locations, which is a phenomenon that is observed
consistently in later experiments.

As expected, both TIHT and TSVRG demonstrate that tensors with lower CP ranks show
a more rapid convergence trend. However, this does not imply a slower convergence tendency
for tensors with larger CP ranks. For example, the convergence rate for » = 5 is more effective
than that for » = 4 in terms of TSVRG. Furthermore, the convergence rates of both methods
indicate that TSVRG outperforms TTHT under the same rank conditions. Most importantly,
the convergence horizon and the convergence rate of TSVRG are superior to those of TIHT
across all demonstrated ranks.

In Fig. 4.1(b), we observe that higher SR values lead to faster convergence tendencies,
as predicted. The convergence horizon of TSVRG is better than that of TIHT for all SR
values. The convergence rate of TSVRG outperforms TIHT for each different SR. Specifically,
TSVRG exceeds TIHT in the convergence rate for SR=30%, 50%, 70%. Overall, the recovery
performance of TSVRG is better than that of TIHT in synthetic data under CP rank constraints.

To validate the effectiveness of TSVRG on relatively large-scale synthetic data, we generate

a tensor of size n; = ny = ng = 200 with CP rank r, and compare its performance with

TIHT. Fig. 4.2 presents the RSE versus the number of iterations in two experimental settings:
(a) varying CP ranks with a fixed SR value and (b) varying SR values with a fixed CP rank.

In Fig. 4.2(a), we fix the SR to 0.3 and vary CP rank r = {25,50,100,150}. As observed,
TSVRG exhibits significantly faster convergence than TIHT across all CP ranks. For example,
at r = 25, TSVRG achieves an RSE near 10715 in fewer than 20 iterations, while TIHT requires
more than 100 iterations to reach a similar level. Even for higher ranks such as r = 150, TSVRG
maintains a rapid decline in RSE and achieves a lower convergence horizon than TTHT. These
results demonstrate that TSVRG is more efficient with respect to varying CP ranks.

In Fig. 4.2(b), we fix the CP rank to » = 50 and vary SR = {30%, 50%, 70%, 90%}. As
expected, both algorithms benefit from a relatively large SR value, with faster convergence ob-
served at higher SR values. However, TSVRG consistently outperforms TIHT in all SR values.
In particular, in SR = 0.3, TSVRG reduces the convergence horizon by approximately 40 itera-
tions, while TTHT converges much more slowly. At SR = 0.9, both algorithms converge quickly,
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Fig. 4.2. RSE versus iteration for ni1 = na = ng = 200. (a):
(b): Various SR with CP rank r = 50.

though TSVRG still maintains a slight advantage in both the rate and convergence horizon.

Overall, the experimental results clearly show that TSVRG achieves superior convergence speed
and recovery accuracy compared to TIHT under a wide range of CP ranks and SR values.

Next, we verify the recovery effectiveness of the TSVRG method using real data. We select
the real tensor data (candle video) from [7]. For computational efficiency, we used a smaller
image, resulting in a candle video size of 30 x 30 x 10, where the 10 images are part of a larger
image. The positions of the observed entries are generated randomly, with a CP rank of 15 and
an SR of 0.8. Both PSNR and RSE are used for comparison.

Quantitative comparisons, shown in Fig. 4.3(a), indicate that TSVRG has a faster con-

vergence rate and a lower convergence horizon than TIHT. Furthermore, we observe that the

proposed TSVRG algorithm escapes local minima within 100 iterations, validating the the-
oretical advantage of SVRG over GD or SGD. As illustrated by the images in Figs. 4.3(c)
and 4.3(d), the first frame recovered by TSVRG in the 150-th iteration exhibits higher visual
quality compared to TTHT.

By the 150-th iteration, the execution times for TIHT and TSVRG are 304.05 seconds
and 161.30 seconds, respectively. The PSNR values for TTHT and TSVRG are 25.70 dB and

Various CP rank with SR = 0.3;

28.76 dB, respectively. These experimental results confirm that our TSVRG method outper-
forms TIHT for both synthetic and real data under CP rank constraints.

4.2. Performance comparison with Tucker rank restraint

In this subsection, we demonstrate the efficacy of TSVRG compared to TTHT and StoTIHT
using synthetic and real data under Tucker rank constraints. The “thresholding” step H, in
Eq. (2.5) is performed using the mlsvd function from the Tensorlab 3.0 package.

For verification with synthetic data, we generate a tensor of size n; X ne X ng with Tucker
rank 7.

The entries of this tensor follow Gaussian distributions, and the positions of the
observed entries are selected randomly and uniformly. The tensor size is set to n;=ny =35,
ns =

6 with SR values of {30%,50%,70%,90%}. The Tucker ranks considered are r =

(1,1,2;1,2,2;2,2,2; 2,2, 3), to validate the effectiveness of TSVRG by comparing it with TIHT
and StoTTHT.

15
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Fig. 4.3. The size of Candle video 30 x 30 x 10, SR=80%, CP rank r = 15. (a): RSE vs iteration;
(b): The original image corresponding to the first frame; (c)-(d): The recovered frame by TIHT and
by TSVRG in the 150 iteration.

As shown in Fig. 4.4, we illustrate the RSE versus iteration for different Tucker ranks with
SR = 0.5 in Fig. 4.4(a) and different SR values with Tucker rank r = (1, 2, 2) in Fig. 4.4(b).
The results indicate that the convergence rate of TSVRG is superior to that of TIHT and
StoTIHT, as seen in Fig. 4.4(a). Specifically, both the convergence rate and the convergence
horizon show that TSVRG outperforms TIHT and StoTIHT for the same Tucker rank. In
Fig. 4.4(b), the convergence rate of TSVRG is evidently superior to both TTHT and StoTIHT,
and the convergence horizon of TSVRG is slightly better than the other two methods. Overall,
TSVRG demonstrates a clear advantage over the other two algorithms in synthetic data under
Tucker rank constraints.

To validate the effectiveness of TSVRG on relatively large-scale synthetic data, we generate
a tensor of size n; = ngy = ng = 200 with Tucker rank r, and compare its performance with
TIHT and StoTIHT.

As shown in Fig. 4.5, we illustrate the RSE versus iteration for various Tucker ranks and
different SR values. Specifically, Fig. 4.5(a) shows the performance under different Tucker ranks
r = {15, 18, 20; 50, 50, 50; 100, 100, 100; 150, 150, 150} (The Tucker rank (15,18,20) is adopted
from [23].) with a fixed SR = 0.3. Changes in the Tucker rank have a pronounced impact on



Fig. 4.5. RSE versus iteration for n1 = na = ng = 200. (a)

RSE

Stochastic Variance Reduced Gradient for Tensor Recovery

0 ; ; ; -
10 —
'*'?E:-:g-:-'—-'e:“e----e--_.e
TN RS B vt S oo S
AN e O g e T
Ii “\‘\ ‘i;\ &\' ..M":e.:' e .
N - el gl -
105 5 Y A, - - 8w |
AN -~ e ]
1A% N Qs ~e, S
L i ‘.\ VNN, A L
%) AN A, 0
i PN & % [em e memrma]] X
10 | L" \ ‘G_ MY -em - —ee=r=(122)
10° 1 Vo N [TAm A A= 220)
YV N N —e- e —emmrz223)
1 1
i
|.
|'
1 el
10-15
0 200 400 600 800
Iterations
(@)

Fig. 4.4. RSE versus iteration for n1 = na = 5,n3 = 6. (a)
(b): Various SR with Tucker rank r = (1,2, 2).

(b)

: Various Tucker rank

! .l‘\ X |
P0% N, M- —em —e4e-sR-03
iAo} b\.‘ ---—  --e:~  --@--SR=05
13 Y w, A= —A- —-A=SR=07

10100 1 \ W |=-@-= --0-= =-@-=SR=09
L -1 A
iy :
[ Y
il
1

0 100 200 300 400
lterations

with SR = 0.5;

A N, "‘-0-.-__‘__
[ RV

ARV N
‘i o W A N [mr#em oedem —ede-SR-03
L S N s S
Bl =B b —A=SR=07
‘.‘.“ s . |-&=- -6~ --8--5rR=09
TR} >, w
[T ~, N
s
B
i
i

T

e

»
100 .7*?57 T :;7.'8;7;7&;7:87.7:8;7;- ara@Taral
A e
AN S Aemhempe
‘.‘-‘ N
ns
i
10} 1t 10°
1 -
i =
it 13
il o
1l
i
1070+ “‘ I 10710
1d
it
[
il
[ o R ‘Mmﬁ
10715 ‘ . ‘ ‘ ‘ 1015
0 50 100 150 200 250 300 0
Iterations
(a)

(b): Various SR with Tucker rank r = (15,18, 20).

Iterations

(b)

Various Tucker rank with SR = 0.3;

the convergence behavior of TSVRG, TIHT, and StoTTHT. TSVRG consistently achieves faster
convergence compared to the other two methods.

Fig. 4.5(b) presents the results under varying SR = {30%,50%, 70%, 90%} with a fixed
Tucker rank r =

(15,18,20). It can be observed that higher sample ratios lead to faster

convergence and final convergence horizon across all methods. Notably, TSVRG exhibits the
most rapid decrease in RSE under all SR settings, again confirming its superiority in both

TSVRG under different sampling conditions.

convergence rate and final recovery accuracy. These results further validate the efficiency of

Furthermore, we will confirm the efficacy of TSVRG in real data with Tucker rank restraint.

to 0.5.

Similarly to the case of CP rank restraint, we use the Candle video data set. The size of the
Candle video and the method for selecting observed positions are consistent with the CP rank
experiments. Furthermore, we adopt a Tucker rank of » = (8,8,2) and set the sample ratio

17
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Fig. 4.6. The size of Candle video 30 x 30 x 10,SR = 50%, Tucker rank r = (8,8,2). The original
image corresponding to the first frame as same as the first image in Fig. 4.3. (a): RSE vs iteration;
(b)-(d): The recovered frame by TIHT, by StoTTHT and by TSVRG in the 20 iteration.

As shown in Fig. 4.6(a), the quantitative comparisons demonstrate that TSVRG achieves
a lower convergence horizon within a limited number of iterations and a faster convergence rate
compared to TIHT and StoTIHT. Furthermore, we present the recovered results of the first
frame in the 20-th iteration in Figs. 4.6(b)-4.6(d).

By the 20-th iteration, the execution times of the TTHT, StoTTHT, and TSVRG algorithms
are 0.08 s,0.03 s, and 0.06 s, respectively. The PSNR values for these three algorithms are
22.56 dB, 21.20 dB, and 23.04 dB, respectively. It can be observed that our algorithm achieves
the highest PSNR in slightly less time within 20 iterations. These experimental results verify
that TSVRG outperforms both TIHT and StoTTHT for synthetic and real data under Tucker
rank restraint.

In all experiments, we demonstrate that the TSVRG algorithm consistently outperforms
other TTHT algorithms based on GD and SGD, whether under CP or Tucker rank restraint.

5. Conclusion

We present a straightforward, yet highly effective, TSVRG method for addressing the tensor
recovery problem. TSVRG demonstrates a significantly beneficial balance of efficiency and
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precision compared to other greedy algorithms. It is worth noting that the condition for linear
convergence may not be the most efficient in the present version, and there is potential for
finding a more effective condition by further relaxation. Additionally, all numerical experiments
indicate that the TSVRG method is slightly faster in terms of time consumption under the same
parameter settings. However, we have not yet provided an exact approximate form to express
the computational complexity of applying the SVRG method to a tensor recovery problem with
CP rank restraint or Tucker rank restraint. Addressing these incomplete aspects will be the
direction of our future efforts.
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