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Abstract. The mean field games (MFG) theory has broad application in mathematical
modeling of social phenomena. The Mean Field Games System (MFGS) is the key
to the MFG theory. This is a system of two nonlinear parabolic partial differential
equations with two opposite directions of time t∈(0,T). The topic of Coefficient Inverse
Problem (CIPs) for the MFGS is a newly emerging one. A CIP for the MFGS is studied.
The input data are Dirichlet and Neumann boundary conditions either on a part of the
lateral boundary (incomplete data) or on the whole lateral boundary (complete data).
In addition to the initial conditions at {t=0}, terminal conditions at {t=T} are given.
The terminal conditions mean the final overdetermination. The necessity of assigning
all these input data is explained. Hölder and Lipschitz stability estimates are obtained
for the cases of incomplete and complete data respectively. These estimates imply
uniqueness of the CIP.
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1 Introduction

Social sciences play a significant role in the modern society. The Mean Field Games
(MFG) theory studies the collective behavior of large populations of rational decision-
makers (agents). This theory has a number of applications in the mathematical modeling
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of social phenomena. Some examples of these applications are, e.g., finance [1, 40], soci-
ology [2], fighting corruption [23, 24], cyber security [24], etc.. Due to numerous applica-
tions of the MFG theory, it is important to study a variety of mathematical topics of this
theory. In the current paper, we study a Coefficient Inverse Problem (CIP) for the Mean
Field Games System (MFGS).

The MFG theory was first introduced in 2006-2007 in seminal works of Lasry and Li-
ons [26–28] and of Huang, Caines and Malhamé [9,10]. The MFGS is the core of the MFG
theory. This is a system of two coupled nonlinear parabolic Partial Differential Equations
(PDEs) with two opposite directions of time. In the first equation time is running down-
wards. This is the Hamilton-Jacobi-Bellman equation (HJB). And in the second equation
time is running upwards. This is the Fokker-Planck (FP) equation. Let Ω⊂Rn,n≥ 1
be a bounded domain with its boundary ∂Ω and let time t∈ (0,T). The state position of
a representative agent is x ∈Ω. The HJB equation governs the value function u(x,t) of
each individual agent located at x at the moment of time t. The FP equation describes the
evolution of the distribution of agents m(x,t) over time t∈ (0,T).

CIPs for the MFGS is a newly emerging topic. Uniqueness theorems for CIPs for the
MFGS in the case of the input data resulting from infinitely many measurements were
obtained in [?, 33, 35–37]. We refer to [5, 6] for numerical studies of CIPs for the MFGS.
We consider the case of the input data resulting from a single measurement event [20,21,
34]. We also refer to [7, 30, 32, 42] for some related studies. Previously a Hölder stability
estimate was obtained in [21] for a CIP for the MFGS with a single measurement data.
However, the statement of the CIP in [21] is significantly different from the one of this
paper, see Subsection 3.1. In addition, Lipschitz stability estimate for a CIP with single
measurement data was obtained in [12]. The MFGS of [12] does not contain the integral
term, see Subsection 2.2 for this term.

Since the input data for CIPs are results of measurements, then they are given with
errors. Hence, we are concerned with obtaining Hölder and Lipschitz stability estimates
of the solution of our CIP with respect to the error in the input data. These stability
estimates immediately imply uniqueness of our CIP.

In this paper we modify the framework, which was first proposed in [4], where the
apparatus of Carleman estimates was introduced in the field of CIPs, also, see, e.g., [11,
13–17, 41] and references cited therein for some follow up publications. Carleman esti-
mates were introduced in the MFG theory in [18] and were used since then in [12, 19, 21]
as well as in the current paper. The idea of our modification of the framework of [4] is
outlined in Subsection 3.2.

It is natural to call the problem of this paper “CIP with the final overdetermination”.
Indeed, we assume that we know both initial and terminal conditions for both functions
u and m as well as both Dirichlet and Neumann boundary conditions for these functions
on either a part of the lateral boundary or on the whole lateral boundary. On the other
hand, if a CIP for a single parabolic equation requires to find a coefficient of this equation,
assuming that its solution is known at {t=0} and at {t=T}, then such a CIP is called
”CIP with the final overdetermination”: we refer to [13, Section 9.1] for the Lipschitz
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stability result for such a problem for the case of a single parabolic equation. However,
the case of the MFGS with the final overdetermination was not considered previously.
In addition, the technique of this paper is significantly different from the one of [13]. A
CIP for one parabolic equation with the final overdetermination and the lateral boundary
data was recently considered in [22]. A more detailed discussion of the statement of our
CIP can be found in Subsections 3.1 and 3.2.

Remark 1.1. Traditionally minimal smoothness assumptions are of a secondary concern
in the field of inverse problems, see, e.g., [38] and [39, Theorem 4.1]. Therefore, we are
not concerned with these assumptions in the current paper.

All functions below are real valued ones. In Section 2, we first formulate the MFGS
and outline four main difficulties of working with this system. Then we formulate our
CIP. In Section 3, we first discuss our input data for our CIP. Next, we outline our idea of
the above mentioned modification of the framework of [4]. We formulate our theorems
in Section 4. Two theorems of this section about Hölder and Lipschitz stability are proven
in Section 5. On the other hand, two theorems of Section 4 about Carleman estimates are
proven in Appendix.

2 Statement of the coefficient inverse problem

2.1 Domains and spaces

First, we introduce some basic notations we use in this paper. For x=(x1,x2,··· ,xn)∈Rn

denote x=(x2,··· ,xn). To simplify the presentation, we consider only the case when our
domain of interest Ω⊂Rn is a rectangular prism. Let Ai>0, i=1,··· ,n and T>0 be some
numbers. Also, let γ∈(0,2A1) be another number. Everywhere below domains and their
boundaries are defined as:

Ω={x :−Ai < xi <Ai, i=1,··· ,n}, Ω′={x :−Ai < xi <Ai, i=2,··· ,n}, (2.1a)
Γ−={x∈∂Ω : x1=−A1}, Γ+={x∈∂Ω : x1=A1}, Γ±T =Γ±×(0,T), (2.1b)
∂±i Ω={x∈∂Ω : xi =±Ai}, ∂±i ΩT =∂±i Ω×(0,T), i=2,··· ,n, (2.1c)
QT =Ω×(0,T), ST =∂Ω×(0,T), (2.1d)
Ωγ ={x∈Ω : x1∈ (−A1+γ,A1)}, QγT =Ωγ×(0,T). (2.1e)

We now introduce some spaces we will work with. Let k≥1 be an integers. Denote

C2k,k(QT)=

{
u :‖u‖C2k,k(QT)

= max
‖α‖+2m≤2k

‖Dα
x∂m

t u‖C(QT)
<∞

}
, (2.2a)

H2k,k(QT)=

{
u :‖u‖2

H4,2(QT)
= ∑
‖α‖+2m≤2k

‖Dα
x∂m

t u‖2
L2(QT)

<∞

}
, (2.2b)
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H2,1(∂±i ΩT)=

u :‖u‖2
H2,1(∂±i ΩT)

=
n

∑
j=1,j 6=i

‖uxj‖2
L2(∂

±
i ΩT)

+
n

∑
j,s=1,(j,s) 6=(i,i)

‖uxjxs‖2
L2(∂

±
i ΩT)

+
1

∑
j=0
‖∂j

tu‖2
L2(∂

±
i ΩT)

<∞

}
, (2.2c)

H2,1(ST)=

{
u :‖u‖2

H2,1(ST)
=

n

∑
i=1
‖u‖2

H2,1(∂±i ΩT)
<∞

}
, (2.2d)

H1,0(∂±i ΩT)=

{
u :‖u‖2

H1,0(∂±i ΩT)
=

n

∑
j=1,j 6=i

‖uxj‖2
L2(∂

±
i ΩT)

+‖u‖2
L2(∂

±
i ΩT)

<∞

}
, (2.2e)

H1,0(ST)=

{
u :‖u‖2

H1,0(ST)
=

n

∑
i=1
‖u‖2

H1,0(∂±i ΩT)
<∞

}
. (2.2f)

Spaces H2,1(Γ±T ) and H1,0(Γ±T ) are defined similarly with spaces H2,1(∂±i ΩT) and
H1,0(∂±i ΩT) respectively.

2.2 The mean field games system

We consider a slightly simplified form of the MFGS of the second order [1, 28]:

ut(x,t)+∆u(x,t)−a(x)(∇u(x,t))2/2+
∫

Ω
K(x,y)m(y,t)dy

+s(x,t)m(x,t)=0, (x,t)∈QT, (2.3a)
mt(x,t)−∆m(x,t)−div(a(x)m(x,t)∇u(x,t))=0, (x,t)∈QT, (2.3b)

where∇u=(ux1 ,··· ,uxn), and conditions on functions K(x,y), a(x) and s(x,t) are imposed
later.

The term with the integral in (2.3) is called “global interaction term”. This term has a
deep applied meaning, which is explained in [18, page 634]. More precisely, K(x,y) is the
action on the agent occupying the point x by the agent occupying the point y. Hence, the
integral term in (2.3) expresses the average action of all agents located at all points y∈Ω
on the agent located at the point x.

2.3 Four main difficulties of working with MFGS (2.3)

We now outline four main difficulties of working with MFGS (2.3):

1. MFGS (2.3) is highly nonlinear. On the top of this is that any CIP for a PDE is
nonlinear as well.

2. Two equations of system (2.3) have two opposite directions of time. Therefore, the
classical theory of parabolic equations [25] does not work here.
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3. The presence of the integral term in the first equation (2.3). Such terms are not
present in all past works on CIPs for parabolic PDEs.

4. The presence of the Laplace operator ∆u in the second equation (2.3), since this
operator is involved in the principal part (∂t+∆)u of the first equation (2.3).

Due to Items 1-4, the past theory of CIPs for a single parabolic PDE cannot be auto-
matically applied to CIPs for MFGS (2.3). Rather, a significant additional effort is required
for the latter.

2.4 The kernel K(x,y) in (2.3)

Let M > 0 be a number, δ(z), z ∈R be the delta-function and H(z) be the Heaviside
function,

H(z)=
{

1, if z>0,
0, if z<0.

We cannot work with a general function K(x,y). Hence, we assume below that the inte-
gral term in the first equation (2.3) has the following form:

K(x,y)=b(x){δ(x1−y1)K1(x,y)+H(y1−x1)K2(x,y)}, with

K1∈C4(Ω′×Ω′), ‖K1‖C4(Ω′×Ω′)<M, K2∈C4(Ω×Ω), ‖K2‖C4(Ω×Ω)<M. (2.4)

Hence, ∫
Ω

K(x,y)m(y,t)dy=b(x)
[∫

Ω′
K1(x,y)m(x1,y,t)dy

+
∫ A1

x1

(∫
Ω′

K2(x,y1,y)m(y1,y,t)dy
)

dy1

]
. (2.5)

Conditions imposed on the function b(x) are specified later. A popular example of K(x,y)
is [31, Section 4.2]:

K(x,y)=b(x)
1

(2π)n

n

∏
i=1

1
σi

exp
(
− (xi−yi)

2

2σ2
i

)
.

We recall that Gaussians approximate the δ− function in the sense of distributions, which
justifies our choice of δ(x1−y1)K1(x,y) in (2.4).

2.5 Coefficient inverse problem

It is hard to find a specific form of the kernel K(x,y), see, e.g., [31, Section 4]. Hence, the
recovery of at least a part of this kernel is of a significant interest, and this is what we
do in the current paper. More precisely, we are interested in this paper in the recovery of
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the coefficient b(x) in (2.4). Following Remark 1.1, we are not concerned here with some
extra smoothness conditions we impose below.

Coefficient Inverse Problem (CIP). Assume that functions u,m∈C6,3(QT) satisfy equa-
tions (2.3), and let condition (2.4) holds. Let

u(x,0)= p(x), m(x,0)=q(x), x∈Ω, (2.6a)
u(x,T)=F(x), m(x,T)=G(x), x∈Ω, (2.6b)
u |ST= f0(x,t), ∂nu |ST= f1(x,t), (2.6c)
m |ST= g0(x,t), ∂nu |ST= g1(x,t). (2.6d)

Determine the coefficient b(x), assuming that the functions in the right hand sides of (2.6)
are known.

Thus, the functions in the right hand sides of first two lines of (2.6) are initial and
terminal conditions. The right hand sides of the third and fourth lines of (2.6) are Dirich-
let and Neumann boundary data, which are also called ”lateral Cauchy data”. We will
consider the following two cases of the lateral Cauchy data:

1. Incomplete lateral Cauchy data. This is the case when in (2.6)

functions f0, f1, g0, g1 are known at ST\Γ−T and unknown at Γ−T . (2.7)

We obtain a Hölder stability estimate in this case.

2. Complete lateral Cauchy data. This is the case when in (2.6)

functions f0, f1, g0, g1 are known at the whole boundary ST. (2.8)

We obtain Lipschitz stability estimate in this case.

The input data (2.6) are generated by a single measurement event. As to these data, in
the conventional case of the MFG theory, only functions u(x,T) and m(x,0) are given [1]
as well as either Neumann or Dirichlet boundary condition for each of functions u,m. In
the case of a practical mean field game process, other functions in (2.6) can be obtained
via, e.g., polling of game participants at t=0,T as well as at the boundary ∂Ω, see, e.g., [5,
p. 2].

3 Discussion

In this section we explain first why do we need the input data (2.6). Next, we briefly
outline our idea of a modification of the framework of [4] in order to make it applicable
to our CIP.
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3.1 Discussion of the input data (2.6)

Let t0∈(0,T) be a fixed moment of time. A Hölder stability estimate was obtained in [21]
for a CIP for MFGS (2.3) in the case when the coefficient a(x) is unknown, initial and
terminal conditions in (2.6)

u(x,0), u(x,T), m(x,0), m(x,T) (3.1)

are replaced with the assumption of the knowledge of functions u(x,t0) and m(x,t0), and
also lateral Cauchy data in (2.6) are known in [21].

In the case of a single parabolic equation, uniqueness and stability results for CIPs
with x− dependent unknown coefficients were obtained only under the assumption that
the solution of that equation is known at t = t0 ∈ (0,T) and the lateral Cauchy data are
known as well, see, e.g., [11, 14–17, 41]. A similar statement is true for CIPs for MFGS
(2.3) [12, 21]. These results were obtained using the framework of [4].

If, however, only the initial condition at {t=0} and lateral Cauchy data are known,
then a methodology of obtaining stability results for such CIPs does not exist yet even for
the case of a single parabolic PDE. This explains our need of the knowledge in (2.6) of all
four initial and terminal conditions (3.1) as well as the lateral Cauchy data.

On the other hand, if we would assume only the knowledge of functions in (3.1) as
well as of only either Dirichlet or Neumann boundary condition for each of functions
u,m, then we would not be able to consider the case of incomplete data (2.7). And even in
the case of complete data we would likely need to impose some yet unknown additional
conditions on operators in (2.3). For example, a similar CIP for a single parabolic equa-
tion with the data at {t=0}, {t=T} and the Dirichlet boundary condition at the entire
boundary is considereed in [13, Section 9.1]. An an additional condition in [13] was that
the Dirichlet boundary value problem for the corresponding elliptic operator has at most
one solution.

3.2 Our modification of the framework of [4]

The first step the framework of [4] transforms the considered CIP in an integral-
differential equation, which does not contain the unknown coefficient. Integral terms
in this equation are t−dependent Volterra integrals. Next, the application of a Carle-
man estimate to that equation leads to the desired result. This scheme works in the case
of CIPs for hyperbolic and elliptic PDEs in the cases when the lateral Cauchy data are
given, in addition to some initial conditions, see, e.g., [3, 14–16, 41] and [17, Chapter 3].
And in the case of CIPs for parabolic equations, this scheme works only if one replaces
the initial data at {t=0} with the data at {t= t0∈ (0,T)}, see Subsection 3.1.

However, this framework does not work for our case when both initial data at {t=0}
and terminal data at {t=T} are given in (2.6). More precisely, the straightforward appli-
cation of the framework of [4] to our CIP leads to the presence of some parasitic integrals
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over {t=0} and {t=T}. These integrals appear when integrating the pointwise Carle-
man estimate over the time cylinder QT and applying the Gauss formula. The presence
of these integrals does not allow us to obtain our desired Hölder and Lipschitz stability
estimates and uniqueness theorem for our CIP.

Hence, we modify here the idea of [4]. More precisely, we arrange the above trans-
formation in such a way that those parasitic integrals cancel each other. After our trans-
formation, each of two transformed functions obtained from functions u and m in (2.3)
attains the same values at {t=0} and at {t=T}. Next, we apply to the resulting trans-
formed system of integral differential equations two new Carleman estimates for oper-
ators ∂t+∆ and ∂t−∆. The new point of these estimates is that the Carleman Weight
Function (CWF) in them is independent on t. Our CWF depends only on x1: due to (2.4)
and (2.5). On the other hand, in conventional Carleman estimates for parabolic equations
with the lateral Cauchy data, CWFs always depend on both x and t, see, e.g., [17, Section
2.3], [29, Section 1 of Chapter 4] and [41].

4 Formulations of theorems

4.1 Carleman estimates

It is sufficient to prove Carleman estimates only for principal parts of Partial Differential
Operators [17, Lemma 2.1.1]. There are two methods of proofs of Carleman estimates.
The first method is presented in books [8, Sections 8.3 and 8.4], [13, Theorem 3.2.1], and
it is based on symbols of Partial Differential Operators. This method is both elegant and
short. However, it is based on the assumption of zero boundary conditions of involved
functions. On the other hand, we work here with the non-zero boundary conditions,
which play an important role in stability estimates for our CIP.

Therefore, primeraly due to our need to arrange the mutual cancellation of parasitic
integrals over {t=0} and {t=T} (see Subsection 3.2), we need a painstaking analysis of
boundary terms in our Carleman estimates. Thus, we use the second method. By this
method, one first derives a pointwise Carleman estimate. Next, one integrates this esti-
mate over the domain of interest. Boundary integrals occur due to the Gauss formula.
In addition to our analysis of resulting integrals over {t=0} and {t=T}, our deriva-
tion also allows us to analyze resulting boundary integrals over the lateral boundary ST,
which is important for our target stability estimates of H2,1(QγT) and H2,1(QT) norms of
involved functions.

The derivation of any pointwise Carleman estimate is inevitably space consuming,
see, e.g., [17, Section 2.3], [29, Section 1 of Chapter 4] and [41]. However, this is the price
we pay for the incorporation of non-zero boundary conditions.

We remind that due to (2.4) and (2.5), our CWF depends only on the variable x1. On
the other hand, as stated in Subsection 3.2, it is critical for our CIP that CWF should be
independent on t, which is unusual in Carleman estimates for parabolic operators.
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Let ν> 2 and λ> 1 be some large parameters, which we will choose later. Consider
two functions ψ and ϕλ,ν, where ϕλ,ν(x) is the CWF we work with. Thus,

ψ(x)= x1+A1+2, ϕλ,ν(x)= e2λψν
, (4.1a)

exp(2λ·2ν)≤ ϕλ,ν(x)≤exp[2λ(2A1+2)ν] in Ω. (4.1b)

Theorem 4.1 (Pointwise Carleman estimate for the operator ∂t−∆). There exist sufficiently
large numbers ν0=ν0(A1)>2, λ0=λ0(A1)>1 and a number C=C(QT)>0 depending only on
the domain Ω such that for ν=ν0, for all λ≥λ0 and for all functions u∈C4,2(QT) the following
pointwise Carleman estimate holds:

(ut−∆u)2ϕλ,ν0≥
(C

λ

)(
u2

t +
n

∑
i,j=1

u2
xixj

)
ϕλ,ν0+C

[
λ(∇u)2+λ3u2]ϕλ,ν0

+∂tV+divU, (x,t)∈QT, (4.2)

where U is an n− D vector function. The function ∂tV is:

∂tV=∂t

[
(2λ/(2λ+1))

(
(ux1+λν0ψν0−1u)2+

n

∑
i,j=2

u2
xi

)
ψ−ν0+1ϕλ,ν0

]
+∂t

[
(2λ/(2λ+1))(−λ2ν2

0ψν0−1(1−2ψ−ν0(ν0−1)/(λν0))u2ϕλ,ν0)
]

+∂t((λ
2/(2λ+1))u2ϕλ,ν0+(∇u)2ϕλ,ν0 /(2λ+1)). (4.3)

And the function divU is:

divU=
[
(2λ/(2λ+1))(−2ut(ux1+λνψν0−1u)ϕλ,ν0 ψ−ν0+1)

]
x1

+

[
(2λ/(2λ+1))

(
−2λν0(ux1+λν0ψν0−1u)2ϕλ,ν0+2λν0

n

∑
i=2

u2
xi

ϕλ,ν0

)]
x1

+
[
(2λ/(2λ+1))(−2λ3ν3

0ψ2ν0−2(1−2ψ−ν0(ν0−1)/(λν0))u2ϕλ,ν0)
]

x1

+
n

∑
i=2

[
(2λ/(2λ+1))(−4λν0(ux1+λν0ψν0−1u)uxi ϕλ,ν0−2utuxi ϕλ,ν0 ψ−ν0+1)

]
xi

+
[
(2λ/(2λ+1))(−λux1 uϕλ,ν0+λ2ν0ψν0−1u2ϕλ,ν0)

]
x1

+
n

∑
i=2

[(2λ/(2λ+1))(−λuxi uϕλ,ν0)]xi
+

n

∑
i=1

[(1/(2λ+1))(−2utuxi ϕλ,ν0)]xi

+
n

∑
i=2

[(1/(2λ+1))(−2ux1xi uxi ϕλ,ν0)]x1
+

n

∑
i=2

[(1/(2λ+1))(2ux1x1 uxi ϕλ,ν0)]xi

+
n

∑
i,j=2

[
(1/(2λ+1))(uxjxj uxi ϕλ,ν0−uxixj uxj ϕλ,ν0)

]
xi

. (4.4)
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In particular, (4.3) leads to the following implications:

u(x,0)=u(x,T) → V(x,0)=V(x,T) →
∫

QT

∂tVdxdt=0. (4.5)

Below C=C(QT)> 0 denotes different constants depending only on the domain Ω. pa-
rameters.

Remark 4.1.

1. Formula (4.3) for the function V implies the key property, which we need: that
parasitic integrals over {t=0} and {t=T}, which occur when integrating (4.2) over
QT, cancel each other, if u(x,T)=u(x,0), and this is reflected in (4.5) and in the last
line of (4.6) of Theorem 4.2. The necessity of (4.5) for our goal of obtaining stability
estimates for our CIP is explained in Subsection 3.2.

2. Item 1 explains the reason of our need of a painstaking derivation of the precise
formula (4.3) for ∂tV in the proof of Theorem 4.1. The reason of the derivation of
precise formula (4.4) for divU is the necessity of the incorporation of estimates of
boundary terms, especially those with ut and uxixj , in the integral Carleman esti-
mate (4.6) of Theorem 4.2.

Theorem 4.2 (Integral Carleman estimate for the operator ∂t−∆)). Let ν0 and λ0 be param-
eters chosen in Theorem 4.1. Then the following integral Carleman estimate holds:

Cexp[3·2ν0 λ](‖u‖2
H2,1(Γ−T )

+‖ux1‖2
H1,0(Γ−T )

)+Cexp[3λ(2A1+2)ν0 ](‖u‖2
H2,1(ST\Γ−T )

+‖∂nu‖2
H1,0(ST\Γ−T )

)+
∫

QT

(ut−∆u)2ϕλ,ν0 dxdt

≥(C/λ)
∫

QT

(
u2

t +
n

∑
i,j=2

u2
ij

)
ϕλ,ν0 dxdt+C

∫
QT

(
λ(∇u)2+λ3u2

)
ϕλ,ν0 dxdt,

∀u∈H4,2(QT)∩{u : u(x,0)=u(x,T)}, ∀λ≥λ0. (4.6)

Since we have two parabolic operators in (2.3), whose principal parts are ∂t−∆ and
∂t+∆, then we need to formulate an analog of Carleman estimate (4.6) for the operator
∂t+∆ as well. This is done in Theorem 4.3. We omit the proof of this theorem, since it is
quite similar with the proofs of Theorems 4.1 and 4.2. As to the norms involved in (4.6),
we refer to (2.2b)-(2.2f).

Theorem 4.3 (Integral Carleman estimates for the operator ∂t+∆). Let ν0 and λ0 be two
parameters chosen in Theorem 4.1. Then the direct analog of the Carleman estimate (4.6) holds
true when (ut−∆u)2 is replaced with (ut+∆u)2.

Remark 4.2. We prove Theorems 4.1 and 4.2 in Appendix. However, when carrying out
other proofs below, we assume that Theorems 4.1 and 4.2 hold true.
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4.2 Hölder and Lipschitz stability estimates

In the theory of Ill-Posed Problems, one often assumes that solution of such a problem
belongs to an a priory chosen boundary set. Hence, let M>0 be the number of Subsection
2.4. Recalling Remark 1.1 and (2.2a), we introduce the following set of pairs of functions
(u,m) :

Y1(M)=
{
(u,m)∈C6,3(QT) :‖u‖C6,3(QT)

, ‖m‖C6,3(QT)
<M

}
. (4.7)

Obviously,
‖u‖H6,3(QT)

,‖m‖H6,3(QT)
≤CM, ∀(u,m)∈Y1(M). (4.8)

We also assume that functions a(x) and s(x,t) in MFGS (2.3) satisfy the following condi-
tions:

a∈C3(Ω), s∈C2,1(QT), ‖a‖C3(Ω)<M, ‖s‖C2,1(QT)
<M. (4.9)

In addition, let the unknown coefficient

b(x)∈Y2(M)=
{

b : b∈C4(Ω), ‖b‖C4(Ω)<M
}

. (4.10)

Theorem 4.4 (Hölder stability for incomplete data, the case (2.7)). Assume that there exists
two vector functions (ui,mi,bi) ∈ Y1(M)×Y2(M), i = 1,2 satisfying the following analogs of
conditions (2.6):

ui(x,0)= pi(x), mi(x,0)=qi(x), x∈Ω, i=1,2, (4.11a)
ui(x,T)=Fi(x), mi(x,T)=Gi(x), x∈Ω, i=1,2, (4.11b)
ui |ST= f0,i(x,t), ∂nui |ST= f1,i(x,t), i=1,2, (4.11c)
mi |ST= g0,i(x,t), ∂nmi |ST= g1,i(x,t), i=1,2. (4.11d)

Assume that the lateral Cauchy data are incomplete as in the case (2.7), i.e., functions f0i, f1i in
(4.11) are known for (x,t)∈ST\Γ−T and are unknown for (x,t)∈Γ−T . Let δ∈ (0,1) be a number
characterizing the level of the error in the data (4.11). More precisely, let

‖p1−p2‖H4(Ω)<δ, ‖q1−q2‖H3(Ω)<δ, (4.12a)

‖F1−F2‖H4(Ω)<δ, ‖G1−G2‖H3(Ω)<δ, (4.12b)

‖∂t f0,1−∂t f0,2‖H2,1(ST\Γ−T )
<δ, ‖∂t f1,1−∂t f1,2‖H1,0(ST\Γ−T )

<δ, (4.12c)

‖∂tg0,1−∂tg0,2‖H2,1(ST\Γ−T )
<δ, ‖∂tg1,1−∂tg1,2‖H1,0(ST\Γ−T )

<δ. (4.12d)

Assume that condition (2.4) holds. In addition, assume that there exists a number c>0 such that

min
QT

∥∥∥∫
Ω′

K1(x,y)m2(x1,y,t)dy+
∫ A1

x1

(∫
Ω′

K2(x,y1,y)m2(y1,y,t)dy
)

dy1

∥∥∥≥ c. (4.13)
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Let γ∈(0,2A1) be the number in (2.1). Then there exist a sufficiently small number δ0=
δ0(M,c,γ,Ω,T)∈(0,1) and a number B=B(M,c,γ,Ω,T)>0, both numbers depending only
on listed parameters, such that for all δ∈ (0,δ0) the following Hölder stability estimates
are valid with a certain number α∈ (0,1) :

‖∂j
tu1−∂

j
tu2‖H2,1(QγT),‖∂

j
tm1−∂

j
tm2‖H2,1(QγT)≤Bδα, j=0,1, (4.14a)

‖b1−b2‖L2(Ωγ)≤Bδα. (4.14b)

In particular, our CIP with the incomplete data as in (2.1) has at most one solution.

Remark 4.3. Below B = B(M,c,γ,Ω,T)> 0 and C1 = C1(M,c,Ω,T)> 0 denote different
numbers depending only on listed parameters.

Theorem 4.5 (Lipschitz stability for complete data, the case (2.8)). Assume that there exists
two vector functions (ui,mi,bi)∈Y1(M)×Y2(M), i=1,2 satisfying conditions (4.11). Assume
that the lateral Cauchy data are complete as in (2.8), i.e., functions f0i, f1i,g0i,g1i in (4.11) are
known for all (x,t)∈ ST. In addition, let conditions (2.4) and (4.13) hold. Then the following
Lipschitz stability estimates are valid:

‖∂j
tu1−∂

j
tu2‖H2,1(QT),‖∂

j
tm1−∂

j
tm2‖H2,1(QT)

≤C1(‖p1−p2‖H4(Ω)+‖q1−q2‖H4(Ω))+C1(‖F1−F2‖H4(Ω)+‖G1−G2‖H4(Ω))

+C1(‖∂t f0,1−∂t f0,2‖H2,1(ST−)+‖∂t f1,1−∂t f1,2‖H1,0(ST))

+C1(‖∂tg0,1−∂tg0,2‖H2,1(ST−)+‖∂tg1,1−∂tg1,2‖H1,0(ST)), j=0,1,

‖b1−b2‖L2(Ω)≤‖p1−p2‖H4(Ω)+‖q1−q2‖H4(Ω)+‖F1−F2‖H4(Ω)+‖G1−G2‖H4(Ω)

+‖∂t f0,1−∂t f0,2‖H2,1(ST−)+‖∂t f1,1−∂t f1,2‖H1,0(ST).

5 Proofs of Theorems 4.4 and 4.5

5.1 Proof of Theorem 4.4

First, we proceed with the transformation procedure as outlined in Subsection 3.2. Next,
we apply to two resulting integral differential equations Carleman estimates of Theorems
4.2 and 4.3.

5.1.1 The transformation procedure

Consider the differences:

ũ=u1−u2, m̃=m1−m2, b̃=b1−b2, (5.1a)

p̃= p1−p2, q̃=q1−q2, F̃=F1−F2, G̃=G1−G2, (5.1b)

f̃0= f0,1− f0,2, f̃1= f1,1− f1,2, g̃0= g0,1−g0,2, g̃1= g1,1−g1,2. (5.1c)
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By (2.7), (4.11) and (5.1)

ũ(x,0)= p̃(x), m̃(x,0)= q̃(x), x∈Ω, (5.2a)

ũ(x,T)= F̃(x), m̃(x,T)= G̃(x), x∈Ω, (5.2b)

ũ |ST\Γ−T
= f̃0(x,t), ∂nũ |ST\Γ−T

= f̃1(x,t), (5.2c)

m̃ |ST\Γ−T
= g̃0(x,t), ∂nm̃ |ST\Γ−T

= g̃1(x,t). (5.2d)

Let y1, z1 and y2, z2 be two pairs of numbers. Denote ỹ=y1−y2, z̃= z1−z2. Then

y1z1−y2z2= ỹz1+ z̃y2. (5.3)

Subtracting Eqs. (2.3) for (u2,m2,b2) from the same equations for (u1,m1,b1) and using
(2.5), the first line of (5.1) as well as (5.3), we obtain two equations (5.4a) and (5.4b),

ũt(x,t)+∆ũ(x,t)−a(x)∇(u1+u2)(∇ũ(x,t)/2+b1(x)
∫

Ω′
K1(x,y)m̃(x1,y,t)dy

+b1(x)
∫ A1

x1

(∫
Ω′

K2(x,y1,y)m̃(y1,y,t)dy
)

dy1

=−b̃(x)
∫

Ω′
K1(x,y)m2(x1,y,t)dy

− b̃(x)
∫ A1

x1

(∫
Ω′

K2(x,y1,y)m2(y1,y,t)dy
)

dy1, (x,t)∈QT, (5.4a)

m̃t(x,t)−∆m̃(x,t)−div(a(x)m̃(x,t)∇u2(x,t))−div(a(x)m1(x,t)∇ũ(x,t))
=0, (x,t)∈QT. (5.4b)

Divide both sides of Eq. (5.4a) by the function R(x,t),

R(x,t)=−
∫

Ω′
K1(x,y)m2(x1,y,t)dy−

∫ A1

x1

(∫
Ω′

K2(x,y1,y)m2(y1,y,t)dy
)

dy1. (5.5)

By (4.13) and (5.5)
1

‖R(x,t)‖ ≥
1
c

. (5.6)

Denote

u(x,t)=
ũ(x,t)
R(x,t)

. (5.7)

Then Eq. (5.4a) becomes:

ut+∆u+P∇u+Qu+b1(x)R−1(x,t)
∫

Ω′
K1(x,y)m̃(x1,y,t)dy

+b1(x)R−1(x,t)
∫ A1

x1

(∫
Ω′

K2(x,y1,y)m̃(y1,y,t)dy
)

dy1=−b̃(x), (5.8)
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where (P,Q) is an (n+1)− dimensional vector function with its C2,1(QT)− components.
Although it is easy to present the explicit formulas for its components, we are not doing
this for brevity.

It follows from (5.2), (5.7) and (5.8) that the function ut(x,t) attains the following val-
ues at t=0,T :

ut(x,0)=−∆(R−1(x,0) p̃(x))−P(x,0)∇(R−1(x,0) p̃(x))

−Q(x,0)∇(R−1(x,0) p̃(x))−b1(x)R−1(x,0)
∫

Ω′
K1(x,y)q̃(x1,y)dy

−b1(x)R−1(x,0)
∫ A1

x1

(∫
Ω′

K2(x,y1,y)q̃(y1,y)dy
)

dy1− b̃(x)

=W0(x)− b̃(x), (5.9a)

ut(x,T)=−∆(R−1(x,T)F̃(x))−P(x,T)∇(R−1(x,0)F̃(x))

−Q(x,T)∇(R−1(x,T)F̃(x))−b1(x)R−1(x,T)
∫

Ω′
K1(x,y)G̃(x1,y)dy

−b1(x)R−1(x,T)
∫ A1

x1

(∫
Ω′

K2(x,y1,y
)

G̃(y1,y)dy)dy1− b̃(x)

=WT(x)− b̃(x). (5.9b)

Next, (4.11), (5.2), (5.4b) and (5.7) imply similar formulas for m̃t(x,0) and m̃t(x,T),

m̃t(x,0)=∆q̃(x)+div(a(x)q̃(x)∇p2(x))−div(a(x)q1(x)∇( p̃(x)/R(x,0))
=Z0(x), (5.10a)

m̃t(x,T)=∆G̃(x)+div(a(x)G̃(x)∇F2(x))−div(a(x)G1(x)∇(F̃(x)/R(x,T))
=ZT(x). (5.10b)

Differentiate both Eqs. (5.4b) and (5.8) with respect to t. Then we obtain equations for
the t−derivatives v(x,t) and w(x,t). An important property of these equations is that the
function b̃(x) is not present in them, since this function is independent on t. Functions
w(x,t) and w(x,t) are:

v(x,t)=ut(x,t), w(x,t)= m̃t(x,t). (5.11)

By the first line of (5.2) as well as by (5.7) and (5.11)

u(x,t)=
∫ t

0
v(x,τ)dτ+

p̃(x)
R(x,0)

, m̃(x,t)=
∫ t

0
w(x,τ)dτ+ q̃(x). (5.12)

Substitute (5.12) in equations for functions v(x,t) and w(x,t). Then introduce new func-
tions

v(x,t)=v(x,t)−
(

W0(x)
t
T
+WT(x)

(
1− t

T

))
, (5.13a)

w(x,t)=w(x,t)−
(

Z0(x)
t
T
+ZT(x)

(
1− t

T

))
, (5.13b)
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where functions W0(x), WT(x), Z0(x), ZT(x) are given in (5.9) and (5.10). It follows from
(5.9), (5.10), (5.13a) and (5.13b) that

v(x,0)=v(x,T)=−b̃(x), (5.14a)
w(x,0)=w(x,T)=0. (5.14b)

This finishes our transformation procedure outlined in Subsection 3.2. Indeed, compar-
ing the last line of (4.6) with (5.14), we see that Carleman estimates of Theorems 4.2 and
4.3 can be applied to functions w and v respectively.

Applications of Theorems 4.2 and 4.3. It is well known that Carleman estimates can
work not only with equations but with inequalities as well. Hence, to simplify the pre-
sentation, we turn the above mentioned equations for functions v and w in two integral
differential inequalities. The first inequality is:

‖vt+∆v‖≤C1(‖∇v‖+‖v‖)+C1

∫
Ω′
‖w(x1,y,t)‖dy+C1

∫
Ω′

(∫ t

0
‖w(x1,y,τ)‖dτ

)
dy

+C1

∫ A1

x1

(∫
Ω′
‖w‖(y1,y,t)dy

)
dy1+C1

∫ A1

x1

[∫
Ω′

(∫ t

0
‖w‖(y1,y,τ)dτ

)
dy
]

dy1

+X1(x,t), (x,t)∈QT. (5.15)

The second inequality is:

‖wt−∆w‖≤C1(‖∇w‖+‖w‖+
∫ t

0
(‖∇w‖+‖w‖)(x,τ)dτ)+C1

(
‖∇v‖+

∫ t

0
‖∇v‖(x,τ)dτ

)
+C1

(
‖∆v‖+

∫ t

0
‖∆v‖(x,τ)dτ

)
+X2(x,t), (x,t)∈QT. (5.16)

Note that the presence of integrals with respect to y in the third line of (5.15) is the indi-
cation of the third difficulty of working with MFGS (2.3) as in item 3 of Subsection 2.3.
And the presence of the terms with ‖∆v‖ in (5.16) is the indication of the fourth difficulty
listed in item 4 of that subsection.

It easily follows from the second and third lines of (2.4), (4.7)-(4.10) and (5.5)-(5.13b)
that functions X1 and X2 in (5.15) and (5.16) are such that

X1,X2∈L2(QT), ‖X1‖2
L2(QT)

+‖X2‖2
L2(QT)

≤C1(‖ p̃‖2
H4(Ω)+‖q̃‖

2
H4(Ω)+‖F̃‖

2
H4(Ω)+‖G̃‖

2
H4(Ω)). (5.17)

As to the lateral Cauchy data for functions v and w, using boundary data in (5.1), (5.2) and
the above transformation procedure combined with the considerations, which resulted in
estimates (5.17), we obtain

v |ST\Γ−T
=m0(x,t), ∂nv |ST\Γ−T

=m1(x,t), (5.18a)

w |ST\Γ−T
= z0(x,t), ∂nw |ST\Γ−T

= z1(x,t), (5.18b)
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where functions in the right hand sides of (5.18) can be estimated as:

‖m0‖2
H2,1(ST\Γ−T )

+‖z0‖2
H2,1(ST\Γ−T )

+‖m1‖2
H1,0(ST\Γ−T )

+‖z1‖2
H1,0(ST\Γ−T )

≤C1(‖ f̃0‖2
H2,1(ST\Γ−T )

+‖g̃0‖2
H2,1(ST\Γ−T )

)++C1(‖ f̃1‖2
H1,0(ST\Γ−T )

+‖g̃1‖2
H1,0(ST\Γ−T )

)

+C1(‖ p̃‖2
H4(Ω)+‖q̃‖

2
H4(Ω)+‖F̃‖

2
H4(Ω)+‖G̃‖

2
H4(Ω)). (5.19)

Square both sides of each of inequalities (5.15) and (5.16), multiply by the CWF ϕλ,ν0(x)
in (4.1a) and integrate over the domain QT. Use Cauchy-Schwarz inequality, the right
inequality (4.2) and (5.17). Also, note that since the function ϕλ,ν0(x) depends only on x1,
then∫

QT

(∫ t

0
‖ f ‖(x,τ)dτ

)2
ϕλ,ν0(x)dxdt≤C1

∫
QT

f 2(x,t)ϕλ,ν0(x)dxdt, ∀ f ∈L2(QT), (5.20a)∫
QT

(∫
Ω′
‖ f (x1,y,t)‖dy

)2
ϕλ,ν0(x)dxdt≤C1

∫
QT

f 2(x,t)ϕλ,ν0(x)dxdt, ∀ f ∈L2(QT). (5.20b)

Hence, we obtain two inequalities. The first inequality is:∫
QT

(vt+∆v)2ϕλ,ν0(x)dxdt

≤C1

∫
QT

((∇v)2+v2)ϕλ,ν0(x)dxdt+C1

∫
QT

w2ϕλ,ν0(x)dxdt

+C1

∫
QT

(∫ A1

x1

∫
Ω′

w2(y1,y,t)dydy1

)
ϕλ,ν0(x)dxdt

+C1

∫
QT

[∫ A1

x1

∫
Ω′

(∫ t

0
w2(y1,y,τ)dτ

)
dydy1

]
ϕλ,ν0(x)dxdt

+C1(‖ p̃‖2
H4(QT)

+‖q̃‖2
H4(QT)

+)exp[2λ(2A1+2)ν0 ]

+C1(‖F̃‖2
H4(QT)

+‖G̃‖2
H4(QT)

)exp[2λ(2A1+2)ν0 ]. (5.21)

We now estimate from the above the term in the third line of (5.21). When doing so, we
recall that (4.1a) implies that the function ϕλ,ν0(x)≡ ϕλ,ν0(x1) is increasing. Using (2.1),
we obtain ∫

QT

[∫ A1

x1

∫
Ω′

(∫ t

0
w2(y1,y,τ)dτ

)
dydy1

]
ϕλ,ν0(x)dxdt

≤T
∫ T

0|
dt
∫

Ω′
dx
∫

Ω′
dy
∫ A1

−A1

ϕλ,ν0(x1)
(∫ A1

x1

w2(y1,y,t)dy1

)
dx1

=T
∫ T

0|
dt
∫

Ω′
dx
∫

Ω′
dy
∫ A1

−A1

(∫ y1

−A1

ϕλ,ν0(x1)dx1

)
w2(y1,y,t)dy1

≤
∫ T

0|
dt
∫

Ω′
dx
∫

Ω′
dy
∫ A1

−A1

w2(y1,y,t)(y1+A1)ϕλ,ν0(y1)dy1

≤C1

∫
QT

w2ϕλ,ν0(x)dxdt.
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Hence, (5.21) can be rewritten as:∫
QT

(vt+∆v)2ϕλ,ν0(x)dxdt

≤C1

∫
QT

((∇v)2+v2)ϕλ,ν0(x)dxdt+C1

∫
QT

w2ϕλ,ν0(x)dxdt

+C1(‖ p̃‖2
H4(QT)

+‖q̃‖2
H4(QT)

+)exp[2λ(2A1+2)ν0 ]

+C1(‖F̃‖2
H4(QT)

+‖G̃‖2
H4(QT)

)exp[2λ(2A1+2)ν0 ]. (5.22)

The second above mentioned second inequality is generated by (5.16) and the first esti-
mate (5.20). This inequality is:∫

QT

(wt−∆w)2ϕλ,ν0(x)dxdt

≤C1

∫
QT

((∇w)2+w2)ϕλ,ν0(x)dxdt++C1

∫
QT

((∇v)2+v2)ϕλ,ν0(x)dxdt

+C1

∫
QT

(∆v)2ϕλ,ν0(x)dxdt+C1(‖ p̃‖2
H4(Ω)+‖q̃‖

2
H4(Ω))exp[2λ(2A1+2)ν0 ]

+C1(‖F̃‖2
H4(Ω)+‖G̃‖

2
H4(Ω))exp[2λ(2A1+2)ν0 ]. (5.23)

It follows from the last line of (4.6) and (5.14) that we can apply Carleman estimates of
Theorems 4.3 and 4.2 to the left hand sides of (5.22) and (5.23) respectively. Let λ0 >1 be
the parameter of Theorems 4.1-4.3. Hence, using (4.6), (5.18) and (5.19), we again obtain
two estimates for all λ≥λ0. The first estimate is:

(1/λ)
∫

QT

(
v2

t +
n

∑
i,j=2

v2
ij

)
ϕλ,ν0 dxdt+

∫
QT

(λ(∇v)2+λ3v2)ϕλ,ν0 dxdt

≤C1

∫
QT

((∇v)2+v2)ϕλ,ν0(x)dxdt+C1

∫
QT

w2ϕλ,ν0(x)dxdt+D, (5.24)

where

D=C1(‖ p̃‖2
H4(Ω)+‖q̃‖

2
H4(Ω))exp[3λ(2A1+2)ν0 ]

+C1(‖F̃‖2
H4(Ω)+‖G̃‖

2
H4(Ω))exp[3λ(2A1+2)ν0 ]

+C1(‖ f̃0‖2
H2,1(ST\Γ−T )

+‖ f̃1‖2
H1,0(ST\Γ−T )

)exp[3λ(2A1+2)ν0 ]

+C1(‖g̃0‖2
H2,1(ST\Γ−T )

+‖g̃1‖2
H2,1(ST\Γ−T )

)exp[3λ(2A1+2)ν0 ]

+C1exp[3·2ν0 λ](‖v‖2
H2,1(Γ−T )

+‖vx1‖2
H1,0(Γ−T )

)

+\C1exp[3·2ν0 λ](‖w‖2
H2,1(Γ−T )

+‖wx1‖2
H1,0(Γ−T )

). (5.25)

Here we make the estimate for D slightly stronger for a convenience of further deriva-
tions. Since C1 denotes different numbers (Remark 4.3, then below D denotes different
numbers with the same expression (5.25)).
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The second estimate is:

(1/λ)
∫

QT

(
w2

t +
n

∑
i,j=2

w2
ij

)
ϕλ,ν0 dxdt+

∫
QT

(λ(∇w)2+λ3w2)ϕλ,ν0 dxdt

≤C1

∫
QT

((∇w)2+w2)ϕλ,ν0(x)dxdt+C1

∫
QT

((∇v)2+v2)ϕλ,ν0(x)dxdt

+C1

∫
QT

(∆v)2ϕλ,ν0(x)dxdt+D. (5.26)

Choose a sufficiently large λ1 = λ1(M,c,Ω,T)> λ0 such that for all λ≥ λ1 and for all
functions h∈H1,0(QT)

C1

∫
QT

((∇h)2+h2)ϕλ,ν0(x)dxdt≤ (1/2)
∫

QT

(λ(∇h)2+λ3h2)ϕλ,ν0 dxdt.

The (5.24) implies

(1/λ)
∫

QT

(
v2

t +
n

∑
i,j=2

v2
ij

)
ϕλ,ν0 dxdt+

∫
QT

(λ(∇v)2+λ3v2)ϕλ,ν0 dxdt

≤C1

∫
QT

w2ϕλ,ν0(x)dxdt+D, ∀λ≥λ1. (5.27)

Similarly, (5.26) implies

(1/λ)
∫

QT

(
w2

t +
n

∑
i,j=2

w2
ij

)
ϕλ,ν0 dxdt+

∫
QT

(λ(∇w)2+λ3w2)ϕλ,ν0 dxdt

≤C1

∫
QT

((∇v)2+v2)ϕλ,ν0(x)dxdt+C1

∫
QT

(∆v)2ϕλ,ν0(x)dxdt+D2, ∀λ≥λ1. (5.28)

Divide (5.28) by λ2 and sum up with (5.27). We obtain

(1/λ)
∫

QT

(
v2

t +
n

∑
i,j=2

v2
ij

)
ϕλ,ν0 dxdt+(1/λ3)

∫
QT

(
w2

t +
n

∑
i,j=2

w2
ij

)
ϕλ,ν0 dxdt

+
∫

QT

(λ(∇v)2+λ3v2)ϕλ,ν0 dxdt+
∫

QT

[
(1/λ)(∇w)2+λw2]ϕλ,ν0 dxdt

+(C1/λ2)
∫

QT

(∆v)2ϕλ,ν0(x)dxdt+D, ∀λ≥λ1. (5.29)

Since λ1 is sufficiently large, then

C1

λ2

∫
QT

(∆v)2ϕλ,ν0(x)dxdt≤ 1
2λ

∫
QT

(
v2

t +
n

∑
i,j=2

v2
ij

)
ϕλ,ν0 dxdt, ∀λ≥λ1.
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Hence, (5.29) can be rewritten as:

(1/λ)
∫

QT

(
v2

t +
n

∑
i,j=2

v2
ij

)
ϕλ,ν0 dxdt+(1/λ3)

∫
QT

(
w2

t +
n

∑
i,j=2

w2
ij

)
ϕλ,ν0 dxdt

+
∫

QT

(λ(∇v)2+λ3v2)ϕλ,ν0 dxdt+
∫

QT

[
(1/λ)(∇w)2+λ(w)2]ϕλ,ν0 dxdt

+D, ∀λ≥λ1. (5.30)

Using (4.12), (5.1) and (5.25), we obtain that, similarly with (5.19), the transformation
procedure of Subsubsection 5.1.1 leads to the following estimate for D

D≤C1δ2exp[3λ(2A1+2)ν0 ]+C1exp[3·2ν0 λ](‖v‖2
H2,1(Γ−T )

+‖vx1‖2
H1,0(Γ−T )

)

+C1exp[3·2ν0 λ](‖w‖2
H2,1(Γ−T )

+‖wx1‖2
H1,0(Γ−T )

). (5.31)

Next, using trace theorem and again similarly with (5.19), we obtain

‖v‖2
H2,1(Γ−T )

+‖vx1‖2
H1,0(Γ−T )

+‖w‖2
H2,1(Γ−T )

+‖wx1‖2
H1,0(Γ−T )

≤C1.

Hence, (5.31) imply that D can be estimated as:

D≤C1exp[3λ(2A1+2)ν0 ]δ2+C1exp[3·2ν0 λ] (5.32)

and
‖v‖2

H2,1(Γ−T )
+‖vx1‖2

H1,0(Γ−T )
+‖w‖2

H2,1(Γ−T )
+‖wx1‖2

H1,0(Γ−T )
≤C1.

We now recall the domain QγT in (2.1), where γ∈(0,2A1) is an arbitrary but fixed number.
By (4.1a) ϕλ,ν0(x)≥exp(2λ(γ+2)ν0) in QγT. Hence,

exp(2λ(γ+2)ν0)‖ f ‖2
L2(QγT)

≤
∫

QT

f 2(x,t)ϕλ,ν0 dxdt, ∀ f ∈L2(QT). (5.33)

Hence, (5.30), (5.32) and (5.33) imply

‖v‖H2,1(QγT)+‖w‖H2,1(QγT)

≤C1 [exp(1.5λ(2A1+2)ν0)δ+exp(−1.5λ((γ+2)ν0−2ν0))], ∀λ≥λ1. (5.34)

Choose now λ=λ(δ) such that (5.34)

exp(1.5λ(2A1+2)ν0)δ=exp(−1.5λ((γ+2)ν0−2ν0)).

Hence,
1.5[(2A1+2)ν0+(γ+2)ν0−2ν0 ]λ= ln(δ−1). (5.35)
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Recall that by Theorem 4.1, ν0 = ν0(A1). Also, recall that λ1 =λ1(M,c,γ,Ω,T). Hence, by
(5.35)

λ(δ)= ln(δ−1/d), d=1.5[(γ+2)ν0−2ν0+(2A1+2)ν0 ], (5.36)

with ∀δ∈ (0,δ0), δ0=δ0(M,c,Ω,T) : ln(δ−1/d
0 )>λ1. (5.37)

Hence, by Remark 4.3, we should now replace C1 = C1(M,c,Ω,T) > 0 with B =
B(M,c,γ,Ω,T)>0 . Consider the number α∈ (0,1),

α(M,c,γ,Ω,T)=
1.5((γ+2)ν0−2ν0)

d
=

(γ+2)ν0−2ν0

(γ+2)ν0−2ν0+(2A1+2)ν0
. (5.38)

It follows from (5.34)-(5.38) that the following Hölder stability estimate for functions v
and w is valid:

‖v‖H2,1(QγT)+‖w‖H2,1(QγT)≤Bδα, ∀δ∈ (0,δ0). (5.39)

It follows from (5.14), (5.39) and trace theorem that estimate (4.14b) is valid, which is the
second target estimate of this theorem.

To prove target estimates (4.14a) of this theorem, we recall again the transformation
procedure of Subsubsection 5.1.1. Using (4.12), (5.1), (5.2), (5.5)-(5.13b) and triangle in-
equality, we obtain

‖v‖H2,1(QγT)+‖w‖H2,1(QγT)

≥‖∂j
tu1−∂

j
tu2‖H2,1(QγT)+‖∂

j
tm1−∂

j
tm2‖H2,1(QγT)

−(‖ p̃‖H4(Ω)+‖q̃‖H4(Ω)+‖F̃‖H4(Ω)+‖G̃‖H4(Ω))

≥‖∂j
tu1−∂

j
tu2‖H2,1(QγT)+‖∂

j
tm1−∂

j
tm2‖H2,1(QγT)−C1δ, j=0,1. (5.40)

Comparing this with (5.39) and using δ<δα, ∀δ∈ (0,δ0), we obtain (4.14a).
To prove uniqueness, we set δ=0. Then (4.14a) and (4.14b) imply that

u1(x,t)=u2(x,t)=m1(x,t)=m2(x,t)=0 in QγT, and b1(x)=b2(x) in Ωγ. (5.41)

Since γ∈ (0,2A1) is an arbitrary number, then, setting γ→0, we obtain that (5.41) holds
for QT and Ω.

5.2 Proof of Theorem 4.5

The proof of this theorem can be carried out as an insignificant modification of the proof
of Theorem 4.4. Indeed, since by (2.8) the lateral Cauchy data are known now at the
entire boundary ST, then we should not separate ST\Γ−T from Γ−T in the above proof. In
particular, first and second lines in the Carleman estimate (4.6) should be replaced with:

Cexp[3λ(2A1+2)ν0 ](‖u‖2
H2,1(ST)

+‖∂nu‖2
H1,0(ST−)

). (5.42)
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Hence, D in (5.25) should be replaced with:

D=C1(‖ p̃‖2
H4(Ω)+‖q̃‖

2
H4(Ω)+)exp[3λ(2A1+2)ν0 ]

+C1(‖F̃‖2
H4(Ω)+‖G̃‖

2
H4(Ω))exp[3λ(2A1+2)ν0 ]

+C1(‖ f̃0‖2
H2,1(ST)

+‖ f̃1‖2
H1,0(ST)

)exp[3λ(2A1+2)ν0 ]

+C1(‖g̃0‖2
H2,1(ST−)

+‖g̃1‖2
H2,1(ST−)

)exp[3λ(2A1+2)ν0 ]. (5.43)

Using (5.30), (5.42) and (5.43), we obtain

(1/λ)
∫

QT

(
v2

t +
n

∑
i,j=2

v2
ij

)
ϕλ,ν0 dxdt+(1/λ3)

∫
QT

(
w2

t +
n

∑
i,j=2

w2
ij

)
ϕλ,ν0 dxdt

+
∫

QT

(λ(∇v)2+λ3v2)ϕλ,ν0 dxdt+
∫

QT

[
(1/λ)(∇w)2+λ(w)2]ϕλ,ν0 dxdt

+C1(‖ p̃‖2
H4(Ω)+‖q̃‖

2
H4(Ω))exp[3λ(2A1+2)ν0 ]

+C1(‖F̃‖2
H4(Ω)+‖G̃‖

2
H4(Ω))exp[3λ(2A1+2)ν0 ]

+C1(‖ f̃0‖2
H2,1(ST)

+‖ f̃1‖2
H1,0(ST)

)exp[3λ(2A1+2)ν0 ]

+C1(‖g̃0‖2
H2,1(ST−)

+‖g̃1‖2
H2,1(ST−)

)exp[3λ(2A1+2)ν0 ], ∀λ≥λ1, (5.44)

Since by (4.2) ϕλ,ν0(x)≥exp(2λ·2ν), then we set in (5.44) λ=λ1 divide by exp(2λ·2ν) and
then obtain similarly with (5.33) and (5.34):

‖v‖H2,1(QT)+‖w‖H2,1(QT)

≤C1(‖ p̃‖H4(Ω)+‖q̃‖H4(Ω)+‖F̃‖H4(Ω)+‖G̃‖H4(Ω))

+C1(‖ f̃0‖H2,1(ST)+‖ f̃1‖H1,0(ST)+‖g̃0‖H2,1(ST)+‖g̃1‖H1,0(ST)).

The rest of the proof is similar with the proof of Subsection 4.1, starting from (5.33).

Appendix

A Appendix: Proofs of Theorems 4.1 and 4.2

A.1 Proof of Theorem 4.1

Recall that in this theorem u∈C4,2(QT). It is convenient not to fix ν in the major part of
this proof. Rather, we assume that ν≥ν0 >1 and set ν=ν0(A1) only when being close to
the end of the proof. The constant C is independent on ν. In this proof λ≥λ0(A1) and
both parameters λ0,ν0 are sufficiently large. Furthermore since ν=ν0(A1) in the end, then
we assume that

λ�ν. (A.1)
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Using (4.1a), change variables

v=ueλψν → u=ve−λψν
. (A.2)

Hence,

ut =vte−λψν
, ux1 =(vx1−λνψν−1v)e−λψν

, (A.3a)

ux1x1 =
{

vx1x1−2λνψν−1vx1+λ2ν2ψ2ν−2[1−2ψ−ν(ν−1)/(λν)
]
v
}

e−λψν
, (A.3b)

uxixi =vxixi e
−λψν

, i, j=2,··· ,n. (A.3c)

By (A.2) and (A.3)

(ut−∆u)2ϕλ,νψ−ν+1=
[
vt−

(
vx1x1+

n

∑
i=2

vxixi

)
+2λνψν−1vx1

−λ2ν2ψ2ν−2[1−2ψ−ν(ν−1)/(λν)
]
v
]2

ψ−ν+1. (A.4)

Denote

z1=vt, z2=−vx1x1−
n

∑
i,j=2

vxixi , (A.5a)

z3=2λνψν−1vx1 , z4=−λ2ν2ψ2ν−2[1−2ψ−ν(ν−1)/(λν)
]
v. (A.5b)

By (A.4) and (A.5)

(ut−∆u)2ϕλ,νψ−ν+1 [(z1+z3)+z2+z4]
2 ψ−ν+1

≥(z1+z3)
2ψ−ν+1+2z1z2ψ−ν+1+2z1z4ψ−ν+1+2z2z3ψ−ν+1+2z3z4ψ−ν+1. (A.6)

Step 1. Estimate from the below the term 2z1z2ψ−ν+1 in (A.6).
We have:

2z1z2ψ−ν+1=−2vtvx1x1 ψ−ν+1−2
n

∑
i,j=2

vtvxixi ψ
−ν+1

=(−2vtvx1 ψ−ν+1)x1+2vtx1 vx1 ψ−ν+1−2(ν−1)ψ−νvtvx1

+
n

∑
i=2

(−2vtvxi ψ
−ν+1)xi +

n

∑
i=2

2vtxi vxi ψ
−ν+1

=−2(ν−1)ψ−νz1vx1+(−2vtvx1 ψ−ν+1)x1+
n

∑
i=2

(−2vtvxi ψ
−ν+1)xi

+∂t

(
v2

x1
ψ−ν+1+

n

∑
i,j=2

v2
xi

ψ−ν+1
)

.
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Thus,
2z1z2ψ−ν+1=−2(ν−1)ψ−νz1vx1+∂tV1+divU1, (A.7)

where

∂tV1=∂t

[(
(ux1+λνψν−1u)2+

n

∑
i,j=2

u2
xi

)
ϕλ,νψ−ν+1

]
, (A.8a)

divU1=(−2ut(ux1+λνψν−1u)ϕλ,νψ−ν+1)x1+
n

∑
i=2

(−2utuxi ϕλ,νψ−ν+1)xi . (A.8b)

Step 2. Using (A.5) and (A.7)-(A.8b), estimate from the below the term
(z1+z3)2ψ−ν+1+2z1z2ψ−ν+1 in (A.6).

We have:

(z1+z3)
2ψ−ν+1+2z1z2ψ−ν+1=z2

1ψ−ν+1+z2
3ψ−ν+1+2z1z3ψ−ν+1

−2(ν−1)ψ−νz1vx1−∂tV1+divU1. (A.9)

By (A.5)

−2(ν−1)ψ−νz1vx1 =−
(ν−1)

λν
ψ−2ν+1z1z3.

Hence, (A.9) becomes

(z1+z3)
2ψ−ν+1+2z1z2ψ−ν+1=

[
z2

1+2z1z3(1−(ν−1)/(λν)ψ−ν)+z2
3
]
ψ−ν+1

+∂tV1+divU1. (A.10)

Since (1−(ν−1)/(λν)ψ−ν)<1 for sufficiently large λ, then[
z2

1+2z1z3(1−(ν−1)/(λν)ψ−ν)+z2
3
]
ψ−ν+1≥0

as a quadratic polynomial with respect to z1, z3. Hence, (A.10) implies

(z1+z3)
2ψ−ν+1+2z1z2ψ−ν+1≥∂tV1+divU1. (A.11)

Step 3. Using in (A.5), evaluate the term 2z2z3ψ−ν+1 in (A.6).
We have:

2z2z3ψ−ν+1=−4λνvx1

(
vx1x1+

n

∑
i=2

vxixi

)
=(−2λνv2

x1
)x1+

n

∑
i=2

(−4λνvx1 vxi)xi +
n

∑
i=2

(
4λνvxix1 vxi

)
=(−2λνv2

x1
)x1+

n

∑
i=2

(−4λνvx1 vxi)xi +
(

2λν
n

∑
i=2

v2
xi

)
x1

.
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Hence,

2z2z3ψ−ν+1=divU2, (A.12a)

divU2=
(
−2λν(ux1+λνψν−1u)2ϕλ,ν+2λν

n

∑
i=2

u2
xi

ϕλ,ν

)
x1

+
n

∑
i=2

(−4λν(ux1+λνψν−1u)uxi ϕλ,ν)xi . (A.12b)

Step 4. Using in (A.5), estimate from the below the term 2z1z4ψ−ν+1+2z3z4ψ−ν+1 in
(A.6).

We have:

2z1z4ψ−ν+1+2z3z4ψ−ν+1=−2λ2ν2ψν−1(1−2ψ−ν(ν−1)/(λν))vtv

−4λ3ν3ψ2ν−2(1−2ψ−ν(ν−1)/(λν))vx1 v

≥∂t(−λ2ν2ψν−1(1−2ψ−ν(ν−1)/(λν))v2)

+∂x1(−2λ3ν3ψ2ν−2(1−2ψ−ν(ν−1)/(λν))v2)

+2λ3ν4ψ2ν−3(1−2ψ−ν(ν−1)/(λν))v2.

We have used here the inequality (ν−1)>ν/2, which is valid since ν>2. Thus,

2z1z4ψ−ν+1+2z3z4ψ−ν+1≥2λ3ν4ψ2ν−3[1−2ψ−ν(ν−1)/(λν)
]
v2+∂tV2+divU3, (A.13a)

∂tV2=∂t(−λ2ν2ψν−1(1−2ψ−ν(ν−1)/(λν))u2ϕλ,ν), (A.13b)

divU3=(−2λ3ν3ψ2ν−2(1−2ψ−ν(ν−1)/(λν))u2ϕλ,ν)x1 . (A.13c)

Step 5. Sum up (A.8a), (A.8b) and (A.11)-(A.13c).
Then, comparing with (A.4) and (A.5), we obtain

(ut−∆u)2ϕλ,νψ−ν+1≥2λ3ν4ψ2ν−3[1−2ψ−ν(ν−1)/(λν)
]
u2ϕλ,ν

+∂tV3+divU4, (A.14a)

∂tV3=∂tV1+∂tV2=∂t

[(
(ux1+λνψν−1u)2+

n

∑
i,j=2

u2
xi

)
ϕλ,νψ−ν+1

]
+∂t(−λ2ν2ψν−1(1−2ψ−ν(ν−1)/(λν))u2ϕλ,ν), (A.14b)

divU4=divU1+divU2+divU3

=(−2ut(ux1+λνψν−1u)ϕλ,νψ−ν+1)x1

+
(
−2λν(ux1+λνψν−1u)2ϕλ,ν+2λν

n

∑
i=2

u2
xi

ϕλ,ν

)
x1

+(−2λ3ν3ψ2ν−2(1−2ψ−ν(ν−1)/(λν))u2ϕλ,ν)x1

+
n

∑
i=2

(−4λν(ux1+λνψν−1u)uxi ϕλ,ν−2utuxi ϕλ,νψ−ν+1)xi . (A.14c)
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Step 6. Evaluate (ut−∆u)uϕλ,ν.
We have:

(ut−∆u)uϕλ,ν =∂t((1/2)u2ϕλ,ν)−ux1x1 uϕλ,ν−
n

∑
i=2

uxixi uϕλ,ν

=(−ux1 uϕλ,ν)x1+u2
x1

ϕλ,ν+2λνψν−1ux1 uϕλ,ν

+
n

∑
i=2

(−uxi uϕλ,ν)xi +
n

∑
i=2

u2
xi

ϕλ,ν+∂t((1/2)u2ϕλ,ν)

=(∇u)2ϕλ,ν+(−ux1 uϕλ,ν+λνψν−1u2ϕλ,ν)x1

−4λ2ν2ψ2ν−2u2ϕλ,ν−λν(ν−1)ψν−2u2ϕλ,ν

+
n

∑
i=2

(−uxi uϕλ,ν)xi +∂t((1/2)u2ϕλ,ν). (A.15)

Thus, since by (4.2)
λ2ν2ψ2ν−2�λν(ν−1)ψν−2 for ν>2

and sufficiently large λ>1, then (A.15) implies that for these values of ν and λ

(ut−∆u)uϕλ,ν≥ (∇u)2ϕλ,ν−Cλ2ν2ψ2ν−2u2ϕλ,ν+∂tV4+divU5, (A.16a)

∂tV4=∂t

(1
2

u2ϕλ,ν

)
, (A.16b)

divU5=(−ux1 uϕλ,ν+λνψν−1u2ϕλ,ν)x1+
n

∑
i=2

(−uxi uϕλ,ν)xi . (A.16c)

Step 7. Multiply (A.16a)-(A.16c) by λ and sum up with (A.14a)-(A.14c).
Use the inequality

2λ3ν4ψ2ν−3[1−2ψ−ν(ν−1)/(λν)
]
>λ3ν4ψ2ν−3>λ3ν2ψ2ν−2, ∀ν≥ν0,

with a sufficiently large ν0 = ν0(A1)> 2. We obtain for all sufficiently large λ≥ λ0 =
λ0(A1)>1 and ν≥ν0 :

λ(ut−∆u)uϕλ,ν+(ut−∆u)2ϕλ,νψ−ν+1

≥+λ(∇u)2ϕλ,ν+Cλ3ν4ψ2ν−2u2+∂tV5+divU6, (A.17a)
∂tV5=∂tV3+∂t(λV4)

=∂t

[
((ux1+λνψν−1u)2+

n

∑
i,j=2

u2
xi
)ϕλ,νψ−ν+1

]
+∂t(−λ2ν2ψν−1(1−2ψ−ν(ν−1)/(λν))u2ϕλ,ν+∂t((λ/2)u2ϕλ,ν)), (A.17b)

divU6=divU4+div(λU5)

=(−2ut(ux1+λνψν−1u)ϕλ,νψ−ν+1)x1
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+
(
−2λν(ux1+λνψν−1u)2ϕλ,ν+2λν

n

∑
i=2

u2
xi

ϕλ,ν

)
x1

+(−2λ3ν3ψ2ν−2(1−2ψ−ν(ν−1)/(λν))u2ϕλ,ν)x1

+
n

∑
i=2

(−4λν(ux1+λνψν−1u)uxi ϕλ,ν−2utuxi ϕλ,νψ−ν+1)xi

+(−λux1 uϕλ,ν+λ2νψν−1u2ϕλ,ν)x1+
n

∑
i=2

(−λuxi uϕλ,ν)xi . (A.17c)

Applying Cauchy-Schwarz inequality to the left hand side of (A.17a) and also using (A.1),
we obtain a pointwise Carleman estimate from the above for the lower order derivatives
via (ut−∆u)2ϕλ,ν,

(ut−∆u)2 ϕλ,ν≥Cλ(∇u)2ϕλ,ν+Cλ3ν4ψ2ν−2u2

+∂tV5+divU6, ∀λ≥λ0=λ0(A1)>1, ν=ν0=ν0(A1)>2. (A.18)

We now need to incorporate estimates for derivatives uxixj and ut in a close analog of
(A.18).

Step 8. Estimate again (ut−∆u)2ϕλ,ν0 from the below.
We now set ν=ν0, see the beginning of the proof of Theorem 4.1. We have

(ut−∆u)2ϕλ,ν0 =u2
t ϕλ,ν0−2ut∆uϕλ,ν0+(∆u)2ϕλ,ν0 . (A.19)

We estimate separately from the below the second and the third terms in the righ hand
side of (A.19).

Step 8.1. First, estimate from the below the term u2
t ϕλ,ν0−2ut∆uϕλ,ν0 in (A.19). We have:

−2ut∆uϕλ,ν0 =−2utux1x1 ϕλ,ν0+
n

∑
i=2

(−2utuxixi ϕλ,ν0)

=(−2utux1 ϕλ,ν0)x1+2ux1tux1 ϕλ,ν0+2λν0ψν0−1utux1 ϕλ,ν0

+
n

∑
i=2

(−2utuxi ϕλ,ν0)xi +
n

∑
i=2

2uxituxi ϕλ,ν0

=∂t((∇u)2ϕλ,ν0)+
n

∑
i=1

(−2utuxi ϕλ,ν0)xi +2λν0ψν0−1utux1 ϕλ,ν0 . (A.20)

By Young’s inequality and (4.2)

2λν0ψν0−1utux1 ϕλ,ν0≥−(1/2)u2
t ϕλ,ν0−2λ2ν2

0ψ2ν0−2u2
x1

ϕλ,ν0

≥−(1/2)u2
t ϕλ,ν0−Cλ2u2

x1
ϕλ,ν0 . (A.21)
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Hence, using (A.19)-(A.21), we obtain

(ut−∆u)2ϕλ,ν0≥ (1/2)u2
t ϕλ,ν0−Cλ2u2

x1
ϕλ,ν0+(∆u)2ϕλ,ν0+divU7, (A.22a)

∂tV6=∂t((∇u)2ϕλ,ν0), (A.22b)

divU7=
n

∑
i=1

(−2utuxi ϕλ,ν0)xi . (A.22c)

Step 8.2. Second, estimate from the term (∆u)2ϕλ,ν0 in (A.19). We have:

(∆u)2ϕλ,ν0 =u2
x1x1

ϕλ,ν0+
n

∑
i=2

2ux1x1 uxixi ϕλ,ν0+
n

∑
i,j=2

uxixi uxjxj ϕλ,ν0 . (A.23)

Estimate the term:

n

∑
i=2

2ux1x1 uxixi ϕλ,ν0 =
n

∑
i=2

(2ux1x1 uxi ϕλ,ν0)xi−
n

∑
i=2

(2ux1x1xi uxi ϕλ,ν0)

=
n

∑
i=2

(2ux1x1 uxi ϕλ,ν0)xi +
n

∑
i=2

(−2ux1xi uxi ϕλ,ν0)x1+2
n

∑
i=2

u2
x1xi

ϕλ,ν0

+
n

∑
i=2

4λν0ψν0−1ux1xi uxi ϕλ,ν0 . (A.24)

By Young’s inequality and (4.2)

n

∑
i=2

4λν0ψν0−1ux1xi uxi ϕλ,ν0≥−
n

∑
i=2

u2
x1xi

ϕλ,ν0−Cλ2(∇u)2ϕλ,ν0 .

Hence, using (A.23) and (A.24), we obtain

(∆u)2ϕλ,ν0≥
n

∑
i=1

u2
x1xi

ϕλ,ν0+
n

∑
i,j=2

uxixi uxjxj ϕλ,ν0−Cλ2(∇u)2ϕλ,ν0+divU8, (A.25a)

divU8=
n

∑
i=2

(−2ux1xi uxi ϕλ,ν0)x1+
n

∑
i=2

(2ux1x1 uxi ϕλ,ν0)xi . (A.25b)

We now estimate the following term in (A.25a):

n

∑
i,j=2

uxixi uxjxj ϕλ,ν0 =
n

∑
i,j=2

(uxixi uxj ϕλ,ν0)xj−
n

∑
i,j=2

uxixixj uxj ϕλ,ν0

=
n

∑
i,j=2

(uxixi uxj ϕλ,ν0)xj +
n

∑
i,j=2

(−uxixj uxj ϕλ,ν0)xi +
n

∑
i,j=2

u2
xixj

ϕλ,ν0 .
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Combining this with (A.25a) and (A.25b), we obtain

(∆u)2ϕλ,ν0≥
n

∑
i=1

u2
xixj

ϕλ,ν0−Cλ2(∇u)2ϕλ,ν0+divU9, (A.26a)

divU9=
n

∑
i=2

(−2ux1xi uxi ϕλ,ν0)x1+
n

∑
i=2

(2ux1x1 uxi ϕλ,ν0)xi

+
n

∑
i,j=2

(uxixi uxj ϕλ,ν0)xj +
n

∑
i,j=2

(−uxixj uxj ϕλ,ν0)xi . (A.26b)

Combining (A.26a) and (A.26b) with (A.22a)-(A.22c), we obtain

(ut−∆u)2ϕλ,ν0≥ (1/2)u2
t ϕλ,ν0+

n

∑
i=1

u2
xixj

ϕλ,ν0−Cλ2(∇u)2ϕλ,ν0+

+∂t((∇u)2ϕλ,ν0)+divU10, (A.27a)
divU10=divU7+divU9

=
n

∑
i=1

(−2utuxi ϕλ,ν0)xi +
n

∑
i=2

(−2ux1xi uxi ϕλ,ν0)x1+
n

∑
i=2

(2ux1x1 uxi ϕλ,ν0)xi

+
n

∑
i,j=2

(uxixi uxj ϕλ,ν0)xj +
n

∑
i,j=2

(−uxixj uxj ϕλ,ν0)xi . (A.27b)

Step 9. Divide (A.27a) and (A.27b) by 2λ and sum up with (A.18), taking into account
(A.17b) and (A.17c).

After suming up as indicated, we divide both parts of the resulting estimate by (1+
1/(2λ)). Since we use the constant C, then this division will affect only terms under ∂t
and div signs. We obtain the target estimate (4.2) of this theorem, where

∂tV=∂t

(2λV5+(∇u)2ϕλ,ν0

2λ+1

)
, divU=div

(2λU6+U10

2λ+1

)
. (A.28)

Formulas (A.28) are equivalent with formulas (4.3), (4.4).

A.2 Proof of Theorem 4.2

It is convenient to assume first that u∈C4,2(QT) since Theorem 4.1 is proven for these
functions. Integrate (4.2) over QT. It follows from (4.3), (4.5) and the last line of (4.6) that
integrals over {t=0} and {t=T} are mutually canceled. Therefore, by Gauss formula∫

QT

(ut−∆u)2ϕλ,ν0 dxdt

≥(C/λ)
∫

QT

(
u2

t +
n

∑
i,j=1

u2
xixj

)
ϕλ,ν0 dxdt+C

∫
QT

[
λ(∇u)2+λ3u2]ϕλ,ν0 dxdt

+
∫

ST

Ucos(µ,x)dS, ∀λ≥λ0, (A.29)
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where µ is the outward looking unit normal vector at ∂Ω.
We now evaluate the term ∫

ST

Ucos(µ,x)dS. (A.30)

To do this, we use (2.2b)-(2.2f) and (4.4). First, consider the part Γ+
T of ST. Obviously,

µ=(1,0,··· ,0) on Γ+
T . Note that dS=dx2 ···dxndt on Γ+

T . By (4.4) and (A.30)∫
Γ+

T

Ucos(µ,x)dS=
∫

Γ+
T

[
(2λ/(2λ+1))(−2ut(ux1 +λν0ψν0−1u)ϕλ,ν0 ψ−ν0+1)

]
dS

+
∫

Γ+
T

[
(2λ/(2λ+1))(−2λν0(ux1 +λν0ψν0−1u)2 ϕλ,ν0)

]
dS

+
∫

Γ+
T

[
(2λ/(2λ+1))(2λν0

n

∑
i=2

u2
xi

ϕλ,ν0)

]
dS

+
∫

Γ+
T

[
(2λ/(2λ+1))(−2λ3ν3

0 ψ2ν0−2(1−2ψ−ν0(ν0−1)/(λν0))u2 ϕλ,ν0)
]

dS

+
∫

Γ+
T

[
(2λ/(2λ+1))(−λux1 uϕλ,ν0 +λ2ν0ψν0−1u2 ϕλ,ν0)

]
dS

+
∫

Γ+
T

n

∑
i=2

[
(1/(2λ+1))(−2ux1xi uxi ϕλ,ν0)

]
dS.

Combining this equality with (4.2), we obtain∫
Γ+

T

Ucos(n,x)dS

≥−Cexp[3λ(2A1+2)ν0 ](‖u‖2
H2,1(Γ+

T )
+‖ux1‖2

H1,0(Γ+
T )
). (A.31)

Second, consider the part Γ+
T of ST. by (2.1) and (4.1a) ϕλ,ν0 =exp(2ν0+1λ) on Γ−T . Hence,

we obtain similarly with (A.31)∫
Γ−T

Ucos(µ,x)dS

≥−Cexp[3·2ν0 λ](‖u‖2
H2,1(Γ−T )

+‖ux1‖2
H1,0(Γ−T )

). (A.32)

We now evaluate the integral∫
∂+i ΩT

Ucos(µ,x)dS, i=2,··· ,n. (A.33)

Obviously µ=(δi1,··· ,δin), where

δij =

{
1, if i= j,
0, if i 6= j.



218 M. Klibanov, J. Li and H. Liu / Adv. Appl. Math. Mech., 18 (2026), pp. 189-221

Hence, by (4.4) and (A.33) for i∈ [2,n]∫
∂+i ΩT

Ucos(µ,x)dS=
∫

∂+i ΩT

[
(2λ/(2λ+1))(−4λν0(ux1+λν0ψν0−1u)uxi ϕλ,ν0)

]
dS

+
∫

∂+i ΩT

[
(2λ/(2λ+1))(−2utuxi)ψ

−ν0+1ϕλ,ν0

]
dS

+
∫

∂+i ΩT

[(2λ/(2λ+1))(−λuxi u−2utuxi)ϕλ,ν0 ]dS

+
∫

∂+i ΩT

[
(1/(2λ+1))(uxjxj uxi ϕλ,ν0−uxixj uxj ϕλ,ν0)

]
dS. (A.34)

Suppose that i= j in the last line of (A.34). Then this term is:∫
∂+i ΩT

[
(1/(2λ+1))(uxjxj uxi ϕλ,ν0−uxixj uxj ϕλ,ν0)

]
dS

=
∫

∂+i ΩT

[(1/(2λ+1))(uxixi uxi ϕλ,ν0−uxixi uxi ϕλ,ν0)]dS=0. (A.35)

Hence, the last line of (A.34) is not identically zero only if i 6= j. Hence, by (4.2)∫
∂+i ΩT

[
(1/(2λ+1))(uxjxj uxi ϕλ,ν0−uxixj uxj ϕλ,ν0)

]
dS

≥−Cexp[3λ(2A1+2)ν0 ](‖u‖2
H2,1(∂+i ΩT)

+‖∂nu‖2
H1,0(∂+i ΩT)

). (A.36)

Analysis of the sum of second, third and fourth lines of (A.34) shows that this sum can
also be estimated from the below like in (A.36). Thus, combining the latter considerations
with (A.30)-(A.36), we obtain∫

ST

Ucos(µ,x)dS≥−Cexp[3λ(2A1+2)ν0 ](‖u‖2
H2,1(ST)

+‖∂nu‖2
H1,0(ST)

),

and also, more precisely, by (A.32),∫
ST

Ucos(µ,x)dS≥−Cexp[3λ(2A1+2)ν0 ](‖u‖2
H2,1(ST\Γ−T )

+‖∂nu‖2
H1,0(Γ−T )

)

−Cexp[3·2ν0 λ](‖u‖2
H2,1(Γ−T )

+‖ux1‖2
H1,0(Γ−T )

). (A.37)

Finally, density arguments ensure that one can replace u∈C4,2(QT) with u∈H4,2(QT) in
(A.29) and (A.37). The target estimate (4.6) of this theorem follows immediately.
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[8] L. HÖRMANDER, Linear Partial Differential Operators, Springer Verlag, 1963.
[9] M. HUANG, R. MALHAMÉ AND P. CAINES, Large population stochastic dynamic games: Closed-

loop McKean–Vlasov systems and the Nash certainty equivalence principle, Commun. Inf. Syst., 6
(2006), pp. 221–251.
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