
Advances in Applied Mathematics and Mechanics
Adv. Appl. Math. Mech., Vol. 18, No. 1, pp. 109-133

DOI: 10.4208/aamm.OA-2023-0325
February 2026

Fully Discrete Schemes with First- and Second-Order
Temporal Accuracy for the Incompressible
Magnetohydrodynamic Flow Based on the
Generalized Scalar Auxiliary Variable Approach

Huimin Ma and Pengzhan Huang∗

College of Mathematics and System Sciences, Xinjiang University, Urumqi,
Xinjiang 830017, China

Received 20 December 2023; Accepted (in revised version) 21 August 2024

Abstract. Based on the generalized scalar auxiliary variable approach and vector
penalty projection method, some fully discrete schemes with first- and second-order
accuracy in time direction are constructed for solving the incompressible magnetohy-
drodynamic model. It is a combination of mixed finite element approximation for spa-
tial discretization and first-order backward Euler/second-order backward differential
formula for temporal discretization. The proposed schemes own several features: it
decouples unknown physical variables and linearizes the nonlinear terms, then it only
needs to solve some linear equations at each temporal level; although the divergence
of numerical velocity is not exactly equal to zero, it can approximately meet the mass
conservation when one takes small penalty parameter; while the computation of the
velocity and pressure are decoupled, numerical results show that the velocity and pres-
sure can reach second-order accuracy in time. The resulting schemes are supported by
numerical analysis and simulation.
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1 Introduction

The incompressible magnetohydrodynamic (MHD) model, which is comprised of the in-
compressible Navier-Stokes equations and the Maxwell equations via Lorentz force and
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Ohm’s law, is commonly used to describe the interaction between a viscous, incompress-
ible, electrically conducting fluid and an external magnetic field. It has important ap-
plications in fusion technology, submarine propulsion system, liquid metals in magnetic
pumps and so on [13, 18, 42].

In this paper, we consider the following time-dependent MHD equations. Given a
bounded and regular domain Ω⊂Rd, d = 2 or 3, and for a final time T > 0, find the
velocity field u : (0,T]×Ω→Rd, the pressure p : (0,T]×Ω→R and the magnetic field
H : (0,T]×Ω→Rd satisfying [21, 42]

ut−ν∆u+∇p= f−(u·∇)u−µH×curlH in Ω×(0,T], (1.1a)
divu=0 in Ω×(0,T], (1.1b)

µHt+σ−1curlcurlH=σ−1curlg+µcurl(u×H) in Ω×(0,T], (1.1c)
divH=0 in Ω×(0,T], (1.1d)

with initial data and homogeneous boundary condition

u(x,0)=u0(x), H(x,0)=H0(x) with divu0=0, divH0=0 in Ω, (1.2a)
u|ST =0, H·n|ST =0, n×curlH|ST =0, (1.2b)

where ST :=∂Ω×[0,T] and n represents the unit outward normal of the boundary ∂Ω. The
model has three physical parameters: ν is the kinematic viscosity, µ is the magnetic per-
meability and σ is the electric conductivity. The vector-value functions g and f represent
the known applied current satisfying (n×g)|ST =0 and the external force, respectively.

Numerical approximation of the MHD model is challenging, because it is a system
with nonlinear terms, coupling of multi-physics fields and divergence-free. Faced with
those challenges, researchers have designed a series of efficient numerical schemes by
applying the finite element method [17, 64], finite difference method [8, 12], finite vol-
ume method [10, 45], Fourier spectral method [19] for spatial discretization and the first-
order Euler semi-implicit scheme [17, 22, 63, 65], the first-order Euler implicit/explicit
scheme [59], Crank-Nicolson scheme [15, 24, 39, 51, 69], second-order backward dif-
ferential formula [34, 60, 74], projection type scheme [20, 46, 52, 62, 71, 72], time filter
scheme [11, 25], blended backward differential formula scheme [36, 37], deferred correc-
tion scheme [16] and so on. One of the challenges in numerically solving the MHD equa-
tions is the treatment of nonlinear terms, which can be divided into several types: fully
implicit, semi-implicit and explicit schemes. It is known that when the convection and
Lorentz force terms are treated by fully implicit and semi-implicit schemes, the velocity
and magnetic field are not completely decoupled, which will increase the computational
complexity. Compared to the above schemes, the explicit scheme [38, 44, 59] can decou-
ple the velocity and magnetic field at each time step. Then the computational scale and
the storage times of matrix are reduced. Usually, it is conditionally stable. Furthermore,
Zhang et al. [66, 67] proposed first-order fully decoupled scheme, which is uncondition-
ally energy stable.
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Recently, the scalar auxiliary variable (SAV) method, which was introduced by Shen
et al. [47–49] for gradient flow models, has attracted considerable attention due to its
superiority to preserve unconditional energy stability. The idea of the SAV method has
developed into a powerful way to design some unconditionally energy stable numer-
ical schemes for various complex nonlinear systems, such as the Navier-Stokes equa-
tion [32,35,75], Schrödinger equation [4], and Cahn-Hilliard-Navier-Stokes equations [30]
and so on. In addition, researchers have developed this idea to the MHD model. Based
on an auxiliary variable associated with the total system energy function, Zhang and
Yang [73] constructed a decoupled, linearized finite element scheme with first-order time
accuracy and established the unconditional stability and optimal error estimates. To ad-
dress the theoretical and practical issues from the nonlinear algebraic equation in [35,73],
Li et al. [33] proposed a new auxiliary variable, which was initially introduced in [32]
for the Navier-Stokes equations. Furthermore, inspired by the idea of “zero-energy-
contribution” (introduced by Yang in [54–58]), a fully discrete finite element scheme with
second-order time accuracy has been presented for solving the MHD model by Zhang et
al. [68] and Yang et al. [61]. After that, Wang [50] introduced two novel schemes that
combined the SAV method with the pressure-correction method, and proposed three
adaptive time-stepping strategies. Carter et al. [6] developed two unconditionally sta-
ble, linear ensemble algorithms, in which the nonlinear terms were discretized by fully
explicit scheme under the generalized positive auxiliary variable approach and the ar-
tificial viscosity stabilization. Based on the exponential SAV approach, Chen et al. [7]
constructed first- and second-order schemes for the MHD model with variable density
and derived a rigorous error analysis for the first-order scheme.

Later, with the in-depth study of researchers, the generalized SAV approach is pro-
posed for more general dissipative systems [9, 26–28, 53]. Compared with the original
SAV method, the generalized SAV only requires solving one decoupled linear system
with constant coefficients at each time step and is also unconditionally energy stable. Li
et al. [31] proposed a linear, unconditionally stable first-order semi-discrete scheme for
the Navier-Stokes equations, which combined the generalized SAV scheme with the con-
sistent splitting method. The authors carried out global error estimates in 2D case as well
as local error estimates in 3D case for velocity and pressure. Then, based on the gen-
eralized SAV approach, a variable time-step IMEX-BDF2 scheme for the Navier-Stokes
equation with periodic boundary conditions was proposed by Di et al. [14]. Zhang et
al. [70] combined the relaxation technique [29] and the generalized SAV method to solve
the gradient flow, which enjoyed all advantages of the generalized SAV approach and
dissipated modified energy that was directly linked to the original free energy.

The objective of this paper is to develop some fully discrete, stable finite element
schemes with first- and second-order accuracy in time for the time-dependent incom-
pressible MHD model, and ensure that one gets control of mass conservation law for
the discrete solution. The latter will be implemented by using the vector penalty projec-
tion (VPPε) method, which is proposed by Angot et al. [1–3] and extended to the time-
dependent incompressible MHD model [41]. Motivated by the idea provided in [2, 53],
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we first introduce an equivalent system of the time-dependent incompressible MHD
model (1.1a)-(1.2b). Then, based on the generalized SAV and VPPε method, we present
first- and second-order fully discrete schemes, which meet the requirement of full de-
coupling and only need to solve a sequence of linear equations with constant coefficient
at each time step. Moreover, the stability of the proposed schemes is established. To
the best of the authors’ knowledge, it is the first work which obtains the stability of the
fully discrete VPPε scheme. Some numerical experiments are provided to demonstrate
the effectiveness of the proposed schemes.

An outline of this paper is as follows. Some notations, function spaces and the equiv-
alent form of the considered model are introduced in Section 2. In Section 3, we con-
struct first- and second-order fully discrete schemes and obtain stability of the proposed
schemes. Several numerical simulations and comparisons with the existing scheme
demonstrate the performance of the proposed schemes in the last section.

2 Preliminaries

Throughout the paper, we will need some notations and preliminary lemma which are
used frequently. For m∈N+ and 1≤p≤∞, the usually Sobolev space Wm,p(Ω) is equipped
with the norm ‖·‖Wm,p(Ω). For m=0, Lp(Ω)=W0,p(Ω) and its norm is denoted by ‖·‖Lp(Ω).
For p=2, Hm(Ω)=Wm,2(Ω) with the norm ‖·‖m. In addition, ‖·‖0 and (·,·) denote the
L2(Ω) norm and its inner product on the domain Ω. For the MHD model (1.1a)-(1.2b),
the natural function spaces are introduced:

X={v∈H1(Ω)d : v|∂Ω =0}, M={q∈L2(Ω) : (1,q)=0},
W={B∈L2(Ω)d, curlB∈L2(Ω)d : B×n|∂Ω =0}.

With the above definitions of the function spaces, the corresponding variational formu-
lation of the model (1.1a)-(1.2b) reads as: find (u,p,H) ∈ X×M×W, for all (v,q,B) ∈
X×M×W and t∈ (0,T] such that [22]

(ut,v)+ν(∇u,∇v)+((u·∇)u,v)+µ(H×curlH,v)−(divv,p)=(f,v), (2.1a)

µ(Ht,B)+σ−1(curlH,curlB)−µ(u×H,curlB)=σ−1(g,curlB), (2.1b)
(divu,q)=0, (2.1c)
u(x,0)=u0(x), H(x,0)=H0(x). (2.1d)

Next, we introduce an equivalent form for the MHD equations based on the idea of [53].
Taking the L2 inner product of u, p and H with (1.1a), (1.1b) and (1.1c), respectively, we
obtain

1
2

d
dt
‖u‖2

0+ν‖∇u‖2
0+((u·∇)u,u)+µ(H×curlH,u)=(f,u), (2.2a)

µ

2
d
dt
‖H‖2

0+σ−1‖curlH‖2
0−µ(u×H,curlH)=σ−1(curlg,H). (2.2b)
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By combining (2.2a) and (2.2b), we obtain the following energy law

1
2

d
dt
(
‖u‖2

0+µ‖H‖2
0
)
=−ν‖∇u‖2

0−σ−1‖curlH‖2
0+(f,u)+σ−1(curlg,H), (2.3)

where we have used two identities

((u·∇)u,u)=0 and (u×H,curlH)=(H×curlH,u).

Then, we introduce a scalar auxiliary variable Q(t)=E(u,H)+C0, where C0≥1 is an ar-
tificial parameter and E(u,H) := 1

2

(
‖u‖2

0+µ‖H‖2
0
)
. Hence, according to (2.3), the original

equations (1.1a)-(1.1d) are expanded as:

ut−ν∆u+(u·∇)u+µH×curlH+∇p= f, divu=0, (2.4a)

µHt+σ−1curlcurlH−µcurl(u×H)=σ−1curlg, (2.4b)
dQ
dt

=
Q(t)

E(u,H)+C0

(
(f,u)+σ−1(curlg,H)−ν‖∇u‖2

0−σ−1‖curlH‖2
0

)
. (2.4c)

In the last part of the section, we recall the discrete Grönwall’s lemma in [23].

Lemma 2.1. Let k, an, bn and dn for integers n1≤n≤m be nonnegative numbers such that

am+k
m

∑
n=n1

bn≤ k
m

∑
n=n1

andn+c, ∀m≥n1.

Then, under the assumption kdn <1, there holds

am+k
m

∑
n=n1

bn≤exp

(
k

m

∑
n=n1

dn

)
c, ∀m≥n1.

3 Fully discrete schemes for the MHD model

In this section, based on the finite element approximation of the equivalent form (2.4a)-
(2.4c) for the MHD model, we construct some fully discrete schemes with first- and
second-order accuracy.

We introduce a spatial discretization of the MHD model (2.4a)-(2.4c) with initial data
and homogeneous boundary condition (1.2a)-(1.2b) by using the mixed finite element
method. From now on, let πh be a regular, quasi-uniform triangulation of the bounded
regular domain Ω into triangular K in 2D domain or tetrahedrons K in 3D case with
diameters bounded by a real positive parameter h=maxK∈πh{diam(K)}.

In below, we use Nédélec’s first family of space (cf. [44]) for the unknown H. We
define

N1(K)=P0(K)d⊕D1(K),
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where D1(K) denotes the homogeneous polynomials q(x) of degree 1 that satisfy
q(x)·x= 0 on K∈πh, and Pk(K) is the set of polynomials of degree at most k≥ 0 on K.
Additionally, we choose MINI element (cf. [5,22,61]) for the unknowns u and p. Consider
then

Wh ={Bh∈W : Bh|K∈N1(K), ∀K∈πh},
Xh ={vh∈C0(Ω)d∩X : vh|K∈ (P1(K)⊕span{b̂})d, ∀K∈πh},

Mh ={qh∈C0(Ω)∩M : qh|K∈P1(K), ∀K∈πh},

where b̂(x)∈H1
0(K) takes the value 1 at the barycenter of K and such that 0≤ b̂(x)≤1 [5].

Moreover, let {tn}N
n=0 (N > 0) be a uniform partition of [0,T] with time step

∆t = T
N . Next, (un

h ,pn
h ,Hn

h) denote the fully discrete approximation to the solution
(u(tn),p(tn),H(tn)) of the problem (2.4a)-(2.4b) at t= tn and Qn for Q(tn) in (2.4c). Be-
sides, we set fn = f(tn), and gn =g(tn).

Now, based on the generalized SAV approach, we propose fully discrete VPPε scheme
with first-order accuracy in time for the equivalent system (2.4a)-(2.4c) of the incompress-
ible MHD model.

Algorithm 3.1.

Step I: Given un
h ,ûn

h ∈Xh, Hn
h ,H̃n

h ∈Wh, pn
h ∈Mh with 0≤ n≤N−1, find (ũn+1

h ,H̃n+1
h )∈

Xh×Wh satisfying: for all vh∈Xh, Bh∈Wh,

1
∆t

(
ũn+1

h −ûn
h ,vh

)
+ν(∇ũn+1

h ,∇vh)+((un
h ·∇)un

h ,vh)+µ(Hn
h×curlHn

h ,vh)

−(divvh,pn
h)=(fn+1,vh), (3.1a)

µ

∆t

(
H̃n+1

h −H̃n
h ,Bh

)
+σ−1(curlH̃n+1

h ,curlBh)−µ(curlHn
h×Bh,un

h)

=σ−1(curlgn+1,Bh). (3.1b)

Step II: Based on ũn+1
h from (3.1a), find ūn+1

h ∈Xh satisfying: for all vh∈Xh,

1
∆t

(
ūn+1

h ,vh

)
+ν(∇ūn+1

h ,∇vh)+
1
ε

(
divūn+1

h ,divvh

)
=−1

ε

(
divũn+1

h ,divvh

)
, (3.2)

where 0< ε≤1 is a penalty parameter.

Step III: According to Step I and Step II, we get ûn+1
h ∈Xh and find pn+1

h ∈Mh by

ûn+1
h = ũn+1

h +ūn+1
h , (3.3a)

(pn+1
h ,qh)=(pn

h ,qh)−
1
ε
(∇·ûn+1

h ,qh), ∀qh∈Mh. (3.3b)
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Step IV: Given Qn, ûn+1
h and H̃n+1

h , compute Qn+1 and update the eventual velocity field
un+1

h and magnetic field Hn+1
h by

Qn+1−Qn

∆t
=

Qn+1

E(ûn+1
h ,H̃n+1

h )+C0

(
(fn+1,ûn+1

h )+σ−1(curlgn+1,H̃n+1
h )

−ν‖∇ûn+1
h ‖2

0−σ−1‖curlH̃n+1
h ‖2

0

)
, (3.4a)

un+1
h =γn+1ûn+1

h , Hn+1
h =γn+1H̃n+1

h , (3.4b)

where

γn+1=1−
(

1− Qn+1

E(ûn+1
h ,H̃n+1

h )+C0

)2

.

Remark 3.1. For the above algorithm, the numerical velocity field u0
h,û0

h and magnetic
field H0

h, H̃0
h are needed. Here, we find u0

h and H0
h satisfying for all vh∈Xh and Bh∈Wh

(∇u0
h,∇vh)=(∇u0,∇vh), (curlH0

h,curlBh)=(curlH0,curlBh),

and set
û0

h =u0
h, H̃0

h =H0
h, Q0=

1
2
(
‖u0

h‖2
0+µ‖H0

h‖2
0
)
+C0,

which implies Q0>0.

Next, we propose the second-order scheme based on backward differential formula
for temporal discretization. Denote D(sn

h)=2sn
h−sn−1

h , s= p, H or u as the second-order
extrapolation of numerical approximation.

Then, based on the generalized SAV approach, we propose a fully discrete VPPε

scheme with second-order accuracy in time for the equivalent system (2.4a)-(2.4c) of the
incompressible MHD model.

Algorithm 3.2.

Step I: Compute Algorithm 3.1 with n=0 and set ū0
h =0.

Step II: Given un−1
h ,un

h ,ũn−1
h ,ũn

h∈Xh, Hn−1
h ,Hn

h ,H̃n−1
h ,H̃n

h∈Wh, pn−1
h ,pn

h∈Mh with 1≤n≤
N−1, find ũn+1

h ∈Xh and H̃n+1
h ∈Wh satisfying: for all vh∈Xh, Bh∈Wh,

1
2∆t

(
3ũn+1

h −4ũn
h+ũn−1

h ,vh

)
+ν(∇ũn+1

h ,∇vh)+
(
(D(un

h)·∇)D(un
h),vh

)
+µ
(

D(Hn
h)×curlD(Hn

h),vh

)
−(divvh,D(pn

h))=(fn+1,vh), (3.5a)

µ

2∆t

(
3H̃n+1

h −4H̃n
h+H̃n−1

h ,Bh

)
+σ−1(curlH̃n+1

h ,curlBh)−µ
(
curlD(Hn

h)×Bh,D(un
h)
)

=σ−1(curlgn+1,Bh). (3.5b)
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Step III: Based on ũn+1
h from (3.5a), ūn

h and ūn−1
h , find ūn+1

h ∈Xh satisfying: for all vh∈Xh,

1
2∆t

(
3ūn+1

h −4ūn
h+ūn−1

h ,vh

)
+ν(∇ūn+1

h ,∇vh)+
1
ε

(
divūn+1

h ,divvh

)
=− 1

ε

(
divũn+1

h ,divvh

)
, (3.6)

where 0< ε≤1 is a penalty parameter.

Step IV: According to Step II and Step III, we get ûn+1
h ∈Xh and find pn+1

h ∈Mh by

ûn+1
h = ũn+1

h +ūn+1
h , (3.7a)

(pn+1
h ,qh)=(D(pn

h),qh)−
1
ε
(divûn+1

h ,qh), ∀qh∈Mh. (3.7b)

Step V: Implement Step IV of Algorithm 3.1 with

γn+1=1−
(

1− Qn+1

E(ûn+1
h ,H̃n+1

h )+C0

)3

.

Remark 3.2. The projection method imposes artificial Neumann boundary condition for
pressure and sacrifices pressure accuracy to decouple the velocity field and pressure. For
Algorithms 3.1 and 3.2, the VPPε technique is used to decouple the velocity and pressure.
Further, compared to the projection method, the numerical experiments in Section 4.1
indicate that Algorithm 3.2 keeps second-order temporal accuracy for the velocity field
and pressure in H1 semi-norm and L2 norm, respectively.

Remark 3.3. The velocity correction steps (3.2)-(3.3b) for the first-order scheme and (3.6)-
(3.7b) for the second-order scheme perform an approximate divergence-free projection,
and can get control of mass conservation law for the discrete solution when the penalty
parameter is small.

In the following context, we mainly prove the stability of Algorithms 3.1 and 3.2. To
the best of the authors’ knowledge, it is the first work which obtains the stability of the
fully discrete VPPε scheme.

The proof for two algorithms is almost the same, so we shall only consider Algorithm
3.1. Additionally, the proof of stability for Algorithm 3.2 will be interspersed in following
context by a concise format.

Theorem 3.1. Suppose that

‖f(·,t)‖0≤C f , σ−1µ−
1
2 ‖curlg(·,t)‖0≤Cg
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for all t∈ (0,T], and {un+1
h } and {Hn+1

h } are the solutions to Algorithms 3.1 and 3.2. If C0≥
max{λC2

f ,λC2
g,1} with 1≤λ<∞, and ∆t<

√
0.5λ, then we have Qn+1>0. Besides, there exists

a constant MT only dependent on T such that

‖un+1
h ‖0+

√
µ‖Hn+1

h ‖0≤MT, ∀n≤N−1. (3.8)

In addition, for Algorithms 3.1 and 3.2, there exist some positive constants C1, C2, C3, C4 inde-
pendent on h, ∆t, ε, such that

QN+∆t
N−1

∑
n=0

Qn+1

E(ûn+1
h ,H̃n+1

h )+C0

(
ν‖∇ûn+1

h ‖2
0+σ−1‖curlH̃n+1

h ‖2
0

)
≤C1, (3.9a)

ε2
N−1

∑
n=0
‖ūn+1

h ‖2
0+

ε2ν∆t
2

N−1

∑
n=0
‖∇ūn+1

h ‖2
0≤C2 for Algorithm 3.1, (3.9b)

ε2‖ūN
h ‖2

0+ε2ν∆t
N−1

∑
n=1
‖∇ūn+1

h ‖2
0≤C3 for Algorithm 3.2, (3.9c)

ν∆t
N−1

∑
n=0
‖∇ũn+1

h ‖2
0≤C4. (3.9d)

Remark 3.4. If we choose the big value of C0, then λ will be big which weakens the time
step restriction.

Proof. By the assumptions on f, g and C0, we have the following bounds with help of the
Cauchy-Schwarz inequality(

fn+1,ûn+1
h

)
E(ûn+1

h ,H̃n+1
h )+C0

≤
‖fn+1‖0‖ûn+1

h ‖0
1
2‖û

n+1
h ‖2

0+λ‖fn+1‖2
0

≤ 1√
2λ

, (3.10a)

σ−1
(

curlgn+1,H̃n+1
h

)
E(ûn+1

h ,H̃n+1
h )+C0

≤
σ−1‖curlgn+1‖0‖H̃n+1

h ‖0
1
2 µ‖H̃n+1

h ‖2
0+λσ−2µ−1‖curlgn+1‖2

0

≤ 1√
2λ

, (3.10b)

where we note that a2+b2≥2ab. In addition, according to (3.4a), we get

Qn+1=Qn
(

1+
∆t

E(ûn+1
h ,H̃n+1

h )+C0

(
ν‖∇ûn+1

h ‖2
0+σ−1‖curlH̃n+1‖2

0

−(fn+1,ûn+1
h )−σ−1(curlgn+1,H̃n+1

h )
))−1

= : Qn

(
1+

4

∑
i=1

Ai

)−1

. (3.11)

Next, we will prove Qn>0, 0≤n≤N by using inductive method. First, we have Q0>0.
Second, assuming that Qn−1 >0, we will prove Qn >0, 1≤n≤N. In fact, it can be found
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that A1,A2≥0 in (3.11) and A3+A4≥−2 ∆t√
2λ

from (3.10). Hence, if ∆t<
√

0.5λ, then we
obtain 1+A3+A4>0 and Qn >0 from (3.11).

Moreover, taking the sum of (3.4a) for n from 0 to N−1 and applying (3.10), we obtain

QN+∆t
N−1

∑
n=0

Qn+1

E(ûn+1
h ,H̃n+1

h )+C0

(
ν‖∇ûn+1

h ‖2
0+σ−1‖curlH̃n+1

h ‖2
0

)
=Q0+∆t

N−1

∑
n=0

Qn+1

E(ûn+1
h ,H̃n+1

h )+C0

(
(fn+1,ũn+1

h )+σ−1(curlgn+1,H̃n+1
h )

)
≤Q0+∆t

√
2
λ

N−1

∑
n=0

Qn+1. (3.12)

Then, applying the discrete Grönwall lemma to (3.12), we have

QN+∆t
N−1

∑
n=0

Qn+1

E(ûn+1
h ,H̃n+1

h )+C0

(
ν‖∇ûn+1

h ‖2
0+σ−1‖curlH̃n+1

h ‖2
0

)
≤exp

(√ 2
λ

T
)

Q0,

which implies (3.9a). The above inequality along with C0≥1, we get

Qn+1

E(ûn+1
h ,H̃n+1

h )+C0
≤

2exp
(√ 2

λ T
)
Q0

‖ûn+1
h ‖2

0+µ‖H̃n+1
h ‖2

0+2
. (3.13)

Then, from (3.13), it is easy to show that there exists a constant MT > 0 only dependent
on T such that

γn+1≤ MT

‖ûn+1
h ‖2

0+µ‖H̃n+1
h ‖2

0+2
,

which combines with

un+1
h =γn+1ûn+1

h and Hn+1
h =γn+1H̃n+1

h

to get

‖un+1
h ‖2

0=
(

γn+1‖ûn+1
h ‖0

)2
≤ M2

T(
2
√

2‖ûn+1
h ‖0

)2 ‖û
n+1
h ‖2

0≤M2
T,

µ‖Hn+1
h ‖2

0≤µ
(

γn+1‖H̃n+1
h ‖0

)2
≤M2

T,

which are (3.8).
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Furthermore, for Algorithm 3.1, take vh =∆tūn+1
h in (3.2) and add the ensuing equa-

tion from n=0 to N−1, it follows from (3.3a) and the fact ‖divv‖0≤‖∇v‖0 proved in [43]
that

N−1

∑
n=0
‖ūn+1

h ‖2
0+ν∆t

N−1

∑
n=0
‖∇ūn+1

h ‖2
0

=−
N−1

∑
n=0

∆t
ε

(
divûn+1

h ,divūn+1
h

)
≤ν∆t

2

N−1

∑
n=0
‖∇ūn+1

h ‖2
0+

∆t
2νε2

N−1

∑
n=0
‖∇ûn+1

h ‖2
0, (3.14)

which, along with (3.9a) and (3.13), imply that there exists C2>0 such that (3.9b) holds.
For Algorithm 3.2, choose vh = 4∆tūn+1

h in (3.6) and add the ensuing equation from
n=1 to N−1, it follows that

‖ūN
h ‖2

0+‖2ūN
h −ūN−1

h ‖2
0+

N−1

∑
n=1
‖ūn+1

h −2ūn
h+ūn−1

h ‖2
0+4ν∆t

N−1

∑
n=1
‖∇ūn+1

h ‖2
0

=−
N−1

∑
n=0

4∆t
ε

(
divûn+1

h ,divūn+1
h

)
+‖ū1

h‖2
0+‖2ū1

h−ū0
h‖2

0

≤3ν∆t
N−1

∑
n=1
‖∇ūn+1

h ‖2
0+

4∆t
3νε2

N−1

∑
n=1
‖∇ûn+1

h ‖2
0+‖ū1

h‖2
0+‖2ū1

h−ū0
h‖2

0,

which combines (3.9a) and (3.9b) at n=0 to imply that there exists C3>0 such that (3.9c)
holds.

Finally, form (3.3a), we have

∆t‖∇ũn+1
h ‖2

0≤∆t‖∇ûn+1
h ‖2

0+2∆t‖∇ūn+1
h ‖2

0.

Then, from (3.9a) and (3.9b) (or (3.9c)), we derive that there exists C4 >0 such that (3.9d)
holds.

Corollary 3.1. If f= g= 0, then we have 0< Qn+1 < Qn, ∀n≤N−1. Besides, there exists a
constant M∗ independent on T such that

‖un+1
h ‖0+

√
µ‖Hn+1

h ‖0≤M∗, ∀n≤N−1. (3.15)

Proof. From (3.11), we obtain Qn+1 > 0 by using inductive method. Then, according to
(3.4a), we have

Qn+1−Qn =
∆tQn+1

E(ûn+1
h ,H̃n+1

h )+C0

(
−ν‖∇ûn+1

h ‖2
0−σ−1‖curlH̃n+1

h ‖2
0

)
<0. (3.16)

By a similar argument of (3.8), we get (3.15). Unlike (3.8), note that the constant M∗ here
is independent on T.
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4 Numerical experiments

In this section, several numerical examples are tested to demonstrate the accuracy and
efficiency of the proposed algorithms for the incompressible MHD model.

4.1 The MHD model with analytical solutions

4.1.1 2D convergence test

In order to verify the accuracy of the presented algorithms, the 2D incompressible MHD
model (1.1a)-(1.2b) in the unit square domain [0,1]2 is considered. The source terms and
boundary conditions of the equations are determined by the analytic solution given be-
low:

u=(απsin2(πx)sin(πy)cos(πy)cos(t),−απsin(πx)sin2(πy)cos(πx)cos(t))T,

H=(αsin(πx)cos(πy)cos(t),−αcos(πx)sin(πy)cos(t))T,
p=αcos(πx)cos(πy)cos(t),

where α=0.01.
Firstly, we test the convergence order of Algorithm 3.1 with respect to h. Here we set

T=0.01 and ∆t=0.001. For the sake of simplicity, we denote the errors

err(sh)=‖sN
h −sN

h ‖0, s=u,p,H and Err(curlHh)=
(
(err(Hh))

2+(err(curlHh))
2) 1

2 .

Next, set the parameters ν = µ = σ = ε = 1.0, C0 = 1000 and pick five values of h = 1
4 , 1

8 ,
1

16 , 1
24 and 1

32 . Fig. 1(a) presents the errors of Algorithm 3.1. From the figure, we can see
that the convergence orders with err(∇uh), err(ph) and Err(curlHh) are O(h), and the
convergence order with err(uh) is O(h2).

Secondly, we fix h= 1
24 , T=1, ε=1.0E−3 and choose the same physics parameters as

the above test to test the temporal accuracy. Take ∆t= 1
8 , 1

16 , 1
32 , 1

64 , 1
128 , and denote the

error with respect to the time step by

err(s∆t
h )=‖sN,∆t

h −sN, ∆t
2

h ‖0 and Err(curlH∆t
h )=

(
(err(H∆t

h ))2+(err(curlH∆t
h ))2

) 1
2
.

The errors and convergence rates of Algorithms 3.1 and 3.2 with respect to ∆t are shown
in Figs. 1(b) and (c), respectively. Both of them are approximately 1 or 2, which are the
optimal order for first-order time discretization and second-order time discretization.

4.1.2 3D convergence test

In this numerical example, the temporal-spatial accuracy for the 3D incompressible MHD
model is tested with the computational domain Ω=[0,1]3. Consider the problem (1.1a)-
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Figure 1: Errors and convergence rates with respect to h (a), ∆t with first-order accuracy (b) and second-order
accuracy (c).

h
0.05 0.0625 0.0833 0.125 0.25

E
r
r
o
r
 
v
a
lu

e

10
-8

10
-7

10
-6

10
-5

10
-4

10
-3

err(uh)
err(∇uh)
err(ph)
Err(curlHh)
Reference value 1
Reference value 2

(a)

∆t
0.0078 0.0156 0.0313 0.0625 0.125

E
r
r
o
r
 
v
a
lu

e

10
-9

10
-8

10
-7

10
-6

10
-5

10
-4

10
-3

10
-2

err(u∆t
h )

err(∇u
∆t
h )

err(p∆t
h )

Err(curlH∆t
h )

Reference value 1

(b)

∆t
0.0078 0.0156 0.0313 0.0625 0.125

E
r
r
o

r
 v

a
lu

e

10
-9

10
-7

10
-5

10
-3

10
-1

err(u∆t
h )

err(∇u
∆t
h )

err(p∆t
h )

Err(curlu∆t
h )

Reference value 2

(c)

Figure 2: Errors and convergence rates with respect to h (a), ∆t with first-order accuracy (b) and second-order
accuracy (c).

(1.2b) with the following analytic solution

u=(y2z2sin(t),x2z2sin(t),x2y2sin(t))T, p=(1−x)(1−y)(1−z)sin(t),

H=(y(1−y)2z(1−z)2sin(t),x(1−x)2z(1−z)2sin(t),x(1−x)2y(1−y)2sin(t))T.

The functions f and g are obliged to satisfy that u, p and H are the solutions of the orig-
inal problem, respectively. Choose the same physics parameters as those in the 2D con-
vergence test.

The errors and convergence rates with respect to h for Algorithm 3.1 are displayed in
Fig. 2(a). Next, in order to test the temporal accuracy of Algorithms 3.1 and 3.2, the spatial
step is fixed as h= 1

12 . The errors and convergence rates are shown in Figs. 2(b) and (c),
from which we can see that Algorithms 3.1 and 3.2 work well and keep the convergence
rates.
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4.2 Hartmann flow

Hartmann flow, which describes the internal flow of a liquid metal through a channel un-
der the influence of a transverse magnetic field Hd, is a benchmark problem extensively
implemented to test the MHD model (1.1a)-(1.2b). In this test, we consider the 2D/3D
Hartmann flow with four physical parameters: fluid Reynolds number Re, magnetic
Reynolds number Rm, coupling coefficient s and Hartmann number Ha. The relation-
ship between these parameters and the parameters in the model (1.1a)-(1.2b) is showed
as follows

Re =ν−1, Rm =µσ, s=µ−1, Ha =
√

ReRms.

4.2.1 2D Hartmann flow

The incompressible flow under an external transverse magnetic field H2 = (0,1)T in a
given domain Ω= [0,2]×[−1,1] is considered in this test. The exact solution for the 2D
incompressible MHD model (1.1a)-(1.2b) is provided [18].

u(x,y)=(u(y),0)T, H(x,y)=(H(y),1)T, p(x,y)=−x−sH2(y)/2+10,

with

u(y)=
Re

Ha tanh(Ha)

(
1− cosh(yHa)

cosh(Ha)

)
and H(y)=

1
s

(
sinh(yHa)

sinh(Ha)
−y
)

.

The boundary conditions are chosen as no-slip boundary conditions on the wall and
Neumann boundary conditions on the inlet and the outlet:

u=0 on y=±1, (pI−R−1
e ∇u)n=pn on x=0 and x=2, n×H=n×H2 on ∂Ω,

where I is identity matrix.
Set C0=1000, ε=1.0, ∆t= 1

100 , h= 1
60 and T=5. Besides, we select the following three

sets of physical parameters:

Case 1: Ha =0.5, e =Rm =0.1, s=25;

Case 2: Ha =5, Re =Rm =1, s=25;

Case 3: Ha =50, Re =Rm =10, s=25.

The numerical results obtained by Algorithm 3.1 and the analytical solutions of the first
components u(y) and H(y) are shown in Fig. 3, which suggests that the numerical results
are in good agreement with the analytical solutions.
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Figure 3: Slices of the 2D Hartmann flow at x=1, −1≤y≤1.

4.2.2 3D Hartmann flow

A 3D unidirectional flow under an external transverse magnetic field H3 =(0,1,0)T in a
given domain Ω=[0,x0]×[−y0,y0]×[−z0,z0] is considered in this test. The exact solution
for the 3D Hartmann flow problem is provided as follows [18, 40]:

u(x,y,z)=(u(y,z),0,0)T, H(x,y,z)=(H(y,z),1,0)T,

p(x,y,z)=−x−sH2(y,z)/2+10,

with

u(y,z)=
1
2

Re
(
z2−z2

0
)
+

+∞

∑
i=0

ai(y)cosh(λiz),

H(y,z)=
+∞

∑
i=0

bi(y)cosh(λiz),

where

ai(y)=Ai cosh(p1y)+Bi cosh(p2y),

bi(y)=
1

Res

(
Ai

λ2
i −p2

1
p1

sinh(p1y)+Bi
λ2

i −p2
2

p2
sinh(p2y)

)
.

Here

Ai =
p1(p2

2−λ2
i )

γi
ui(y0)sinh(p2y0), Bi =

p2(λ2
i −p2

1)

γi
ui(y0)sinh(p2y0),

p2
1,2=λ2

i +
H2

a
2
±Ha

√
λ2

i +
H2

a
4

, λi =
(2i+1)π

2z0
,

γi = p2(λ
2
i −p2

1)sinh(p1y0)cosh(p2y0)−p1(λ
2
i −p2

2)sinh(p2y0)cosh(p1y0),

ui(y0)=
−2Re

λ3
i z0

sin(λiz0).
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Figure 4: Slices of the 3D Hartmann flow at x=1, −1≤y≤1, and z=0.

The following boundary conditions are imposed

u=0 on y=±y0, z=±z0, (pI−R−1
e ∇u)n= pn on x=0 and x=2,

n×H=n×H3 on ∂Ω.

We choose the same values of C0 and ε as those of the 2D Hartmann flow, and set x0 =2,
y0 =

1
2 , z0 =

1
4 and f=g= 0. Take T= 3, ∆t= 1

12 and h= 1
10 . Next, consider the following

three cases:

Case 1: Ha =0.5, Re =Rm =0.5, s=1;

Case 2: Ha =5, Re =Rm =5, s=1;

Case 3: Ha =15, Re =Rm =15, s=1.

The numerical results obtained by Algorithm 3.1 and the analytical solutions of u(y,z)
and H(y,z) are presented in Fig. 4. We can see easily from the figure that the compu-
tational numerical points lie on the theoretical lines accordingly, which show that there
exists a good agreement between the computational solutions and the analytical solu-
tions.

4.3 Stability test

In order to test the stability of Algorithm 3.2, we consider the domain of the model (1.1a)-
(1.2b) as the unit square [0,1]2. Meanwhile, we compare Algorithm 3.2 with the following
algorithm, which is the implicit/explicit scheme with second-order temporal accuracy.

Algorithm 4.1. Given un
h ,un−1

h ∈Xh, Hn
h ,Hn−1

h ∈Wh, find (un+1
h ,pn+1

h ,Hn+1
h )∈Xh×Mh×Wh
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satisfying for all (vh,qh,Bh)∈Xh×Mh×Wh,(
3un+1

h −4un
h+un−1

h
2∆t

,vh

)
+ν(∇un+1

h ,∇vh)+
(
(D(un

h)·∇)D(un
h),vh

)
+µ
(

D(Hn
h)×curlD(Hn

h),vh

)
−(divvh,pn+1

h )+(divun+1
h ,qh)=(fn+1,vh), (4.1a)

µ

(
3Hn+1

h −4Hn
h+Hn−1

h
2∆t

,Bh

)
+σ−1(curlHn+1

h ,curlBh)−µ
(

curlD(Hn
h)×Bh,D(un

h)
)

=σ−1(curlgn+1,Bh). (4.1b)

The source functions f, g are set to zero. The initial values are taken as follows:

Case I: u0(x,y)=(10x2(x−1)2y(y−1)(2y−1),−10y2(y−1)2x(x−1)(2x−1))T,

H0(x,y)=(sin(πx)cos(πy),−sin(πy)cos(πx))T, p0(x,y)=0.

Case II: u0(x,y)=(y2,x2)T, p0(x,y)=(2x−1)(2y−1),

H0(x,y)=(x2(x−1)2y(y−1)(2y−1),−y2(y−1)2x(x−1)(2x−1))T.

Here, for Case I, we take the physical parameters ν−1 = σ = 100, and vary ∆t= 0.5, 0.2,
0.1, 0.05. For Case II, we take the physical parameters ν−1 = 1000, σ = 100, and vary
∆t= 0.1, 0.04, 0.02, 0.01. Moreover, we set ε= 1.0E−3 and T = 10. The discrete energy
En

h =
1
2 (‖un

h‖2
0+µ‖Hn

h‖2
0) will be computed by Algorithms 3.2 and 4.1. The results of these

two cases are displayed in Figs. 5 and 6, respectively. From Figs. 5(b) and 6(b), we observe
that Algorithm 4.1 does not work when the large time steps are used. In contrast, from
Figs. 5(a) and 6(a), the energy curves of Algorithm 3.2 shows monotonic decay for all the
tested time steps, which is not surprising since Algorithm 3.2 is stable from Theorem 3.1.
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Figure 5: The value En
h of Algorithm 3.2 (a) and Algorithm 4.1 (b) with different time steps for Case I.
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Figure 6: The value En
h of Algorithm 3.2 (a) and Algorithm 4.1 (b) with different time steps for Case II.

4.4 An exact solution problem

In order to demonstrate the effectiveness of Algorithm 3.2 discussed in this paper, we will
test the numerical example in [61]. Consider the MHD model in the unit domain [0,1]2

and the time interval [0,1]. The source terms f and g, initial and boundary conditions are
chosen to ensure that

u=(t4sin2(kπx)sin(2kπy),−t4sin2(kπy)sin(2kπx))T,

H=(−sin(ky)t4,sin(kx)t4)T, p= t4cos(πx)cos(πy),

is the solution to the problem (1.1a)-(1.2b).
Taking ν=σ=µ=1, k=0.1, ε=0.1, C0=1000 and fixing the spatial mesh size h= 1

300 ,
we list the numerical results of Algorithm 3.2 in Table 1, from which we find that it has
better error than that in [61].

Next, we consider the choice of the parameter C0. Note that in Theorem 3.1 we need
∆t<
√

0.5λ and C0≥max{λC2
f ,λC2

g,1}. If we choose the big value of C0, then λ will be big
which weakens this time step restriction. If we fix the time step ∆t, then λ>2(∆t)2 and
C0≥max{2(∆t)2C2

f ,2(∆t)2C2
g,1}. Hence, if we choose small value of C0, then Algorithm

3.2 will do not work.

Table 1: The errors and divergence of velocity with different time steps.

Algorithm 3.2 error in [61]
∆t err(uh) err(∇uh) err(ph) ‖divuh‖0 err(uh)
1

10 1.21E−3 9.10E−3 1.85E−2 4.83E−3 1.00E−2
1

20 3.38E−4 2.56E−3 5.18E−3 1.37E−3 4.87E−3
1

40 8.92E−5 7.07E−4 1.37E−3 4.08E−4 1.58E−3
1

80 2.29E−5 2.79E−4 3.82E−4 2.19E−4 4.30E−4
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Figure 7: The value of ‖un
h‖0+

√
µ‖Hn

h‖0 by Algorithm 3.2 with different C0.

Fix ν=σ=µ=1, k=0.01, ε=0.001 and h=∆t= 1
48 to show the evolution of the values

of ‖un
h‖0+

√
µ‖Hn

h‖0 and 1−γn (1≤ n≤ N) obtained by Algorithm 3.2. Obviously, we
can see from Fig. 7 that Algorithm 3.2 with the small value of C0 does not work, and the
curves are gradually decreasing after t=4, which are opposite to the exact solution. How-
ever, the numerical result with the big value of C0 is agreement with the exact solution.
Furthermore, we show the values of 1−γN and ‖uN

h ‖0+
√

µ‖HN
h ‖0 (denoted as EN) by

Algorithm 3.2 in Table 2 with different C0, which imply that Algorithm 3.2 with big value
of C0 produces better numerical results than those of Algorithm 3.2 with small value of
C0.

Finally, by varying the value of ε, we test the influence of ε on the numerical results
for Algorithm 3.2 with ∆t = h = 1

24 . The numerical results are showed in Table 3. It is
found that, as ε gradually decreases, the errors decrease.

Table 2: The numerical results of Algorithm 3.2 at T=5.

C0 10 50 100 150 500 1000 10000 exact solution
EN 0.08487 2.6981 4.2081 4.6666 5.0140 5.0298 5.0324 5.1172

1−γN 9.85E−1 4.84E−1 1.75E−1 7.88E−2 4.06E−3 5.89E−4 6.76E−7 —

Table 3: The errors of the velocity with k=0.001 by Algorithm 3.2 under different values of ε.

ε 1.0 1.0E−1 1.0E−2 1.0E−3 1.0E−4 1.0E−5
‖divuN

h ‖0 9.69E−3 9.81E−4 9.82E−5 9.82E−6 9.82E−7 9.82E−8
err(uh) 2.37E−3 2.39E−4 2.37E−5 2.35E−6 2.35E−7 2.35E−8

err(∇uh) 1.80E−2 1.83E−3 1.84E−4 1.87E−5 1.88E−6 1.88E−7
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4.5 Driven cavity flow

4.5.1 2D driven cavity flow

In this subsection, the driven cavity flow problem is tested in a domain Ω= [0,1]2. Set
h = 1

64 , ∆t = 1
100 . Then, the source terms and initial values are set to zero. Impose the

following boundary conditions:

u=(0,0) on x=0,1, and y=0, u=(1,0) on y=1,

n×B=n×BD on ∂Ω, where BD =(1,0)T.

The final time T is chosen such that

‖uN
h −uN−1

h ‖0+‖HN
h −HN−1

h ‖0≤1.0E−5.

Next, we plot the velocity streamline and magnetic obtained by Algorithm 3.2 with fixed
ν=σ=1, ε=0.01 and µ=1.0 and 5.0 in Fig. 8. With the increase of µ, the magnetic field
is starting to bend.
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Figure 8: The streamlines of velocity field (the first line) and magnetic field (the second line) for µ=1.0 (the
first column) and µ=5.0 (the second column).

4.5.2 3D driven cavity flow

In this example, let us consider the 3D MHD model in a driven cavity. The domain is
defined in Ω=[0,1]3. Impose boundary conditions: u|ST =(w,0,0)T, (H×n)|ST =H1×n,
where w satisfies w(x,y,1)=1 and w(x,y,z)=0 for z 6=1, and H1=(1,0,0)T.
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Figure 9: The streamlines of velocity field (the first line) and magnetic field (the second line) for µ=1.0 (the
first column) and µ=10.0 (the second column).

We choose initial values H0=(0,0,0)T, u0=(0,0,0)T, test parameter ν=σ=1,ε=1.0E−3
and set ∆t=0.01, h= 1

12 . The final time T is chosen such that

‖uN
h −uN−1

h ‖0+‖HN
h −HN−1

h ‖0≤1.0E−5.

In this example, we mainly consider the effect of µ for the driven cavity flow problem
solved by Algorithm 3.2. The numerical results of the velocity and magnetic fields are
depicted in Fig. 9. As µ increases, the magnetic field is bent.
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