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Abstract. In this paper, we develop through a careful selection of the auxiliary vari-
ables and numerical fluxes an energy conservative local discontinuous Galerkin (LDG)
method based on a hybrid form of the general Euler-Korteweg (EK) equations with a
variable capillarity coefficient. This energy conservative LDG discretization is of op-
timal order of accuracy for alternating numerical fluxes, but not for central numerical
fluxes which result in the reduction of one order of accuracy when odd degree poly-
nomial basis functions are used. Also, a relatively simple energy conservative LDG
discretization for the EK-equations with an irrotational velocity field is presented. Due
to the presence of a highly nonlinear third-order spatial derivative term, which orig-
inates from the divergence of the Korteweg stress tensor, we employ the novel semi-
implicit spectral deferred correction (SDC) method as temporal discretization. The
SDC method can be applied to highly nonlinear ordinary differential equations (ODEs)
without separating stiff and non-stiff components and is numerically stable for a time
step proportional to the mesh size. Numerical experiments, including ones with adap-
tive meshes, are performed to illustrate the accuracy and capability of the proposed
methods to solve the EK-equations.
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1 Introduction

In this work, we concentrate on the design of local discontinuous Galerkin (LDG) meth-
ods for the Euler-Korteweg (EK) equations with a variable capillarity coefficient, coupled
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with a novel semi-implicit spectral deferred correction (SDC) time discretization method.
These equations take the surface tension of interfaces into consideration using a capillar-
ity coefficient when modeling the dynamics of an isothermal compressible fluid, and
read [5]

pt+V-(pu) =0, (1.1a)
(ou)i+ V- (puu+pl) =V K, (1.1b)
inQx(0,T],QcC R4, d<3, T>0, where p is the density, u e R? the fluid velocity, p=p(p)

the pressure, I the identity matrix and ® the tensor product. The matrix K denotes the
Korteweg stress tensor and is defined as

K= (px<p>Ap+§<px'<p>+x<p>>|vm2)1—K<p>w®w 12)

with k =x(p) the capillarity coefficient. The highly nonlinear third order dispersive term
VK can be reduced to the simplified form

V-K=pV <K(p)Ap+;K’(p) !Vp!2> :
The EK-equations (1.1) then can be written in an equivalent non-conservative form as
pt+ V- (pu)=0, (1.3a)
w+u-Vu+VF(p)=V (K(p)Ap+ %Kl(p) |Vp|2> , (1.3b)

with F=F(p) the free energy density, which relates to the pressure p through the relation

p(p) =pF (0)—F(p).

For a capillary fluid, unlike a regular isothermal fluid, the total energy on () takes the
form

1= [ (GoluP+Flo)+ 5x(e) Vo ) dx, (14)

which shows that regions with large density gradients can contribute significantly to the
total energy.

The EK-equations can be endowed with a non-monotone van der Waals equation of
state [35]

60
p(p)= Rb—_p —ap?, (1.5)
with temperature 6, universal gas constant R and positive constants a, b depending on
the fluid, which allows the modelling of liquid-vapor mixtures undergoing a phase tran-
sition, i.e., there is mass transfer driven by thermodynamics between the phases. As a
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mixed hyperbolic-elliptic system, this model belongs to the well-known diffuse-interface
models, which treat the interface as a thin layer where physical quantities vary smoothly.
It can be traced back to van der Waals [49] and Korteweg [34], and was actually derived
in the modern form using the second gradient theory by Dunn and Serrin [20]. Sev-
eral special cases of the EK-equations have also arisen in other physical fields, e.g., in
water wave theory, when the capillarity coefficient x is chosen to be constant, and in
quantum hydrodynamics (QHD), when x(p) is proportional to 1/p. In particular, the
QHD equations can be used to describe quantum semiconductors [22], quantum trajecto-
ries of Bohmian mechanics [50], superfluids [37] and weakly interacting Bose gases [26].
Serious difficulties may, however, be encountered when solving the EK-equations. For
example, the treatment of the third-order highly nonlinear term and the possible mixed
hyperbolic-elliptic character of the equations are non-trivial. Besides, compared with the
Navier-Stokes-Korteweg (NSK) equations, which supplement the EK-equations with a
viscous term and take the capillarity coefficient x as a constant, the absence of dissipative
regularization (parabolic smoothing) imposes problems in the analytical research as well
as in numerical computations. Hence, it is a challenge to design energy conservative,
stable and high order accurate numerical discretizations for the EK-equations.

Due to the ubiquitousness in mathematical physics of the EK-equations equipped
with various choices of x and F (or p), there have been many analytical studies for the
EK-equations in the past decades. The investigation of the Cauchy problem for the gen-
eral EK-equations in one dimension dates back to Benzoni-Garage et al. [6]. Later, they
generalized the local well-posedness results to any dimension by a suitably extended for-
mulation of the EK-equations [7]. They also studied the existence and stability of solitons
and kinks using Hamiltonian structures and phase portrait analysis of the governing or-
dinary differential equations (ODEs) in [8]. Antonelli et al. considered in [1] the global
existence of weak solutions to a class of QHD equations by taking advantage of the equiv-
alence of the QHD equations with the nonlinear Schrodinger (NLS) equation via the so-
called Madelung transform. To extend this result to more general capillarity coefficients
x, Giesselmann [23] and Bresch, [11] respectively, developed the relative entropy meth-
ods that are used to prove the existence of global weak solutions of the EK-equations.
Under a natural stability condition on the pressure, Audiard [4] proved the existence of
global strong solutions of the EK-equations for small irrotational data in dimension at
least three. Later, he obtained a lower bound on the time of existence of the solution that
depends only on the rotational part, provided that the initial velocity has a small rota-
tional part [3]. Recently Antonelli et al. proved the global existence of finite energy weak
solutions of NSK equations for large initial data in [2].

In the past two decades, many numerical methods have been developed for the com-
putation of the (non-)isothermal NSK equations and EK-equations with a constant cap-
illarity coefficient. For example, Giesselmann considered a discontinuous Galerkin (DG)
method combined with a second-order accurate Crank-Nicolson type time discretization
in [24] for the NSK equations and the EK-equations with a constant capillarity coefficient.
The resulting scheme for the NSK equations is mass conservative and energy dissipa-
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tive, and the scheme for the EK-equations is mass and energy conservative. Recently
in [16] Dhaouadi and Dumbser first presented a novel first-order hyperbolic reformula-
tion, which is based on a combination of the first-order hyperbolic Godunov-Peshkov-
Romenski model of continuum mechanics with an augmented Lagrangian approach of
the NSK equations. Then the governing PDEs are solved with a high order ADER DG
method with a posteriori subcell finite volume limiter in case of discontinuities. They
showed arbitrary high order accuracy of the scheme, but did not prove the energy dis-
sipation property. One can refer to [9,13,19, 25,30, 33,35, 41, 43, 44, 46, 47] for other nu-
merical methods solving the NSK equations. However, only a few authors have consid-
ered the numerical solution of the EK-equations with a variable capillarity coefficient.
Hoefer et al. [31] considered the quantum fluid Bose-Einstein condensate and numeri-
cally simulated the governing Gross-Pitaevskii (GP) equation, which can be converted
into the QHD equations via the Madelung transform. They found that the experimen-
tally observed ripples correspond to the dispersive shock waves of the GP equation. Un-
der the assumption p’(p) >0, Noble and Vila [42] studied the stability of various differ-
ence approximations of the one-dimensional EK-equations, and obtained several stable
schemes in the Von Neumann sense and entropy stable schemes under suitable Courant-
Friedrichs-Levy (CFL) condition. Later, Bresch et al. [10] generalized the entropy stable
schemes to multi-dimension based on a generalization of the quantum Bohm potential
identity. In [15,17,18] Dhaouadi, Favrie, Gavrilyuk and Vila presented an augmented
Lagrangian approach for the EK-equations. They first derived a first-order hyperbolic
model with stiff source terms, which approximates the EK-equations through an aug-
mented Lagrangian, and then applied the finite volume method to solve the augmented
EK equations.

The numerical discretizations mentioned above for the truly general EK-equations
with a variable capillarity coefficient assume that the first-order part is hyperbolic (or con-
structs a hyperbolic approximation) and implement first or second-order finite difference
or finite volume methods. As a comparison, the LDG method is high-order accurate and
has excellent flexibility in dealing with the highly nonlinear terms in the EK-equations by
carefully introducing auxiliary variables. This motivated us to develop an energy con-
servative scheme, which can preserve the total energy H of the general EK-equations in
a discrete way. Also, an energy conservative LDG discretization is developed for the EK-
equations for the special case when the velocity field is irrotational. It should be empha-
sized here that no assumptions are made in the numerical discretization on the pressure
function p (or the free energy density F). When coupled with the SDC time integration
methods, both schemes are arbitrary high-order as long as suitable numerical fluxes are
adopted. The LDG method as an extension of the DG method was initially developed to
solve the nonlinear convection-diffusion equations by Cockburn and Shu [14], later this
technique was implemented to solve nonlinear KdV type equations [58], Camassa-Holm
equation [53], Degasperis-Procesi equation [55], NSK equations with constant capillar-
ity [46,47], Serre equations [61] and many other partial differential equations (PDEs) con-
taining high-order spatial derivatives. For a detailed description and review of the LDG
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method, we refer to [54] and the references therein.

The application of LDG methods to the EK-equations will generate a large coupled
system of ODEs, which require accurate and efficient time integration methods to march
in time. Explicit time discretizations will suffer from the extremely small time step re-
striction O(h?) for stability, due to the existence of the third-order derivative of the den-
sity in the capillary term. Fully implicit time marching techniques require the compu-
tation of a Jacobian matrix, and it is non-trivial to deal with the strong nonlinearity in
the EK-equations. Since they were proposed by Minion [40], traditional semi-implicit
SDC methods have been adopted to solve nonlinear problems [21,29,51] that contain
easily separable stiff and non-stiff components. Owing to the difficulty of separating the
variable capillarity x(p) and the derivatives of density Vp, Ap in the Korteweg term, we
will adopt in this paper the novel semi-implicit SDC time marching methods presented
in [28], which can treat ODEs without explicitly separating the equations into stiff and
non-stiff components.

The organization of the paper is as follows. Notations and some auxiliary results are
presented in Section 2. In Section 3, we develop an LDG discretization for the general
EK-equations, namely the energy conservative scheme GEK-C, and prove the discrete
energy conservation property. Under the assumption of an irrotational velocity field, we
also present a relatively simple LDG discretization, namely the IEK-C scheme, which is
especially suitable for the QHD equations and discussed in Section 4. In Section 5, we
first present the two fully discrete schemes by combining the spatial discretization with a
first-order accurate time discretization, which is then extended to the semi-implicit SDC
methods to achieve uniform high-order accuracy. Section 6 contains numerical exper-
iments illustrating the performance of the presented methods. Finally, we state some
conclusions in Section 7.

2 Notations and auxiliary results

Let 7, = {K} be a shape regular tessellation of the domain () such that Ugc7 K—Q as
h — 0, with h:=maxgcT, hx the mesh size and hg the diameter of element K. For each
K €Ty, we denote by ng the unit outward normal vector to the boundary dK. We also
denote by I' the union of the faces of all elements K, i.e., I'=J KeT, 0K, and classify them
into internal and boundary faces, i.e., I'=I7UI's. What should be emphasized is that a
periodic boundary face is treated as an internal face.

To introduce the flux functions, let e € I be a face shared by the “left” and “right” ele-
ments Ky and K, i.e., e=0K;NJKg, where the so-called “left” and “right” can be uniquely
defined for each internal face e €I'; according to any fixed rule, and for a boundary face
e € I'g, we assign K; and Kg (a ghost element) to lie, respectively, interior and exterior
to the domain (). Suppose ¢ is a function on K; and Kg, which could be discontinuous
across ¢, then we define ¢ and ¢X as (¢|k, )| and (¢|k, )|, the left and right traces, re-
spectively. Similar definitions can be obtained component-wisely for vector-valued and
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matrix-valued functions.

Next, we define the average and jump operators. To this end, let ¢, v and T be scalar-
valued, vector-valued and matrix-valued functions, respectively, and x be an arbitrary
point at the face e=0dK; NdKg. Denote by ny and ng the unit normal vectors at x pointing
exterior to K, and Kg, respectively, with n; +ng =0. If e €I'; is an internal face, then the
averages and jumps of, respectively, scalar, vector and matrix-valued functions ¢, v and
T at x € e are defined by

{¢k=%w¢+¢%, [¢]:=¢"nL+9 ng,
(v} = %(vva), [v]:=vt-n+vR-ng, [v]s:=vi@n+vRong,
(=g (41, [d=ttn trhng
On a boundary face e €T, we set
{p}=9" [¢]:=¢"nL,

{v}:=vl, [v]:=vtn, [v].:=vi®n,,

{I}ZZIL, [T] =1n;.

Note that the jumps of a scalar-valued function ¢ and a matrix-valued function T are both
vector-valued functions. As for the vector-valued function v, we define two jumps [v]
and [v],, which are scalar-valued and matrix-valued functions, respectively. Moreover,
we will define the notation [[-]] at x€e as

[p] =¢"—¢", [v]=vi-v", [z]=z"-1"

if e€I';. On a boundary face e cI'g, we set

[¢] =—9¢" [v]=-v", [z]=-2"

Each element K of the tessellation 7}, is connected to a reference element K through
some mapping Fx : K — K. Then the finite element spaces associated with the tessellation
Ty, are given by

VE={vel*(Q):v|xoFceP(K), VKET,},
ok = {v:(vl,---,vd)Te (L2(Q):0i|xoFk € P(R), i=1,--,d, VKeTh},
with P(K) = P*(K) or Q¥(K), the space of polynomials on the reference element K of

maximum degree k with respect to all d variables or each variable, respectively.
To present the DG schemes in a compact way, we define the discrete inner products

(4)14’):: Z ((PI(P)KI (V/W):: Z (V,W)K, (LQ)EZ Z (LQ)K/

KeTy, KeTy, KeT,
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(¢, @)k ::/ ppdx, (v,w)K::/ v-wdx, (t,0)x:= / T:0dx,
K K K

for the scalar-valued functions ¢, ¢, vector-valued functions v, w and matrix-valued
functions T, 7, respectively. We also introduce the DG discretization operators

DY (¢,w;p):= ) Dk(9,wW:9), DX(v,g:¥):= Y Dk(v,9;¥),
KeT, KeT,
v)i= ) D(v.o¥), DYz, w;E):= Y Di(zwid),
KeT, KET,
with
Di(p,w;): /4)V wdx+/ Pw ™ -ngds,
D (v,p;v): / Vq)dx+/ V-nge ds,
D%(v,g;v)::—/v-v-gdx—l—/ o ng-vds,
K 9K
Di(z,w;f)::—/I:deij Tng-w  ds,
K 9K
as well as
(¢W(X Z DK (PWﬂC) /§0/ M Z DK /q)/
KeTy, KeTy,
D(v,;n):= Y Di(v,on), Dt win):= Y Di(t,
KeT, KeT,
with

Di(¢,w;a):=Di(p,w;{¢}+a[9]), DX (v,¢;0):=Dg(v,9;{v}+a[v]),
Di(von)=Di(va{vi+alv]),  Di(mwia):=Di(zwi{r}+alz]),
and a € [—j, 2] Here “:” is the summation of the element-wise product of two matrices.
Suppose a= (a;j), b= (blj), then a:b=};a;b;;. The superscriptin ¢~, w~ and ¢~ means
taking value at 0K from within the interior of element K. Similarly, in the following
section, we will use the notations (p*, wT and ¢ to denote values from within the interior
of the element adjacent to K. Clearly, a = :I:% and a =0 lead to the alternating fluxes and
central fluxes, respectively.
Using the above definitions, we have the following lemmas.

Lemma 2.1. For any face e =0K; NdKg (Kg may be a ghost element), we have

({o} +afol) v+ ({v} —alv])-[o]=[¢v]. (2.1)
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Proof. Suppose ecI'; is an internal face, it is easy to check that
grIvI+vElgl=pv], @ [VI+v-[pl=[ov], {o}VI+{v}-[p]=[pv].
Hence, expanding the left hand side of equality (2.1) yields
{@}V]+{v}- 9] +a (98 [v]+v"[]) —a (- [v]+v"-[9])
=[pv]+alpv]—alpv]=[pv].
The case for a boundary face e € I'g can be verified in a similar procedure. O

Lemma 2.2. For periodic boundary conditions and any scalar-valued function ¢, vector-valued
function v and o € [— %,%], there holds

DY (¢, v;a) +D?(v,p; —a) =0. (2.2)
Proof. Expanding the left hand side of (2.2), we obtain
151(q>,v;oc) +232(v,<p;—0c)
= 1 (= [ lo9-vrv-opixe [ (({0)+alglv ne+ (v} =alv]) nig ) ds )

KeTy,
= Zr: | (=lovi+ (g} +afel) v+ (v} —alv])-[¢]) ds=0,
where we have used the divergence theorem and Lemma 2.1. O

Lemma 2.3. For periodic boundary conditions and any scalar-valued function ¢, vector-valued
function v and a € [— %,%], there holds

D (pvv,v;pvv)— D2 (¢v,%|v[2;o¢) =0, (2.3)

with pvav={vie({¢v}+a[pv]).
Proof. Expanding the terms in (2.3) yields

(J provsvim (o)
+/E)K(qg@\v)npv_—({qbv}—{—(x[[q)v]]).n]((;’V—|2) ds)
=) /K_‘PVT(VV)V—HPVT(VV)Tde
K

FL [ (ehe(tgv) +algv])): v~ (9w +algv]): [ IvP]as.
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Note that
v (Vv)Iv=¢vI (Vv)v,

and

({vre({gvh+algv])): vl = ((v"=v*) T{v}) (v} +arlgv]) n. )
(gvh+algvl)-[5 P,

hence equality (2.3) holds. O

3 LDG discretization for the general EK-equations

In this section, we will present a semi-discrete LDG discretization for the general EK-
equations in multidimension. We leave the time dependence continuous. The LDG dis-
cretization is based on a hybrid form of the EK-equations and will be proven to be energy
conservative. To this end, we consider the following hybrid form of the EK-equations

pt+ V- (pu)=0, (3.1a)
1
(pu)+ V- (pusu) + 0 F (p) =p¥ (x(p)dp+ 3¥ ()VEE), @b
by combining the conservative form (1.1) and the non-conservative form (1.3). Com-

pared with (1.3), the main difference is that we leave the term V- (pu®u) in (3.1) in a
conservative form. Using the method of lines and rewriting (3.1) as

P14 V- (pu) =0, (3.22)
1
m;+ V- (pu®u)+pV (f—r+s—|—§|u|2) =0, (3.2b)
r—V-w=0, q—Vp=0, pu—m=0, (3.2¢)
1 1
fFo)43uP=0, s K(plal=0, w-x(p)a=0, (3:2d)

which contain only first-order spatial derivatives. The conservative LDG discretization
denoted GEK-C is based on the weak formulation of (3.2), which is obtained by multiply-
ing (3.2) with arbitrary test functions, integration by parts of each element and summing
all contributions from elements and faces. The LDG discretization is: find py, fi, sp,
€ V;]f' uy, my, qp, Wj, € Z',;, such that, for all test functions ¢, 6, , y € V]f, P, ¢, 1, VE Yk
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the following equations are satisfied,

((on)1,9) +D* (o, $30nu) =0, (3.3a)
((my)1, ) +D* (ppwy, @uy, P00, Suy)

-D? (phlp/fh_rh+5h+1|uh|2}P/h-1\P> =0, (3.3b)
(rn,0) — D* (Wi, 6; Wh) 0, (3.3¢)
(41,8) — D" (01, &:0n) = (3.3d)
(onwp, 1) — (my,37) =0, (3.3¢)
(fu Q) — (F’(ph)—*luh! C)z (3.3f)
(s1.0) — 5 (' (ow) ) =0, (3.3
(Wi, v) = (x(on)qn,v) =0. (3.3h)

All equations in (3.3) can be obtained by a simple integration by parts, except for the last
term in (3.3b), which is discussed in Appendix A. The following numerical fluxes

o ={onw + o [opu],  prwy @y, ={w,} @p5up, (3.4a)
onp={ponp}t+a1lonyp], pn="{on}+alon], Wi={wi}—a[wy], (3.4b)

with aq,a; € [ 5 2] will ensure that the LDG discretization is energy conservative.
Next, we prove the energy conservation property of the GEK-C LDG discretization.

Proposition 3.1. For periodic boundary conditions, solutions to the GEK-C LDG discretization
(3.3) with numerical fluxes (3.4) satisfy

d [ (1 1
@/Q <zph!uh\z+F(ph)+2K(ph)thy2> dx=0. (3.5)

Proof. Taking the time derivative of (3.3d) and (3.3e), and choosing the test functions

¢=fn—"rn+5n Pp=uy, 0= (on)t, =wy,
n=uy, C=—(on)t, n=—(on)t, v=—(qn)t,
we have
((on)e fu—ru+s5n)+ D> (optap, fr—rn+smia1) =0, (3.6a)

— ~ 1
((myp,)e,uy) +DHepu, @uyp,uy; 000, @uy) — DA (Phuh/fh —mitspty luy, !2;061) =0, (3.6b)
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(1 (0n)e) =D (Wi, (1) 15 —a2) =0, ((@n)t,wn) = D" ((0n)1, Wisa2) =0, (3.60)
(o) v+ pu ) = (), =0, = (i (o)) + (F' () = 3 a2 (1)) =0, 36
— (s, (on)1) +%(K’(Ph) |ail? (o)) =0, — (Wi, (qu)e) + (x(pn)qn, (qn):) =0. (3-6e)

Summing up all equations in (3.6) and using the identities

D ((on)t, Wis2) +D*(wy,, ()1 —a2) =0, (3.7a)
—_— = 1
D*(pnuy @uy, ;o0 @uy,) — D (Phuh, 5 luy, \2;0c1> =0, (3.7b)

which follow from Lemmas 2.2 and 2.3, we obtain

1 1
(§\uh\2+p(9h> + EK/(Ph) ’thzr(Ph)t) + (onup, (up)e) + (x(on)qn, (qn)t) =0,
which gives (3.5). O

Remark 3.1. The energy conservation property of the GEK-C LDG discretization and the
IEK-C LDG discretization introduced in Section 4 remains valid for boundary conditions

Ea—sz, u=0 on JQO.

on
This conclusion follows directly from equalities in (3.7) and (4.10) since all the boundary
face contributions vanish in this case.

4 Special discretization for potential flow

The GEK-C LDG discretization discussed in Section 3 is valid for the general EK-equations
without considering whether the velocity field is rotational or not. For some important
applications, such as the QHD equations, we only have to consider an irrotational (po-
tential flow) velocity field. Considering the importance of the QHD equations, we will
discuss a special LDG discretization suitable for the EK-equations with an irrotational
velocity field in this section. This LDG discretization is considerably simpler than the
GEK-C LDG discretization for the general EK-equations.

4.1 Madelung transform

In this section, we will start with the introduction of the Madelung transform. For the
semi-classical NLS equation [12]:

2
iegi+ = Ap =g (|9 )y, (4.1)
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we seek solutions of (4.1) of the form

P(x,t) =/ p(x,t)es?™1), (4.2)

where p(x,t)>0and ¢(x,t) are real-valued functions that represent the square of the mod-
ulus and the argument of (x,t), respectively. The relation (4.2) is the so-called Madelung
transform introduced in [38]. For (4.2) we can obtain

(P 1
Y= <2p+8¢t> P, (4.3a)
_ (AP i 1o
Ap= <\/ﬁ+€pv' (Vo) 2 Vol >¢’- (4.3b)
Substituting (4.3) into (4.1) gives
] 1 2A
35 (0090 + (~0r =310 -s(0)+ T2 ) =0 )

Using u=V¢ in (4.4) then gives the hydrodynamic form of the NLS equation (4.1)
pt+V-(pu) =0, (4.5a)

ut+u-Vu+Vg(p):£22V (A&?) (4.5b)

Formulation (4.5) of the NLS equation is also referred to as the Madelung equations or
QHD equations. More importantly, they represent a particular case of the EK-equations

with
2

F(p)I/pg(mdp, K(p)zip and  Vxu=0.

4.2 LDG discretization for the EK-equations with irrotational velocity field

For an irrotational velocity field, hence V x u=0, we have the relation
1 2
u-Vu= 5 Viul”.

We can rewrite the non-conservative form of the EK-equations (1.3) for an irrotational
flow then as the first order system

pt+V-m=0, w+V(f-r+s)=0, r—V-w=0, q—Vp=0, (4.6a)
1 1
m—pu=0,  f-S|u*=F(p)=0, s—35¢'(p)lql*=0, w—x(p)g=0. (4.6b)
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The conservative LDG discretization, which is denoted IEK-C, for the EK-equations with
an irrotational velocity field, is: find py, fy,, sy, 11, € V}{‘, uy, my, qp, Wy, € 2’,2, such that for
all test functions ¢, 6, {, u € vk, P, ¢, v E Yk the following equations are satisfied,

((on)t,9)+D*(my, ¢;my,) =0, (4.7a)
((uh)t, )+D1(fh—rh+5h,l[) fh—rh+sh) 0, (4.7b)
(rn,8) —D*(wy,6; Wh) 0, (4.7¢)
(91,8) =D (on,&:01) = 4.7d)
(my, ) — (onun,y) =0, (4.7¢)
(fn Q) (*!uh!2+F/(Ph) €) =0, (4.7f)
(sn.0) — 5 (' (o)) =0, @.7g)
(Wi, v) — (x(pon)qn,v) =0. (4.7h)

The use of the L? projections (4.7e)-(4.7h) allows to choose test functions equal to my, f;,
sp, Wi, and their linear combinations, since their projections belong to the finite element
spaces V' or Zf. The numerical fluxes are defined as

fo=rntspn=_{fu—rntsn}+aa[fu—rn+sull, (4.8a)

my ={my} —a[[my]], on={pn}+aalloall, Wi={wi}—az[ws],  (4.8b)
with aq,a, € [—3,3]. These fluxes are selected to make the LDG discretization (4.7) satisfy
the energy conservation property.

Next, We prove that the IEK-C LDG discretization (4.7) for the EK-equations with an
irrotational velocity field is energy conservative.

Proposition 4.1. For periodic boundary conditions, solutions to the IEK-C LDG discretization
(4.7) with numerical fluxes (4.8) satisfy the energy equality (3.5).

Proof. Taking the time derivative of (4.7d) and choosing the test functions

¢=fu—"rntsn p=my, 0= (on)t, &=wy,
n=—(u)s, =—(on)t, u=—(pn)t, v=—(qu)t,
we have
((ph)t,fh—rh—l—sh)—i—D (my, f—rp+sp;—a1) =0, (4.9a)
((wp)r,my)+ D (fy—r+5p,my;01) =0, (4.9D)
(rn, (on)t) — DZ(Wh,(Ph)t}—th):O, (4.9¢)
((an)e;wi) =D ((on) 1, Whia2) =0, (4.9d)
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— (my, (up)e) + (onup, (up)e) =0, (4.9€)
— (fn (on)t (*!uh\2+F Oon), t) 0, (4.91)
— (sn,(on)e) + ( "(on)lanl* (on):) =0, (4.9g)
— (W, (qn)t) + ( (on)an, (qn)t) =0. (4.9h)

Summing all contributions in (4.9) and using the identities

DY(fu—rp+spmy;a1)+D*(my, f—ry+s;—a1) =0, (4.10a)
D' ((on)t, whiaz) +D*(wy, (on)1; —2) =0, (4.10b)

which follow from Lemma 2.2, we obtain

(%!uh\zﬂLF/(Ph)ﬂL%K'(Ph) qul? (Ph)t) + (onan, (up)t) + (% (on) qn, (qn)t) =0,

which gives (3.5). O

5 Time discretization

In this section, the semi-discrete LDG discretizations discussed in Sections 3 and 4 are
extended to fully discrete schemes. We first discretize the GEK-C and IEK-C schemes in
time using a first-order semi-implicit method. Next, we use these results to apply semi-
implicit SDC time marching methods to achieve uniform higher-order accuracy, both in
space and time.

5.1 First order time discretization

For the discretization in time, we first divide the time interval [0, T] into M intervals using
the partition 0=t <t <... <#" < ... <tM =T and denote by At" =t"+1 —t" the time step
at time level n. We obtain two semi-implicit schemes with first order accuracy in time by
linearizing the nonlinear high-order and first order terms in the EK-equations (3.1) and
(1.3), respectively, as follows

n+l_ n

n+1un+1_ nyt . ; , , , ;
Af PR V- (" u " @u") +p V(F’(p )—x(0")Ap"

1
— 5 (") Vp"- Vo) =0, (5.1b)

nHlyntly =, (5.1a)

P




148 X.Meng, Y. Xu and ]. Vegt / Adv. Appl. Math. Mech., 18 (2026), pp. 134-169

and
n+1__ ,n
%—FV (p"u") =0, (5.2a)
un+l_un

g TV (;Iu”!2+F/(p”)—K(p”)Ap"“—;K’(p”)vp”-vp”“> =0.  (5.2b)

By applying the LDG discretizations introduced in Section 3 and Section 4, the fully dis-
crete schemes with first order accuracy in time can be summarized as follows:

e First order accurate time discretization for the GEK-C scheme

n+1

(ph NG ph 4)> —|—D2( n+1 n+1 (Panrl n+1)20, (5.3a)
mn+1_mn /\
(F ) + D (g g, pipfu ug)

1 _

— D (pjip, fi = i i Pae) =0, (5.3b)
(rpt,6)— DZ(WZ“,G;;;E):O, (5.3¢)
(q5,81) — Dl(PZ/‘fl?PZ)_ (5.3d)
(qj, e — ( . gzﬁ”“) 0, (5.3e)
(phuh/’h) (my,7,) =0, (5.3f)
(pn—i-l n+1,112) ( n+1,112) (5'3g)
(fi )= (P (o) - |uz|2,§)=o, (5.3h)

n 1 .
(s = 5 (' (R ar-a 1) =0, (5.3i)
(Wit v)— ( x(op) ) v) =0, (5.3)

e First order accurate time discretization for the IEK-C scheme

(p’ri;p Z,cp) D2 g ) — 640

n+Alt;uh )+D1(f rZ+1 n+1 ;- n+1 ZH) 0, (5.4b)
(171,6) = D3 (w1 ;wy ) =0, (5.4¢)
(a4,2) D' (0} 1) =0, o)
(q+1,&,) — D (! 62/pn+1) (5.40)
(m” ntl ) — (PZ“ZHIU)ZO, 540
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1 o

(fi0) = (3 1ahP+F (o1 2) =0, (5.4¢)
1

(s ™) =5 (< (o) ai a5 1) =0, (5.4h)

(wp ) = (x(op)q) ' v) =0. (5.4i)

Note that the first order time discretization of the IEK-C scheme (5.4) will generate a
linear system with respect to the degrees of freedom of p”le and uZ“. Although it is
inevitable to use a Newton method for the solution of the nonlinear system (5.3), the lin-
earization of the terms with high order spatial derivatives simplifies the Newton method
considerably.

Next, we give details about the implementation of the two fully discrete schemes (5.3)
and (5.4) with first-order accuracy in time. Given the solutions p; and mj; at time level
t", then the steps to update pZH and mZ“ in the GEK-C scheme (5.3) are as follows:

1). Based on (5.3f), compute uj by solving a linear system whose matrix is associated
with pj.

2). From (5.3d) and (5.3h), compute qj and f;! directly.

3). From (5.3e), (5.3), (5.3j) and (5.3c), we know that s} *! and r}*! are linear functions in

the unknown p}*!, and from (5.3g), u/ is a funct10n of thrl Then we can update

;! and m} ! by substituting s} ! (pZ“) "1 (pp 1) and ™ (m ™) into (5.3a) and
(5.3b), wh1ch gives a nonlinear system w1th respect to p”+1 and m”+1

Given the solutions p and u!! at time level ", then the steps to update p'"! and u}*! in
the IEK-C scheme (5.4) are as follows:

1). From (5.4d) and (5.4g), compute q; and f;/ directly.

2). From (5.4e), (5.4h), (5.4i) and (5.4c), we know that S”Jrl and r”Jrl are linear functions

in the unknown pZ“ and from (5.4f), Z“ isa lmear functlon of uZ+1 Then we can
update /"' and u}*! by substituting s/ (o), 11 (plt1) and m) ! (u] ™) into

(5.4a) and (5.4b), and solve a linear system

5.2 Semi-implicit SDC method

The semi-implicit SDC method is based on low-order time integration methods combined
with iterative error reduction steps. The order of accuracy is increased with each addi-
tional iteration. The remarkable advantage of this method is that it is a one-step method,
can be developed simply and systematically for any order of accuracy, and can handle
ODEs without separating stiff and non-stiff terms [28].

To define the semi-implicit SDC scheme, we subdivide the time interval [t”,t”“] into
P subintervals using the points t"" for m=0,1,---,P such that t" = 0 < gl < g <
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.- <P =#"*1 For convenience, we write the fully discrete schemes (5.3) and (5.4) with
first-order time discretization as

U =U" 4+ AF(t", U, UMY, (5.5)

Let At = tnmtl_gnim and U™ denote the k-th order approximation to U(#"™). To
avoid the instability caused by equispaced nodes in a high-order accurate discretization,
the points {¢"™}" _ are chosen to be the Gauss-Lobatto nodes on [t",#"*1]. Then, the
algorithm to calculate min(K+1,P+1)-th order accurate numerical solutions of the EK-
equations at time #"*1 is given in Algorithm 5.1. Here, K is the order of the polynomial
basis functions and P is the number of Gauss-Lobatto points.

In Algorithm 5.1, I"*1(F(t,Ux,Uy)) is the integral of the P-th degree interpolating
polynomial on the P+1 Gauss-Lobatto points (¢, F(t"™, U™, U}"™))P _; over the subin-
terval ["" " +1] which is the numerical quadrature approximation of

tn,m+1

/t F(7,U(7),U(7))dT.

n,m

In detail, to compute I"""1(F(t,Ug,Uy)), we first approximate F(t, Ui, Uy) by its Lagrange
interpolation polynomial

P . .
Fy (10, U) = LRG0 U U2 2] 0,
]:

using the Gauss-Lobatto points, with EJP (t) the j-th Lagrange interpolation function.
Then

tn,m+1 P tn,m+1

i (B(8 U Uy)) = /t Fp(t U Updt=) (1,07, U} /t L),
, = ,

The term §A#™ (F(¢"m+1, U1 U ) —F(#7+1, U™ U+ )) with 0<0<1in Al-
gorithm 5.1, as demonstrated in [28], is helpful to the stability of the scheme, but it does
not improve accuracy, whereas the term 1 (F(t, Uy, Uy)) is responsible for the accuracy
improvement. Usually, we take K = P for efficiency reasons since the order of accuracy is

bounded by P+ 1.

6 Numerical experiments

In this section, we will provide several numerical experiments for the EK-equations to
illustrate the accuracy and capability of the proposed two LDG discretizations in con-
junction with the semi-implicit SDC methods. We use rectangular meshes for the 2D
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Algorithm 5.1 The semi-implicit SDC method.

Compute the initial first-order approximation
upl=ur
form=0,---,P—1do
U’f’mﬂ — Ufla,m+Atn,mF(tn,m,U1l1,m/U;1,m+l)
end for

Compute successive corrections

fork=1,---,Kdo
0 _
UL, = U
form=0,---,P—1do

nm+1 _ymm , ,m—+1 n,m+1 n,m-+1 m+1 ymmm+1 ym,m+1
U =0 H0A8 " (B, U™ U ) —F(#" U™, U™ )

+IML(E(t, UL, Uy))

end for
end for
Finally we have Urtl= U?(’il.

numerical examples. In all numerical experiments, unless otherwise stated, the (k+1)-
th order SDC method will be utilized as a time discretization method when P¥ (or QF)
polynomials are employed. The time step At" at time t" is chosen to satisfy

Mitnmaxhi ng=£./p'(px)| <CFL
minKeTthKeE K=K PPk !

where px and tix represent the mean value of the density and velocity at element K, re-
spectively, and CFL is the CFL number taken as 0.3, 0.18, 0.14, 0.1 for k=1,2,3,4, respec-
tively. Note at every stage of the evolution in time, we solve the corresponding linear
algebraic equations either with a direct solver (small problems) or the GMRES solver
with ILU(0) or ILUC preconditioner (large problems).

6.1 Numerical results in 1D

Example 6.1 (One-dimensional EK-equations with van der Waals equation of state). In
order to demonstrate the high order accuracy, both in space and time, of the two LDG
discretizations coupled with the semi-implicit SDC method, we choose a smooth exact
solution for the one-dimensional EK-equations

p(x,t) =0.440.25¢ 'sin(x), (6.1a)
u(x,t)=e "cos(x), (6.1b)
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p

Figure 1: Example 6.1. The shape of the van der Waals pressure function p=p(p) with 6 =0.85, R= 2%.,
a=b=1.

where an additional source term is added to the EK-equations to ensure that (6.1) is the
exact solution. The EK-equations are closed using the van der Waals equation of state
(1.5), which corresponds to a free energy density

F= RGplogbfp —ap®. (6.2)

We take 8 =0.85, R = %, a=0b=1, and use the domain [0,277] with periodic boundary
conditions. The final simulation time is T =0.1. With these parameters we can plot the
pressure p with respect to the density p in Fig. 1. It shows that the density defined in
Eq. (6.1) has values in both liquid and vapor phases as well as in the spinodal region
since p € [0.15,0.65].

Four different combinations of capillarity coefficients and stability parameters a1 and
ay are chosen. The corresponding L? errors and orders of the accuracy of the density and
velocity computed with the GEK-C and IEK-C schemes are, respectively, shown for

e x=0.01, a1 =0, ap =0 (central fluxes), see Table 1,
o ¥=0.01, v =—0.5, ap = —0.5 (alternating fluxes), see Table 1,

L, 01 =0, vy =0 (central fluxes), see Table 2,

[ ] K:4P

o K= ﬁ, a1 =—0.5, ap = —0.5 (alternating fluxes), see Table 2.
It can be seen from these tables that the two energy conservative schemes, namely GEK-C
and IEK-C, have optimal order of accuracy when alternating numerical fluxes (a1 = —0.5,

ay = —0.5) are used, but they exhibit accuracy degeneration in both the density p and
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Table 1: Example 6.1. One-dimensional EK-equations with van der Waals equation of state and constant
capillarity coefficient x=0.01.

GEK-C 1IEK-C
N w1 =0, ap,=0 a1 =-05 a,=-05 w1=0, ap=0 a1 =-05 a,=-05
lleplliz  Order e [l Order Jle,ll;2  Order e[z Order Jle,]l;2 Order Jleu[l;z  Order [le,[[;l2 Order Jle,[],2  Order
16 | 8.98E-03 - 2.89E-02 - 1.04E-02 - 2.63E-02 - 9.77E-03 - 1.87E-02 - 8.83E- - 2.49E-02 -
pl 32 | 4.64E-03 095 135E-02 1.09 142E-03 287 ©596E-03 214 493E-03 098 9.10E-03 1.04 161E-03 245 751E-03 1.73
64 | 2.33E-03 099 6.64E-03 1.02 240E-04 256 1.02E-03 253 247E-03 100 452E-03 1.00 248E-04 270 1.34E-03 248
128 | 1.17E-03  1.00 3.30E-03 1.00 5.89E-05 2.03 247E-04 2.05 1.23E-03 100 225E-03 1.00 5.96E-05 206 3.26E-04 2.03
16 | 1.34E-04 - 7.00E-04 - 2.31E-04 - 1.02E-03 - 1.50E-04 - 5.61E-04 - 4.47E-04 - 1.46E-03 -
p2 32 | 9.68E-06 3.79 853E-05 3.04 157E-05 3.88 127E-04 3.01 9.69E-06 395 438E-05 3.67 572E-05 296 3.09E-04 224
64 | 1.20E-06 3.00 1.06E-05 3.00 1.87E-06 3.06 121E-05 338 1.19E-06 3.01 489E-06 3.16 213E-06 474 181E-05 4.09
128 | 1.50E-07 3.00 1.33E-06 3.00 2.32E-07 3.01 150E-06 3.00 149E-07 3.00 6.01E-07 3.02 237E-07 3.16 214E-06 3.07
16 | 3.43E-05 - 8.28E-05 - 1.00E-05 - 4.57E-05 - 2.89E-05 - 1.82E-04 - 1.25E-05 - 7.29E-05 -
p3 32 | 4.69E-06 287 101E-05 3.03 290E-07 5.11 267E-06 4.09 3.14E-06 320 199E-05 3.19 645E-07 428 4.55E-06 4.00
64 | 6.21E-07 292 126E-06 3.00 1.24E-08 4.54 157E-07 4.08 3.98E-07 298 274E-06 286 158E-08 534 246E-07 4.20
128 | 7.86E-08 298 1.57E-07 3.00 7.01E-10 4.14 950E-09 4.04 502E-08 299 349E-07 297 7.10E-10 447 122E-08 433
16 | 2.24E-07 - 1.81E-06 - 3.28E-07 - 1.85E-06 - 2.43E-07 - 1.28E-06 - 4.73E-07 - 3.34E-06 -
P 32 | 1.25E-09 748 526E-08 511 3.32E-09 6.62 553E-08 506 141E-09 742 121E-08 6.71 540E-09 645 9.85E-08 5.08
64 | 3.66E-11 5.09 1.64E-09 500 572E-11 586 165E-09 506 3.66E-11 527 214E-10 582 753E-11 6.16 200E-09 5.61
128 | 1.14E-12 500 5.14E-11 500 1.70E-12 506 516E-11 500 1.13E-12 500 513E-12 538 1.76E-12 541 6.01E-11 5.06

Table 2: Example 6.1. One-dimensional EK-equations with van der Waals equation of state and capillarity
coefficient k= %.

GEK-C IEK-C
N w1=0, a=0 a1=-05, a,=-05 a1=0, ar=0 a1=-05, a,=-05
lleplllz Order eyl Order Jlepl,z Order eyl Order [le,l,=  Order Jley [l Order [le,]l Order [le,[];2  Order
16 | 8.91E-03 - 4.66E-02 - 4.23E-03 - 3.89E-02 - 8.29E-03 - 6.65E-02 - 4.39E-03 - 4.39E-02 -
pl 32 | 436E-03 1.03 237E-02 097 9.88E-04 209 651E-03 257 4.04E-03 103 3.77E-02 081 9.95E-04 214 7.71E-03 251
64 | 2.18E-03 1.00 1.19E-02 099 240E-04 204 1.10E-03 255 203E-03 099 196E-02 094 240E-04 204 133E-03 252
128 | 1.09E-03 1.00 598E-03 1.00 5.90E-05 2.02 260E-04 2.08 1.02E-03 0.99 9.88E-03 0.99 591E-05 202 3.24E-04 2.04
16 | 8.39E-05 - 7.62E-04 - 1.36E-04 - 8.52E-04 - 8.51E-05 - 6.90E-04 - 1.08E-04 - 9.65E-04 -
p2 32 | 9.68E-06 3.11 856E-05 315 148E-05 3.19 992E-05 310 9.63E-06 3.14 425E-05 4.02 146E-05 289 136E-04 282
64 | 1.20E-06 3.00 1.06E-05 3.00 1.86E-06 3.00 120E-05 3.03 1.20E-06 3.00 491E-06 311 1.85E-06 298 1.69E-05 3.00
128 | 1.51E-07 3.00 133E-06 3.00 2.32E-07 3.00 151E-06 3.00 149E-07 3.00 6.04E-07 3.02 231E-07 3.00 211E-06 3.00
16 | 2.36E-05 - 1.02E-04 - 3.04E-06 - 4.65E-05 - 1.74E-05 - 1.00E-04 - 3.24E-06 - 5.71E-05 -
p3 32 | 3.10E-06 292 135E-05 292 1.79E-07 4.08 245E-06 424 237E-06 288 256E-05 196 181E-07 4.16 3.18E-06 4.16
64 | 3.89E-07 3.00 1.77E-06 293 1.12E-08 4.00 1.52E-07 4.01 295E-07 3.00 3.06E-06 3.06 1.12E-08 4.01 1.94E-07 4.03
128 | 4.86E-08 3.00 2.24E-07 298 7.01E-10 4.00 952E-09 4.00 3.71E-08 3.00 3.71E-07 3.04 6.99E-10 4.00 1.21E-08 4.00
16 | 5.24E-07 - 9.21E-06 - 6.80E-08 - 1.81E-06 - 6.77E-07 - 1.24E-05 - 7.19E-08 - 2.30E-06 -
pi 32 | 1.22E-09 874 529E-08 7.44 1.84E-09 520 530E-08 510 1.22E-09 9.10 135E-08 9.84 1.86E-09 526 6.15E-08 522
64 | 3.67E-11 505 1.64E-09 500 553E-11 505 165E-09 500 3.65E-11 507 209E-10 6.01 553E-11 507 1.89E-09 5.01
128 | 1.15E-12 500 5.14E-11 500 1.73E-12 500 518E-11 500 1.14E-12 500 522E-12 532 1.73E-12 499 596E-11 4.99

velocity u when central fluxes and odd degree polynomial basis functions are adopted.
We point out that the results with alternating numerical fluxes for the other three cases
a1 =—0.5, ap =05, and &1 =0.5, ap = —0.5, and &1 = 0.5 ap = 0.5 are nearly identical to
the case a; = —0.5, ap = —0.5, and will not be displayed. For the remaining test cases,
we will therefore only show results for the GEK-C and IEK-C schemes with alternating
fluxes (a1 = —0.5, ap = —0.5), which schemes will achieve optimal convergence rates for
smooth solutions.

The main properties of the two LDG discretizations, namely the GEK-C and IEK-C,
are summarized in Table 3.

Example 6.2 (Periodic wave solutions of the QHD equations corresponding to the cubic
NLS equation). Next, the application of our methods to QHD fields will be investigated.
We consider € =1, g(p) = Bp in the QHD equations (4.5) in 1D, which correspond to
the NLS equation (4.1) with a cubic nonlinearity ||>. The two kinds of periodic wave
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Table 3: Summary of properties of the GEK-C and IEK-C schemes.

GEK-C TEK-C
Equation solved Eq. (3.1) Eq. (1.3) with Vxu=0
Energy bound Conservative Conservative
Convergence . .
(alternating fluxes) Optimal Optimal
Convergence (central fluxes) SUbOP timal (p,u) .for odc.1 SUbOP timal (p,u) .for odc}
polynomials, otherwise optimal  polynomials, otherwise optimal

solutions of the QHD equations (4.5) for the above parameters are [27]:

o first kind periodic wave solution

p(x,t):pl—(m—pg)dnz (w(x—ovot),m), (6.3a)
C1
u(x,t)=vo+——, (6.3b)
b =00t e
with w=/B(01—p3), >0, p1>p2>p3>0, m= 212,

e second kind periodic wave solution

p(x,t) =p3+ (01 —p3)dn® (w(x—vot),m), (6.4a)
u(x,t) = 0o+ P(illt), (6.4b)

with w=/—B(p1—p3), B<0, p1>p2>0>p3, |p3] > p1+p2, m= =2,

where dn(-,m) is the delta amplitude function with elliptic modulus m [32], and

v5=PBp1+p2+p3), i =Ppip2p3.

The period of these two periodic wave solutions is T, =2K(m)/w, with K(m) the com-
plete elliptic integral of the first kind. We solve the QHD equations with periodic solu-
tions (6.3) and (6.4), respectively, on the domain [—T), T} ], till time T =0.5 using the LDG
discretizations GEK-C and IEK-C. As shown in Tables 4 and 5, both schemes achieve
optimal order of accuracy as long as suitable numerical fluxes are used.

Example 6.3 (Gray soliton solutions of the QHD equations corresponding to the cubic
NLS equation). Next, we study the gray soliton solutions

pt) =pa-+ (o1 =) tan? /(o1 =) (x—ur) ), (652)
C1

u(x,t) :vo—i—p(x,t),

(6.5b)
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Table 4: Example 6.2. Periodic wave solution (6.3) of the 1D QHD equations with =1, p; =2, pp =1.5,
03=0.8. a1 =—0.5, ay =—0.5 (alternating fluxes).

N GEK-C I[EK-C
leolll2 Order  [leu[l;z  Order  [lepll;>  Order  [ley]l;2  Order
32 | 7.57E-03 - 1.39E-02 - 9.65E-03 - 3.94E-02 -
pl 64 | 1.77E-03 2.09 3.16E-03 213 212E-03 218 8.99E-03 2.13
128 | 435E-04 2.03 7.75E-04 202 5.18E-04 2.03 220E-03 2.02
256 | 1.086-04 2.01 193E-04 2.00 1.28E-04 200 548E-04 2.00
32 | 2.66E-04 - 6.67E-04 - 2.84E-04 - 1.37E-03 -
p2 64 | 3.27E-05 3.02 796E-05 3.06 3.36E-05 3.07 1.62E-04 3.07
128 | 4.08E-06 3.00 9.88E-06 3.01 4.15E-06 3.01 2.00E-05 3.01
256 | 5.10E-07 3.00 1.23E-06 3.00 5.18E-07 3.00 2.50E-06 3.00
32 | 1.18E-05 - 6.91E-05 - 1.13E-05 - 7.89E-05 -
p3 64 | 6.22E-07 425 238E-06 485 6.25E-07 417 3.68E-06 4.41
128 | 3.88E-08 4.00 1.49E-07 4.00 3.89E-08 4.00 2.29E-07 4.00
256 | 242E-09 4.00 9.32E-09 4.00 243E-09 4.00 143E-08 4.00
32 | 4.05E-07 - 2.82E-06 - 4.27E-07 - 3.77E-06 -
pt 64 | 1.21E-08 5.06 7.74E-08 518 1.21E-08 5.13 8.87E-08 541
128 | 3.77E-10 5.00 2.33E-09 504 3.77E-10 5.00 2.73E-09 5.01
200 | 4.05E-11 500 2.53E-10 498 4.05E-11 5.00 2.96E-10 4.98

Table 5: Example 6.2. Periodic wave solution (6.4) of the 1D QHD equations with =—1, p; =0.3, pp=0.1,

p3=—0.5. a1 =—0.5, ay =—0.5 (alternating fluxes).

N GEK-C [EK-C
leolllz Order eyl Order  [lepll;z  Order  [leyfl;2  Order
32 | 1.88E-03 - 1.17E-02 - 1.88E-03 - 1.71E-02 -
pl 64 | 4.64E-04 2.01 290E-03 201 4.65E-04 202 4.18E-03 2.03
128 | 1.15E-04 2.00 7.23E-04 200 1.15E-04 2.00 1.04E-03 2.00
256 | 2.89E-05 2.00 1.80E-04 2.00 2.89E-05 2.00 260E-04 2.00
32 | 6.01E-05 - 4.74E-04 - 6.03E-05 - 4.96E-04 -
p2 64 | 747E-06  3.00 5.99E-05 298 748E-06 3.01 6.14E-05 3.01
128 | 9.32E-07 3.00 7.52E-06 299 933E-07 3.00 7.66E-06 3.00
256 | 1.16E-07 3.00 9.40E-07 3.00 1.16E-07 3.00 9.57E-07 3.00
32 | 1.61E-06 - 2.78E-05 - 1.61E-06 - 2.64E-05 -
p3 64 | 1.00E-07 4.00 1.77E-06 397 1.00E-07 4.00 1.65E-06 4.00
128 | 6.25E-09 4.00 1.11E-07 399 6.25E-09 4.00 1.03E-07 4.00
256 | 3.90E-10 4.00 6.97E-09 4.00 3.90E-10 4.00 6.46E-09 4.00
32 | 4.20E-08 - 1.70E-06 - 4.21E-08 - 1.57E-06 -
pi 64 | 1.30E-09 5.01 548E-08 496 130E-09 5.01 5.00E-08 4.98
128 | 4.05E-11 5.00 1.72E-09 499 4.05E-11 5.00 1.56E-09 5.00
200 | 4.40E-12 498 1.86E-10 499 4.42E-12 496 1.70E-10 4.98
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Table 6: Example 6.3. Gray soliton solution (6.5) of the 1D QHD equations with B=1, p; =15, p3=1, vg=2.
ay=—0.5, ap =—0.5 (alternating fluxes).

N GEK-C TEK-C
leoll;  Order  leu];2  Order  [lepll;z  Order  [leu][;2  Order

200 | 1.53E-03 - 1.91E-03 - 1.76E-03 - 5.59E-03 -
pl 400 | 3.64E-04 2.07 4.55E-04 207 4.08E-04 211 1.34E-03 2.05
800 | 897E-05 2.02 1.12E-04 201 997E-06 203 332E-04 201
1600 | 2.23E-05 2.00 2.81E-05 200 247E-05 2.00 8.30E-05 2.00

200 | 3.52E-05 - 5.31E-05 - 3.57E-05 - 1.36E-04 -
p2 400 | 4.40E-06 3.00 6.51E-06 3.02 434E-06 3.04 1.65E-05 3.04
800 | 5.51E-07 3.00 8.11E-07 3.00 5.39E-07 3.00 2.06E-06 3.00
1600 | 6.88E-08 3.00 1.01E-07 3.00 6.72E-08 3.00 2.57E-07 3.00

200 | 8.93E-07 - 1.87E-06 - 8.98E-07 - 3.81E-06 -
p3 400 | 5.55E-08 4.00 1.02E-07 4.18 557E-08 4.01 2.26E-07 4.07
800 | 347E-09 4.00 6.42E-09 4.00 347E-09 4.00 140E-08 4.00
1600 | 2.16E-10 4.00 4.01E-10 4.00 217E-10 4.00 8.80E-10 4.00

100 | 7.42E-07 - 1.94E-06 - 8.33E-07 - 3.71E-06 -
pi 200 | 2.31E-08 5.00 7.18E-08 475 235E-08 5.14 1.14E-07 5.02
400 | 7.11E-10 5.02 1.68E-09 541 7.12E-10 5.04 3.02E-09 5.24
800 | 2.22E-11  5.00 5.31E-11 498 2.22E-11 5.00 9.49E-11 4.99

of the QHD equations (4.5) with e =1, g(p) = Bp, B >0, where p; > p3 >0, vp is an arbi-
trary value, c; = +p1./Bp3 [27]. A “local” traveling wave whose envelope has one global
peak and decays far away from the peak is called a solitary wave. Solitons are those self-
reinforcing solitary waves that retain their shape and velocity during wave propagation,
even after interacting with other solitons, due to the exact balance between the nonlinear
term and the wave packet dispersion. The gray solitons (6.5) with p(0) = p3, p(o0) =p1,
have a convex-shaped density with a non-trivial phase jump across the density minimum
that can be supported in defocusing media. Owing to the exponential decay of the soli-
tons (6.5) away from the crest, we conduct the simulations on the domain [—20,20] with
periodic boundary conditions. The computed results of the proposed LDG discretiza-
tions with alternating numerical fluxes at T =1 are presented in Table 6, which shows
that both LDG discretizations have an optimal rate of convergence.

Example 6.4 (Shallow water equations with dispersive perturbations). In this example,
we will test the performance of the LDG discretization for shallow water waves. Specif-
ically, we consider shallow water equations without friction at the bottom and with dis-
persive perturbations

2 1 2
(hu)ﬁ—(hu +58h ) — ke

This system corresponds to the 1D EK-equations with p replaced by h, p=3gh?, F=3gh?,
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and constant capillarity coefficient x. We choose g=9.8, k= %, and the initial solutions
are

h(x,0)=10"3(140.3¢ 20000047y =y (x 0) =0.

The computational domain with periodic boundary conditions is [0,0.8] and the final sim-
ulation time is T =1. The initial wave profile and profiles of the wave height computed
with P2 and P* elements at t =1 are shown in Fig. 2. We can see that both LDG dis-
cretizations correctly capture the capillary ripples, even using 400 cells, compared with
the results in [42] using 3000 cells. The energy evolution of the two schemes during the
simulation is presented in Fig. 3 clearly indicates that both schemes can conserve energy
within a machine tolerance despite using a non-conservative SDC time discretization.

6.2 Numerical results in 2D

Example 6.5 (Two-dimensional EK-equations with van der Waals equation of state). In
this example, we extend the accuracy test for the EK-equations with a van der Waals
equation of state to two dimensions. We construct the following smooth solutions

p(x,t) =0.5+0.2¢ 'sin(x)sin(y),
u(x,t) =e 'sin(x)cos(y),
o(x,t) =e 'cos(x)sin(y),

with an irrotational velocity field, which satisfies the two-dimensional EK-equations with
an appropriate source term. We choose 8 =0.85, R=2, a=b=1in (1.5). The results
computed on the domain [0,27]? with periodic boundary conditions are presented in
Table 7 for the constant capillarity coefficient x =0.01. Suboptimal order of accuracy for
the velocity u is observed for the GEK-C and IEK-C schemes with P? element in Tables 7.
An implementation of QF element will remedy this, as shown in Table 8 for the constant

capillarity coefficient k =0.01, and in Table 9 for the variable capillarity coefficient x = ﬁ.

Example 6.6 (Singular solutions of the two-dimensional QHD equations). In this test
case, we investigate three singular solutions of the two-dimensional QHD equations (4.5)
with e=2 and g(p) = —p. The three initial density functions are given by [45,52,59,60]

e Initial density I
0(x,0) = ((1.1+sinx) (2+siny))?, (6.6)

e Initial density II

p(x,0)= (2+0.0lsin <x+g)sin (y—kZ))z, (6.7)

e Initial density III
2 2 2
p(x,0)= (0.1 6120 %Y ) , (6.8)
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Figure 2: Example 6.4. Wave height at time t=1 for the shallow water equations with dispersive perturbations.
P? and P* elements with 400 uniform cells.
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Figure 3: Example 6.4. Energy evolution for the shallow water equations with dispersive perturbations. P? and
P* elements with 400 uniform cells.

respectively. Note, compared with the initial conditions in [45,52,59] for the NLS equa-
tion, the initial density functions (6.6) and (6.8) have been slightly modified to ensure
the positivity of the computed density. The initial velocity field vanishes, i.e., u(x,0) =
v(x,0) =0. We perform simulations for the initial conditions (6.6)-(6.8) with periodic
boundary conditions on, respectively, the domains [0,277]2, [—7,7]* and [-5,5]>.

In order to accurately and efficiently capture the singular solutions of the QHD equa-
tions when blow-up phenomena occur, an h-adaptive technique is employed. The gra-
dient of the density is used to control the adaption. We first compute in each element
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Table 7: Example 6.5. Two-dimensional EK-equations with van der Waals equation of state and constant
capillarity coefficient x=0.01. P basis functions. aq =—0.5, ay=—0.5 (alternating fluxes).

GEK-C [EK-C

leollz Order  TleuJl;z Order lepfl;z Order Te,]l;2  Order
10 | 6.24E-02 - 1.87E-01 - 4.74E-02 - 1.71E-01 -
20 | 2.09E-02 157 7.02E-02 141 143E-02 172 580E-02 1.56
40 | 2.31E-03 3.18 141E-02 231 1.75E-03 3.03 1.15E-02 233
80 | 4.19E-04 246 3.61E-03 197 423E-04 204 283E-03 2.01
10 | 8.29E-03 - 2.74E-02 - 1.08E-02 - 3.03E-02 -
20 | 759E-04 344 419E-03 271 1.02E-03 340 5.71E-03 240
40 | 546E-06 3.79 813E-04 236 5.12E-05 432 1.12E-03 234
80 | 5.34E-06 335 1.78E-04 219 551E-06 321 2.69E-04 2.05

N

Table 8: Example 6.5. Two-dimensional EK-equations with van der Waals equation of state and constant
capillarity coefficient x =0.01. Qk basis functions. a1 =—0.5, ap =—0.5 (alternating fluxes).

N GEK-C IEK-C

lepll;2  Order  [leyll;> Order  |lepll;2  Order  [ley[|;2  Order
10 | 6.47E-02 — 1.86E-01 - 4.36E-02 - 1.06E-01 -
20 | 2.00E-02 1.69 6.96E-02 141 153E-02 150 5.07E-02 1.06
40 | 1.69E-03 356 140E-02 231 137E-03 349 821E-03 2.62
80 | 4.19E-04 2.01 3.61E-03 196 3.03E-04 217 1.83E-03 2.16
10 | 3.29E-03 - 8.97E-03 - 3.36E-03 - 8.41E-03 -
20 | 4.82E-04 277 146E-03 2.61 426E-04 298 9.61E-04 3.12
40 | 2.14E-056 449 134E-04 344 171E-05 4.63 128E-04 291
80 | 1.95E-06 345 127E-05 340 191E-06 3.16 1.30E-05 3.29

PZ

Table 9: Example 6.5. Two-dimensional EK-equations with van der Waals equation of state and capillarity

coefficient x = ﬁ. QF basis functions. a =—0.5, ap = —0.5 (alternating fluxes).
N GEK-C IEK-C
leolllz Order  [ley][;2  Order [lepl[;2  Order [leyfl;2  Order
10 | 2.30E-02 - 1.13E-01 - 2.66E-02 - 1.49E-01 -

20 | 498E-03 221  243E-02 222 493E-03 243 3.23E-02 220
40 | 1.20E-03 2.04 6.26E-03 196 1.19E-03 2.03 7.22E-03 216
80 | 3.01E-04 2.00 1.86E-03 1.75 3.02E-04 199 1.81E-03 1.99
10 | 1.48E-03 - 9.12E-03 - 9.68E-04 - 9.73E-03 -

20 | 1.12E-04 3.72 7.67E-04 357 1.15E-04 3.06 8.39E-04 3.53
40 | 1.52E-05 2.88 1.01E-04 292 151E-05 293 1.03E-04 3.01
80 | 1.90E-06 3.00 1.26E-05 3.00 1.89E-06 3.00 1.35E-05 294

Pl
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Figure 4: Example 6.6. Blow up phenomenon for 2D QHD equations with initial density (6.6) computed with
the IEK-C scheme. The square root of the density and corresponding adaptive mesh. Q? elements and initial

mesh of 40 x 40 cells.
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where N, is the total number of elements and d; = \/|K|. The standard deviation of the

gradient of density is then
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Figure 5: Example 6.6. Blow up phenomenon for 2D QHD equations with initial density (6.6) computed with
the IEK-C scheme. Mass loss and energy evolution. Q2 elements and initial mesh of 40 x40 cells.

Suppose that the mesh level of all elements in the initial mesh equals zero, and each
element in the initial mesh can be refined at most LEV-times. Then

e if 174; > w11y and the level of K <LEV, then K is marked as a candidate element for
refinement,

o if 17, < waig and the level of K >0, then K is marked as a candidate element for
coarsening,

with w;, [ =1,2 problem dependent parameters. For more details on the adaption algo-
rithm, see [36,39]. In this example, we choose w; =1.7, wy =0.7. The square root of the
density coupled with the corresponding adaptive mesh at different times, computed by
the IEK-C scheme are shown in Figs. 4, 6 and 8. The results show that the solutions with
sine initial density functions (6.6) and (6.7) will blow up in a finite time, with one peak in
Fig. 4 and two peaks in Fig. 6. A much stronger singular solution with exponential ini-
tial density function (6.8) is observed in Fig. 8, with the maximum density increased by
more than three thousand. Also, the IEK-C scheme captures this blow-up phenomenon
accurately. The numerical results computed with the GEK-C scheme are nearly identical
to those of the IEK-C scheme, and therefore will not be displayed. The mass loss and en-
ergy evolution for both LDG discretizations are shown in Figs. 5, 7 and 9. We observe that
the computed mass remains within the machine tolerance, although the QHD equations
contain singular solutions. The numerical energy increases when the solutions begin to
blow up.
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Figure 6: Example 6.6. Blow up phenomenon for 2D QHD equations with initial density (6.7) computed with

the IEK-C scheme. The square root of the density and corresponding adaptive mesh. Q2 elements and initial
mesh of 40 x40 cells.

7 Concluding remarks

In this paper, we have developed an energy conservative LDG discretization for the gen-
eral EK-equations with a variable capillarity coefficient, namely the GEK-C scheme. The
GEK-C scheme achieves optimal order of accuracy when alternating numerical fluxes
are used, but loses one order of accuracy for central numerical fluxes when odd degree
polynomial basis functions are adopted. The QHD equations, as a special case of the EK-
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Figure 7: Example 6.6. Blow up phenomenon for 2D QHD equations with initial density (6.7) computed with
the IEK-C scheme. Mass loss and energy evolution. Q2 elements and initial mesh of 40 x40 cells.

equations with an irrotational velocity field, have been widely used in quantum physics.
As a consequence, we specially designed a relatively simple LDG discretization, namely
the IEK-C scheme, for the EK-equations with an irrotational velocity field, which is well
suited to solving the QHD equations with high order accuracy. The energy conservation
property of the GEK-C and IEK-C schemes was proven for the semi-discrete sense. When
coupled with semi-implicit SDC methods, the high-order accuracy and capability of the
proposed methods were demonstrated in various numerical experiments.

A challenging direction for future work would be to extend the theoretical proof of
energy conservation property from the semi-discrete LDG discretizations to the fully dis-
crete schemes when coupled with semi-implicit SDC methods. Also, the KKT limiter
proposed in [48, 56, 57] opens avenues for developing time-implicit high order accurate
positivity-preserving discretizations for the EK-equations.

Appendix A. Derivation of LDG term in Eq. (3.3b)

In this appendix, we provide the details of the derivation of the last term in Eq. (3.3b).

Multiplying 0,V (f, —rn+sn -+ 2|up|?) with the test function ¢, integrating over ele-
ment K € 7; and performing integration by parts, we obtain

]_ e~ R =R 1/\ _
_/K(fh—rh+sh+§|uh|2>v.(phlp)dx—l—/aKph (fh—rh+sh+§|uh|2>¢ -ngds.
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Figure 8: Example 6.6. Blow up phenomenon for 2D QHD equations with initial density (6.8) computed with

the IEK-C scheme. The square root of the density and corresponding adaptive mesh. P2 elements and initial
mesh of 40 x40 cells.

Integrating by parts once again yields

1
/I<th(fh_rh+5h+§|uh|2> -l[JdX

_ R I ~ 1 _
_/aKPh ((fh =1, +s +§|uh |2>—<fh—rh+5h+2!uh|2)>tp ‘ngds.
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Figure 9: Example 6.6. Blow up phenomenon for 2D QHD equations with initial density (6.8) computed with
the IEK-C scheme. Mass loss and energy evolution. P3 elements and initial mesh of 40 x40 cells.

After summation over all elements in the tessellation 7}, we have

1
Z /KphV (fh—rh+sh+§|uh|2) ~l[JdX

KET,
- T [ (E((trhste 3 b R) = (=it 5 ) gt ons
ecI';”¢
o (A —rirstor g k) = (Fi-esishal) ) pome ) ds. (A)

If we choose

f={ft—aalfull, F={m}—aalm],

Si={sn}—asi], unl2={lw*} —aa[[us ],

then
W —fn= %—al)f,er(—%Jral)ff, 15—712(—%—“1>f15+(%+“1>f5/
R G R G
R G M G
ub PP = (5 )P (= 5 ) [P,
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Using these relations (A.1) transforms into

/th fh—7h+5h+*\uh| ) Pax— Z/( 5 Ph‘P +<;+“1)P1§‘I’R>

KeT, ecly
1
(((rbsk gt (A =il i) ) s,
which can be written as

). /Ph‘l’ V fh—fh+5h+*|uh| )

KeT,

=[Gt +alons]) - [fimritsit g o] s,

ecl

and is exactly the term
~ 1
_D? _ - 2,
D (Phllfth Thtsnt 5 | f“1>
in (3.3b).
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